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Preface

Numerical treatment of two-phase incompressible flow problems

In the past few decades there has been tremendous progress in the develop-
ment and analysis of numerical methods for one-phase incompressible Stokes
and Navier-Stokes equations. There is an extensive literature on space- and
time discretization methods, iterative solvers and other numerical issues, e.g.,
implementation aspects, related to this problem class. This literature com-
prises a huge number of papers and many monographs. The research activities
resulted in output ranging from new fundamental mathematical insights to
software packages that can be used for the simulation of incompressible flow
problems. Nowadays open source and commercial software packages are avail-
able that perform satisfactory when used as black or gray box solvers for a
fairly large class of incompressible one-phase flow problems. Although very big
progress has been made, there are still important topics which require further
research. For example, in the field of development and analysis of numerical
methods for the simulation of turbulent flows, non-Newtonian flows and flows
coupled with chemistry the state of the art is not satisfactory, yet.

The work that has been done on numerical methods for one-phase incom-
pressible Navier-Stokes equations forms a solid basis for an extension to the
class of two-phase incompressible flow problems. In the past decade research
on this topic has started. Until now most research results in this field have
been published in the engineering literature. There are only few papers that
have appeared in the numerical mathematics literature and address rigorous
mathematical analysis of methods for two-phase flow problems. This book is
meant to give an overview of, and introduction to this field of (analysis of)
numerical methods for incompressible two-phase flow problems. We do not
know of any other monograph devoted to this topic. In our opinion, time is
ripe for substantial progress in the field of numerical analysis of methods for
two-phase incompressible flows. There are several important issues relevant
for the simulation of two-phase flows that are non-existent in one-phase in-
compressible flow problems. We briefly address a few of these:
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Numerical treatment of the unknown interface. Even in the simplest case of
immiscible fluids, i.e. no phase transition or evaporation phenomena, the nu-
merical treatment of the unknown interface is a difficult task. Several numer-
ical techniques are used, ranging from interface tracking, based on an explicit
parametrization of the interface, to (VOF or level set) interface capturing
methods, which are based on some indicator function. Until now many prob-
lems related to e.g. the coupling between the interface evolution and fluid
dynamics, mass conservation, accuracy of discretizations and treatment of
topological singularities (droplet collision) are largely unsolved. Only very
few rigorous mathematical analyses related to these problems are known.
Numerical approximation of surface tension forces. The surface tension force
is localized on the interface and in many two-phase systems it determines the
flow behavior to a large extent. In case of topological singularities it is not
obvious how this force should be modeled. An accurate numerical approxi-
mation of this force is often of major importance for a successful simulation,
since an insufficient treatment leads to numerical oscillations at the interface
(so-called spurious velocities). Only few approximation methods are known
and analyses of these methods are very scarce.

Simulation of mass and heat transport from one phase into the other. The
transport of a dissolved species from one phase into the other is usually mod-
eled by convection-diffusion equations in the two phases that are coupled by a
certain condition at the interface. If the species can attach to the interface this
gives rise to (open) modeling problems. In general the concentration of the
species is discontinuous across the interface. In that case one has to determine
numerically a solution of a transport problem that is discontinuous across an
evolving unknown interface. This topic has hardly been investigated in the
literature. In certain systems it may be important to model a dependence of
the surface tension on the concentration of the dissolved species or on the
fluid temperature at the interface. If this is the case it results in a compli-
cated strongly nonlinear coupling between the two-phase fluid dynamics and
the mass or heat transport. The problem of how to handle numerically this
coupling has hardly been addressed.

Simulation of surfactants, which are transported on the interface. It may hap-
pen that in the two-phase system there is a species (called tenside or sur-
factant) which adheres to the interface and is transported on the interface
due to convection and molecular diffusion. An interesting modeling problem
is how adsorption and desorption effects can be described. This surfactant
transport results in a convection-diffusion equation on the interface only. As
in the case of mass or heat transport discussed above there may be a depen-
dence of the surface tension on the surfactant concentration. First studies of
numerical methods for solving such surfactant transport equations, coupled
with two-phase fluid dynamics, have appeared only recently.

Further interesting issues, which however will not be treated in this mono-
graph, are the modeling and numerical treatment of evaporation, phase tran-
sition, topological singularities and reaction processes at the interface.
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In this monograph we address topics, such as the four mentioned above, that
are important in the numerical simulation of two-phase incompressible flow
problems. We give a fairly complete treatment of such flow problems in the
sense that we derive models, discuss appropriate weak formulations, introduce
and analyze discretization methods, investigate iterative solvers and finally
pay attention to implementation aspects and present results of numerical ex-
periments. On the other hand we restricted ourselves to incompressible flows
and do not consider important phenomena like phase transition and topo-
logical singularities. Also concerning the class of methods we made a severe
restriction: we only treat discretizations based on finite elements. Within the
problem and method classes considered in this book we tried to give a fairly
complete overview. We do not present an overview of work that lies outside
this problem class, e.g., flow problems with phase transition or compressible
two-phase flows, or outside this method class, e.g., finite difference discretiza-
tions of two-phase flows.

Contents of this monograph

We start with an introductory chapter in which the basic models for one-
and two-phase incompressible flows, for mass transport between the phases
and for surfactant transport are derived. The book consists of five parts. We
outline the main topics treated in these parts.

Part I. We first consider the incompressible Stokes and Navier-Stokes equa-
tions that model a one-phase flow. We treat numerical methods for these
one-phase flows that are also used as basic building blocks in the simula-
tion of two-phase flows, which is studied in Part II. The space discretizations
that we consider are based on finite element methods. Therefore one needs
suitable variational (weak) formulations. For this we collect some results on
function spaces and variational formulations for (Navier-) Stokes equations
known from the standard literature. We explain Hood-Taylor finite element
discretization methods on multilevel tetrahedral triangulations and popular
time discretization methods for Navier-Stokes equations. The topic of efficient
iterative solvers is addressed. We give an introduction to multigrid methods
and discuss certain Schur complement preconditioners for saddle point prob-
lems. In this part as well as in the other parts, for a specific method (or
approach) we often address three aspects: 1. We try to give a clear descrip-
tion of the method. 2. A mathematical analysis of certain important aspects
(e.g. discretization error, rate of convergence), often for a simplified model
problem, is presented. 3. The method is implemented and results of numerical
experiments, which illustrate certain phenomena, are presented.

Part II. We consider the fluid-dynamics in a two-phase incompressible flow
problem with surface tension. The issue of interface representation is treated
and a weak formulation of a two-phase Navier-Stokes equation with a localized
surface tension force is given. Finite element discretization methods are de-
veloped and analyzed. In particular a special method for the discretization of
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the surface tension force and so-called extended finite element spaces (XFEM)
for the pressure approximation are studied. Time discretization schemes are
derived and finally iterative solvers are considered.

Part III. We address the numerical simulation of mass transport between
the two phases. An appropriate weak formulation is derived. Based on this,
finite element space discretization methods and time discretization schemes
are discussed. We distinguish between problems with a stationary and with
a non-stationary interface. An important issue is the numerical treatment of
the discontinuity in the solution across the interface.

Part IV. In this part the convection-diffusion problem which models transport
of surfactants is treated. Suitable weak formulations are discussed. Finite ele-
ment methods based on both interface tracking and interface capturing tech-
niques are presented.

Part V. This is an appendix consisting of two chapters. In the first chapter
we collect some elementary results from differential geometry. In the second
chapter we give some main results on variational problems in Hilbert spaces
(e.g. Lax-Milgram lemma) and on Schur complement preconditioning of sad-
dle point problems in Hilbert spaces.

Among the many numerical approaches treated in this monograph there are
some that deserve special attention because these turned out to be particu-
larly useful for the efficient simulation of our two-phase flow problems or we
consider them to be promising for future applications. Therefore we emphasize
these already in this preface:

e The finite element spaces that we use are based on a hierarchy of nested
tetrahedral triangulations. The nested hierarchy allows very easy and effi-
cient local refinement and coarsening routines. A (strong) local refinement
close to the (evolving) interface in general enhances efficiency significantly.
Furthermore, due to the nested hierarchy the use of efficient multigrid
solvers is relatively easy.

e In our applications the surface tension is an important driving force. An
accurate discretization of this force is essential for reliable simulation re-
sults. We use a Laplace-Beltrami approach in which the second derivative
(curvature) in the surface tension functional can be avoided by partial in-
tegration. This technique is based on the representation of the curvature
as a Laplace-Beltrami operator applied to the identity. We introduce and
analyze an accurate variant of this method. In this method we use a hybrid
version of the level set method in the sense that the level set equation is
used to describe the evolution of the (implicitly given) interface but for
the evaluation of the discrete surface tension functional we need an explicit
reconstruction of the interface.

e In the class of two-phase flow problems that we consider there are several
quantities which in general are discontinuous across the interface, namely
viscosity, density, pressure and, if mass transport is considered, the concen-
tration of a dissolved species. The (approximate) interface is not aligned



Preface XI

with the triangulation and thus we have unknowns (pressure, concentra-
tion) that are discontinuous within certain elements. For an accurate ap-
proximation of these unknowns we use the extended finite element method
(XFEM), which has been used in the literature for other applications (e.g.
crack propagation in continuum mechanics).

e If mass transport is considered then, due to the so-called Henry interface
condition, the ratio of the unknown concentrations on the two sides of
the interface has to be equal to a given constant. In general this (Henry)
constant is not equal to one, which implies a discontinuity. To satisfy this
interface condition we combine the XFEM approach with a technique due
to Nitsche, in which the bilinear form that represents the partial differential
equation is modified such that the jump relation is automatically satisfied
in a certain weak sense.

e For one-phase flows and two-phase flows with a stationary interface we use
the method of lines (“first space, then time”) or the Rothe approach (“first
time, then space”) to obtain a fully discrete problem. For two-phase flow
problems with a non-stationary interface the method of lines approach is
not appropriate. The Rothe method is still useful but also space-time finite
element methods are very suitable. We use the latter method class for the
mass transport and for the surfactant transport equation.

e For the spatial discretization of the surfactant transport equation on the
interface we introduce and analyze a new interface finite element method.
The main idea of this method is the use of the trace of a standard outer
finite element space (used for discretization of the flow variables) for dis-
cretization on the reconstructed approximate interface.

e In the time discretization we use implicit schemes in which the flow vari-
ables and the level set function are fully coupled. In each time step a
nonlinear problem for these unknowns has to be solved. Due to the sur-
face tension term there is a strongly nonlinear coupling between the flow
variables and level set unknowns. We treat efficient iterative decoupling
strategies.

e After discretization, decoupling and linearization one obtains large sparse
linear systems with a saddle point structure. We use block preconditioners
for the efficient solution of these linear systems. Special Schur complement
preconditioners are presented.

