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Chapter ]_

A Recap of Continuum Mechanics

1.1. Kinematics
Definition Let B, and B; be configurations of B at the reference and cur-

rent frames, X and x be the corresponding position vectors. There exists a
bijection mapping x : B, — B; such that

x=x(X,t) forall X eB,, tel. (1.1.1)

Rigid motion is described by
x = x(X.1) = oft) + Q(t)X,
where c(t) is a vector and Q(t) is a proper orthogonal CT(2).

The material derivative is defined as:

0 . D¢ 0
— (X t)=p=— = — -Vo.
a2 X Dt —a? TV Ve
e.g. acceleration a = v
a:V:a—v+(v~V)v.

ot
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The gradient operators Let ¢, u, T be scalar, vector and tensor functions
of position x. The operation of the gradient operator, grad or V, on these
functions with respect to the basis {e;} is defined as follows:

9¢

.ei7

grad¢z V¢: 67

gradu=Vou =7zre,®eg,

gradT=V®T = a{ggep®eq®ei,

Note Grad, Div, Curl (respectively grad, div, curl) denote the gradient, di-
vergence and curl operators in the reference (respectively current) configu-

ration.

Deformation gradient is defined as

F(X,t) = Gradx = Grad x(X, t).

Measures of geometry in B; and B,

The length:

dx = FdX, (1.1.2)
The area (Nanson’s formula):

nda = JFTNdA. (1.1.3)

where

J=detF.
The volume:

dv = JdV. (1.1.4)

Example

Let ¢, u, T respectively be scalar, vector, and second-order tensor fields as-
sociated with a moving body. We now establish the following very useful
formulas:

Grad¢ = FTgrad¢, Gradu = (gradu)F, (1.1.5)
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Divu = Jdiv (J 'Fu), DivT = Jdiv(J 'FT), (1.1.6)

where J is defined as
J =detF. (1.1.7)

The spectral form If S is a positive definite, symmetric CT(2) then

3
§ / /
S == Siei ® ei,
i=1

where s; are the (real) eigenvalues of S and {e]} are the (unit) eigenvectors.
Since S is positive definite, we have s; > 0.

The square root theorem If S is a positive definite, symmetric CT(2)
then there exists a unique, positive definite, symmetric CT(2), U say, such
that U? = S.

1.1.1. Stretch, extension, shear and strain

Let M and m be unit vectors along dX and dx respectively, so that dX =
M|dX|, dx = m|dx| and (1.1.2) gives m|dx| = FM|dX|. Thus

|dx|* = (FM) - (FM)|dX|* = (FTFM) - M|dX|? (1.1.8)
and hence 4
”d}’z“ = [FM| = [M - (FTFM)]'/2 = A(M), (1.1.9)

which defines \(M), called the stretch in the direction M at X. Note that
0 < AM(M) < oo for all unit vectors M.

Now consider a pair of line elements dX;,dXs based at X, so that

dX1 = FXm, dX2 = FdX2
Let © be the angle between them before deformation and 6 the corresponding
angle after deformation. Then,

M; - (FTFM,)

cos® = M; - My, cosf = .
P A(M1)A(Mz)
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The decrease in angle © — 6 (which may be positive or negative) is called
the shear of the direction M7, My in the plane of M7, Ms.

Next, from (1.1.8), we have
dx|> — |dX|* = dX - (FTF — I)dX. (1.1.10)

The material is said to be unstrained at X if no line element changes length,
ie.

dX - (FI'F -T)dX =0 for all dX,

or, equivalently,
A(M) =1 for all unit vectors M.

It follows that FTF —1I = O, the zero tensor. This allows the possibility that
F is just a rotation R, since, for orthogonal R, we have RTR = 1.

Strain is measured locally by changes in the lengths of line elements. Thus,
the tensor FIF —1I is a measure of strain. The so-called Green strain tensor
E is defined by

1
E= 5(FTF —-1).

Let C and B be the right and left Cauchy-Green deformation tensors re-
spectively, then

C =F'F=1U7

B =FFT =V2

The principal stretch )\ :

Since U is positive definite and symmetric there exist (unit) eigenvectors
u® such that ,

i=1
where \; > 0 are the principal stretches of the deformation and u® are the

principal directions in the reference configuration. Similarly, we can write

this for V:
3

V=3 v,
=1
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where v(¥) are the principal directions in the current configuration.

In practise, we find the principal stretch from C, or B, i.e, by solving the
eigenvalue problem
det(U? — \°T) = 0,

or

det(VZ — M) = 0.

Other strain tensors based on U may be defined. For example, we define
E(™) as follows:

EM = (U™ —-1) m#0, (1.1.11)

1
2

E® =nU, (1.1.12)
where m is a real number, not necessarily an integer. These are Lagrangian
tensors, all coaxial with U, and have eigenvalues (A" — 1)/m for m # 0

and In \; for m = 0. Corresponding Eulerian tensors, here denoted e(™) and
based on V, are defined by

em = %(VW—I) m # 0, (1.1.13)
e =1V, (1.1.14)

and we note that, on recalling the connection V.= RUR?, e(™ = REMRT
for each m. Thus, E(™ and e(™ have the same eigenvalues.

The polar decomposition theorem Let F be a second-order Cartesian
tensor such that det F > 0. Then there exist unique, positive definite, sym-
metric tensors, U and V, and a unique proper orthogonal tensor R such
that

F=RU = VR. (1.1.15)

This is known as the polar decomposition theorem.
The following tensors are symmetric and positively definite,
V2 =FF", U?=F"TF.

If U has eigenvalues )\; and eigenvectors ul?, i € {1,2,3}, then X\; > 0,
and )\; are also the eigenvalues of V with eigenvectors Ru. U and V are
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called the right and left stretch tensors, and are positive definite symmetric.
Note U is defined in the reference configuration, and V is in the current

configuration.

Finally in this section it is useful to note that the displacement u of a particle
is defined as

u=x—X,
so that
x=X+u
and
F = Gradx =1+ Grad u, (1.1.16)

where Gradu is the displacement gradient (recall that Grad X = I, the
identity tensor.)

1.2. Homogeneous deformation

If F is independent of X then the deformation is said to be homogeneous
(the same at each point of the body). The most general form of homogeneous
deformation is given by x = FX + ¢, with F independent of X and c a
constant vector. The following examples are all special cases of this.

1.2.1. Simple elongation

Consider the uniform axial extension of a solid right circular cylinder (with
lateral contraction). For this deformation F = U = V and there is no change
in the orientation of the principal axes of U during the deformation. Let the
principal axis u® lie along the cylinder axis and correspond to principal
stretch A;. Then, since there is symmetry perpendicular to the axis, Ao = A3
and hence the deformation gradient may be written

F=U=MuY@u®+xu?ou® +u®gud).
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u® €2

9 L

FIGURE 1.1. Simple shear in the (X1, X2) plane showing the orientation angles 6 and ¢
of the Lagrangian and Eulerian principal axes.

€1

1.2.2. Pure dilatation
This is defined by Ay = Ao = A3, F = A1 and might be associated with, for

example, the deformation of a cube into a cube of a different size or a sphere
into another sphere.

1.2.3. Pure shear
This is an isochoric deformation defined by
F = u” @ u®™ + \7'u® @ u® +u® o u®,

with the principal axes independent of A. It is an example of a plane strain
deformation and is such that A\ = X\, Ao = A1, A3 = 1.

1.2.4. Simple shear
Simple shear is defined by the equations

1= X1 +7vXe, xo=Xo, x3= Xs, (1.2.1)
where 7 (constant) is called the amount of shear, tan~! v is the shear of the

directions eq, es, and the same basis vectors are used for both reference and
current coordinates. See Fig. 1.1.
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1.3. Analysis of motion

Recalling that the velocity is denoted v, we define the velocity gradient ten-
sor, denoted L, as

L = gradv, (1.3.1)
which has components
81)@-
Li; = 1.3.2
) axj ( )

with respect to the basis {e;}.

Using the second identity in (1.1.5), we obtain
Gradv = (grad v)F = LF.

Since v = x we also have

Gradx = gGradx =F,
ot

recalling that the superposed dot represents the material time derivative.
Hence, we have the important connection

F = LF. (1.3.3)

Using the result
0 .
a(det F) = (detF) tr (F'F)
together with (1.3.3) we deduce that

aat(det F) = (detF) tr (L)
or, equivalently,
J=Jtr(L) = Jdivv, (1.3.4)

remembering that J = det F, tr (L) = L;; = 0v;/0x; = divv.

Thus, divv measures the rate at which volume changes during the motion.
For an isochoric motion J =1, J = 0 and hence

divv = 0. (1.3.5)

It should also be noted that from (1.3.3) and the fact that FF~! = I it

follows that
0

a(F*l) =_F L. (1.3.6)
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1.3.1. Stretching and spin

The deformation gradient F describes how material line elements change
their length and orientation during deformation; the velocity gradient L
describes the rate of these changes. Note that while F relates By to B,., L is
independent of B,..

Let us write

L=D+W, (1.3.7)
where 1 1
D:§@+L%,\N:§@—Lﬂ. (1.3.8)
N—_—— N———
symmetric skewsymmetric

1.3.2. The divergence theorem

/ divvdV = v -ndA,
R OR

o7,

pqu—/ Tponp,dA
r O0zp OR pay

/mnwz/T%M.
R OR

1.3.3. Transport Formulae

or,

d .
G | onx- /. (b -+ L)
LT onda = [ {16+ étr (L))n — ¢L n}da,
dt St St
d .
IR /R 16+ otr (L))dv
d . . T

d
/ u-nda—/ [ + utr (L) — Lu] - nda,
dt St St
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4
dt Jp,

udv = /Rt [a + tr (L)u]dv.

1.4. Balance laws and equations of motion

Euler’s laws of motion
/ p(a—Db)dv = / t(n)da, / px x (a—Db)dv = / X X t(y)da,
Rt aRt Rt 3Rt

The Cauchy’s theorem (i) for each unit vector n, the stress vector is
defined as
t(n) =0 1n,

where o is independent of n,

(if)

o’ =o,

(iii) o satisfies the equation of motion

dive + pb = pv; (1.4.1)

The energy balance can be written in the form

1
/ pb - vdv + / t-vda = 4 / —pv - vdv + / tr (oL)dv.  (1.4.2)
R OR. dt Jg, 2 R

If there is no dissipation then the work done by the body and surface forces
is converted into kinetic energy and stored elastic energy. In this connection
an interpretation for the second term on the right-hand side of (1.4.2) is
needed.

Write
S(R,) = / tr (oL)dv = / Jtr (oL)dV. (1.4.3)
Rt T

Then, the integrand Jtr (oL) is interpreted as the rate of increase of elastic
energy per unit volume in B,..
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1.5. Constitutive equations

The constitutive equation of an elastic material is given in the form

o=g(F),

where g is the response function of the material relative to By.
Objectivity of g :

g(F*) = g(QF) = Qg(F)Q"
for each F and all rotations Q. This means that material properties are

independent of superimposed rigid-body motions.

Theorems
Theorem 1: ¢(T) is a scalar invariant if and only if it is expressible as a
function of Il, IQ, 13.

Theorem 2: If G(T) is isotropic then its eigenvalues are scalar invariants of
T.

Theorem 3: Every eigenvector of T is an eigenvector of the isotropic function
G(T).

Theorem 4: A symmetric second-order tensor-valued function G(T) of the
second-order symmetric tensor T is isotropic if and only if it has the repre-

sentation

G(T) = ¢ol + ¢ T + ¢,T?, (1.5.1)

where ¢q, ¢1, ¢2 are functions of I, Io, I3,

L = tr (T) = A+ A2+ Ag, (1.5.2)
1

I, = 5[112 —tr (T?)] = Aoz + A3h1 + A1 g, (1.5.3)

13 = detTE)\l)\Q)\g,, (1.5.4)

i.e. they are scalar invariants of T.
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1.6. Isotropic elasticity

This means that
o =g(F) =g(FQ)

for all proper orthogonal Q and each deformation gradient F.

Isotropic functions of a second-order tensor Let T be a symmetric
second-order tensor. The scalar function ¢(T) of T is said to be an isotropic
function of T if

$(QTQ") = ¢(T) (1.6.1)
for all orthogonal tensors Q.

The tensor function G(T) is said to be an isotropic tensor function of T if
G(QTQ") = QG(T)Q"

for all orthogonal Q.



Chapter 2

Stress-deformation Relations for
an Isotropic Material

2.1. Hyperelastic materials

A material is called the hyperelastic, if there exists an elastic stored energy

W (F) per unit volume in B, such that
gtW(F) = Jtr (oL). (2.1.1)

W (F) is also referred to as the strain energy or potential energy (per unit

volume in B,). Thus
ow

—F—
Jo F

Using Nanson’s formula (1.1.3) the traction on an area element nda in the

current configuration can be written
tda = onda = JoF TNdA = STNdA,
wherein the nominal stress tensor S is defined as
S=JFlo. (2.1.2)
Note that, in general, S is not symmetric but satisfies the connection

FS = STF? (2.1.3)
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arising from symmetry of o.

Since W depends only on F, we have

0 vy~ OW OFy _ (aw.>7

< = RSy
o) = oF, o OF

where 0W/OF is the second-order tensor with components defined by the

W\ _ oW
OF ), OF;

convention

Since F = LF, we obtain

ow ow ow

and comparison of this with (2.1.1) shows that

ow

which provides a formula for o in terms of W (F).
Since o = g(F), we deduce that

ow
F) = (detF) 'F—— 2.1.5
8(F) = (det F) TP (2.15)
and, by recalling the connection (2.1.2) between the Cauchy stress o and
the nominal stress S, we obtain the simple formula

oW oW

S=%r %" or,

(2.1.6)

for the nominal stress.

We now write
S=JF 'o = (det F)F'g(F) = h(F), (2.1.7)

which defines h, the response function associated with S (relative to B,).

It is easy to show that objectivity implies that

h(QF) = h(F)Q"
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for all proper orthogonal Q, and that, in addition, material isotropy implies
that

h(FQ") = Qh(F)

for all orthogonal Q. From the polar decomposition theorem it may then be
deduced that for an isotropic material

h(F) = RTh(V) = h(U)R”

and that h(U) is symmetric. We emphasize, however, that if the material is
not isotropic then h(U) is not in general symmetric (although it may be for
some particular deformations).

We remark that W (F') represents the work done (per unit volume at X) by
the stress in deforming the material from B, to B; (i.e. from I to F) and is
independent of the path taken in deformation space.

2.2. Conjugate Stress and strain tensors

The nominal stress S is also referred to as the engineering stress, while ST
(sometimes noted as P) is the so-called first Piola-Kirchhoff stress tensor,
and it measures the force per unit reference area while o measures the force
per unit deformed area.

The equation of motion
dive + pb = pa = pv
can be recast in terms of S:

DivS + p,b = p,v. (2.2.1)

Alternatively, the identity div (J~!F) = 0, obtained from (1.1.6)3 by setting
T =1, can be used to give

dive = J7'Div S,

and then use of J = p,/p leads to (2.2.1).
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Now recall the expression

S(R¢) = /Rt tr (oL)dv = /Rt tr (eD)dv.

Over the reference configuration the integral becomes

/ Jtr (eD)dV. (2.2.2)

T

The integrand in (2.2.2) is the rate of working of the stresses per unit refer-
ence volume (i.e. the stress power density). Using the symmetry of o together
with (1.3.3) and (2.1.7) we have

Jtr (D) = Jtr (oL) = tr (FSL) = tr (SLF) = tr (SF).