Readership

We intended to make a monograph that is of interest for MSc and PhD
students with a specialization in Numerical Analysis or Computational
Engineering who want to get acquainted with numerical methods for two-
phase incompressible flows. Basic knowledge of the numerical treatment of
one-phase flow problems is assumed. Some of the topics presented may also
be of interest for researchers already working in the field of numerical simu-
lation of two-phase flows.
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Further material

Most of the methods treated in this monograph have been implemented in a
software package called DROPS, which has been developed at the Chair for
Numerical Mathematics at RWTH Aachen. All numerical experiments, the
results of which are given in this book, were performed with this package. More
background information on DROPS and on publications from our research
group is available on the website

www.igpm.rwth-aachen.de/DROPS/

The DROPS package is open source software under the GNU Lesser General
Public License.
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1

Introduction

In this introductory chapter we describe the models of one- and two-phase
flow problems that we consider, namely:

1) Navier-Stokes equations for one-phase flow (NS1),

2) Navier-Stokes equations for two-phase flow (NS2),

3) NS2 combined with transport of a dissolved species (NS2+T),

4) NS2 combined with transport of a surfactant on the interface (NS2+S).

These models are presented in Sect. 1.1 and consist of systems of coupled
partial differential equations. To obtain a well-posed problem one has to add
appropriate initial- and boundary conditions. This topic is briefly addressed in
Sect. 1.2. An illustration of the type of two-phase flows that we are interested
in is given in Sect. 1.3, where we present results of some numerical simulations.
In Sect. 1.4 we give a schematic overview of the numerical methods that will
be treated.

1.1 One- and two-phase flow models in strong
formulation

In this section we give the partial differential equations corresponding to the
models 1)-4). For ease of presentation these partial differential equations are
given in the strong formulation. The numerical methods, in particular the
finite element methods for spatial discretization, are based on the weak for-
mulation of these partial differential equations. These weak formulations are
given further on. In Sect.1.2 we address the issue of initial and boundary
conditions used in our models.

We always assume that the physical domain 2 C R? is an open bounded
domain. This domain will also be the computational domain. We consider the
flow problems for a fixed time interval denoted by [0, T].



2 1 Introduction
1.1.1 Navier-Stokes equations for one-phase flow

We derive the Navier-Stokes equations for modeling a laminar fluid flow. We
assume the fluid to be incompressible, viscous, Newtonian and pure (i.e., no
mixture of different components). Moreover we assume isothermal conditions
and therefore neglect variations of density and dynamic viscosity due to tem-
perature changes. Hence, dynamic viscosity and, due to incompressibility, also
the density are constant (and positive).

The Eulerian coordinates of a point in {2 are denoted by = = (21, 2, x3).
We take a fixed ¢ty € (0,T") and consider a time interval (t9 — d,%o + J), with
d > 0 sufficiently small such that for ¢ € (t9—d, to+9) the quantities introduced
below are well-defined. Let X denote a particle (also called “material point”)
in 2 at t = ty, with Eulerian coordinates £ € R3. Let X¢(¢) denote the
FEulerian coordinates of the particle X at time ¢. The mapping

t—>X§(t), tE(to—é,to—Fd),

describes the trajectory of the particle X. The particles are transported by a
velocity field, which is denoted by u = u(z,t) = (u1(z,t), uz(z,t), uz(z,t)) €
R3. Hence

d
SXe(t) = u(Xe(0) 1) (1.1)
For the given X, the solution of the system of ordinary differential equations

d
i Xe(t) =u(Xe(),t), e (to—0d,t0+0), Xelto) =&,
yields the trajectory of the particle X.

Physical processes can be modeled in different coordinate systems. For
flow problems, the two most important ones are (z,t) (“Eulerian”) and (&, t)
(“Lagrangian”):

e Euler coordinates (x,t): one takes an arbitrary fixed point z in space and
considers the velocity u(z,t) at z. If time evolves different particles pass
through z.

e Lagrange (or “material”) coordinates (&,t): one takes an arbitrary fixed
particle (material point) and considers its motion. If time evolves one thus
follows the trajectory of a fized particle.

Related to the Lagrangian coordinates we define the so-called material deriva-
tive of a (sufficiently smooth) function f(x,t) on the trajectory of X:

FXelt).1) = 5 F(Xe(0), ).

If f is defined in a neighborhood of the trajectory we obtain from the chain
rule and (1.1):
of

f=Ztu V. (1.2)
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The derivation of partial differential equations that model the flow problem
is based on conservation laws applied on a (small) subdomain, called a material
volume, Wy C §2. We derive these partial differential equations in Eulerian
coordinates. Given Wy, define

W(t) = {X&(t) : f S Wo}

W (t) describes the position of the particles at time ¢, which were located in
Wo at time ¢t = tg. We need the following fundamental identity, which holds
for a scalar sufficiently smooth function f = f(x,t):

Reynolds’ transport theorem:

d ' |
pr /W(t)f(x’t) dx = /W(t) f(z,t) + fdivu(z,t) de

= / %(ac, t) + div(fu)(z,t) dz, (1.3)
. s Of : o
with f:= 5 +u-Vf the material derivative.

First we consider the conservation of mass principle. Let p(x, t) be the density
of the fluid. If we take f = p in (1.3) this yields

d / dp .
0=— pdx:/ — +div(pu) dz,

which holds in particular for t = ¢ty and for an arbitrary material volume
W(tg) = Wy in £2. Since also tg € (0,T) is arbitrary, we obtain the partial
differential equation

% +div(pu) =0 in 2 x (0,T).

Due to the assumption p = const this simplifies to
divu=0 in 2 x(0,7), (1.4)

which is often called mass conservation equation or continuity equation.
We now consider conservation of momentum. The momentum of mass
contained in W () is given by

M(t) = /W(t) pudz.

Due to Newton’s law the change of momentum M () is equal to the force
F(t) acting on W(t). This force is decomposed in a volume force Fi(t) and a
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boundary force Fy(t). We restrict ourselves to the case where the only volume
force acting on the volume W (t) is gravity:

Fi(t) = /W(t) pg dz,

where g € R? is the vector of gravitational acceleration. The boundary force
F5(t) is used to describe internal forces, i.e., forces that a fluid exerts on itself.
These include pressure and the viscous drag that a fluid element W (t) gets
from the adjacent fluid. These internal forces are contact forces: they act on
the boundary OW (t) of the fluid element W (t). Let ¢ denote this internal force
vector, also called traction vector. Then we have

—

Fz(t) = AW( )tds.
t

Cauchy derived fundamental principles of continuum mechanics and in par-
ticular he derived the following law (often called Cauchy’s theorem):

t is a linear function of n,

where n = n(z,t) € R3 is the outer unit normal on dW (t). For more expla-
nation on this we refer to introductions to continuum mechanics, for exam-
ple [130]. Thus it follows that there is a matrix o = o (x,t) € R3*3, called the
stress tensor, such that the boundary force can be represented as

Fr(t) = /8W(t) onds. (1.5)

Using these force representations in Newton’s law and applying Stokes’ theo-
rem for Fy(t) we get

9 M) = Fi(t) + Ba() (1.6)

= / pg + divo dz.
W (1)

For a matrix A(z) € R3, z € R3, its divergence is defined by

div(a11 a12 alg)
div A(:E) = diV(ClQl a9 agg) S RS.
div(as1 asz ass)

Using the transport theorem (1.3) in the left-hand side of (1.6) with f = puy,
i=1,2,3, we obtain

dpu; . . .
/ pu —|—d1v(pu¢u)da:=/ pgi +divo;dr, 1=1,2,3,
we Ot w(t)
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with o; the i-th row of o and g; the i-th component of g. In vector notation,
withu®u = (uiuj)lgingg,
0

/ ﬂ—kdiv(pu@u) da:z/ pg+divedr, (1.7)

wi Ot 0
which holds in particular for t = ¢y and for an arbitrary material volume
W(tg) = Wy in £2. Since tg € (0,T) is arbitrary, we obtain the partial differ-
ential equations

0

% +div(pu®u) =pg+dive in 2x(0,T).
Note that div(pu ® u) = p(u- V)u + pudivu and due to the continuity
equation (1.4), the last summand vanishes, yielding the so-called momentum
equation

Ou

P ot

For viscous Newtonian fluids one assumes that the stress tensor o is of the
form

+p(u-Vju=pg+dive. (1.8)

o = —pl + L(D), (1.9)

where p is the pressure,
D(u) = Vu + (Vu)”

is the deformation tensor, Vu := (Vul Vug Vug), and L is assumed to be a
linear mapping. Based on this structural model for the stress tensor and using
the additional assumptions that the medium is isotropic (i.e. its properties
are the same in all space directions) and the action of the stress tensor is
independent of the specific frame of reference (“invariance under a change in
observer”) it can be shown ([130, 107]) that the stress tensor must have the
form

o =—pl+ Adivul+ uD(u). (1.10)

Further physical considerations lead to relations for the parameters u, A, e.g.,
w > 0 (for a viscous fluid), A > —%/J, or even A = —%u. For the case of an
incompressible fluid, i.e., divu = 0, the relation for the stress tensor simplifies
to

o = —pl+ pD(u), (1.11)

with g > 0 the dynamic viscosity. Hence, we obtain the fundamental Navier-
Stokes equations for incompressible flow:

p(a—u + (u- V)u) = =Vp+div(uD(u)) + pg in 2

ot (1.12)
divu=01in £2.
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These equations are considered for ¢ € [0, T']. Initial and boundary conditions
corresponding to these Navier-Stokes equations are discussed in Sect. 1.2.

Remark 1.1.1 Using the assumption that p is a strictly positive constant
and the relation divu = 0 we get

Au1
div(uD(u)) = pAu = p | Aug
AU3

1.1.2 Navier-Stokes equations for two-phase flow

We now consider two-phase flows, i.e., {2 contains two different immiscible
incompressible phases (liquid-liquid or liquid-gas) which may move in time
and have different material properties p; and u;, i = 1,2. For each point
in time, ¢ € [0,7T], §2 is partitioned into two open subdomains (2;(¢) and
2o(t), 2 = 021(t) U 2s(t), 21(t) N 25(t) = B, each of them containing one of
the phases, respectively. These phases are separated from each other by the
interface I'(t) = (21(t) N 25(t), cf. Fig. 1.1. As mentioned before, we assume
isothermal conditions and both phases to be pure substances. Furthermore,
we do not consider reaction, mass transfer or phase transition.

Fig. 1.1. 2D illustration of a domain {2 consisting of two phases {21 and (22 and
interface I

In each of the phases conservation of mass and momentum has to hold,
yielding separate Navier-Stokes equations in the two domains £2;,7 = 1,2:

0
pi(a—;1 +(u-Vu) =dive,; + pig

diva=0

n 2, i=1,2, (1.13)



1.1 One- and two-phase flow models in strong formulation 7

with oy = —pI + p; (Vu + (Vu)T). We now derive coupling conditions at the
interface. As the phases are viscous and no phase transition takes place, the
velocity can be assumed to be continuous at the interface:

[uj=0 on I. (1.14)

Here for x € I" and a function f defined in a neighborhood of I" we define the
jump across I by

[f1(z) = [f]r(z) := lim (f(x - hIl[‘((E)) — f(x + hIl[‘((E))) , (1.15)

R10
where np(z) denotes the unit normal on I at z, pointing from 27 to (2s.

Remark 1.1.2 In the definition of the jump across the interface in (1.15)
the normal is pointing from (2; into {25 and the jump is defined as the value
close to the interface in £2; minus the value close to the interface in £25. In the
literature sometimes the other sign convention (value in {25 minus value in £2;)
is used, leading to another sign in the interface condition (1.19) derived below.
We choose this sign convention, since it is consistent with the standard form
of the classical Laplace-Young pressure jump relation [p]r = 7xn, discussed
in Remark 1.1.5.

Consider a fluid volume W = W7 UW,; as illustrated in Fig. 1.2 which contains
a part v of the interface I'.

Fig. 1.2. 2D illustration of a neighborhood W = W; U W> for an interface point
zel.

At the interface acts a surface tension force which is due to the fact that
on both sides of I" there are different molecules that have different attractive
forces. The surface tension force acting on the interface segment v can be
modeled by (cf. [225, 47, 219] and Sect. 1.1.5)

Fs(t) = —T/ knrds. (1.16)
7(®)

The parameter 7 is the surface tension coefficient, which is a material property
of the two-phase system. To simplify the presentation we assume 7 to be
constant. For many two-phase systems this is a reasonable assumption. The
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case of a variable surface tension coefficient 7 is discussed in Remark 1.1.3.
The scalar function k(z), z € I, is the mean curvature, cf. Chap. 14, for which

k(z) = divnr(z), x el

holds. Note that if at z € I' the subdomain (2; is locally convex, then &
is positive. This additional force term F3(¢) has to be taken into account
if we consider conservation of momentum, cf. Sect.1.1.1. For a fluid volume
W = W1 UW; as in Fig. 1.2, instead of (1.5), (1.6) we now have

d

ZM(t) = Fi(t) + Fa(t) + By(1) (1.17)

:/ pgdm—i—/ crnds—T/ knrds.
W (t) AW (t) (1)

Since the stress tensor o is not necessarily smooth across I" we split OW into
an and 8W2

/ crnds:/ oin; ds+/ a'gngds—/ [o|nrds,
W (1) oW (1) OWa (1) ~(t)

and apply the Stokes’ theorem on W7 and W, separately. Note that n; is the
outward normal on 0W; and np the normal at I', pointing from {27 in (25.
Thus we obtain, cf. (1.7),

/ p(8—11+(u-V)-u)dx:/ divo’ldx+/ divosdz
w Ot Wi (t) W (1)

—|—/ pgdm—/ [O']Il[‘dS—T/ knrds.
W (t) (1) v(t)
This yields,

Z/ pi (6—u+(u-V)-u)—divai—pigda::—/ Tk + [onr ds.

i=1,2 (t)

Due to momentum conservation in W;, ¢ = 1, 2, the left-hand side equals zero,
cf. (1.13). Since W(t) can be varied we thus obtain the coupling condition:

[onr] = [olnp = —7knp on I. (1.18)

Finally, in view of the immiscibility assumption we introduce the normal ve-
locity Vi = Vp(z,t) € R, which denotes the size of the velocity of the interface
I' at € I'(t) in normal direction, i.e., the movement of I" in normal direction
is given by Vrn. The immiscibility assumption is modeled by the condition
that the normal velocity of the interface should equal the normal component
of the flow field at the interface, i.e. Vi = u - np at the interface. Summariz-
ing, the latter condition, the equations in (1.13) and the coupling conditions
in (1.14) and (1.18) lead to the following standard model for two-phase flows:
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Ju
il 57 -V)u) =dive; + p; . .
P (at +(u-Viu) Vot pig in 2, i=1,2 (1.19)
divu=0
lonr] = —rxnr, [u]=0 on I, (1.20)
V[':u-n[* on I. (121)

We recall the Newtonian stress tensor model: oy = —pI + p;(Vu + (Vu)?).
The density and viscosity, p; and p;,2 = 1,2, are assumed to be constant in
each phase.

Remark 1.1.3 In certain cases, for example in systems with significant sur-
factants (“surface active agents”) one has to take a variable surface tension
coeflicient 7 into account, cf. Sect. 1.1.5. In that case the surface tension force
in (1.16) has to be replaced by its generalization

F3(t) = — / Tknp — Vprds, (1.22)
¥

where Vi = PV, with P = I — nprnk is the tangential derivative. The
interface condition in (1.18) then generalizes to

[onr] = —7knp + V. (1.23)

In the remainder we often write n instead of nr.

1.1.3 Two-phase flow with transport of a dissolved species

We consider a two-phase flow problem as described above. We assume that
one or both phases contain a dissolved species that is transported due to
convection and molecular diffusion and does not adhere to the interface. The
concentration of this species is denoted by c¢(z,t). This flow problem can be
modeled by the equations (1.19)-(1.21) for the flow variables and a convection-
diffusion equation for the concentration c. At the interface we need interface
conditions for c¢. The first interface condition comes from mass conservation,
which implies flux continuity. The second condition results from a constitutive
equation known as Henry’s law, which states that the solubility of a gas in
a liquid at a particular temperature is proportional to the pressure of that
gas above the liquid. In mathematical terms this relation (at constant tem-
perature) can be formulated as p = ky ¢ where p is the partial pressure of the
solute in the gas above the solution, ¢ is the concentration of the solute and
kg is known as the Henry’s law constant and depends on the solute, the sol-
vent and the temperature. The same solute in different solvents (at the same
temperature) corresponds to different Henry constants, reflecting the different
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solubility properties of the two solvents. From this it can be deduced, that in
a two-phase system with a solute, assuming instantaneous local equilibrium
at the interface, there is a constant ratio between the concentrations of the so-
lute on the two sides of the interface. Thus one obtains the following standard
model:

Two-phase flow model (1.19) — (1.21) combined with:
% +u-Ve=div(D;Ve) in £2;, i=1,2, (1.24)
[D;Vec-n]r=0 on I,

ClchCQ on I.

The diffusion coefficient D; is piecewise constant. In the interface condition we
use the notation ¢; for ¢ g, restricted to the interface. The constant Cy > 0 is
given (Henry’s constant). The Henry interface condition can also be written
as [C’c] =0, with C=1in 2, C = Cy in 5. The model has to be combined
with suitable initial and boundary conditions, cf. Sect. 1.2. In the formulation
in (1.24) there is a coupling between fluid dynamics and mass transport only
in one direction, in the sense that the velocity is used in the mass transport
equation, but the concentration ¢ does not influence the fluid dynamics. In
certain systems it may be appropriate to consider a dependence of the surface
tension coefficient on ¢, i.e. 7 = 7(c). In that case there is a coupling in two
directions between fluid dynamics and mass transport.