This shows that the stress power is also given by tr (SF) Because of this
connection S and F are said to constitute a pair of comjugate stress and
deformation tensors.

Furthermore, since
1
E? =E = 5(FTF -1),
we obtain )
2
This is used to write the stress power as

E = _(F'F + FTF) = FTDF.
tr (SF) = tr (SFTFTF) = tr (SFTE) = tr (TP E®) (2.2.3)

using the symmetry of SF~7 which comes from the definition (2.1.2). We
have also introduced the notation T2, defined through

SF 7 = JFloF T =T®, (2.2.4)

which denotes the second Piola-Kirchhoff stress tensor. The stress and strain
pair (T3 E) is a pair of conjugate stress and strain tensors.

Since FI'F = U2 we also have

. 1 . .
E?) = ;(UU+UU),
and hence, using the symmetry of T and of U,

tr (TPE®) = tr (TP UU) = tr [%(T(Q)U +UT®)U].
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This motivates the definition of the Biot stress tensor T, conjugate to the
strain tensor E&) = U — 1, as

1
T = §(T<2)U +UT®), (2.2.5)
which, by using the polar decomposition (1.1.15), may also be written as

O = %(SR +RTST), (2.2.6)

We now have the connections
Jtr (eD) = tr (SF) = tr (TPE®) = tr (TWEWD), (2.2.7)

More generally, the (symmetric) stress tensor T(™) conjugate to the strain
tensor E(™) = (U™ —I)/m may be defined via the identity

tr (TEM) = tr (TWED) = tr (TWU), (2.2.8)

and it should be noted that this definition is independent of any material
constitutive law.

2.2.1. Objectivity and Isotropy

Objectivity Since W is a scalar function objectivity requires that it is
unaffected by a superimposed rigid-body rotation after deformation, i.e.

W(QF) = W (F) (2.2.9)

for all rotations Q for each deformation gradient F. This may also be ex-
pressed by referring to W as being indifferent to observer transformations.

Isotropy For a hyperelastic material which is isotropic relative to B,., W (F)
is unaffected by rotations in B, (prior to deformation). Thus,

W(EFPT) = W(F) (2.2.10)
for all rotations P.

Setting P = R, F = VR in (2.2.10) gives
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Hence, using (2.2.9) and (2.2.10),
W(QFPT) = W(FP") = W(F) = W(V),
and setting P = QR then yields
w(QvVQh) =W (V) (2.2.11)

for all orthogonal Q. Equation (2.2.12) states that W is an isotropic scalar
function of V in accordance with the definition (1.6.1).

Setting P = R, F = VR in (2.2.10) gives

Hence, using (2.2.9) and (2.2.10),
W(QFPT) = W(FPT) = W(F) = W(V),
and setting P = QR then yields
w(QVQY) =w (V) (2.2.12)

for all orthogonal Q. Equation (2.2.12) states that W is an isotropic scalar
function of V in accordance with the definition (1.6.1).

2.2.2. Function of the principal invariants

Thus, we may regard W as a function of the principal invariants Iy, Is, I3 of V
or, equivalently, as a symmetric function of the principal stretches A1, Ao, As.
In particular, we have

W (A1, Az, As) = W (A1, Az, A2) = W (A3, A1, A2) (2.2.13)

for all A1, Ao, A3 € (0,00).

Mathematically, there is no restriction so far other than (2.2.13) on the form
that the function W may take, but the predictions of material behaviour
based on the form of W must make mathematical sense and must also be
compatible with what is observed for real materials.
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It is usual to take W to be measured from the reference configuration B,.,
so that
wW(1,1,1) = 0. (2.2.14)

Furthermore, if the reference configuration is stress free then we also have
the restriction h(I) = O or, in terms of the derivatives of W with respect to

the stretches,
ow
—(1,1,1) =0, ie{l1,2,3}. (2.2.15)
O\
There are also basic restrictions required for W to reduce to the classical
(quadratic) form of strain energy when the strains are small. These restric-

tions will be discussed later.

2.3. Unconstrained materials

For an isotropic material the strain-energy function is expressible as a func-
tion of the principal stretches, as in (2.2.13). It follows that

3
, oW
= — A\ 2.3.1
W ;MA (2.3.1)
But, from (2.1.1),
W = Jtr (oL) = Jtr (oD). (2.3.2)

Also, for an isotropic material, o is coaxial with V and can be written in
the spectral form

3
o= ovlevl (2.3.3)
i=1

Equation (2.3.2) can therefore be expressed as

3
W =JY 0Dy, (2.3.4)
=1

where D;; are the normal components of D referred to the axes v(@_ In order
to obtain expressions for the principal stresses o; in terms of the derivatives
of W with respect to the stretches we must compare (2.3.1) with (2.3.4).
First, we need an expression for the components D;;.
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Note that by using (1.1.15)1, (1.3.3) and (1.3.8);, D may be written in the
form

1 . .
D= §R(UU*1 + U 'O)RT, (2.3.5)

and that U has the spectral decomposition

3
U=> xu”@u?,

=1
from which it follows that
. 3 . . . . . . .
U=>"(u?@u®+ xu? @a® + ya® g u).
=1

Using the connection v(9 = Ru? we calculate the components
Dii =\, (2.3.6)

in which we have used symmetry and the fact that, since u® is a unit vector,
@ .qt =0
u” - a .

Comparison of (2.3.1) and (2.3.4) now gives

3 3
OW . s
: 87)\2)” = Z JUi)\i >\i7
i=1 =1
and hence S
IN o= =,
i 77 9N,
1.e. oW
R S S A ;
o, =J "\ o i€ {1,2,3}, (2.3.7)
where
J = AAo)s. (2.3.8)

Expressions for T(}) and S analogous to (2.3.3) can also be obtained. First we
note that since S = JFlo, F~1 = U'RT, RTv(®) = u® and U 1u® =
)\i_lu(i) we may write

3
S=> tu® v (2.3.9)
=1
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where
ow

o\
Furthermore, from Continuum Mechanics, we know that, for an isotropic

t; = J)\;IO'i =

(2.3.10)

material,

S = h(F) = h(U)R" = TWRT,
where TW) is the Biot stress tensor. Hence, using (2.3.9) and (2.3.10),

3
T =3 tu® @ ), (2.3.11)
=1

and t; are just the principal values of T i.e. the principal Biot stresses. If
W is regarded as a function of U then we may also write

w_ow
au

More generally, for the conjugate stress and strain tensors T(™ and E(™),

T (2.3.12)

we note that oW
T = SR (2.3.13)

2.4. Stress-deformation relations in terms of invariants

2.4.1. The invariants Iy, I, I3

Instead of using the stretches Aq, Ao, A3 as independent measures of defor-
mation, we now use (equivalently) the invariants I, I, I3 defined by

I = tr(B)=A2+ X2+ )2 (2.4.1)
1

I, = 5[]12 —tr (B?)] = A3A2 + A207 4+ A3A2, (2.4.2)

Iy = detB= MMM\ =2 (2.4.3)

and we note that these are symmetric functions of the stretches. We regard
the strain energy as a function of I, I, I3 and write W (I1, I3, I3) to represent
this.

In order to obtain an expression for the nominal stress S we need the deriva-
tives

— =2F — =2LHF" —2F'FF — =2I3F 2.4.4
OF ) OF 1 ’ OF 3 ) ( )
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and hence
S = %V;/ = 2 FT 4+ 2Wo (L, FT — FTFFT) + 2L, W3F L, (2.4.5)
where _ _ _
W, = (?X, Wy = Z‘Z, Vi = ZZ. (2.4.6)

The corresponding expression for the Cauchy stress is

o = 2I; AWy + LW,)B — 21, 2 W,B? + 21/ *Wsl. (2.4.7)



Chapter 3

Constrained Elastic Material

3.1. Incompressibility

If the considered material is incompressible then the deformation gradient

must satisfy the internal constraint
J=detF=detU= )\1/\2)\3 =1 (3.1.1)
at each point of the material. It follows that

log A1 +log Ao +1log A3 =0

and hence . i .
: AL A2 A3
d =trD)=—+—4+—==0. 3.1.2
ivv =tr(D) N T ( )
Because of (3.1.1) the derivatives 0W/0\; are not now independent, and the
equation
ow
T = )\i77 ‘ 17 27 p
Jo. Y i€{1,2,3}
is replaced by
ow

where p is an arbitrary scalar.
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Justification for this is provided by noting that the rate of working of the
stresses, namely

3 3 . . .
: ow . A A A
= —15. — (A2 A8
tr (O'D) = ;O_l)\z )\Z = £ a)\l p<)\1 )\2 )\3)
3
= O\

is not affected by p. The scalar p is a Lagrange multiplier in respect of the
constraint (3.1.1), so we replace W by W — p(AA2A3 — 1) and then regard
this as a function of the independent variables A1, A2, A3, p.

Thus,
ow
becomes 5 .
i =X (W — - =X- —p,
(oF )\ 8)\1 [W p()\l)\g)\g )] )\ 8)\1 P

with A1A2A3 having been set equal to 1 on the right-hand side after the
differentiation has been carried out.

More generally, for a material which is not necessarily isotropic, consider the
strain energy W (F) modified to

W(F) — p(detF — 1)

to accommodate the constraint det F = 1. Then the nominal stress tensor
defined by (2.1.6) for a compressible material is modified to

oW

S=9F

—pF 1 (3.1.4)
and, from (2.1.7) with J = 1, the Cauchy stress o is given by

This shows that p may be interpreted as a hydrostatic pressure.
The corresponding expression for the Biot stress tensor, with det U =1, is

ow

1) —
T ou

—pUL, (3.1.6)
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3.2. Stress-deformation relations

For an incompressible material I3 = 1. Thus, for an incompressible isotropic
material the dependence of the strain energy on the invariants now reduces
to a representation in terms of the two independent invariants I; and I
alone, and we write W (11, I2). It follows from (3.1.5), on use of (2.4.7), that

o =2(W + ;Ws)B — 2W,B? — plL. (3.2.1)

3.3. Other constraints

Any single internal constraint on the deformation can be written in the form
C(F)=0 (3.3.1)

for all deformation gradients F, where C' (for constraint) is a scalar function.
Since a constraint (such as incompressibility) is unaffected by a superposed
rigid motion, C' must be an objective scalar function, so that

C(QF) = C(F) (3.3.2)
for all rotations Q. In particular, the choice Q = R” yields
C(F) = C(U). (3.3.3)

Note that in general, however, C(U) is not a scalar invariant of U.

To accommodate the constraint in the stress-deformation relation we con-
sider
W(F) + qC(F),

where ¢ is a Lagrange multiplier independent of F (and, in general, depen-
dent on X). The nominal stress S is then given by

ow oC
generalizing (3.1.4), and the Cauchy stress by
ow oC
Jo=FS=F— +¢F_—. (3.3.5)

OF OF
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Example

Inextensibility: let M be a fixed unit vector in B,.. Then the equation
C(F)=[FM? = 1=M: (F'FM) - 1=0 (3.3.6)

holding for all F' identifies the material as being inextensible in the direction
M.

It follows from (3.3.6) that

oC
— =2MFM
OF @

and hence that

oW
=7 1 2¢M @ FM. 3.
S=—5 +24Me (3.3.7)

Note that this example shows that, in general, constraints are not isotropic
in character (even if W is isotropic).

3.4. Examples of strain-energy functions

Many different strain-energy functions are available in the literature to model
the behaviour of rubberlike solids and other materials. Here we provide a lim-
ited number of examples for incompressible isotropic elasticity based on use
of the invariants I, Iz, and the stretches A1, A2, A3 (subject to the constraint
A1A2A3 = 1). Details of other strain-energy functions are given in, for ex-
ample, Ogden [17, 18, 19], but these references do not provide a complete
list.

3.4.1. Use of the invariants Iy, I,

A basic strain-energy function, known as the neo-Hookean material, has the
form

W= %u(h -3), (3.4.1)

where 1 (> 0) is a material constant referred to as the shear modulus of the
material in the natural configuration. This is a prototype model for rubber
elasticity. The associated Cauchy and nominal stresses are given by

oc=uB—pl, S=upF—pFt (3.4.2)
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respectively.

Another such model is the Mooney-Rivlin material, defined by

- 1 1
W = 5/,61(11 —3) — 5,&2(]2—3), (3.4.3)

where p1 (> 0) and po (< 0) are constants such that p; — pe = (> 0). The
Cauchy stress can be calculated from (3.2.1).

3.4.2. Use of the invariants i, io

The Varga material has the form

W = 2u(i, — 3), (3.4.4)

while, analogously to (3.4.3), we could also consider

W = py (i1 — 3) — pa(ia — 3), (3.4.5)
where again pq (> 0) and pso (< 0) are constants (not the same as in (3.4.3)),
this time satisfying 1 — pa = 2u (> 0). These two strain-energy functions
are useful in circumstances when the strains are of moderate magnitude. In
respect of (3.4.5) the Cauchy stress may be obtained from (?7?).

3.4.3. Use of the stretches

An example of a strain-energy function for incompressible materials is that
given by

N
Hn Qn Qn Qnp
W= ;n(Al FA" A" =3), Mz =1, (3.4.6)
n=1

where N is a positive integer and u, and «, are material constants such

that
N

fnan >0, n=1,2,..., N, Zunan = 2. (3.4.7)

n=1

From (3.1.3) the principal Cauchy stresses are calculated as

N
o; = Zun)\?" —p, i€{1,2,3}. (3.4.8)
n=1
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Note that since, on use of the incompressibility condition, Is and i2 may be
written as

L=2A+ 024032 = A A0 g

the energy function (3.4.6) includes (3.4.1) and (3.4.3)—(3.4.5) as special
cases.

For more details of strain-energy functions in terms of the stretches we refer
to Ogden [16, 17], for example.

3.5. Application to homogeneous deformations

We recall that for a homogeneous deformation the deformation gradient F
is constant, i.e. independent of position X.

A pure homogeneous strain is a deformation of the form
r1 = MX1, T9=XXs, x3=AX3, (3.5.1)

where the principal stretches Ai, A2, A3 are constants and (X7, X2, X3) and
(21,2, x3) are Cartesian coordinates. For this deformation F = U =V R =
I and the principal axes of the deformation coincide with the Cartesian
coordinate directions, i.e. they do not change their orientation as the values
of the stretches change. For an unconstrained isotropic elastic material the
associated principal Biot stresses are given by (2.3.10). These equations serve
as a basis for determining the form of W from triaxial experimental tests
in which Ay, A9, A3 and t1, to, t3 are measured. If biaxial tests are conducted
on a thin sheet of material which lies in the (X, X2)-plane with no force
applied to the faces of the sheet (plane stress) then, when written in full,
equations (2.3.10) are
ow ow ow

t1 = —— (A, Ao, A to = — (A1, Ao, A tg = —— (A1, X2, A3) =0
1 8)\1( 1, A2, 3)7 2 8/\2( 1,12, 3)7 3 8)\3( 1, N2, 3) )
(3.5.2)

and the third equation gives A3 implicitly in terms of A\; and Ao when W is
known. In this situation the stretches A1 and Ay can be varied independently,
but such a test is not sufficient to enable a complete characterization of W to
be achieved since A3 is not varied independently of A1 and Ag. The situation
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is different for an incompressible material and we now focus on materials

subject to the constraint
Ao Ag = 1. (3.5.3)

In this case the biaxial test is important since, in principle, it affords the
possibility of determining the stress-stretch characteristics of the material
for all valid values of the stretches. The counterpart of (2.3.10) for the in-
compressible case is given by

oW
t; = —pA\i L, 3.5.4
o PN (3.5.4)
or, in terms of the principal Cauchy stresses,
ow
i =Ni—— — P, 3.5.5
o o P (3.5.5)

At this point we use (3.5.3) to express the strain energy as a function of two
independent stretches and for this purpose we define

WAL A2) = WAL A, ATEA D). (3.5.6)
This enables p to be eliminated from equations (3.5.5) and leads to
oW oW
—03=AN—— — 03 =Xo——. 3.5.7
o103 = Mg 02703 = dag ( )
It is important to observe that, because of the incompressibility constraint,
equation (3.5.7) is unaffected by the superposition of an arbitrary hydrostatic
stress. Thus, without loss of generality, we may set o3 = 0in (3.5.7). In terms
of the principal Biot stresses we then have simply
T A

These equations are important since they provide two equations relating the

t = (3.5.8)

two independent stretches A\i, Ay to the stresses t1, ¢y and therefore a basis
for characterizing W from measured biaxial data.

We note here that in the undeformed stress-free (natural) configuration

W (A1, A2) should satisfy the conditions

W(1,1) =0, Wi=Wy=0, (3.5.9)
ng = 2/% Wn = WQQ = 4u, (3.5.10)

where the subscripts denote differentiation with respect to A; and Ay and p
again is the shear modulus.
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3.6. Comparison of theory and experiment for rubber

In order to relate the theory to experimental data on rubber it is convenient
to write the strain energy (3.4.6) in the Valanis-Landel separable form

W = w()\l) + w()\Q) + w()\;g), (3.6.1)
where
N
wh) =Y (A = 1) /an. (3.6.2)

n=1

From (3.5.7) the stress difference o1 — 09 is then written
g1 — 09 = )\1211’()\1) — )\Qw/()\g). (3.6.3)

It turns out that this is a very useful representation since, for fixed Ao,
the shape of the curve of o1 — o9 plotted against Ay for certain rubbers is
essentially independent of the value of Ao. This means that the shape of the
curve is determined by taking Ao = 1, in which case (3.6.3) reduces to

g1 — 09 = )\110/()\1) - w'(l) (364)
For As # 1 the corresponding curve is obtained by a vertical shift defined by
w'(1) — Aaw’(N2), (3.6.5)

which, when added to (3.6.4), reproduces (3.6.3). Typical data for a vulcan-
ized natural rubber, taken from biaxial experiments of Jones and Treloar
[13], are shown in Fig. 3.1(a)—(d) with o; — o9 plotted against A\; for four
different values of A2: (a) 1, (b) 1.502, (c) 1.984, (d) 2.295. The experimen-
tal results (circles) are compared with the predictions of the neo-Hookean
material (dashed curves), with = 0.4807 Nmm™2 and the Mooney-Rivlin
material (continuous curves), with p; = 0.4206, s = 0.0601 Nmm 2.

Figure 3.2 shows the data from Fig. 3.1 for the four values of Ay superim-
posed, together with corresponding data for Ay = 2.623. This plot shows
clearly that the shape of the curves is independent of Ay. The data have
been fitted with a strain-energy function of the form (3.4.6) with N = 3 and
the following values of the material constants:

a1 = 1.3, g = 4.0,043 =-2.0
p1 = 0.69, pg=0.01,u3 = —0.0122Nmm 2. (3.6.6)
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FIGURE 3.1. Plot of o1 — o2 (vertical axes) against A for (a) A2 =1, (b) A2 = 1.502, (c)
A2 = 1.984, (d) A2 = 2.295. The data (circles) are compared with the theoretical curves
corresponding to the Mooney-Rivlin material (continuous curves) and the neo-Hookean

material (dashed curves).

The theoretical curves are shown as continuous curves in Fig. 3.2.

There are several special cases of the biaxial test which are of interest, but
we just give the details for simple tension, for which we set to = 0. This has
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FIGURE 3.2. Plot of o1 — 02 against \; with the data in Figures 3.1(a)—(d) superimposed
and, additionally, data for A2 = 2.623. The continuous curves are based on the
strain-energy function (3.4.6) with constants given by (3.6.6).

the advantage that relatively large values of the stretches can be achieved.
By symmetry, the incompressibility constraint yields Ay = A3 = /\fl/ % The
strain energy may now be treated as a function of just A = A1, and we write

Wit (A\) = WA A2, (3.6.7)

and (3.5.8) reduces to
t=t; = WL\, (3.6.8)

where the prime indicates differentiation with respect to A and the subscript
st signifies simple tension.

Representative simple tension data are shown in Fig. 3.3 for a vulcanized
natural rubber [25]. The data are compared with the theory based on the
neo-Hookean material (dashed curves) and a three-term energy function of
the form (3.4.6) (continuous curve).
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FIGURE 3.3. Simple tension data with the nominal stress ¢ (dimensionless) plotted on
the vertical axis against the stretch A for a vulcanized natural rubber (circles) compared
with the predictions of the neo-Hookean material (dashed curve) and a strain-energy
function of the form (3.4.6) with N = 3 (continuous curve).

3.6.1. Simple shear

Experimental tests such as biaxial deformation and simple tension are such
that the principal axes of strain do not change as the magnitude of the strain
is varied. We now consider the predictions of the theory for a deformation
for which the orientation of the principal axes of strain does change. This
is the simple shear deformation discussed in Chapter 1. We recall that in a
simple shear deformation the Eulerian principal axes v and v(?) are given
by

1)

vl =cos¢pe; +singey, v(2):—sin¢e1+cosgz$e2,

where

2
tan2p = —, y=A—A"1,
Y



44 3. CONSTRAINED ELASTIC MATERIAL

and the stretches A\, \~! correspond to v(¥), v(2) respectively. Note that it
also follows that tan ¢ = A~1.

Since the material is isotropic we must have
o =o0vh @vD 1 5ov® 0 v@ 4 53vE) g vG)
with v®®) = e, so that the Cartesian components of o are

011 = 01 c082 b+ oo sin® ¢, o1p = (01 — 02) sin ¢ cos ¢,

.9 2
092 = 018in" ¢ + 02c08" @, 033 =03, 013 =023 =0.

By substituting for the various expressions involving ¢ in favour of A we
obtain the normal stresses in the form

= Lot o)t b -
o = Hlo1to2)+ (o1 —or)
1 A=At
022 = 5(01 +02) — §<01 - UQ)W;
and the shear stress as
S 01— 09
PN
The connection
011 — 099 = ()\ — )\71)0'12 =012 (369)

then follows. This is important to note since it is an example of a universal
relation, i.e. a connection between the stress components that is independent
of the form of constitutive law (in this case, the class of incompressible
isotropic elastic solids). For a recent discussion of universal relations we
refer to the article by Saccomandi in [4].

Instead of regarding W as a function of I; and I or of the stretches we may
(for this specific deformation) take it to be a function of « and define

We(7) = WA, (3.6.10)
the subscript ¢ signifying simple shear. Then, we have simply
012 = WS,S(’)/), (3611)

Note that for the neo-Hookean form of strain-energy function this gives 19 =
wy, i.e. the shear stress is linear in the amount of shear . Note also that
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in general normal stresses are required in addition to shear stresses in order
to maintain the shape of the material. The necessity for normal forces is an
example of the Kelvin effect.

For the considered simple shear deformation we record here for later reference
that the invariants I, I, I3 are given by

L=1=3+~% I3=1 (3.6.12)

emphasizing that simple shear is an isochoric deformation. Simple shear is an
important deformation since it arises locally in many problems of practical
and theoretical interest, such as the problem of azimuthal shear.
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Chapter 4:

Polar Coordinates

Cylindrical polar coordinates

Spherical polar coordinates
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4.1. Basis

Rectangular coordinates: basis {¢,j,k} = {e1, es, e3};

x =zt + 227 + 3k = ;€5

Cylindrical polar coordinates: basis {e,,eg,e,}; x =re, + ze, with

e, =cosfi+sinfy, eg= —sinbi+ cosbj.

oe, Oeg

a0~ g T O

Spherical polar coordinates: basis {e,, ep,es}; T = re, with
e, =sinfcos¢t+sinfsingj + cosf k,

eg =cosfcospi+ cosfsingj —sinfk,

ey = —singt+cos¢j,

8er—e %—sinee %——e
20 € 96 & B9 — €n
0 0
8(;; = cosfley, % =0, aiqf = —sinfe, — cosfey.
For all coordinate systems, we have
dx = 8—mdsi = g;ds;,
0s;

where for rectangular coordinates,

S1==Ti, Sp =22, S3=2a3, g1 =4, §2=1J, g3 =K;
for cylindrical polar coordinates,

S1=T, S2=0U, 83=2, g1 =€r, gy =T€y, g3 = €z
for spherical polar coordinates,

s1 =T, 52:97 83:¢) gy =€, go =Tey, ggzrsin¢96¢.
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We also define g, g, g® such that

g(i) g = dij. (4.1.1)

When g, g5, g3 are orthogonal to each other,
0 ; (i) — 1
g'" is parallel to g;,, and [g\"]|=—.
9]
4.2. Gradient, divergence and curl

Definition 1: Given that the scalar field p(x) is differentiable, the gradient
of p, denoted by gradp, is defined by

dp = (grad p) - de. (4.2.1)

Since 5
P
dp = ——d s
88@ iy
we have 5 5
P P (i
(gradp) - dx = 8751-9( ) g,ds; = a—Sig() dx

Thus,

gradp = o g® (4.2.2)

D 95, 2.

Example 4.1: In rectangular coordinates, we have

op . Op . Op
= i+ ——j+—k.
gradp 8.%1 Lt 8.1‘2 J + 81’3

Example 4.2: In cylindrical polar coordinates, we have
() @_1g 40
S1 =T, 82:07 s3=%, g =€ g = —€p, g = €z
r

and thus,

0s; or T
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In spherical polar coordinates, we have

1
S1 =T, 82:97 53:¢7 g(l):er7 g(2):;697 g -

and so 0 10 1 0
_9r 2op op
gradp = ar < + r o0 + rsind 8¢e¢'

Definition 2: Given that the vector field u(x) is differentiable, the gradient
and divergence of u, denoted by gradu and divw, respectively, are defined by

du = gradu[dx], divu = tr(gradu). (4.2.3)

Since 5
u
du = — ds;,
U 25; s

we have

S PR e (D)) g.ds: = [ 2= (1)

grad u[dx] 95, ds; <3Si ®g > g,ds; (8& ®g ) dx.

Thus,

gradu = g: ®g®, dive= g: .gW|. (4.2.4)

Example 4.3: In rectangular coordinates, we have

9u;

Ox;

gradu = ei®e;, divu =u;;.

Example 4.4: If u = u(r,0,z2)e, + v(r,0,2)es + w(r,0,2)e, in terms of
cylindrical polar coordinates, then

radu—al®(i)—aj®e +aj®16 +87u®e

B = 05 T T o P T e U T 5, U
ou ov
:Ee,,@er—l-fea@er-f— e; ey



4.2 GRADIENT, DIVERGENCE AND CURL 51

1+ get+ Pepse, + We. o

—e e —e e —e e

BP T z Oz 6 z BP z Z

or, in matrix form,

[ OJu 10u _ v Ju 7
or r 00 r 0z
ou 10v Ow wu
_ 0 10 0 : _

Ow 19w Ow
L Or r 00 0z

Example 4.5: If u = u(r,0,¢)e, + v(r,0,$)eq + w(r,0,p)ey in terms of
spherical polar coordinates, then

d 3u®(i) 8u® +8u®1 +8u®
raau = — = — e JR— —e - e
8 0Os; g or e Y R
[ Ou 10u _ v 1 Ou _ w i
or r 00 r rsinf ¢ r
— v 10v LU 1 Ov _ wcoth
- or r 00 r rsinf O¢ r
ow 10w 1 Ow u vcotf
| o 790 rsw0d6 Tr T or

Thus,
ou 10v 1 Oow 2u wvcotd

o Troe Trsmeoe v v

Definition 3: The curl of uw, written curlw, is defined by

divu =

(curlu)-a =div(ura), YVa = |curlu=g" x o (4.2.5)

Example 4.6: If u = u(x;, x2, z3)e; + uz(x1, x2, x3)e2 + uz(x1, x2, x3)es in
terms of rectangular coordinates, then

curlu = (ug2 —ug3)er + (u1,3 —us1)ezs + (ug1 — ui2)es.

Example 4.7: If u = u(r,0,2)e, + v(r,0,2)es + w(r,0,2)e, in terms of
cylindrical polar coordinates, then

_i_} X%_’. Xaj
70" 99 T 5

curlu = e, x

ar
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_(low _ouy L (u_dw\ (v lou v
S \rod 0oz er 0z Or € or r 89 €

Example 4.8: If u = u(r,0,¢)e, + v(r,0,¢)eg + w(r,0,d)ey in terms of
spherical polar coordinates, then

- xa—u—l—l (9u+ 1 ou
R =er =g, a0 7“s1n9(Z> 6(15

B lﬁﬂ_ 1 @_{_wcot@ o
~\rof rsinfde r "

rsinfd¢y Or r o

Definition 4: When the tensor field T is differentiable, its divergence, de-
noted by divT, is the vector field defined by (divT) - @ = div(Ta), V a.

Using (4.2.4), we have

_ 5 O0(Ta ' oT 5 0T
div(Ta) = g0 (as- ) _ g0 (&:-“) _ <g(;> . %> a
[ 7 J

Thus,

oT

divT = g\ . D5
Sj

(4.2.6)

Example 4.9: In rectangular coordinates, T = Tjje; ® e;, and

divT = € - (leez ® ek) = 5z'jTik,jek = Tjk,jek.

9
8a:j
4.3. Deformation gradient in cylindrical polar coordinates

Cylindrical polar coordinates: (R, ©, Z) for X and (r,0, z) for x;

S1=R, S55=0, S35=2; s =r s85=20, s3=z.
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Basis vectors: {ER, Eg, Ez} for X and {e,, eg,e,} for x:
X=REr+7ZFEz;, x=r71e,+ z,€,.

General deformation:

r=r(R,0,7Z), 6=0(R,0,Z), z=2zR,0,2);

Er=cosOt+sinBj, FEg=—-sinOt+cosO j;

e, =cosfi+sinfj, ey=—sinfi+coslj.
OFR O0F¢
=F —— = —Fp.
90 90 R
0er _ o, Y00 _
90 " e "
From
X=REr+ZE;, xx=re .+ ze,,
we obtain
0X ox
dX = ——dS4s = Gad dex = —ds; = g,ds;,
954 Sa AdS 4, T D5, s; = g,ds
where

1
G, =Ep, Go=REo, G3=Ez GY =Eg G% = = Ee, G®) = Ey;

1
gi=en go=rey, gz=es gV =er g?¥ ="y g% =e..

The deformation gradient is calculated according to

Gradzx = oz ® GW

0
_ (A)
95, aSA(rer+zez)®G’

9, 10 0
=—(re, DRQER+—=—(re, ) REo+— (re, ) QF
aR(?“e +ze,)® Rt 5o5 (re,+ze,)® e—l—aZ(re +ze,)®Ey
Note that
de, Oe. 00 00

R ~ 00 9R _ 9R°" °“
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o 1o or 7
OR R 0© A
_ 00 r 00 00
Gradz = | r55 Rge Toz
9 10: 02

L OR R 0© 07 4

Example 4.10: For a combined axial shear and radial inflation, the
mation is given by

r=r(R), 6=0, z=Z+u(R,0).