1.1.4 Two-phase flow with transport of a surfactant on the
interface

We consider a two-phase flow problem as described above in Sect.1.1.2. We
assume that there is a species (called tenside or surfactant) which adheres to
the interface and is transported at the interface due to convection (movement
of the interface) and due to diffusion (molecular diffusion on the interface). For
simplicity we assume that there are no adsorption and desorption effects (i.e.
no sources or sinks). The concentration of this surfactant is denoted by S(z, ),
x € I'(t). A partial differential equation for this quantity can be derived from
the conservation of mass principle (on subsets v(t) of the moving interface
I'(t)). For ty € (0,T), let 79 be a connected bounded subset of I'(tp) and
Y(t) ={Xe(t): E€v} C IT'(t), t € (tg — 0,tg + 9), with § > 0 sufficiently
small. The conservation of mass property yields

d
— S ds = —/ q-n ds,
dt Jo ) (1)

with n the unit normal to 97(¢) lying in a tangent plane and pointing out of
Y(t).
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Fig. 1.3. Interface I" and subset v C I', with vector n which is normal to 0 and
tangential to I.

We restrict to the case of a diffusive flur q := —DpVS. Recall that the
tangential derivative is defined by Vr := PV with P = I — nn”. Note that
the normal n = np differs from the normal n. Using integration by parts on
the manifold ~(¢) we obtain

/ q-n d§:/ divpq ds.
ov(t) y(t)

A variant of the transport theorem in (1.3), cf. (14.21b) and Remark 14.2.3,
yields

i/ S ds = S+ S divyru ds
dt Jy (1)
and thus we obtain

/ S+ 9 divru 4+ divpqgds = 0,
v(t)

which holds in particular for v(tg) = 70 arbitrary. Hence we obtain the fol-
lowing model for transport of surfactants:

Two-phase flow model (1.19) — (1.21) combined with:
S+ Sdivru = divp(DrVrS) on I. (1.25)

If the diffusion coefficient D is constant on I" we can reformulate the diffu-
sion part as divp(DprVrS) = DrApS. Using the definition of the material
derivative the convection-diffusion equation in (1.25) can be written as

oS

E+U'vs+5dinu:DpApS on I
In this formulation, for the partial derivatives % and u-V to be well-defined,
one assumes that S is smoothly extended in a small neighborhood of I'. For
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this surfactant transport equation no boundary conditions are needed if the
interface I is a surface without boundary. In case of a stationary interface,
iie.u-n=0on I', we have Pu=u and thus u-VS+ Sdivpu=u-VpS +
Sdivpu = divp(uS). Hence, we obtain the (simplified) diffusion equation
98 +divp(uS) — DrArS =0.

In the formulation in (1.25) there is a coupling between fluid dynamics
and surfactant transport only in one direction, in the sense that the velocity
is used in the surfactant transport equation, but the surfactant concentration
S does not influence the fluid dynamics. In many systems with surfactants,
there is a dependence of the surface tension coefficient on S, i.e. 7 = 7(5).
In that case there is a coupling in two directions between fluid dynamics and
surfactant transport.

1.1.5 Modeling of interfacial phenomena

The notion of interfacial transport phenomena usually refers to mass, mo-
mentum and energy transfer within a neighborhood of an interface, including
the thermodynamics of the interface. Physico-chemical interfacial phenomena
play a crucial role in high-tech applications like, for example, lab-on-a-chip
systems, multiphase reactors in chemical engineering and micro process engi-
neering. We refer to the (chemical) engineering literature for a treatment of
these topics, e.g. [40], in which particle-stabilized foams and emulsions and
new materials derived from such systems are studied. The understanding of
most of these interfacial phenomena is still very poor. In particular there is a
strong lack of (validated) mathematical models that describe interfacial pro-
cesses appropriately. Research on modeling of interfacial transport phenomena
is a very active and rapidly growing field. We do not treat modeling aspects
in this monograph. In this section we only give a very brief introduction into
basics related to the modeling of interfacial processes in two-phase incom-
pressible immiscible flows. An extensive treatment of this topic and many
references are given in [225].

Dividing surface and clean interface

There are continuum models in which an interface is represented as a three-
dimensional region of very small thickness. One of the first models of this type
was introduced by Korteweg [158]. The so-called phase field (or diffusive inter-
face) models, treated in Sect. 6.2.4, belong to this class. More often models are
used in which the interface is modeled by a (non-physical) two-dimensional
dividing surface. This approach was first proposed by Gibbs. In such a sharp
interface model for incompressible flows it is assumed that the dividing sur-
face separates two homogeneous phases which both have a constant density.
The effect of the interfacial region is taken into account by introducing so-
called excess quantities (e.g., mass and energy) which are assigned to the
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dividing surface. We explain this by considering the excess mass density, de-
noted by p!. For a given time ¢ let W (t) be a material volume, illustrated in
Fig. 1.4, which contains two phases and an interfacial region of finite thickness.
This interfacial region, denoted by R, is bounded by the surfaces Iy and I
and is such that outside of R! we have homogeneous phases, i.e., in the two
subvolumes W (t) \ R!, denoted by R;, we have constant densities p;, i = 1, 2.
We choose a dividing surface I" and assume the three surfaces to be parallel.
The dividing surface is assumed to be transported with the flow velocity field
u(z,t), z € I' = I'(t). In the interfacial region R! we have a mizture of the
two phases. The density of this mixture (total mass per volume) is denoted
by p’. Note that in general this density is not constant in R’. This density
function can be naturally extended outside R! by p! = p; in R;, i = 1,2.

Fig. 1.4. Tllustration of cylinder R’ in 2D (left) and 3D (right).

The mass conservation property is modeled by

d

1
— p dx =0. (1.26)

Let p be the piecewise constant function with constant values p1, p2 in the two
subvolumes of W (t) separated by the dividing surface I', which are denoted
by W;(t), i = 1,2. From (1.26) we obtain

%</W(t) Pl /RI (¢! = p)dz) =o. (1:27)

For a sharp interface model, with a dividing surface I" and a piecewise constant
density p, to be a good approximation of the model with an interfacial region
and density p!, we introduce a surface mass density p’". Mass conservation in
the sharp interface model then takes the form

— pdx + p-ds) =0, 1.28
il W) ) ) 12
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with ~(¢) := ' N W (¢) the part of the dividing surface contained in W (t).
Comparing (1.27) with (1.28) we see that we obtain the following relation

between p!" and p! — p:
/ ol ds :/ (p" — p) da. (1.29)
() RT

To elaborate this further we assume that the shape of the material volume
is such that the line segment R N W (¢) in Fig. 1.4 (a manifold in the 3D
case) is orthogonal to I'. Then we have (for the 3D case)

Ay
'~ p)de = - —K — K s
| =pa ‘AmA_U) p)(1 — kIN)(1 — KaA) dAds,

where A is the signed distance to the dividing surface I". The thickness A —A_
of the local region R’ can be assumed to be very small, and therefore it is
reasonable to assume |r;A| < 1 for A € [A_, A4]. This reasoning suggests that
we may identify

At

o= [ - pan (1.30)
which shows that the surface mass density p! can be interpreted as an excess
quantity. Note that p! in (1.30) is not necessarily constant or positive on I'.
In the sharp interface model there still is some freedom with respect to the
choice of the location of the dividing surface. Different choices imply different
excess quantities p!’. The most popular choice is as follows. For ¢t = 0 it is

+

assumed that I" can be taken such that f;f (p' —p) d\ = 0, hence p'(z,0) =0
for € I'(0). For t > 0 the dividing surface is transported by the velocity field

u. From (1.28), Reynolds’ transport theorem, the interface transport formula
(14.21b) and p = 0 in W;(t) we obtain

2
Z/ pdivudw+/ pt + pl'divpuds = 0.
i=1 Wi (t) ~(t)

The first term vanishes due to the assumption of incompressibility, i.e. diva =
0, in W;(t). Note that in general divu = 0 in W;(¢) does not imply divru = 0.
For the excess mass density p!" we thus obtain the equation

pf +pldiveu=0 on I'=T(t).

This equation and the initial condition p’ (x,0) = 0 are fulfilled if we take
p!" = 0. This derivation motivates the so-called clean interface assumption:
in the sharp interface model the excess mass density corresponding to the
dividing surface is equal to zero. Then the mass conservation equation (1.28)
can be simplified to % fW( £ pdx = 0, which is consistent with the continuity
equations divu = 0 in {2;, which are used in the sharp interface model (1.19).
This clean interface assumption is a standard one in sharp interface models
without tensides.
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Surface tension as a contact force

In (1.16) we introduced surface tension as a force acting in a direction orthog-
onal to the (sharp) interface I'. This orthogonality property holds only if we
assume that the surface tension coefficient 7 is constant, cf. Remark 1.1.3. We
summarize some basic facts related to surface tension and from that derive
the forces given in (1.16) and (1.22).

Surface tension is an excess force resulting from the fact that on both
sides of I" these are different phases with different molecular forces. Consider
a two-phase system in equilibrium, with an interface I'. Let v be a (small)
connected subset of I" with boundary dv and a normal, denoted by n, which
is orthogonal to dy and tangential to I', cf. Fig. 1.3. Surface tension is defined
as a force per unit of length on 0y in the direction n.

This surface tension force is given by Fy = 7n, with 7 the surface tension
coefficient. Note that 7 is the magnitude of the surface tension force. The SI
unit of 7 is Newton per meter. From this definition of Fy it follows that the
surface tension force is a contact force within the interface I'. Note, however,
that this force is not an intrinsic property of I" but induced by the two phases
on both sides of I'.

Remark 1.1.4 An equivalent definition of surface tension can be given in
terms of energy. Considering the different molecular forces in the two phases
it follows that the creation of more interface area is energetically costly and
thus the two-phase system will try to (locally) minimize interface area. The
amount of work needed to (locally) increase an interface area by an amount JA
is given by 7 A, with the same surface tension coefficient 7 as in the definition
used above. In this characterization the surface tension coefficient measures
energy per unit of area and the SI unit is joule per square meter.

Let W be a fluid volume which is intersected by the interface I" and define
the interface segment v = W N I'. Surface tension exerts a contact force Fj
on 7. Using the partial integration rule (14.18) the total contact force F; on
07v can be rewritten as a force on I:

/ T’fldg:—/THndS—F/V[‘Tds. (1.31)
Oy v v

Thus for the case of a constant surface tension coefficient 7 we obtain the
force as in (1.16) and for the general case the one in (1.22).

Remark 1.1.5 Using the surface tension force representation Fs = mn intro-
duced above we derive the classical Laplace- Young law, which for a two-phase
system in equilibrium and with a spherical interface relates the pressure dif-
ference to the mean curvature. We consider a ball with center at the origin
and radius R, the boundary of which is the interface of a two-phase system
at equilibrium. The constant pressures within and outside the ball are given
by p1 and ps, respectively. Note that [p] = p; — p2 > 0. We use spherical
coordinates:



16 1 Introduction
(z1,w2,23) = r(sinfcos ¢, sinfsing, cosf), r >0, 6 €[0,7], ¢ €[0,2m).

We consider the upper half of the interface, i.e. the hemisphere given by
S={(r6,¢): r=R, 6€[0,47], ¢ €[0,27) }. There are (only) two forces
exerted on S, namely a pressure difference force acting at each point of S
and a surface tension force on 0S. The former is in normal direction and
has size [p], the latter has direction (0,0, —1)7 and size 7, cf. Fig. 1.5. The
xz-component of the pressure force is given by cos@[p]. The resulting total
force in x3 direction must be equal to zero, i.e.

2 %ﬂ'
21 R = p] / cosfds = [p] / / cos0sin OR? dfd¢ = [p)m R*
0 0

S

must hold. From this we obtain the Laplace-Young law [p] = =% = 7k, with
K= % the mean curvature of the sphere with radius R.

Fig. 1.5. Pressure force f, and surface tension foce f.

Variable surface tension coefficient: Langmuir model

It is generally accepted and experimentally verified that in many two-phase
systems a surfactant changes the properties of the interface and through this
can have a significant impact on the fluid dynamics of the system. One very
important effect is that a surfactant can cause a change of the surface tension
forces. In a system with a clean interface the surface tension coefficient 7 is
usually assumed to be constant, whereas in a system with surfactants the
surface tension coefficient is often considered to be dependent on the local
concentration of the surfactant, i.e, 7 = 7(5). A relatively simple and very
popular model for 7(.5) is due to Langmuir (also called Langmuir-Szyszkowski
model in the literature). We briefly address the main ideas underlying this
model. Consider a system consisting of one bulk phase and its surface I'. In
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the bulk phase a component is dissolved which is adsorbed at the surface.
We assume that there is no fluid dynamics and that at a given surface point
x € I' the surface surfactant concentration is locally constant. This surface
concentration is denoted by S(¢t) = S(z,t). Also the bulk concentration of
the dissolved component is assumed to be locally constant, and is denoted by
Sp(t) = Sp(x,t). There is a maximal surface coverage denoted by So.. A very
simple model for describing the ad- and desorption is given by
ds S(t) S(t)

E - kadsb(t)(l - K) - kdes§7

with positive constants k.4, kdes. In equilibrium we have % = 0. Let S, =
lim;_, o Sp(t) be the equilibrium local bulk concentration. For the equilibrium
local surface concentration, denoted by S, we obtain S = 24 G (S, — ) and
kdes
thus
S kdes

= Spo——, ith k, :=
k'q + Se b e kad

Hence we have a simple relation between the equilibrium states S (on I)
and Se (in the bulk phase). A relation between S, S, and the surface tension
energy 7 is obtained from the Gibbs adsorption equation (or Gibbs isotherm),
which is often used to relate the changes in concentration of a component in
contact with a surface with changes in the surface tension. For S > S,, which
is the case for most surfactants, and assuming a constant temperature T, this
Gibbs adsorption equation is given by

S

. (1.32)

dr
dln S,

= —RTS,

with R the gas constant. Using dIn S, = S;'dS, and the result in (1.32) we
obtain
dr —RT S

dSe ~ kg+ 8.’
and thus
T=10— RTSocIn(1+ Se/kq).

From (1.32) we get 14 S¢/kq = (1 — S/Sx) ! and thus we get the following
relation between the surface tension coefficient 7 and the surfactant concen-
tration S:

T =170+ RTSoc In(1 — 5/S), (1.33)

which is the Langmuir model. Here 7y is the constant surface tension coeffi-
cient for the system with a clean interface. Note that 7 = 7(5) is a decreasing
function of S, i.e., surface tension decreases if the concentration of the sur-
factant increases. In a realistic two-phase flow system with surfactant the
concentration S will not be constant on the interface and based on this model
one obtains a varying surface tension coefficient with a relatively small value
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in those parts of the interface where the surfactant concentration is relatively
high.
Other models for 7 = 7(5) are derived in the literature, e.g. the Frumkin

isotherm 7(5) = 79+ RT S0 (ln(l —5/S) —K(%)Q) , where K is a measure
for the interactions among the adsorbed surfactant particles with K < 0

(K > 0) if there are significant cohesive (repulsive) forces.

Surface viscosity: Boussinesq-Scriven model

If surfactants are present which cause a variable surface tension coefficient
7 = 7(.9) this results in an effective elasticity of the interface. For certain two-
phase flow systems, e.g. with suspended (nano)particles that reside on the
interface, it is known that significant other effects also occur. Due to new
high-tech applications (e.g., particle-stabilized emulsion, new materials) such
systems with colloidal particles at liquid interfaces have attracted a strongly
growing interest in the past decade. For modeling the rheological properties
of such particle-laden interfaces one often introduces an effective surface vis-
cosity, [168, 170]. The standard mathematical description of this is by means
of the so-called Boussinesq-Scriven model which we now introduce, cf. also
[225, 45, 219]. First we recall that for the bulk fluid, based on the Cauchy stress
principle and assuming the Newtonian stress tensor form o = —pI+ L(D(u)),
with a linear operator L, one can derive the stress tensor representation as in
(1.10), i.e.,

o =—pl+ Adivul+ uD(u). (1.34)

The Boussinesq-Scriven model starts from the (rheological) assumption that
the interface behaves like a two-dimensional Newtonian fluid. Recall that sur-
face tension can be characterized as a contact force of the form fav ™ ds,
cf. (1.31). In analogy with the approach for a Newtonian fluid in the bulk
phase, we start from the structural assumption that on each (small) con-
nected surface segment v C I', cf. Fig. 1.3, there is a contact force on 0y of
the form

orn, with op =7P+ L(Dr(u)), Dr(u):=P(Vru+ (Vru)")P,

with L a linear operator. Recall that P = I—nn? is the orthogonal projection
onto I'. This projection is used, since orn = opPn should represent only
contact forces that are tangential to the surface. Note that for L = 0 this
contact force reduces to the surface tension contact force orn = 7Pn = mn.
Using the same principles (isotropy, independence of the frame of reference)
as in the derivation of (1.34) it can be shown, cf. [225, 15], that the interface
stress tensor o must have the following form:

apzTP+:\pdivFuP+upr(u), (1.35)

with parameters A I, . This is the interface analogon of the bulk stress tensor
representation in (1.34). Note that in general divpu # 0, even if diva = 0
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holds. In case of viscous behavior of the interface one takes ji > 0. For certain
cases one can derive conditions on the parameter Ap, for example Ap > —ur
([225] Sect.4.9.5). Therefore the interface stress tensor is also written in the
form

or=7P+ (Ar — pr)divpuP + purDp(u), (1.36)

and one often assumes A\ = ;\[‘ + pr > 0. The parameters ur and Ap, which
we assume to be constants, are referred to as the interface shear viscosity
and interface dilatational viscosity, respectively. In the momentum balance
we need the interface force as a force on the interface segment ~. Using the
formula [ divp GPds = [, Gnds, cf. (14.19), we obtain from (1.36) the
interfacial force

F3 :/ UpTLdg
9y

:/diV[' (TP)+(>\F—MF)din(diVFuP)—‘y-u['diV[* (D[‘(u)) ds.
Y

Using this interface force F3 and following the derivation in Sect.1.1.2 we
obtain a generalization of the interface condition in (1.20):

[O'Ilp] =divr (TP) + (/\p — ,U,[*) divp (din uP) + ur divp (Dp(u)) (1.37)

on I'. This is the Boussinesq-Scriven model. For A\p = ppr = 0 this model
reduces to the one in (1.23) (or (1.20), if 7 is constant) since

divp(7P) =7divp P+ V7 = —76n + V1,

cf. (14.10). The generalized formulation (1.37) is used to model viscous effects
in the interface.