We then have

IR 0 0
F =Gradx = 0 z 0
du 1 0u 1

L OR ROO .

4.4. Deformation gradient in spherical polar coordinates

Spherical polar coordinates: (R, O, ®) for X and (r,0, ¢) for x;

S1=R, S55=0, S53=®;, s1=7r, s9=20, s3=¢.

Basis vectors: {ER, Ee, Eq} for X and {e,, ey, ey} for x:
X =RFERr, x=re,.

General deformation:

T:T(R’@’(I))’ HZQ(R,@,@), ¢:¢(R7@a®);

Er=sinOcos®?+sinOsin®j + cosO k,
Eg =cosOcos®i+cosOsindj —sin Ok,
Ey=—sin®i+ cos Py,

OFER OER . OFEg

9%6 _ _g
90 R,

(4.3.1)

defor-
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0FEy oFE OFEs

s =cosOFs, a—@@ =0, 9% = —sin®Fgr —cosOFEg.
Similar expressions may be written for e, eq, €.
From
X =RERr, x=re,,
we obtain
0X ox
where

G1 = ER, GQ = RE@, G3 = RSin@E@;

1 1
G Er, G RE@, G Rsin g L®

2)

gl €r, g2 Tréy, gS T S ed), g €r, g reev g

The deformation gradient is calculated according to

Gradx = oz ® G = 0 (re,)® GW

0S54 9S4
— 5(;;) © En % 8({;:) Ee TSilnea(g(gr) © B
Oor 1 or 1 or 7
OR R 06 Rsin© 09
Gradz = 7’% %% m%
| rsindh PROGE RRSH

Example 4.11: Show that when the motion is given by
r=f(R,t), 0=0, ¢=07,

we have
or/OR 0 0

Gradx = 0 r/R 0
0 0 r/R

(4.4.1)
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Solution: We write the deformation gradient in terms of the basis vectors
e,, e, e4 associated with spherical polar coordinates (r,6,¢), noting that
x=r1e,, X = RER, 0 =0, ¢ = D, we have

.
_I'x
TTR

We make use of the identities

Grad(¢u) = u ® Grad¢ + ¢pGrad u,

So that

9((r/R)X)

F=Gradx = X

= X ® Grad (%) + %GradX

Since

)
Grad R= R'X, Gradg(R) = %R‘lX, Grad X =1,

for the given problem, we have

F—X®Grad(;)+;GradX—(%—é)R_2X®X+£I,
I U
—@r®r+§(0®9+¢®¢),

where # = R™1X and 6, <fl) are unit vectors forming with # an orthonormal
set, and we have used I = e, ® e, + ey ® ey + €4 ® ey.
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Boundary-value problems

5.1. Equilibrium equations

We now consider the formulation of (equilibrium) boundary-value problems.
Specifically, we consider the equilibrium equation in the absence of body
forces. The appropriate specialization of the equation of motion (1.4.1) is
then

dive =0, (5.1.1)

or, in terms of nominal stress,
DivS = 0. (5.1.2)

Equations (5.1.1) and (5.1.2) have to be taken in conjunction with the stress-

deformation relations

ow ow
-1
= F—, S=— 1.
o=J 5F 5F (5.1.3)
respectively, in the case of an unconstrained material, with the deformation
gradient F given by F = Gradx with x = x(X). For an incompressible
material the stress-deformation relations (5.1.3) are replaced by

ow 4

=F— —pl =~ —pF! F=1. 14
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Appropriate boundary conditions are required in order to formulate a boundary-
value problem. Typical boundary conditions arising in problems of nonlin-
ear elasticity are those in which x is specified on part of the boundary,
OBY C 0B, say, and the stress vector on the remainder, 0BT, so that
0BT U 0BT = 0B, and 0BF N 0BT = (). We write

x = &(X) on 0By, (5.1.5)
SN =7(F,X)  on 9B, (5.1.6)

where & and 7 are specified functions. In general, 7 may depend on the
deformation and this is indicated in (5.1.6) by showing the dependence of 7
on the deformation gradient F. If the surface traction defined by (5.1.6) is
independent of F it is referred to as a dead-load traction. In the particular
case in which the boundary traction in (5.1.6) is associated with a hydrostatic
pressure, P say, so that on = —Pn, then 7 depends on the deformation in
the form

T=—-JPF TN ondB.. (5.1.7)

When coupled with suitable boundary conditions, either of the equations
(5.1.1) or (5.1.2) in conjunction with (5.1.3) or (5.1.4), as appropriate, forms
a coupled system of three highly nonlinear second-order partial differential
equations for the components of x = x(X).

For homogeneous deformations, of course, the equilibrium equations are sat-
isfied automatically and such deformations can be maintained by the appli-
cation of suitable boundary tractions. For non-homogeneous deformations, it
is necessary to solve the equilibrium equations. In the case of unconstrained
materials very few explicit solutions have been obtained for boundary-value
problems involving non-homogeneous deformations, and these arise for very
special choices of the form of W and for relatively simple geometries. For
incompressible materials, on the other hand, many more explicit solutions
are available.
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5.2. Spherically-symmetric deformation of a spherical shell

Because of the spherical symmetry the deformation must have the form

x = f(R)X/R, r=f(R),

where R = |X|,r = |x], or, in Cartesian components,

z; = f(R)X;/R,

so that the components of the deformation gradient are

(9a:i

_ ! 4 (f(R))OR
oxX; Rf(R)52]+dR( R )an '
1 L Vg TR
= FR)y + 5 (£(B) - 22 ) XX,
or, in tensor form,
_f(R) / FB)\ % - %
et (F(R) - 7 )R e X,

where X = X/R.

Alternatively, we may write the above in terms of the basis vectors e;, eg, 4
associated with spherical polar coordinates (r, 6, ¢), noting that

X:e,«, I=e Qe +e@ey+ey®ey.
Thus,

F = f(R)e, @ e, + ff) (s ®eg+ ey Dey).

(5.2.1)
Clearly, F is symmetric and, since F = VR we deduce that R = I and

F =V = U is automatically in spectral form and e,, ey, e, are the principal
axes of V with principal stretches

M =[f(R), X=X= f(RR). (5.2.2)
If the material is isotropic then o is coaxial with V and we may therefore

write it in a form analogous to the spectral form (5.2.1) for V. Thus, if
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01,09 = o3 are the principal Cauchy stresses corresponding to i, A = A3
then

o = o016, Qe +02(egRDeg+es®ey)
= ool + (01 —02)e, ®e,
X ®X
= o9l + (0'1 — 02)7,
or, in index notation,

xixj
oij = 020;5 + (01 — 02) X

For the equilibrium equations we need to calculate

anj _ 80’2 i T3y
8a:j N 8.% + 8a;j <(Jl 02) 72 >

Since 01,09 depend on A1, A2 (which are functions of R or, equivalently, of

r) we have
80’@' . d(TQ or d or $Z'£Ej 5ijxj
ox; dr dm;  dr (1 = UZ)@:Uj r2 (01— 02) r2
T TiTj or
+3(01 — Ug)ﬁ —2(01 — 09) 5 or;
(ﬂ S S 02)2
dr r T

In the absence of body forces, the equilibrium equations (5.1.1)therefore
reduce to the single (ordinary) differential equation
do 1 + 2O‘ 1 — 09

dr r

= 0. (5.2.3)

Suppose that the boundary conditions correspond to a prescribed pressure
on the inner surface of the sphere and zero traction on the outer surface (as
in the inflation of a balloon). Then the traction vector t (the force per unit
current area of the boundary) is given by

{ —Pn onr=a
t =

0 onr=my>,
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where P is the given pressure. Since t = on and n = —e, on r = a and
n = e, on r = b we deduce that the boundary conditions may be written in
the form

—P onr=a
g1 =
! 0 onr=n>a.

(5.2.4)

For an unconstrained material we take

ow
and solve equation (5.2.3) for the unknown function f(R). In general, this is
very difficult (in fact, often impossible) except for some very specific choices
of W. On the other hand, f(R) can be found explicitly for an incompressible

material, and this we now do, taking

ow
o; = )\167AZ —p (5.2.5)
and B2
AAody = f’(R)(f(R>> ~ 1. (5.2.6)

Integration of (5.2.6) yields
P — R3 13 A3
since 7 = a when R = A (inner boundary), i.e.

r=f(R) = (R® +a® — A%)'/3, (5.2.7)

and hence
R?
AlZfI(R>:T72, )\2:)\3:

Thus, the deformation is determined.

r
R

The equilibrium equation (5.2.3) with (5.2.5) then serves to determine p or,
equivalently, o1. Integration of (5.2.3) using the boundary condition (5.2.4)

gives

T dr " ow oW dr
O'1+P:—2/ (Ul—UQ)T:—Q/ ()\187&—)\287)\2)7,
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and the integrand is a known function of » when the strain-energy function
W is specified. Since the boundary conditions also require 6y =0 on r =10
we obtain

b
P = 2/ (o2 — 01)@. (5.2.8)

r

Now, from (5.2.7), we have b = (B3 4 a® — A3)!/3 5o that equation (5.2.8)
gives an expression for P as a function of the internal radius a.

For a thin-walled shell, b — a is small compared with a and the integral in
(5.2.8) can be approximated as

P%Q(Ug—o‘ﬁ(b_a).

Let 6 = (B — A)/A << 1. Then, since b* = a® + B3 — A3, we may make the
approximation

1(B? — A3)
— Q—;l -~ @7
a +3 al
L(B-4) A
3 A a3
A3

=1+ (A2 + AB + B?)

Now write a/A = X so that r/R ~ a/A = X and hence Ao = A3 = \, A\ =
A2

Thus
P %260 (03 — o). (5.2.9)
For the strain-energy function of the form
- H
W= ; o AT AT A5 =3), Mdads =1, (5.2.10)

(5.2.9) gives

N
P20 pin(An 3 — A28y,
n=1
and we may regard P as a function of A. On specializing this to the case
N =1 with a; = o, 1 = p, we obtain

P~ 2ud(\*73 — \72073),
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It is easy to see that
dP 20 + 3
——=0= N =
d\ 3—a’
and this has a solution A > 0 provided —% <a <3

5.3. Extension and inflation of a thick-walled tube

We consider a thick-walled circular cylindrical tube whose initial geometry
is defined by
A<R<B, 0<0<21, 0<Z<IL, (5.3.1)

where A, B, L are positive constants and R, ©, Z are cylindrical polar coor-
dinates associated with basis vectors (Er, Eg, Ez). The deformed configura-
tion is specified in terms of cylindrical polar coordinates (r, 0, z), with basis
vectors (e, ey, €;) and the position vector in the deformed configuration may
be written

X =re, + z€,. (5.3.2)

The tube is deformed so that the circular cylindrical shape is maintained.
Since the material is incompressible the deformation is described by the

equations
r=fR)=[a®+ NN R>— A2, =0, z=)7Z2 (5.3.3)

where A, is the (uniform) axial stretch and a is the internal radius of the
deformed tube.

Since, for this deformation, e, = Er,ey = Eg,e, = Ez, the deformation
gradient is then calculated as

ox 1 0x ox
F = = a5 T YT A z
Gradx 8R®e +R8@®e0+8Z®e
= f(R)e, ®e, + %eg ®ep+ \e, e,
= \e, Qe+ ey ey + \ze, Qe,. (5.3.4)

Thus, F is symmetric and in spectral form with respect to the cylindrical
polar axes. The principal stretches Ai, Ao, A3, which are associated respec-
tively with the radial, azimuthal and axial directions, are therefore identified.
Thus,

M=AI0 === A=), (5.3.5)

r
R
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where the notation A has been introduced. It follows from (5.3.3) and (5.3.5)
that

R? B?
AN, —1= ﬁ(A% —1) = E(A%AZ —1), (5.3.6)
where
Ao =a/A, XNy=0b/B, b= f(B). (5.3.7)
For a fixed value of A\, the inequalities
M >1, A>A> ) (5.3.8)

hold during inflation of the tube, with equality holding if and only if A =
)\;1/ 2 for A < R < B. Note that when this latter equality holds the defor-
mation corresponds to simple tension.

We use the notation (3.5.6) for the strain energy but with Ao = A and A3 = \,
as the independent stretches (instead of A; and \2), so that

W) = WAL NN, (5.3.9)

Hence
g9 — 01 :)\W)\, o3 — 01 :/\ZW)\Z, (5.3.10)

where the subscripts indicate partial derivatives, and, because the material
is isotropic,
o =o01e, Qe +09eg ey + o3e, Re,. (5.3.11)

Since the deformation depends only on the radial coordinate, it follows from

(5.3.11) that

Oo; 1
dive = |— + —(o1 — 09)| e,
87" + ’I”( 1 2) T
and the equilibrium equation (5.1.1) therefore reduces to the radial equation

d0'1 1
— 4 - — = 3.12
dr + T(Jl 0'2) 0 (5 3 )

in terms of the principal Cauchy stresses. Associated with this equation we

have the (radial) boundary conditions

0 onr==

o = { —P onr=a (5.3.13)
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corresponding to pressure P (> 0) on the inside of the tube and zero traction
on the outside.

By making use of (5.3.3) and (5.3.5)—(5.3.7) we obtain (after some rearrange-

ment)
d\
— = AN\, - 1),
" dr (WA )
and it is convenient to use this to change the independent variable from r to
A. Then, integration of (5.3.12) and application of the boundary conditions
(5.3.13) leads to
Aa oW
P= (A2N, — 1)~ =d (5.3.14)
A oA
From (5.3.6) we recall that A\, depends on \,. Equation (5.3.14) therefore
provides an expression for P as a function of A\, (equivalently of the deformed

radius) when A, is fixed.

In order to hold A, fixed an axial load, N say, must be applied to the ends
of the tube. This is given by

b
N = 277/ osrdr. (5.3.15)
a

After some rearrangements and use of (5.3.10) and (5.3.12) equation (5.3.15)
can be expressed in the form

. ) )
a oW oW ,
o —)\W)AdM—P)\a. (5.3.16)

N/mA% = (X2, —1) /

()\2>\Z—1)_2(2>\Z
b

We note that mA? times the integral in (5.3.16), i.e. N — Prma?, is referred
to as the reduced axial load since it accounts for the effect of the pressure
on the ends of the cylinder, it being assumed that the cylinder has closed
ends. For a more detailed discussion of this problem, including an analysis
of bifurcation into non-circular cylindrical modes of deformation, we refer to
Haughton and Ogden [5, 6].

Representative results for the pressure P calculated from (5.3.14) are shown
in Fig. 5.1 in dimensionless form. This demonstrates the very different be-
haviour of biological soft tissues and rubberlike materials.

In the special case in which the wall thickness of the tube is small compared
with the radius the integral (5.3.14) may be approximated in the following
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(a) (b)
P* P*

Ao Aa
FIGURE 5.1. Plot of the dimensionless pressure P* against the stretch A, for different

wall thicknesses and an axial pre-stretch A, = 1.2 in respect of (a) a typical soft tissue,
and (b) a typical rubberlike material.

way (this corresponds to the membrane approximation). Let e = (B — A)/A
be a dimensionless measure of the wall thickness in the reference configura-
tion. Then, from (5.3.6), we may obtain the approximation

Ao =X+ AT, 1), (5.3.17)

where, to the first order in €, A may be taken as either A\, or Ap. On use of
(5.3.17) we may then approximate P as

P~ eI (0 N, (5.3.18)

so that, at fixed \,, the behaviour of P as a function of \ is that of A™1Wj.
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5.4. Torsion of a circular cylinder

Consider the deformation defined by

r1 = Xl COS(TX3) —XQSiIl(TXg),
xe = Xisin(7X3)+ Xacos(7X3),
xr3 = X37

where 7 is a constant.