1.2 Initial and boundary conditions

In this section we describe initial and boundary conditions that can be used
in the models 1)-4) to make the problem well-posed.

For the NS1 model one needs suitable initial and boundary conditions only
for the velocity u. The initial condition is u(z,0) = ug(z) with a given func-
tion ug, which usually comes from the underlying physical problem. For the
boundary conditions we distinguish between essential and natural boundary
conditions. Let 0f2 be subdivided into two parts 92 = 9f2p U 0§25 with
0fp N 0Ny = 0. We use essential boundary conditions on 92p that are
of Dirichlet type. In applications these describe inflow conditions or con-
ditions at walls (e.g., no-slip). Such Dirichlet conditions are of the form
u(z,t) = up(x,t) for x € 0f2p, with a given function up. If, for exam-
ple, 02p corresponds to a fixed wall, then a no-slip boundary condition is
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given by u(z,t) = 0 for z € 92p. On J2y we prescribe natural boundary
conditions, which are often used to describe outflow conditions. These natural
boundary conditions are of the form

ong = —pesiNg, on 02y, (1.38)

with ng, the outward pointing normal on 02y and pe;: a given function
(external pressure). For the case pe,s = 0 we thus obtain a homogeneous
natural boundary condition.

Similar initial and boundary conditions can be used for the two-phase flow
model NS2. In addition we then need the initial configuration, i.e., I'(0) must
be given.

In the model NS2+T in (1.24) one needs in addition initial and boundary
conditions for the concentration ¢. The initial condition is ¢(z, 0) = ¢o(x) with
a given initial concentration cy. For the boundary conditions the standard
ones, namely a Dirichlet (i.e., ¢ given on part of 9f2) and a Neumann (8‘1‘;
given on part of the boundary) condition can be used.

In model NS2+S in (1.25) one has to prescribe an initial concentration
S(x,0) = So(x), = € I, for the surfactant. If I" is a surface without boundary
(droplet) no boundary conditions for S are needed.

1.3 Examples of two-phase flow simulations

In this section we give some simulation results for a two-phase system with a
single droplet rising due to buoyancy forces where at the same time transport
of some surface active agent (surfactant) on the interface is taking place.
This application example is meant to give the reader a first impression of
some features of two-phase flow systems and the challenges one is facing when
treating such flows numerically.

Before giving details on this numerical simulation, we briefly address the
importance of two-phase systems in chemical engineering. One example of such
a system is a falling film which is used for cooling by heat transfer from a thin
liquid layer to the gaseous phase (liquid-gas system). Another example is an
extraction column where mass transport takes place between liquid bubbles
and a surrounding liquid (liquid-liquid system). For the design of such bubble
column reactors it is desirable to have a model that gives a detailed description
of the transport phenomena between the bubbles and the surrounding fluid.
Rather than considering the whole column reactor with swarms of bubbles, in
a first step only a single droplet is investigated. Even for this simplified case
the transport mechanisms are not well understood up to now. One interesting
and important phenomenon is the formation of a so-called stagnant cap in
the downstream part of the droplet. In this stagnant cap region the velocity
is much smaller than in the region where the vortices occur, cf. Fig. 1.6. The
formation of such stagnant caps has been observed in experiments. In Fig. 1.7
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Fig. 1.6. Sketch of flow pattern inside and outside single droplet without (left) and
with (right) stagnant cap.

a velocity distribution in a cross-section of a levitated toluene droplet is shown,
measured by a fast nuclear magnetic resonance (NMR) technique (from [11]).

Fig. 1.7. NMR image of measured velocity field in toluene droplet.

There is (experimental) evidence that such regions with very low veloc-
ity are caused by surface active substances (surfactants) which adhere to the
interface and due to the surrounding flow pattern are transported to the down-
stream part of the droplet. An interesting (modeling) question in this context
is how this surfactant concentration affects the surface tension coefficient, i. e.,
to find an adequate model for 7 = 7(S). Furthermore one would like to under-
stand how the variable surface tension coefficient 7(S) influences the velocity
inside the droplet, in particular whether it induces a stagnant cap. It is very
hard (for most systems even impossible) to measure in an experiment the
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surfactant concentration on the interface or to determine the values of the
variable surface tension coefficient. Hence, numerical simulations like the one
presented here play a key role for providing more insight.

1.3.1 Numerical simulation of a rising droplet

We present results of a numerical experiment with a single n-butanol droplet
inside a rectangular tank 2 = [0,12-1073] x [0,30 - 107%] x [0,12 - 1073 m?
filled with water, cf. Fig. 1.8. The material properties of this two-phase system
are given in Table 1.1. Initially at rest (ug = 0m/s) the bubble starts to rise
in y-direction due to buoyancy effects, with y = z2 and z = (1, z2, x3).

|quantity (unit)|[ n-butanol |  water |

p  (kg/m?) 845.4 986.5

w o (kg/ms) ||3.281-107%|1.388 1073

T (N/m) 1.63-1073

Table 1.1. Material properties of the system n-butanol/water.

For the initial triangulation 7y the domain {2 is subdivided into 4 x 10 x 4
sub-cubes each consisting of 6 tetrahedra. Then the grid is refined four times
in the vicinity of the interface I'. As time evolves the grid is adapted to the
moving interface. Figure 1.9 shows the droplet and a part of the adaptive mesh
for two different time steps. A movie of this numerical simulation is given on
the website [90].

For a butanol droplet with radius 1 mm, in Fig.1.10 the y-coordinate of
the droplet’s barycenter Z4 is shown as a function of time, where

Z4(t) = measz(£2;(t))~* /Q (t)xdx.

The average velocity T,(t) of the drop is given by

Ta(t) = meass (21 (1))~ / u(a, t) da.

Ql(t)

Note that T (t) = U4(t) and, due to incompressibility and immiscibility,
meass(£21(t)) = meass(£2:(0)). For a butanol droplet with radius 1mm
Fig. 1.11 shows the rise velocity, which is the second coordinate of the av-
erage velocity Ug(t). After a certain time the rise velocity becomes almost
constant and the bubble reaches a terminal rise velocity denoted by u,. For
the radius r4 = 1 mm we obtain u, = 53 mm/s. For technical applications the
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Fig. 1.10. y-coordinate of barycenter
of a rising butanol droplet with radius
1mm as a function of time ¢.

Fig. 1.11. Rise velocity of a butanol
droplet with radius 1 mm as a function
of time ¢.

value of the terminal rise velocity is an important quantity, e.g., to predict
the duration of a bubble’s residence time inside a column reactor.

We computed the terminal rise velocities w, of rising butanol droplets
for different drop radii r4. For larger droplets with r4 > 1.5mm a coarser
mesh was used (3 times local refinement instead of 4 times as for the smaller
droplets) because of memory limitations. A validation of the simulation results
by means of comparison with experimental data is given in [35]. In Fig. 1.12,
which is taken from [35], the terminal rise velocity wu, is plotted versus the
bubble radius r; and a comparison of experimental and simulation results is
shown. For a discussion of these results we refer to [35].



24 1 Introduction

70¢

60}
@ 50t
IS
£
= 40+
3
E 30 [
s - - - ideally mobile interface
o 20} rigid interface

fit to measurements
101 o measurements
e numerical simulations
% 05 1 15 2 25

radius (mm)

Fig. 1.12. Terminal rise velocities u, for different droplet radii r4. Experimental
data (open circles), DROPS simulation results (filled circles) and curve fitted to
experimental data (solid line).

The droplet shapes of rising butanol droplets for different radii r4 are
shown in Fig. 1.13. The droplet shape is almost spherical for r4 = 0.5 mm and
becomes more and more flattened for larger radii. The corresponding velocity
field u — W, (which is the velocity with respect to a reference frame moving
with droplet speed W,) is visualized on a slice in the middle of the domain.
Toroidal vortices can be observed inside the droplets. For r4 = 2 mm we also
observe a small vortex structure in the wake of the bubble. These numerical
results are not able to reproduce a stagnant cap flow pattern as in Fig. 1.6,
since the surface tension coefficient 7 was assumed to be constant. In the next
section we simulate surfactant transport for a rising butanol droplet.

1.3.2 Numerical simulation of a droplet with surfactant transport

We again consider the problem of a rising butanol droplet from the previ-
ous section, but now include surfactant transport on I'. The model NS24S
consists of the two-phase flow problem (1.19)—(1.21) combined with the sur-
factant transport equation (1.25). The experimental setup and the numerical
parameters are chosen as described in Sect.1.3.1. We take a droplet radius
rq = 1 mm. The initial constant surfactant concentration is chosen as Sy =1
and the surfactant diffusion coefficient is set to Dy = 107°.

As time evolves, the droplet starts to rise and changes its shape. The flow
field u at the interface induces a surfactant transport from the top to the
bottom of the droplet. Figure 1.14 shows the droplet’s shape and surfactant
concentration for t = 0, 0.1, 0.2, 0.4 s, respectively. The surfactant is collected
at the lower part of the droplet while the surfactant concentration at the upper
part becomes relatively small. Figure 1.15 shows the surfactant concentration
as a function of the vertical coordinate y, with y = 29 and = = (x1, 22, x3),



1.3 Examples of two-phase flow simulations 25
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Fig. 1.13. Shape of n-butanol droplets for different radii r4 and velocity field u—uy
visualized on slice.

for each of the respective times. Hence, each snapshot of the rising droplet
in Fig. 1.14 corresponds to one of the graphs in 1.14. For example, the con-
stant surfactant concentration of the initial droplet (¢t = 0's) is represented in
Fig.1.15 as a straight vertical line of height 2mm, which corresponds to the
initial droplet diameter. The droplet’s shape as well as the surfactant profile
relative to the droplet becomes almost stationary for t > 0.2 s, with S ~ 3.2
at the bottom and S = 0.015 at the top of the droplet, i.e., only 1.5% of the
initial surfactant concentration.