The components of the deformation gradient are

cos(7X3) —sin(7X3) —Tx2
(Fij) = | sin(7X3) cos(tX3) 71
0 0 1

Check that det F = 1. The tensor B = FF’ has components

1+7’2x% 72z —Txo

(Bij) = | —T?ximy 1+ 7222 719

—TX9 T 1
and B! therefore has components

1 0 TI9
(B_l)ij = 0 1 —TX1 ,
Try —Txp 1472
where 72 = 23 + 23 = X7 + X3.

Show that the principal invariants of B are

L=tr(B)=3+7"" L=tr(B™")=3+7%%

Let the material be isotropic and incompressible with constitutive law of the
form

o=¢B+pB ! -l

where ¢ and ¢9 are functions of I, I». In fact, in this problem I; = I3 is a
function of r alone.
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Hence
o11 ¢1(1+ 7°5) + ¢2 — p,
012 — 1727139,
0922 ¢1(1+7°27) + d2 — p,
013 —P1TT2 + P2TT2,
023 G17T1 — P27,

033

o1 + pa(1 + 121%) — p.

In the absence of body forces the equilibrium equations take the form

80‘11 (90'12 80‘13 —0 (Z)
82?1 8932 8x3 -
80’12 80'22 80’23

3561 6932 8&?3 N 07 (Z’l)
Oo13 0oz Dosz »
02, + Oy + 05 =0 (#i7)

Equation (iii) gives

dp

— =0.
3:53

_86:U1(¢1 — ¢2)TT2 + 884132(¢1 — )T —

Since 5 p 5 i
T X1
871‘1((;51 —¢2) = %(le - ¢2)8T:1 = %(@51 - ¢2)7

etc. this reduces to

0
P _,
aJIg
i.e. p depends only on r.
Equation (i) gives
0 0
8{1;‘1 [¢1(1 + 7'233'%) + ¢2 —p] — 87:1:2((?17'2.7}13}2) = 0,

which boils down to
d
%(dh +¢2 —p) = 177,

and (ii) gives exactly the same equation.
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The traction on r = a has components o;;n;, where n = (x1,22,0)/a, and

hence
oyzi/a = (onwz1 + oxe)/a= (¢1 + d2 — p)z1/a,
oozjfa = (02121 + 022x2)/a = (¢1 + ¢2 — p)xa/a,
agj:cj/a = (031m1+032x2)/a: ,

so that the traction is purely radial with radial component

P1+¢d2—p onr=a.
We require this to vanish.

The traction on the end of the cylinder which has normal n = (0,0, 1) has
components (031,032, 033).

The shear traction has moment
03271 — 03129 = (1 — )T (2% + x3) = (¢ — o) 77>
about the centre of the end per unit area. The resultant moment is
a a
M = / T(¢1 — ¢2)r227rrdr = 27r7/ (61 — ¢2)r3d7“.
0 0
The axial load on the end is

N = / o332mrdr = 71'/ (p1+ 2 —p+ ¢27'27’2)d(7“2)
0 0

W[(¢1 + oo —p)rﬂz — 77/0 7"20%(% + 2 — p)dr +7r72/0 ¢2r2d(r2)
o [" s o [* 3
= —7nT /0 Q1rodr + 27T /0 Pordr
= 712 [ (262 — ¢1)ridr,
T /0 (2¢2 — ¢1)r°dr

p having been eliminated by means of the equilibrium equation.

5.5. The azimuthal shear problem

The discussion in this chapter follows closely that in Jiang and Ogden [12],
to which we refer for more details. We consider a compressible nonlinearly
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elastic thick-walled circular cylindrical tube whose cross-section in its natural
(unstressed) configuration is defined by

0<A<R<B, 0<0O<2r, (5.5.1)

where (R, ©) are polar coordinates. Attention is restricted to plane defor-
mations in which there is no extension along the axis of the cylinder and the
deformation of a cross-section is independent of the axial coordinate, Z say.
To maintain plane-strain conditions appropriate axial loading is required on
the ends of the tube, but this will not be needed explicitly for our purposes
here.

An azimuthal shear deformation is defined by
r=r(R), 0=0+g(R), z=2, (5.5.2)

where (7,0, z) are cylindrical polar coordinates associated with the deformed
configuration.

We take the boundary conditions as
a=r(A)=A4, b=r(B)=B, g¢g(A) =0, ¢g(B)=1 (5.5.3)

in the cross-section of the tube, 1) being the angle through which the bound-
ary R = B is rotated.

Referred to cylindrical polar coordinates the deformation gradient tensor F
has components

0 0
F=1|r¢y /R 0|, (5.5.4)
0 0 1

where the prime indicates differentiation with respect to R, and its inverse
is

1/r 0 0
F'=| —R¢'/r" R/r 0 |. (5.5.5)
0 0 1

The principal invariants I1, Is, I3 of the deformation tensor B = FF’ are
given by

L=r"+ r29’2 +7r2/R? +1,
Iy =12 +r*/R* + " + r4"* | R?,

I = r*"? | R?, (5.5.6)



5.5 THE AZIMUTHAL SHEAR PROBLEM 71

and it follows immediately that
I =1+ 13— 1. (557)

Note that (5.5.7) holds in general for plane strain deformations, not only for
the deformation (5.5.2).

With the restriction to plane strain only two of the invariants Iy, I, I3 are
independent, and the strain energy W (I3, I, I3) per unit reference volume of
a compressible isotropic elastic material may then be regarded as a function
of two invariants. Accordingly, we define W(I 1,13) by

~ —

W(Il,13> = W(Il, I+ I3 — 1,]3) (558)
when (5.5.7) holds identically. Note that W here is different from that used
earlier.

The in-plane restriction of the nominal stress tensor S is then calculated as

ow . -
S=x = oW AT + 21 W5 AL (5.5.9)

where W; = GW/ oI, Wy = oW /0I5 and A is the in-plane restriction of F,
with components given by the leading 2 x 2 matrix in (5.5.4) and similarly
for F~1. The corresponding (in-plane) Cauchy stress tensor o = I 278 is

o =2I; P Wi B + 21,/ AWl (5.5.10)

where I is the (in-plane) identity tensor and B is now taken as AAT.

For the strain energy and the stress to vanish in the natural configuration
and for compatibility with the classical (linear) theory of isotropic elasticity

we require
W(3,1) =0, Wi(3,1)+Ws(3,1) =0,
. . 1
W1(3, 1) = —W3(3, 1) = i,u, (5.5.11)
and . ;
W11(3, 1) + 2W13(3, 1) + W33(3, 1) = ZIQ + g,u, (5.5.12)

where p is the shear modulus and k the bulk modulus in the natural config-
uration.



72 5. BOUNDARY-VALUE PROBLEMS

After substitution of the components of S from (5.5.9) with (5.5.4) and
(5.5.5) into the (in-plane) equilibrium equations DivS = 0 two equations
are obtained. The radial equation may be written

d A d
—(Rr'W1) + r—(

rr’ . ro. 9.z
) — L — rRgPW, = 0 5.5.13
dR dR 3) 1= rag W =1 ( )

R R

while, after integration, the azimuthal equation yields
rRSge = r20p9 = 2r’Rg' W1 = b?7, (5.5.14)

where the constant 7 is the value of the azimuthal shear stress 0,9 (or Sgg)
at the outer boundary r = b = B.

5.6. Pure azimuthal shear

Pure azimuthal shear is the isochoric specialization of the deformation (5.5.2)
corresponding to r = R. With this specialization, equations (5.5.6) reduce

to
L=1=3+r%"7 1I;=1, (5.6.1)

and, locally, the deformation is a simple shear with amount of shear r¢’, the
azimuthal direction being the direction of shear.

When the restrictions (5.6.1) apply equations (5.5.13) and (5.5.14) reduce

to d

CT(Wl + Wg) — Tg/2W1 =0, (5.6.2)
,

239/ Wy = br. (5.6.3)

Let v = rg’ denote the amount of shear. Then v > 0 is associated with
7 > 0 (shearing in the positive 6 direction with g(r) > 0 for r > a) and
v < 0 corresponds to 7 < 0. Thus, we now have I; = 3 + ~2, as in the case
of simple shear discussed in Section (3.6.1). By defining

w(y) = W(3+421), (5.6.4)
we can rewrite (5.6.3) as

o = w'(7y) = b2 /r? (5.6.5)
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with w'(7y) > 0(< 0) for v > 0(< 0).

Increasing shear « corresponds to increasing shearing stress g,9 provided
w” () > 0, (5.6.6)

and we therefore impose (5.6.6) for all 4. The monotonicity of w'(7y) implied
by (5.6.6) ensures that, in principle, (5.6.5) can be inverted to give v (= r¢’)
uniquely as a function of r and hence g is determined by integration. Note
that from (5.6.5) and (5.6.6) it follows that r¢g” +¢’ < 0 (> 0) when v > 0 (<
0).

From (5.6.4)—(5.6.6) it is easy to show that the above requirements on w’(7)
and w” () are equivalent to

A

Wi(I1,1) >0, 2(I; —3)Wii(I1,1) + Wi(I1,1) > 0. (5.6.7)

With these conditions holding we may replace r by I; as the independent
variable in (5.6.2) by using (5.6.1) and (5.6.3). First, we rewrite (5.6.2) as

d - “ R
T%(Wl + Wg) = (Il — 3)W1

and then differentiate (5.6.3) with respect to r and use (5.6.3) again to obtain

T%(\/Il — 3W1) = —2\/[1 — 3W1.

On elimination of differentiation with respect to r in favour of that with
respect to I; the combination of the latter two equations leads to the key
condition

2([1 — 1)W11(Il, 1) + 4W13(I1, 1) + Wl([h 1) =0 (568)

on the strain-energy function.

It is emphasized that equations (5.6.7) and (5.6.8) together are sufficient
conditions for the strain-energy function W to admit a pure azimuthal shear
deformation for all T (provided w’(y) — 0o as v — 00). On the other hand,
whilst (5.6.8) is also a necessary condition the inequality (5.6.7)2 is not in
general necessary since the latter can be relaxed, if need be, to allow for
shear softening effects in which the shear stress exhibits a maximum as a
function of v (with consequent loss of ellipticity). In these circumstances
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non-uniqueness of solution arises. Existence and uniqueness of solution is
guaranteed if (5.6.6) holds. To ensure existence of solution for all T when the
strain-energy satisfies (5.6.8) and when (5.6.6) does not hold, the (weaker)
requirement is that w’(7y) be continuous and unbounded. If the latter has
a finite global maximum then there will be values of 7 for which solutions
do not exist, and this point is illustrated by one of the examples considered
below.

We may integrate (5.6.8) with respect to I; to obtain
21, — D)Wy (I1,1) + 4Ws(I1,1) — W (I, 1) = 0, (5.6.9)

where the conditions (5.5.11) have been used to eliminate the constant of
integration. Thus, (5.6.9) is equivalent to but, since it only involves first
derivatives, slightly simpler than (5.6.8).



Chapter 6

Anisotropic Material

6.1. Anisotropic elastic materials

The elastic response of some rubberlike materials is in essence isotropic.
This is also true to a limited extent for some biological soft tissues. How-
ever, when subjected to tensile stresses of sufficient magnitude soft tissues
exhibit anisotropy in their mechanical response. This is associated with dis-
tributions of collagen fibres that endow the material locally with preferred
directions. In ligaments and tendons, for example, the material can be re-
garded as having a single preferred direction (on average). The material can
then be treated as transversely isotropic. Other soft tissues have two dis-
tinct distributions of collagen fibre directions and these can be associated
with two preferred directions. This is the situation for the layers of an artery
wall, for example. Also, in many industrial applications of rubber the mate-
rial is rendered anisotropic by the inclusion of layers of steel wires (in high
pressure hoses and car tyres, for example) and/or fabric (also in car tyres).
The elastic response of such composite materials can be regarded as that
of a homogeneous material with anisotropic properties associated with the
preferred directions generated by the fibres.

In this chapter we illustrate the structure of the strain-energy function of an
anisotropic elastic solid for two important examples: (i) transverse isotropy
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(characterized by a single family of fibres), and (ii) the anisotropy associated
with two families of fibres, and, in particular, orthotropy. The work in this
chapter owes much to the theory of invariants developed by Spencer (see,
for example, [22, 23]).

6.2. Transverse isotropy

Let the unit vector M be a preferred direction in the reference configuration
B, of the material. Without the preferred direction the material would be
isotropic relative to B,.. In general M varies with position X and is a unit-
vector field which, when the strain-energy function is endowed with suitable
properties, can be regarded as modelling the fibres as a continuous distri-
bution. The material response is therefore indifferent to arbitrary rotations
about the direction M. Also, no physical distinction can be made between
the directions M and —M. Thus, the response must also be unaffected by
interchange of M and —M.

The strain energy W (F) must therefore satisfy W(FQ) = W(F) for all
proper orthogonal Q such that QM = £M. Note that the direction of M is
reversed by a rotation of m about any axis perpendicular to M. Equivalently,
such a material can be characterized by a strain energy that is an isotropic
function of F and the tensor M ® M jointly. Since, by objectivity, W depends
on F only through the right stretch tensor U (or, equivalently, C = U?),
this means that, on writing the dependence as W (C, M ® M), we must have

W(QCQT,QM ® QM) = W(C,M ® M) for all proper orthogonal Q.
(6.2.1)

For an unconstrained material, the requirement (6.2.1) implies that W de-
pends on five invariants, namely the principal invariants Iy, I, I3 of C,
defined by (2.4.1)—(2.4.3) with B replaced by C, together with two invari-
ants, denoted I4 and I5, that depend on M and are defined by

I;=M-(CM), I;=M-(C*M). (6.2.2)

Note that I, has a direct kinematical interpretation since, in accordance with
(1.1.9), v/I4 represents the stretch in the direction M. In general, however,

there is no immediate simple interpretation for I5. We use the notation

W, Iz, I3, 14, I) (6.2.3)
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to represent the strain energy when treated as a function of the invariants
based on C, extending the notation used in the isotropic case to include Iy
and I5.

In order to calculate the stresses we require the derivatives

8[4 8IE)
— =2M ® FM —
oF ©EML o

together with the derivatives of I, I, I3 given by (2.4.4). The resulting nom-

= 2(M ® FCM + CM ® FM), (6.2.4)

inal stress tensor is given by
S = 2W FT 4+ 2Wy (111 — C)FT 4+ 2I.W3F ! + 2WW,M @ FM
+2W5(M ® FCM + CM ® FM), (6.2.5)
where W; = OW /0I;,i = 1,...,5. The result for an isotropic material is
recovered by omitting the terms in Wy and W3. Equation (6.2.5) gives the
stress in a fibre-reinforced material for which the fibre direction corresponds

to M locally in the reference configuration. The Cauchy stress can be calcu-
lated from (6.2.5) using the general formula Jo = FS.

Henceforth, we restrict attention to incompressible materials, so that I3 = 1.
The notation (6.2.3) is retained but with I3 omitted. Equation (6.2.5) is then
replaced by
S = 2 FT + 2Wo(I,1 — C)FY — pF~! 4 2W,M ® FM
+2W5(M ® FCM + CM ® FM), (6.2.6)
and Cauchy stress tensor is given by
o =FS = —pI + 2W B + 2W5([}B — B?) + 2W,FM ® FM
+2W5(FM ® BFM + BFM @ FM), (6.2.7)

where B is the left Cauchy-Green deformation tensor and we have used the
connection FCM = BFM. The symmetry of o is apparent from (6.2.7).
Note that (6.2.7) reduces to the corresponding result (3.2.1) for an isotropic
material when the dependence on I, and I5 is omitted.

6.3. Application to pure homogeneous deformation

In Chapter 1 we examined the pure homogeneous strain defined by (3.5.1)
in the case of an isotropic material. Here we obtain, for comparison, the
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corresponding results derived from (6.2.7). Let M lie in the (X, X3)-plane
and suppose it has components (cos ¢, sin ¢, 0). Then, we calculate

Iy = M cos? o+ A3sin® p, Iy = A\] cos? ¢ + A3 sin? o, (6.3.1)
while, in terms of the (independent) stretches A; and A2, we have

L=X+XN 02002 L=MA+ A2+ 02 (6.3.2)

From (6.2.7) the components of o are calculated as

011 = —p+ 2W1)\% + 2W2)\%()\% + )\%)

+ 2W4 A3 cos? @ + 4WsA] cos? o, (6.3.3)
099 = —p + QV_Vl)\% + 2V_V2)\§<)\% + )\%)
+ 2W4 A3 sin? ¢ 4 4W5 A3 sin? o, (6.3.4)
o12 = 2[Wy + W5()\% + )\%)]Al)\z sin @ cos @, (6.3.5)

033 = —p+ QV_VlAg + 2W2A§(A% + )\%), 013 = 023 = 0. (636>

Note that 12 does not in general vanish, unlike the situation for an isotropic
material. This means that (as a result of lack of symmetry) shear stress
is required to maintain the pure homogeneous strain in this case, and it
vanishes only if the preferred direction is along one of the coordinate axes.
This illustrates the fact that the principal axes of o do not in general coincide
with the Eulerian principal axes (which, here, are the coordinate axes).

From (6.3.3), (6.3.4) and (6.3.6) we obtain

011 — 033 = 2/\1_2)\2_2(/\11A% — 1)(W1 + )\%Wg)

+ 2Wi A2 cos? @ + 4Ws AT cos? i, (6.3.7)
092 — 033 = 2/\1_2)\2_2(/\%)\12’L - 1)(V_V1 + )\%WQ)
+ 2Wy A3 sin? @ 4 4W5\3 sin? . (6.3.8)

Equations (6.3.1) and (6.3.2) show that Iy, I, I4, I5, and hence the strain
energy, depend only on A1, A2 and the angle ¢. We express this dependence
by extending the notation W defined in (3.5.6) to the present situation.
Thus, we define

WA, Ae, @) = W(IL, Iy, Iy, Is). (6.3.9)
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It is important to note, however, that, in general, in contrast to the isotropic
situation, W(Al, A2, ) is not symmetric in A\; and Ag. It is then easy to show
that (6.3.7) and (6.3.8) may be written in the simple forms
oW oW
011 — 033 = AMl—=——, 092 — 033 = Ag——. 6.3.10
11 33 15 iy 22 33 25 o ( )
Equations (6.3.10) are identical in form to the corresponding equations
(3.5.7) in the isotropic case, except that here o1; and 099 are not princi-
pal stresses since the shear stress oi2 does not in general vanish and, it
should be emphasized, that W()\l, A2, ¢) is not symmetric in A1 and Ag.

We recall that for incompressible isotropic materials homogeneous biaxial
deformations in which two independent stretches (or I; and Iy) are varied
independently are sufficient to characterize the material properties (i.e. the
strain-energy function). This is clearly not the case for an incompressible
transversely isotropic material, for which there are four independent invari-
ants. Characterization of the properties of a transversely isotropic material
requires experiments in which (in principle) these invariants are varied inde-
pendently.

We note here that for the considered pure homogeneous strain the compo-
nents of FM are (\j cos ¢, A2 sin ¢, 0). Let m denote the unit vector in the
direction FM and suppose m has components (cos ¢*,sin ¢*,0). Then, we
have

tan o* = A A] ! tan . (6.3.11)

6.3.1. Plane strain

It is interesting to examine the simplifications that arise in the case of a
plane deformation. We consider a plane deformation in which A3 = 1. It
then follows that A\ = 1 and from (6.3.1) and (6.3.2) that

=1, Iy=(—1)I;—1. (6.3.12)

Thus, we may regard the energy as a function of just two independent in-
variants, such as Iy and I4, and we write

W(Ii, 1) =W (I, [, I, (I, = DI, — 1) . (6.3.13)
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It follows that the Cauchy stress is given simply by
o =2WB + 2WFM @ FM — pI, (6.3.14)
which should be compared with (6.2.7).

For pure homogeneous strain, the in-plane components of o are obtained
from (6.3.14) as

o11 = 2W A2 + 2W 402 cos® o — p, (6.3.15)
099 = 2V:V1)\§ + 2@4)@ sin ¢ — p, (6.3.16)
o192 = 2V:V4 sin  cos ¢, (6.3.17)

with )\1)\2 =1.
For the simple shear deformation discussed earlier, we obtain from (6.3.14)

o11 = 2W1(1 4 7%) 4 2W4(cos ¢ + vsinp)? — p, (6.3.18)

099 = 2W1 + 2Wasin® ¢ — p, (6.3.19)

012 = 29yW1 + 2W 4 sin p(cos ¢ + v sin @), (6.3.20)
with

I} =3+4+7~% Iy=1+~vsin2p+~%sin? . (6.3.21)
Note that B

011 — 022 — Y12 = W4(2cos 2 + ysin 2¢), (6.3.22)

so that the universal relation (3.6.9) obtained in the isotropic case does not
carry over to transverse isotropy, except in the very special case in which
M coincides with the Lagrangian principal direction u® (which can only
happen for an isolated value of ). On the other hand, the formula (3.6.11)
does apply, as can be shown by differentiating V:V(Il, 1) with respect to ~y
and making use of (6.3.21).

6.3.2. Two preferred directions

We now consider the situation in which there are two distinct preferred
directions in the reference configuration. Let M and M’ denote the associated
unit vectors. Then, in addition to Iy, I2, Iy, I5, the strain energy depends on
the invariants

Ig=M - (CM/), I;=M.(C*M), Igy=M-(CM/).  (6.3.23)
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Note that I and I7 are the counterparts for M’ of I, and I, respectively,
and that there is now a coupling term Ig. The energy also depends explicitly
on the angle between the directions, as determined by the product M - M/
(which does not depend on the deformation). There is no term M - (C2M’)
since it can be shown that it depends on the other invariants and on M -M’.
The invariant Ig as defined above is not unchanged with respect to reversal
of M or M’ separately, but it can be made so by multiplying by M - M'. For
simplicity, however, we retain I3 as given above and note that, by symmetry,
this ‘correction’ is unnecessary for the problem considered in Section (6.3.3)
below.

We now use the notation W to represent W for an incompressible material
when regarded as a function of I, I, I, I, I, I7, Is, and M-M’. The Cauchy
stress tensor is then written

o = —pl + 2W B + 2W,(I;B — B?) + 2W,FM @ FM
+2W5(FM @ BFM + BFM ® FM) + 2WgFM’ @ FM’
+2W7(FM’ ® BFM' + BFM' @ FM')
+Ws(FM @ FM' + FM' ® FM), (6.3.24)

where the notation W; = 0W/0I; now applies for i = 1,2,4,...,8.

Although (6.3.24) is in general very complicated some useful information
can be obtained by restricting attention again to pure homogeneous strains
and simple shear. The extension and inflation of a tube discussed in Section
(2.4) for an isotropic material will also be examined in respect of (6.3.24)
appropriately specialized.

6.3.3. Pure homogeneous strain

Again we consider the pure homogeneous strain defined by (3.5.1) and now
we include two preferred directions, symmetrically disposed in the (X, X2)-
plane and given by

M =cospe; +singes, M =cospe; —singes, (6.3.25)

where the angle ¢ is constant and ej,e; denote the Cartesian coordinate
directions. See Fig. 6.1. Let the corresponding unit vectors in the deformed
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RS

FIGURE 6.1. Depiction of pure homogeneous strain with two symmetrically disposed
families of fibres in the (X1, X2) plane.

configuration be denoted
m = cos p* e] +sinp ey, m’ = cosp*e; —sinp*es, (6.3.26)

with ¢* given by (6.3.11).

When expressed in terms of A1 and Ao the invariants I, I are given by
(6.3.2) and the other invariants are calculated as

Iy =Is = M cos> o+ Msin® o, Iy = I; = M cos® o + \ysin? ¢, (6.3.27)
Ig = X cos® p — A3 sin? . (6.3.28)
The components of o are obtained from (6.3.24) as

011 =—p+ 2W1)\% + QWQ(I]_A% — )\411) + 2(W4 + Wﬁ + Wg))\% cos? ©

+4(Ws + Wr)A] cos? ¢, (6.3.29)
099 = —p + 2W A2 + 2Wo (11 N3 — A\3) 4+ 2(Wy + W — We)A3sin? ¢

+4(W5 4+ Wr)\3sin? @, (6.3.30)
010 = 2[Wy — W + (W5 — W) (A + A2)] A Ag sin @ cos ¢, (6.3.31)
033 = —p + 2W1 A3 + 2Wo (1A% — \D), o013 = 093 = 0. (6.3.32)

Note that (6.3.32); is identical in form to (6.3.6); but is different in content
since W now depends on Ig, I7, Ig.

As for the case of transverse isotropy, o12 # 0 in general. Thus, shear stresses
are required to maintain the pure homogeneous strain and the principal axes
of stress do not coincide with the Cartesian axes. However, in the special case
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in which the two preferred directions are mechanically equivalent the strain
energy must be symmetric with respect to interchange of I, and I and of I5
and I7. For the considered deformation, we have Iy = Ig, Is = I7 and it then
follows that Wy = Wg, W5 = Wy and hence, from (6.3.31), that o120 = 0.
In this special case the principal axes of stress coincide with the Cartesian
axes (i.e. with the Eulerian principal axes), and o011, 092,033 are therefore
precisely the principal Cauchy stresses o1, 09, 03.

From (6.3.2), (6.3.27) and (6.3.28) we see that, just as in the case of trans-
verse isotropy, the invariants collectively depend only on A1, A2 and ¢ and
we may therefore write

WAL, Aoy ) = W(IL, Io, Iy, I, Ig, Ir, Is, ML - M). (6.3.33)

Again, as in the transversely isotropic case, W is not symmetric with respect
to interchange of A\; and Ao. It is straightforward to show that

oW oW
_ — A _ = Ao—— .3.34
01— 03 =M\ o 03 — 03 = Ay Dy’ (6.3.34)

which are identical in form to equations (3.5.7) except that here W de-
pends on ¢ and is not (in general) symmetric in (A1, A2). These equations
describe an orthotropic material with the axes of orthotropy coinciding with
the Cartesian axes.

6.3.4. Simple shear

We now extend the discussion of simple shear in Section (3.6.1) to the present
material. For the simple shear deformation the invariants are given by

I =1, =3+7% (6.3.35)
Iy =1+ vsin2p +~%sin® ¢, Is=1—vsin2¢p 4+ ~%sin? ¢, (6.3.36)
Is = (1 + %) cos® p + 2v(2 + ~?) sin p cos  + (v* + 372 4 1) sin? ¢, (6.3.37)
I = (14 +2) cos® ¢ — 27(2 +7?) sinpcos p + (v 4 372 + 1) sin? ¢, (6.3.38)

( )

Ig = cos® o — (14 ~%)sin? . 6.3.39
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The components of the Cauchy stress tensor are now calculated as

o1 = —p+2Wi(1+7%) + 2Wa(2 + +?)
+2[Wy + We 4+ Wa + 2(Ws + Wr) (1 +~42)] cos® ¢
4+ 4[Wy — W + (W5 — We)(3 + v?)]ysin g cos ¢
+2[Wy + W — Wy + 2(Ws + W7) (2 4+ +%)]y? sin? o, (6.3.40)
090 = —p 4 2W1 + AWy + 2(Wy + Wy — Wy) sin” ¢
+ 4(Ws5 — Wr)ysin p cos @ + 4(Ws + Wr) (1 4+ ~%) sin® ¢, (6.3.41)
o12 = 2(W1 + Wa)y + 2(Wy — W) sin p cos ¢
+ 2(Wy + W — Wg)ysin? ¢
+ 2(Ws5 + Wr)y[cos® ¢ + (3 + %) sin? ¢, (6.3.42)
033 = —p + 2W1A3 + 2Wa (1N — )\]), o013 =093 =0. (6.3.43)

Since the invariants (6.3.35)—(6.3.39) depend only on v and ¢ we may treat
the strain energy as a function of these two quantities and write Wgs(7y, ) to
represent this, where, as in (3.6.10), the subscript ¢ stands for simple shear.
It is then straightforward to show, using (6.3.35)-(6.3.39) and (6.3.42) that

OWes
oy’

(6.3.44)

012 =

exactly as in the isotropic and transversely isotropic cases.

It is interesting to note that while the orientation of the Eulerian principal
axes, in the (1, 2)-plane, is given in terms of the angle ¢ through the formula

2
tan2¢ = —, (6.3.45)
v

the corresponding orientation of the principal axes of o is defined by an
angle, ¢* say, which is given by

(6.3.46)

In respect of (6.3.40)—(6.3.42) the right-hand side of (6.3.46) is not equal to
that of (6.3.45), and hence ¢* # ¢. We observe that ¢* = ¢ if and only if
the universal relation (3.6.9) holds.
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6.4. Extension and inflation of a thick-walled tube

We now revisit the problem of extension and inflation of a thick-walled tube
which was discussed in Section (3.3) for an isotropic material. Since, locally,
the deformation corresponds to a pure homogeneous strain certain formulas
obtained in Section (3.3) carry over to the anisotropic material considered
here. We suppose that the preferred directions M and M’ are locally in
the (O, Z)-plane and symmetrically distributed with respect to the axial
direction. The cylindrical polar directions are then the principal directions
of strain (and stress) and the strain energy may be written in the form

A

W (A Az 0), (6.4.1)

where, as in Section 4.2, A = A9 and A\, = A3 respectively are the azimuthal
and axial stretches. The formulas (5.3.14) and (5.3.16) also apply here. We
repeat equation (5.3.14) here in the form

\ .
a oW

P= (N2, — D)L= (A, )d (6.4.2)
A O\

with the arguments of W made explicit.

It is easy to evaluate the integral in (6.4.2) for particular choices of energy
function, as was indicated in the case of isotropy in Section (3.3). It turns
out that the qualitative nature of the results based on equation (6.4.2) does
not depend significantly on the thickness of the wall of the tube wall. Here,
therefore, it suffices to consider the thin-wall (membrane) approximation of
(6.4.2), which has the form

151%%
P=ex"]NT (O 6.4.3
€ z aA ( b 7@)7 ( )
where € = (B — A)/A, as in Section (2.4), and \ represents any value of the

azimuthal stretch through the wall.