The next step would be to consider a variable surface tension coefficient 7
depending on the surfactant concentration S. At the top of the droplet this
would be 7 =~ 1.63mN/m as for the pure n-butanol/water system, while at
the bottom the surface tension coefficient would be decreased as an effect
of the high surfactant concentration. We do not consider this issue here. In
Sect. 11.5.3 we give results of a numerical experiment in which the surface
tension coefficient depends on the concentration of a dissolved species close
to the interface, i.e. 7 = 7(c). In that experiment, the variable surface tension
induces a stagnant cap as in the right picture in Fig. 1.6.
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t=02s t=04s

Fig. 1.14. Shape and surfactant concentration S (color-coded) of n-butanol droplet
for different time steps t =0, 0.1, 0.2, 0.4s.

1.4 Overview of numerical methods

In the following chapters many numerical methods for the simulation of the
models introduced in Sect. 1.1 are treated. In this section we give an overview
of important methods. for spatial discretization only finite element methods
will be considered. Besides different finite element methods we also discuss
algorithms for the construction of nested multilevel tetrahedral triangulations,
implicit time discretization methods and iterative solvers for the resulting
discrete problems. We list the main numerical methods:

e A level set method for interface capturing is used. We treat discretization
methods for the linear hyperbolic level set equation. Also a fast-marching
re-initialization algorithm is discussed.

e The construction of a multilevel hierarchy of nested tetrahedral triangula-
tions is treated. Local refinement and coarsening routines are explained.
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Fig. 1.15. Surfactant concentration S as function of vertical coordinate y for ¢t =
0, 0.1, 0.2, 0.4 s, respectively.

e Starting from suitable variational formulations of the models, for spa-
tial discretization we apply finite element techniques based on conforming
spaces. Special finite element spaces suitable for functions that are discon-
tinuous across the interface are introduced. We use the XFEM (“eztended
finite element method”) approach.

e For discretization of the surface tension force a special Laplace-Beltrami
method is analyzed.

e For the fluid dynamics problem we derive several implicit time integration
methods in which flow variables, surface tension forces and the level set
function are strongly coupled.

e After space and time discretization of the fluid dynamics problem one ob-
tains, in each time step, a nonlinear discrete problem in which the flow
and level set unknowns are strongly coupled. We analyze an iterative de-
coupling strategy.

e For the solution of large sparse linear systems preconditioned Krylov sub-
space methods are discussed. Also inexact Uzawa type solvers for saddle
point problems are analyzed. Several Schur complement preconditioners
are considered. Multigrid solvers/preconditioners are explained.

e For the discretization of the mass transport equation we consider a method
in which the XFEM technique is combined with a so-called Nitsche ap-
proach in order to satisfy the Henry interface condition.

e For the discretization of the surfactant convection-diffusion equation on
the interface a special Eulerian finite element technique is introduced.

e For the space and time discretization of the mass transport and surfactant
transport equations a space-time finite element approach appears to be
very natural. We treat such space-time finite element methods.

In Table 1.2 we give a compact overview of all important methods considered,
in the form of a matrix of methods. As can be seen from this table, we ar-
range the different methods according to two criteria, namely the models for
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which they are used (rows) and the computational method class they belong
to (columns). A downward pointing arrow in the table means that methods
from the row(s) above are used. To be more specific we briefly address the
methods shown in Table 1.2 in a row wise order.

Model NS1 (one-phase Navier-Stokes problem). We explain how a multilevel
hierarchy of nested tetrahedral meshes can be constructed, which allows sim-
ple local refinement and coarsening algorithms. These grid related methods
are also used in the numerical simulation of the other models. For spatial dis-
cretization we explain the standard Hood-Taylor P»-P; finite element pair. We
briefly address quadrature rules to evaluate the integrals that occur in the dis-
crete variational formulation. Spatial discretization results in a large system
of nonlinear ordinary differential equations coupled with algebraic constraints
(due to divu = 0), i.e., a DAE system (Differential Algebraic Equation). For
this system we discuss several numerical time integration rules. A one-step
f-scheme and a fractional-step #-scheme are treated. Per time step such a
time integration rule results in a large nonlinear system of algebraic equa-
tions, in which velocity u and pressure p are coupled. For linearization of the
term (u- V)u a standard Picard iteration (with steplength optimization) is
applied. After linearization we have a large sparse linear system of algebraic
equations that is of saddle point type. Several efficient iterative solvers, like
for example preconditioned minimal residual (MINRES), inexact Uzawa and
multigrid methods are discussed.

Model NS2 (two-phase Navier-Stokes problem). For the interface represen-
tation (“interface capturing”) we use a level set approach. In this method one
uses a scalar level set function ¢ (which has no physical meaning) whose zero
level coincides (approximately, due to discretization errors) with the interface.
In the model (1.19)-(1.21) the immiscibility condition in (1.21) is then replaced
by a linear hyperbolic partial differential equation for ¢. An important issue is
the discretization of the level set equation. For this we use piecewise quadratic
finite elements combined with streamline diffusion stabilization (SDFEM).
Another topic is the approzimation of the zero level of this discretization ¢y
of ¢ (I' ~ I,). Related to the level set function we also need a re-initialization
method. We will reformulate the model NS2 such that the interface conditions
(1.20) are eliminated and replaced by a localized force term (at the interface)
in the momentum equation. A main issue is the discretization of this localized
surface tension force. For this we introduce and analyze a Laplace-Beltrami
technique. In this type of problems, due to surface tension, the pressure is
discontinuous across the interface. For an appropriate treatment of this dis-
continuity we introduce a special extended finite element space (XFEM). Due
to the pressure discontinuity and discontinuities in density and viscosity we
need special quadrature rules. Application of a time integration rule results
in a large nonlinear system of algebraic equations (per time step) in which
u,p and ¢ are coupled. We explain an iterative decoupling strategy to split
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the coupled problem for u,p, ¢ into two subproblems for (u,p) and ¢, re-
spectively. If in the flow problem there are very large jumps in density and
viscosity across the interface (as, for example, in a liquid-gas system) then in
order to obtain efficient iterative solvers we propose special preconditioners
that are robust with respect to variation in the size of these jumps.

Model NS2+T (two-phase flow with mass transport). Due to the Henry inter-
face condition ¢; = Cgce (with Cy # 1) in (1.24), the concentration is discon-
tinuous across the interface. For the spatial discretization of the convection-
diffusion equation for the concentration ¢ we use the XFEM technique. In
order to satisfy the Henry jump condition at the interface a technique due to
Nitsche is explained. For the time integration we distinguish two cases. If the
interface is stationary, a standard method of lines approach can be applied
in which the spatial finite element discretization is combined with a 6-scheme
for time discretization. In case of a non-stationary interface this approach is
not very satisfactory and we treat as alternatives a Rothe method (first time,
then space) and a space-time finite element technique. A simple method for
the decoupling of (u,p,®) and ¢ in each time step is discussed.

Model NS2+S (two-phase flow with surfactant transport). In this model we
have a convection-diffusion equation on the (evolving) interface I', cf. (1.25).
For the spatial discretization we use a special finite element space that is ob-
tained from suitable restriction of a standard finite element space used for
discretization of the flow variables on the tetrahedral triangulation. Again
for the time discretization we distinguish between a stationary and a non-
stationary interface. For the latter case a space-time finite element method is
discussed.

The methods addressed above are treated in this monograph and implemented
in the DROPS package [90]. We mention a few other research groups in Nu-
merical Analysis and Computational Engineering in which the numerical sim-
ulation of two-phase incompressible flow problems is an important research
topic: the groups around Bothe [9, 10], Griebel [73], Herrmann [138, 139],
Kuipers [80, 88], Lowengrub and Voigt [233, 234], Marchandise [173, 172],
Tobiska [115, 118], Tryggvason [243, 182], Weigand [216, 215].