We now illustrate the dependence of the pressure-stretch response on the
degree of anisotropy by using (6.4.3). For this purpose we consider an energy
function that is a natural extension to the type of anisotropy considered here
of the isotropic law (3.4.6). With just a single term this has the form (see
20))

A~

WA Az @) = [p(e) (A" =1 =nlnA) 4+ p2(p) (AT =1 —nlnA;)
+us AN =14+ nln(AX,))]/n, (6.4.4)
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P*

FIGURE 6.2. Plot of the dimensionless pressure P* against the azimuthal stretch A for
fixed A\, and for values puy = 2,1,0.5 of the anisotropy parameter, corresponding to the
upper, middle and lower curves respectively.

where the logarithmic terms are needed to ensure that the stresses vanish in
the undeformed configuration, us is a material constant and u(¢) and pa(p)
are material parameters dependent of the angle ¢. Note that the single-term
version of (3.4.6) is recovered by setting pu; = po = pg = 2u/n and n = o
since, by incompressibility, the logarithmic terms cancel.

On substitution of (6.4.4) into equation (6.4.3) we obtain, in dimensionless
form,

P* =\ Pleps = piN"2 — (pd — DA 2 = X207, (6.4.5)

where (17 = p1/ps. It should be noted that (6.4.5) is independent of uo. The
results for isotropy are recovered by setting pu] = 1. The material can be
regarded as reinforced in the circumferential direction (relative to the radial
direction) if pj > 1 and weakened if pj < 1. Results for pj = 0.5,1,2 are
plotted in Fig. 6.2 for comparison, with A, set to the value 1.2, as for Fig.
5.1.

We recall that for isotropy the inequality A?A, > 1 must hold for inflation
following an initial axial stretch. For the considered anisotropic material this
must be replaced by an inequality on A" whose lower limit is determined by
setting P = 0 in (6.4.5). This is reflected in the curves in Fig. 6.2, which cut
the A axis at different points. The upper, middle and lower curves in Fig.
6.2 correspond to puj = 2,1,0.5 respectively. For illustrative purposes only
the value n = 10 has been used for the above calculations.
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The membrane counterpart of (6.4.5) for equation (5.3.16) has the form

oW LOW
T A )—/\)\Zl—()\,)\z,cp)], (6.4.6)

F/nA? = N/mA%? — P)\? = 6[

where I is the reduced azial load on the ends of the tube.

The combination of equations (6.4.3) and (6.4.6) with an appropriate form
of strain-energy function can be used to fit data from experiments in which
the reduced axial load F' is held constant. A representative set of data from
a human iliac artery is shown in Fig. 6.3. The pressure P is plotted against
the circumferential stretch \ for a range of fixed values of the reduced axial
load F'. These curves show the characteristic stiffening of the material as the
radius increases.

In Fig. 6.4 the same data as in Fig. 6.3 are plotted with the pressure against
the axial stretch A,. This reveals a so-called inversion effect at the value of
A, corresponding to the change from positive to negative gradients of the
curves. This critical value of A, is determined by solution of the equation

0*W 0*W oW
z:P) — 2z, P Ay s Nz = 4.
)\8)\2()\)\ ) A@)\O)\ (A Az 0) + )\8)\()\)\ 0)=0 (6.4.7)
in conjunction with (6.4.6) for constant F*, where F* = F/m A%e. Equation
(6.4.7) is obtained from (6.4.3) and (6.4.6) by setting d\./dP = 0 at constant

F'. For further details we refer to Ogden and Schulze-Bauer [20].

Although the membrane approximation gives a good qualitative picture of
the pressure-stretch behaviour it should be used with caution. For example,
membrane theory is not able to account for the through-thickness stress
distribution in arterial walls or the important influence of residual stresses
which are present in arterial wall components. To account for these influences
it is necessary to use a ‘thick-wall’ model.
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FIGURE 6.3. Typical characteristics of the response of a human iliac artery under

pressure and axial load. Dependence of the internal pressure P (kPa) on the

circumferential stretch A at a series of fixed values of the reduced axial load.
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. at a series of fixed values of the reduced axial load.



Chapter 7

The effect of residual stress on
elastic response

Thus far we have assumed that the reference configuration B, is stress free.
However, there are many situations in which a (global) stress-free reference
configuration does not exist and there are so-called residual stresses not
associated with a deformation and not given by a constitutive law. They
may, for example, be induced by some manufacturing process or, in the case
of biological tissues, be generated by the processes of growth, remodelling or
adaptation. In this chapter we examine some basic aspects of the effect of
residual stress on the constitutive law of a nonlinearly elastic solid.

7.1. Elastic response in the presence of residual stress

We suppose that the reference configuration B, is not stress free and denote
by o the residual stress in B,. Since this is the reference configuration
there is no distinction between the Cauchy stress in B, and the nominal
stress S() relative to B,. In general, the residual stress is not obtained from
a strain-energy function, and we may take the strain-energy function W to
be measured from B, and to vanish in B,. The stress calculated from this
energy function must reduce to the residual stress when evaluated in B,.. We
shall discuss this further in Section 8.2.
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The residual stress must satisfy the equilibrium equation
DivS™ =0 in B,, (7.1.1)

where the Div operator refers to the position vector X in B,..

If the boundary 0B, is traction free (unloaded) then, additionally, the resid-
ual stress must satisfy the boundary conditions

SN =0 ondB,. (7.1.2)

Now, since

Div (s“”) ® X) - (Div s<’”>) ®X + 80, (7.1.3)

it follows from (7.1.1), (7.1.2) and by use of the divergence theorem that
/ sMav = o. (7.1.4)

An immediate consequence of (7.1.4) is that residual stress cannot be uni-
form. In other words, if, in a residually-stressed configuration, the boundary
0B, is load free then the residual stress distribution is necessarily inhomo-
geneous and is therefore geometry dependent. A further consequence is that
the material response of a residually-stressed body relative to the residually-
stressed configuration, and hence the constitutive law, is geometry dependent
and inhomogeneous. If, however, 9B, is not traction free and all or part of the
boundary is fixed spatially then the above conclusion requires modification.
We do not pursue this here.

Residual stress places restrictions on the material symmetry in B, and, in
view of the above remarks, the material symmetry may therefore vary from
point to point within the considered material body. The constitutive laws
resulting from these restrictions are, in general, very complicated, and we
shall not discuss the associated analysis in detail. We remark, however, that,
in the presence of a residual stress and without any preferred directions, the
elastic strain energy relative to B, depends on the independent invariants of
o) and the Cauchy-Green deformation tensor C and their combinations.
Moreover, if there are also preferred directions in B,., such as M, then further
independent invariants involving o), C and M ® M are needed. It is left
as an exercise to determine the number of independent invariants of (a) C
and o) for the cases in which o(") has one, two or three distinct principal
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values, and (b) C, (") and M ® M for the cases in which (") has one, two
or three distinct principal values.

Here we shall adopt a simpler approach and examine what restrictions are
imposed on the residual stress by specific material symmetries. In this we
follow the work of Coleman and Noll [3], Hoger [7] and the article by Ogden
in [10].

Suppose that Q is a rotation tensor belonging to a symmetry group relative
to B,. Then, by combining the stress-deformation relation (2.1.7) for the
nominal stress (relative to B,) with the objectivity and material symmetry
requirements, we obtain

h(QF) = h(F)Q", (7.1.5)
for all proper orthogonal Q, and
h(FQ) = Q"h(F), (7.1.6)

for all members Q of the symmetry group. By setting F = I and S(") = h(I)
and using (7.1.5) and (7.1.6), we then obtain

sqQ=Qs™, (7.1.7)

or, equivalently,
Qo"Q" = o), (7.1.8)

for every member Q of the symmetry group. Thus, equation (7.1.7) imposes
restrictions on the form of S("). We now examine three specific material
symmetries in order to determine the nature of these restrictions.

7.1.1. Isotropy

For isotropic response equation (7.1.8) must hold for all rotations Q. This
implies that the residual stress has the form () = ¢™1I, where (") is a
scalar. The equilibrium equation (7.1.1) reduces to Grado(") = 0, so that
o) is constant. Application of the boundary condition (7.1.2) then shows
that o) = 0.

Thus, residual stress cannot be supported by an isotropic body whatever the
geometry of the body if the boundary is traction free. This is an impor-
tant result in the context of soft tissues, for some of which residual stress
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contributes to their effective function. It therefore emphasizes the need to
consider soft tissues as anisotropic materials.

7.1.2. Transverse isotropy

If the material response is transversely isotropic relative to B, then there
is a preferred direction, defined by a unit vector, denoted k, which will in
general depend on position in the material. The symmetry group consists
of all rotations Q that preserve or reverse k. It may be shown, by following
the procedure outlined for the isotropic case, that o(") must have two equal
principal values and is expressible in the form

o =c"I-kek) +ol"k®k, (7.1.9)

where UY) = cTéT) and aér) are the principal values, in general dependent on

position.

7.1.3. Orthotropy

In the case of orthotropic response the material symmetry identifies three mu-
tually orthogonal directions, here specified by the unit vectors ki, ko, k3. The
symmetry group consists of rotations through 7= about each k;, i € {1,2,3}
together with reversal of each k;. The resulting form of ("), obtained using
(7.1.8), is

o™ =Mk @ ky + 03 ks @ ks + 0 ks @ ks, (7.1.10)

the principal values of (") being distinct and associated with principal direc-
tions ki, ko, k3. In general, ki, ko, ks and O'Y), O'ér), Uér) depend on position.
Of course, (") can always be put in the form (7.1.10) for some orthonor-
mal basis ki, ko, kg whatever the material symmetry, but here kq, ko, k3 are

specifically determined by the symmetry.

An important special case is that in which one of the principal directions,
k3 say, is independent of position. It follows on substitution of (7.1.10) into
the equilibrium equation (7.1.1) that aér) is independent of the Cartesian
coordinate associated with ks. If we identify this direction with the axis of

a right circular cylindrical tube then application of the boundary condition
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(7.1.2) on the ends of the tube leads to aér) = 0. In terms of cylindrical polar
coordinates (R, ©, Z) in B, this means that there is no dependence on Z. If,
further, there is no dependence on © then the equilibrium equation (7.1.1)
reduces to the radial equation

aog) ok otk

7.1.11
i 7 ; ( )
together with the azimuthal equation
da(% 2
dg + 50ke =0, (7.1.12)

where ng)%v Jg(z), ag)g are the relevant components of o ("),

It follows from (7.1.12) and the zero traction boundary conditions on the
cylindrical surfaces that agé = 0 and hence that k; and ks coincide with
the polar coordinate axes and Jg}% = UY),O'g();) = ag). Equation (7.1.11)
then remains and is coupled with the boundary conditions

O'Y) =0 on R=AB. (7.1.13)

Equation (7.1.11) and the boundary conditions (7.1.13) are important in
connection with the analysis of the effect of residual stress on the elastic re-
sponse of an artery treated as a circular cylindrical tube subject to extension
and inflation, which will be discussed in Chapter 8.

7.2. Change in reference configuration and strain energy

Let B, be a residually-stressed configuration, F the deformation gradient in
a deformed configuration B; measured relative to B, and W(F) the strain
energy per unit volume in B,.. Suppose that there exists a reference configu-
ration, denoted B,, that is stress free and let P be the deformation gradient
of B, relative to B,, as depicted in Fig. 7.1. Then, the deformation gradient
in By relative to B,, denoted F, is given by

F =FP. (7.2.1)

Let W(F) denote the strain energy in By relative to B, per unit volume in
B,.. Then, for an incompressible material, we must have the connection

W(F) = W(F) - W(P). (7.2.2)



94 7. THE EFFECT OF RESIDUAL STRESS ON ELASTIC RESPONSE

—C
.y

FIGURE 7.1. Schematic of the stress-free reference configuration B,., the

residually-stressed reference configuration B, and the deformed configuration B; showing
the connecting deformation gradients P, F and F.

The corresponding formula for an unconstrained material is similar but in-
volves factors related to the determinants of the deformation gradients.

According to Continuum Mechanics, if G denotes the symmetry group rela-
tive to B, and G that relative to B, then G = PGP ~!. Thus, in the situation
where a global stress-free configuration exists the material symmetry in a
residually-stressed configuration can be determined directly from that in the
stress-free configuration without the need to consider invariants associated
with the residual stress. The existence of such a stress-free configuration
is problematic in general, but in some circumstances a configuration that
is approximately stress free can be considered useful (and is the basis of
part of the analysis in Chapter 8). The stresses associated with the different
configurations are related in the following way.

For an incompressible material the nominal stresses, denoted S and S, rela-
tive to B, and B, respectively are given by

ow - OW _
S=——(F)-pF!, S=-——(F)-pF"! 7.2.3
55 (F) —pF ™, o5 &) —PF (7.2.3)
while the Cauchy stress o = FS = FS in By is independent of the choice of
reference configuration. Thus, we must have the connections

S=PS, p=p, (7.2.4)
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which may also be deduced by differentiation of (7.2.2) and use of (7.2.1).
When evaluated in B, these give

oW -

g — () — OT(I> _ p(T)I — PS(T), (7.2.5)

where p( is the value of p in B,, S is the corresponding value of the
residual stress and I is the identity in B,.
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Chapter 8

Application to arterial tissue

When a length of artery is excised from a body it contracts. Thus, in vivo
arteries are stretched (i.e. subject to a large axial deformation) and tethered
(i.e. held in place) by the surrounding tissue. However, an excised artery,
although in an unloaded configuration, i.e. it is not subject to any axial load
or to any tractions on its inner and outer surfaces, is not unstressed. In fact,
there is a residual stress distribution through the artery wall, and this has
a very important influence on the mechanical response of the artery under
physiological conditions. The existence of the residual stresses is demon-
strated by the so-called ‘opening angle experiment’ in which a short length
of artery in the form of a ring is cut radially. The ring springs open to form
an open sector, thus indicating the presence of a compressive circumferential
stress in the inner part of the wall of the ring and a tensile circumferential
stress in the outer part. The magnitude of the opening angle gives a rough
estimate of the residual stress (at least the circumferential residual stress,
but it should be noted that there will in general also be residual axial and
radial stresses). However, even such an open sector is not stress free since
the opening angles of circumferentially separated layers are different.

In most analyses in the literature to date, however, the opened-up sector
is assumed, for simplicity, to be stress free in order to facilitate calculation
of the (residual) stress required to re-form the intact ring (the unloaded
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configuration). It is normally assumed that the ring is a circular annulus,
that the opened-up sector is also circular and that the deformation required
to re-form the ring depends only on the radius. Any assumptions that are
less simple than these would almost certainly require a purely numerical
treatment. Some aspects of the opening angle approach are discussed in
Section 8.2. The opening angle experiment gives only a very rough estimate of
the residual stress, and a detailed understanding of the mechanical influence
of residual stress therefore remains to be developed. Influences that need to
be accounted for are, for example, growth, remodelling and adaptation since
these are clearly candidates for generating residual stresses. Analysis of such
effects is at an early stage of development and much more needs to be done
in this area.

The residual stresses have an influence on the overall behaviour of an artery
under extension and internal pressure and, more significantly, on the stress
and strain distributions through the arterial wall. It has been suggested in the
literature that in the physiological state a healthy artery has an essentially
constant circumferential stress in each layer of its wall (note that because
of different material properties in different layers of the artery wall there
is a discontinuity in the circumferential stress across a layer boundary, and
also, in general, in the axial stress). This can only be the case if there is
residual stress present. Some consequences of the assumption of uniform
circumferential stress will be examined in Section 9.3. It is interesting to note
that the residual stress distributions calculated on the basis of the opening
angle method and the uniform circumferential stress assumption are very
similar in character.

We begin by extending our previous analysis of the extension and inflation
of a thick-walled circular cylindrical tube to allow for residual stresses.

8.1. Extension and inflation of a thick-walled tube

In Section 6.2.3 the problem of extension and inflation of a thick-walled
tube was analyzed for the case of an orthotropic material. Here we adapt
that theory so as to incorporate residual stresses. The strain energy may
again be written in the form (6.4.1) and is again denoted by W (X, X, ),
with A and A, being the azimuthal and axial stretches. We emphasize, once
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more, that W()\, Az, ) is not in general symmetric in A and A, and that the
angle ¢ may depend on R.

The principal Cauchy stress differences are given (locally) by
03— 01 = )\ZWAZ, oy — 01 = AW, (8.1.1)

Residual stresses associated with the unloaded (traction-free) configuration
may be incorporated through W, in which case the residual stress differences
are given by (8.1.1) evaluated for A = A, = 1 and subject to 0:(:) =0, as
discussed for the case of orthotropy in Section 6.1. Alternatively, it may be
convenient to separate out from the residual stresses the additional stresses
required to deform the material from the unloaded configuration. It is then
these additional stresses that are accounted for through W via (8.1.1), but
the residual stresses (which, in general, are unknown) then have to be incor-
porated separately. This approach enables the separate contribution of the
residual stresses to be highlighted, and is therefore adopted here. Accord-
ingly, and consistently with the assumed cylindrical orthotropy, we replace

(8.1.1) by

03— 0] = /\ZW)\Z + Uér) — JY), o9 — 01 = AW + Jér) — O'Y), (8.1.2)

where O'Y), ag) and J:(f) = 0 denote the residual principal Cauchy stresses in

the unloaded configuration, in which the terms in W in (8.1.2) vanish. Note
that JY) and Jér) are independent of the deformation from the unloaded
configuration (i.e. they depend only on R).

For the considered cylindrically symmetric deformation the (radial) equilib-
rium equation for the deformed configurations is

d0'1 1
4 ;(01 —03) =0, (8.1.3)
in terms of the principal Cauchy stresses. The solution of equation (8.1.3)

should satisfy the boundary conditions

-P on r—=a
= 8.1.4
o1 { 0 on 1 =20, ( )

corresponding to pressure P (> 0) on the inside of the tube and zero traction
on the outside. We do not include the effect of tethering and surrounding
material here.
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In the unloaded configuration the residual stresses must satisfy the equation

ol 1 r .
T T —a)) =0, (8.1.5)

and this is coupled with the boundary conditions

o"=0 on R=Aand R=B. (8.1.6)

By making use of (5.3.3) and (5.3.5)—(5.3.7) together with equations (8.1.2)—
(8.1.6), we obtain

A 24 ()

a oW B Rp2q
P= DD VI | s DASED S dR, 8.1.7
/Ab ( ) O\ 2 dR ( )

where, as in (5.3.14), the independent variable has been changed from 7 to
A in the first integral, while in the second integral

r?=a? + \J1(R? - A?). (8.1.8)

When the residual stress is unknown the latter term in (8.1.7) cannot be
determined. When the residual stress is absent the formula (6.4.2) is recov-
ered.

Since, from (5.3.6), Ay depends on \,, equation (8.1.7) provides an expression
for P as a function of A\, when )\, is fixed provided that the distribution of
residual stress is known. In order to hold A, fixed an axial load, N say, must
be applied to the ends of the tube. Recalling that O':(:) = 0, this can be
expressed, after some rearrangements, in the form

A )
a ow oW )
ox. N ax AP

2 2y 2y 1\—2
N/mA? = (A2), — 1) /A A2\, — 1) (2/\Z

b

B
e /A (! + oS\ RdR /A2, (8.1.9)

and, as for P, this can only be calculated if the residual stress is known.

The formulas (8.1.7) and (8.1.9) are valid for a tube with any number of
concentric layers and for a general strain energy with the specified symme-
try. In general, W will be different for each layer, or, at least, the angle
o will be different in each layer. The radial stress is continuous across the
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boundary between two layers but, as noted above, the circumferential stress
is in general discontinuous at such a boundary.

At this point we emphasize that the residual stress distribution is unknown,
and, therefore, to proceed further we require some means of determining or
estimating it. For this purpose some additional information is needed. One
possible approach is to take the opened-up sector of an arterial ring after a
radial cut to correspond to the unstressed configuration and to investigate
the consequences of this assumption. For a thin layer this can be regarded as
a reasonable approximation. We now examine some aspects of this ‘opening
angle experiment’.

8.2. The opening angle method

In Fig. 8.1 an arterial ring in three different configurations is depicted. Figure
8.1(b) shows the cross-section of an intact artery in the unloaded configura-
tion, while (c) corresponds to an artery subject to internal pressure P. The
deformation from (b) to (c) has already been discussed. Here, we focus on
the deformation from the opened-up configuration, shown in Fig. 8.1(a), to
the unloaded configuration (b). For reference, we recall that the strain en-
ergy associated with the deformation from (b) to (c) is given by W(\, A, ),
where A, (constant) is the axial stretch and A = r/R is the circumferential

stretch. The fibre angle in (b) is .

FIGURE 8.1. Arterial ring: (a) opened-up configuration; (b) unloaded intact ring; (c)
deformed configuration under pressure P.

We assume that the sector in (a) is circular and has an opening angle «, as
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indicated in the figure. It should be noted, however, that a different definition
of opening angle is often used in the literature. For convenience we introduce
the notation

E=2r/2r—a), 1<k<oo, (8.2.1)

as a measure of the opening angle. In the deformation from (a) to (b) we
assume that there is a uniform stretch A, induced in the axial direction.
The radial part of the deformation is then given by

R? = A2 + kI N(R2 - A2), (8.2.2)

where R, is the radial coordinate in (a) and A, is the inner radius. The
associated circumferential stretch, denoted \,, is

Ao = kR/R,, (8.2.3)

and we denote by ¢, the fibre angle in (a). In the deformation from (a) to
(b) the fibre angles are related by

tan g = A\, tan @, (8.2.4)

Next, we assume that the deformation from (a) to (b) is an elastic deforma-
tion and described by the strain energy WO()\O, Azo0, o), Where the subscript
0 is attached to W since, in general, the material response relative to (a) will
be different from that relative to (b) even after accounting for the change
in fibre angle because, in general, the deformation induces anisotropy in the
response relative to (b) separate from the anisotropy associated with the
fibres.

In most analyses it is assumed that the configuration (a) is stress free. We
now show that (under the restrictions adopted) this assumption is valid since
the choice of geometry necessarily leads to (a) being stress free. Suppose that
(a) is not stress free. The geometry ensures that the principal axes of strain
are radial and circumferential. Since the deformation is independent of the
polar coordinate angle, denoted ©,, it follows that the principal axes of
stress coincide with those of strain and that the only equilibrium equation
not satisfied trivially in (a) is the radial equation

doy! 1 0 o
R, T E(Uol — 05 ) =0, (8.2.5)
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™) and 0@

where o,;" and o, are, respectively, the radial and circumferential (residual)

principal stresses in (a). Since the load must vanish pointwise on the (flat)
ends of the opened-up ring we must have O'gg) = 0 on those ends (on which
O, is constant). It follows from (8.2.5) that d(ROa(()q))/dRo = 0 on the ends,
and hence for all ©,. Integration of this and application of the zero traction

condition a(()g) =0 on R, = A, shows that cr((;) = 0 and hence, by (8.2.5),

a(()g) =0.

This result applies for one layer or for two or more concentric layers, and
hence, in particular, for the case of two layers, the interface must form a per-
fect geometrical match in the configuration (a). In practice this is unlikely to
happen, and experiments have shown that this not the case. The length of
the outer boundary of the middle layer of an arterial wall (the media) is not
in general the same as the length of the inner boundary of the outer layer
(the adventitia) in the opened-up configuration. Moreover, the curvatures of
these boundaries are not in general the same. For the media and adventi-
tia to fit together in the opened-up configuration there will necessarily be
residual stresses in that configuration. In view of the above analysis such a
configuration cannot be described by the geometry discussed above and the
deformation from (a) to (b) must depend on O,, and possibly also on the
axial coordinate Z. The analysis associated with this more general geometry
is, of course, more complicated than described above and will undoubtedly
require numerical treatment. In particular, the plane strain assumption is un-
likely to be a good approximation to the real situation for a short length of
artery. Specifically, the assumption that A,, is uniform is untenable without
the application of an axial load, which we are omitting from consideration
here. A further comment on this is made below. The analysis here is based
on (8.2.2) with A, constant.

The residual stress distribution in (b) is governed by equation (8.1.5), which,
on integration, gives

R
N NGO (5.2.6)
A

but now the integrand in (8.2.6) is given by
o5 = o = X Wor, (Aos Asos 0)- (8.2.7)

Thus, in principle, the residual stress can be calculated. However, this re-
quires some additional information.
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First, we note that if B, denotes the outer radius in (a) then the geometrical
quantities in (a) and (b) are related by

B? = A2 + k7N (B2 - A2). (8.2.8)

Secondly, by applying the boundary condition O'Y) =0on R = B to (8.2.6)
we obtain

B

2 d

/ )\OWO)\O (/\07 A,2’07 Spo)fR = 07 (829>
A

or, equivalently, by changing the integration variable from R to A, using

(8.2.2) and (8.2.3),

Aoa Wo)\o (Am )‘zo-; QDO)
Ao AN, — k

dX, = 0, (8.2.10)

where \,, and A, are the values of A\, on the boundaries R, = A, and
R, = B, respectively.

Since our objective is to calculate the residual stress distribution, we suppose
that k, Ao, B, and A, are known. Equations (8.2.8) and (8.2.10) are then two
equations from which to determine A and B, the latter equation depending
on the material properties through W and po- Note that A, B, A,, B, occur
in (8.2.10) only through the limits. Once A and B are determined the residual
stresses can be calculated from (8.2.6) and (8.2.7). In this way the residual
stresses in the unloaded configuration can be determined as functions of the
opening angle.

In the above considerations we have not made use of the equation

o = o) = X Wor., (hos Asos ©0). (8.2.11)
This is important to note since the zero axial load condition 0':(:) =0in (b) is
not in general compatible with the assumed geometrical transformation from
(a) to (b). Thus, (8.2.11) must be regarded as giving the stress distribution
O'ér) needed to maintain the cylindrical geometry in (b), in particular uniform
Azo- As is done in some treatments, this problem can be circumvented by
setting to zero the total axial load

B
27r/ o\ RAR (8.2.12)
A
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so as to determine the value of \,,. Alternatively, A,, can be prescribed and
O'ér) calculated from (8.2.11) once O'Y) has been determined by the procedure

outlined above.

Some results based on the latter approach are shown in Fig. 8.2 with A, set
to 1. In Fig. 8.2(a) dimensionless radial and circumferential residual stresses
are plotted against the dimensionless radius R,/A, with B,/A, = 1.2. An
opening angle of 27/3, corresponding to k£ = 1.5, has been selected. The
calculations are based on use of the energy function (6.4.4) and the non-
dimensionalization is through division by the constant |us|. Figure 8.2(b)
shows a comparison of the circumferential stresses for three different opening
angles, corresponding to k = 1.5,1.6,1.7. Two features should be noted.
First, the circumferential stress is compressive on the inner boundary and
tensile on the outer boundary; second, the maximum magnitudes of the
stresses increase with the value of k. The point at which the stress vanishes
is slightly different for the three curves although this is not apparent on the
scale used here. The radial stress likewise increases with k£ but remains very
small compared with the circumferential stress and hence the corresponding
comparison is not shown.

If it is not assumed that )., is uniform then the problem becomes more
difficult because the deformation from (a) to (b) then necessarily involves
shearing through the wall thickness.

0.01
0.02 Z

-0.02

-0.01

FIGURE 8.2. (a) Plot, in dimensionless form, of the residual radial stress (dashed curve)
and residual circumferential stress (continuous curve); k = 1.5: (b) comparison of the
residual circumferential stresses for k£ = 1.5,1.6,1.7.
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8.3. Uniform circumferential stress

For simplicity of illustration we restrict attention here to a tube with a single
layer, but the analysis (although somewhat more complicated) can easily be
carried over to a tube with two or more layers. If the circumferential stress
09 = 099 is assumed to be constant then it follows from the equilibrium
equation (8.1.3) and the boundary conditions (8.1.4) that

Pyag

b
090 = 010 = 099 (1 — —O>, (8.3.1)

bo — aop’ 0

where the zero subscript indicates evaluation at the normal physiological
pressure (denoted Fy) and

ré = af + A4 (R* — A?). (8.3.2)

Note that the zero subscript g should be distinguished from the ‘oh’ subscript

o used earlier.

Use of equations (7.1.13), (8.1.2)2, (8.1.3) and (8.1.5) then enables the resid-
ual radial stress to be calculated explicitly as

» Poaoby 1 - B d
o) = Poao 010g<(7“0 co)(ao+60)>_/ AoW,\(Ao,)\zoﬁﬂ)fR

by — ap 2¢p (ro + co)(ao — co) A R
(8.3.3)
where
o = (a% _ )\2—01142)1/2' (8.3.4)

The corresponding residual circumferential stress is then obtained using
(8.1.5). This leads to

aobopo

Ug") — O-Y) — )\0W)\()\0, )\z[), (,0) + m

(8.3.5)

Once the residual stresses have been calculated for any given form of W, the
pressure P in a general (cylindrically symmetric) configuration can be cal-
culated from (8.1.7) and the corresponding stresses from (8.1.2) and (8.1.3).
The axial load N can be obtained from (8.1.9).

By applying the boundary condition (8.1.6) at R = B to (8.3.3) we obtain

POCLOb() 1 (bo — CO)(aO + CO) /B . dR
%0 = [ 2Wi(Xo, Ae0, )= (8.3.6
bo — ag 2co og((b0+60)(a0_00) L A(R0; Az0,0) (8.3.6)
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F1GURE 8.3. Plot of the dimensionless residual stress distribution for a typical member
of the class of anisotropic strain-energy functions (6.4.4) based on equations (8.3.3)
(radial stress — dashed curve) and (8.3.5) (circumferential stress — continuous curve).

Since, from (8.3.2), B2 = a2 + A4 (B? — A?), equation (8.3.6) provides a
connection between the pressure Py and the internal radius ag (equivalently,

Xoa = ag/A) for any given value of the axial stretch Ao and aspect ratio
B/A.

A representative plot of the residual stresses is shown in Fig. 8.3 in dimen-
sionless form with the dimensionless stresses defined by

o\ =0z, oy =031/, (8.3.7)

where [ > 0 is defined by

—lo (bo — co)(ap + o)
1=1 g<(b0 o) (= m)) (8.3.8)

and p3 is the material constant appearing in the strain-energy function
(6.4.4), which has been used in this calculation with n = 12 and pj =
w1/ps = 2. The axial stretch \,o has been set to 1.2 and the aspect ratio
to B/A = 1.2. The general qualitative character of the results in Fig. 8.3 is
not significantly affected by using different values of the material parameters
over quite a large range of values.

We observe that the residual radial stress is quite small and is negative
except at the boundaries (where it vanishes). The circumferential stress is
compressive at the inner boundary and tensile at the outer boundary, as
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anticipated on the basis of the opening-angle experiment. It is also much
larger in magnitude than the radial stress.