1 Introduction

30

"SPOYJOW [BOLISWNU JO MIIAIAQ *Z°T 9[qel

‘S — (¢ ‘d‘n) ‘poyjeut
Jo Surdnoosp 1] euary-eoeds 90RJINS URLIB[N] STCSN
1 T T 1 1
D« (¢‘dn) ‘1.1 ouary-eoeds © 10] INHAX
Jo Surdnoosp ‘poyjowr o0y ‘yoroxdde ayos)IN L+esSN
1 T T 1 1
‘orngerpenb [eoads
‘I JO UOTYRZIIDIOSID
T e~ T
‘¢ Jo uoIyRZI[RIIIUI-O
‘P — (d‘m) {UO1)BATISSUOD SSBUL ¢SN
{(sdwmn( o8xer) Jo Burdnoossp QuIaYDS-¢) ‘¢ 10] INHAAS +°d
siouonpuodald [emeads 10§ gutod pexy pazi[eiousd ‘d 10] INHAX
1 T T 1 1
‘Suruesieod pue
‘porjeowr pridrynur JUSUWIAUYI [BI0]
cpuoderd ‘[dwoo inyog ‘uoryeziresaur| 1oy {Ayorersly ISN
SSHYNIN “YDD'SHUYND UoIyRION pIedL] | -awdds dojs--joely ‘aanjeapenb [eIpoyeIIa)
‘emez() joexoul ‘pordnoo Ay (d‘n) ‘ouaOs-9 ‘g I0[AR]-pOOH [eAS[ NI
SISA[OS aAljeIa)I| uoljezireaul]/sSurjdnod|uoryeilajur sy uoI11eZI)aJ0sIp Terjeds SpLID)




Part 1

One-phase incompressible flows



2

Mathematical models

2.1 Introduction

We recall the non-stationary Navier-Stokes equations for modeling a one-
phase incompressible flow problem:

0
p(—u+(u-V)u)+Vp—ﬂAu:pgin 1]

ot (2.1)

diva=0in {2,

with given constants p > 0, u > 0. For simplicity we only consider homoge-
neous Dirichlet boundary conditions for the velocity (no-slip condition). Thus
the boundary and initial conditions are given by

u=0 on 92, u(x,0)=up(z) forz e (2 (2.2)

with a given initial condition ug(z). In the discussion and analysis of numerical
methods for this problem we will also use the following two simpler systems
of partial differential equations. Firstly, the non-stationary Stokes equations

ou

pa-i-Vp—,uAu:pgin n

(2.3)
divu=0in {2,

with the same initial and boundary conditions as in (2.2). Note that opposite
to the Navier-Stokes equations, the Stokes system is linear in the unknowns
u, p. Secondly, we consider the following type of stationary problem:

éu+ (w-V)u+Vp—pAu=pgin 2

. : (2.4)
divu=0in {2,

with a given constant £ > 0 and a given vector function w(x) € R3. For the
boundary condition we take the homogeneous Dirichlet condition u = 0. This
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linear system of partial differential equations is called an Oseen problem. This
type of problem occurs if in the non-stationary Navier-Stokes equation an
implicit time discretization method is used and the nonlinearity is linearized
via a fixed point strategy in which in the nonlinear term (u-V)u is linearized
by replacing the first u argument by an already computed approximation
u®d =: w. For the case w = 0 this problem reduces to the so-called generalized
Stokes equations and for w = 0 and £ = 0 we obtain the stationary Stokes
problem.

Formulation in dimensionless variables

For the derivation and analysis of numerical methods for the models presented
above it is convenient to consider these models in a non-dimensionalized form.
For this we introduce

L : typical length scale (related to size of {2),

U : typical velocity size,

and dimensionless variables

1 v, uxt)
T =T, t—fu u(z,t) = T p(z,t) =

p(x,t)
pU%

Furthermore, 2 := %Q = {5: eER3: Lz e }, and a non-dimensional source
term is defined as g = %g. The partial differential equations in (2.1) can be
written in these dimensionless quantities as follows, where differential opera-

tors w.r.t. Z; and ¢ are denoted with a ~ (for example: V):

on o . =_ 1 -
E—&—(u-V)u—FVp—EAu—gm N

divi=01in £,
with the dimensionless Reynolds number

_ pLU
o

Re

For notational simplicity, in the remainder we drop the bar notation, and thus
obtain the following Navier-Stokes system in dimensionless variables:

Navier-Stokes

ou 1

A . =gin {2
% e u+(u-Vju+Vp=gin 25)
divu=0in 2.
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We now list the above-mentioned related simpler models used in fluid dy-
namics. In this monograph we use these simpler models in the analysis of
numerical methods. The non-stationary Stokes equations (2.3) in dimension-
less formulation are as follows:

Stokes

Oou 1 .
E—EAuﬁ-Vp—gm 9 (2.6)

divu=0in 2.

Hence, the Stokes equations can be seen as a limit case of the Navier-Stokes
equations if Re — 0. In the remainder, if we refer to the (Navier-)Stokes prob-
lem we always mean the non-stationary (Navier-)Stokes equations. We now
present three time independent models. The Oseen system (2.4) in dimen-
sionless form is as follows:

Oseen

fu—%Au+(w~V)u+Vp:gin n @7)

diva=0in .

where now & > 0 is a dimensionless constant. Special cases of the Oseen
problem are the generalized Stokes and the stationary Stokes problems:

Generalized Stokes

1
fu— —Au+Vp=gin {2
Re
divu=0in {2,

Stationary Stokes

1
A —gin 0
ReouTVP=gin (2.9)

divu=0in 2.

2.2 Weak formulation

We will use finite element methods for the discretization of the (Navier-)Stokes
equations. These methods are based on the weak (or variational) formulation
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of the partial differential equations. In this section we discuss this weak for-
mulation.

2.2.1 Function spaces

We only recall some basic facts from the theory on Sobolev spaces. For a
detailed treatment of this subject we refer to the literature, e.g. [8].

One main motivation for using Sobolev spaces is that these are Banach
spaces. Some of these are Hilbert spaces. In our treatment of elliptic boundary
value problems we only need these Hilbert spaces and thus we restrict ourselves
to the presentation of this subset of Sobolev Hilbert spaces.

First we introduce the concept of weak derivatives. Let 2 C R? be an
open, bounded and connected domain, and take u € C(£2), ¢ € C§(12),
where C§°(§2) consists of all functions in C°°({2) that have a compact support
in 2 (and thus, since {2 is open, such functions are identically zero close to
the boundary). Since ¢ vanishes identically outside some compact subset of
{2, one obtains by partial integration in the variable z;:

Ou(z) / 0¢(x)
—d(x)dx = — u(xr)———=dx
[ Colo) [ )
and thus
/ D%u(x)¢(x)dx = —/ u(z)D%¢(x) du, la] =1,
10, Q
holds. Here D% with o = (o, ..., aq), |a| = a1 + ... + ag4 denotes

lal

D= ———.
Ozt ... 0z

Repeated application of this result yields the fundamental Green’s formula

[ prut@)ota) de = (<1 [ u@)D*o(z) da,
2 2
forall ¢ € C°(02), uec C*(2), k=1,2,... and |o| <k

(2.10)

Based on this formula we introduce the notion of a weak derivative:

Definition 2.2.1 Consider u € L?(£2) and |a| > 0. If there exists v € L?(£2)
such that

/v(m(x)dx:(—l)la\/ u(x)D¢(x)dx  for all ¢ € C5°(82), (2.11)
2

9]

then v is called the ath weak derivative of u and is denoted by D%u := v.
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Such weak derivatives are often introduced in the more general setting of so-
called distributions. For our purposes, however, the definition above suffices.
If for u € L%(§2) the ath weak derivative exists then it is unique (in the usual
Lebesgue sense). If u € CF(§2) then for 0 < |a| < k the ath weak derivative
and the classical ath derivative coincide. The Sobolev space H™({2), m =
1,2,..., consists of all functions in L?(§2) for which all ath weak derivatives
with |a] < m exist:

H™(2):={u€e L*(): D*u exists for all 0 < |a|<m}. (2.12)

For m = 0 we define H°(£2) := L?(£2). In H™({2) a natural inner product
and corresponding norm are defined by

1
()= D (Dw, D)z, ullw = (,w)hy w0 € H™(2).
la]<m
(2.13)
It is easy to verify, that (-,-),, defines an inner product on H™({2). We now
formulate a main result:

Theorem 2.2.2 The space (H™(£2), (-,")m) is a Hilbert space.

Similar constructions can be applied if we replace the Hilbert space L?({2)
by the Banach space LP(£2), 1 < p < oo of measurable functions for which
lullp == ([, lu(z)P dz)'/? is bounded. This results in Sobolev spaces which
are usually denoted by H,"({2). For notational simplicity we deleted the index
p = 2 in our presentation. For p # 2 the Sobolev space H'({2) is a Banach
space but not a Hilbert space.

One can also define these Sobolev spaces using a different technique,
namely based on the concept of completion. Consider the function space

Zm ={ueC®(2): |lul]lm <oo}.

The completion of this space with respect to || - || yields the Sobolev space
H™(£2):
H™(2) = completion of (Z,,, (- )m)-

A compact notation is H™(2) = ZH'HT”. Note that C*(£2) C Z,,. Under
very mild assumptions on the domain {2 we even have

—||"[Im

H™(Q) = C=(02)

Another space that plays an important role in the weak formulation of the
partial differential equations is the following subspace of H!(£2):

IRIEY

Hy(2) := Cg°(92) (2.14)
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An important issue is the smoothness in the classical sense of functions
from a Sobolev space. In this respect the following Sobolev embedding result
is relevant:

H™() — C*(2) if m— g >k (d such that 2 C RY). (2.15)

The symbol — is used to denote that the embedding between the two spaces
is continuous, i.e. if m and k satisfy the condition in (2.15) then there exists
a constant ¢ such that

lull or @) < cllullm  for all ue H™(£2).

A basic result is the so-called Poincaré-Friedrichs inequality:

lul 2 < C /Z |Dow||2, for all ue H(2). (2.16)
|a]=1

Based on this we have the following norm equivalence:

luly < |Jully < Cluly  for all u € HY (), |ul?:= Z |D%ul|72, (2.17)

lor|=1

ie, |-]1 and || - ||1 are equivalent norms on Hg(£2).

In the weak formulation of elliptic boundary value problems one has to
treat boundary conditions. For this the next result will be needed.

There exists a unique bounded linear operator

v HY Q) = L209),  [v(W)lli200) < clull, (2.18)

with the property that for all u € C'(£2) the equality v(u) = u|pe holds.
The operator + is called the trace operator. For u € H'(§2) the function
y(u) € L?(012) represents the boundary “values” of u and is called the trace
of u. For v(u) one often uses the notation u)5¢. For example, for u € HY(£2),
the identity ujpp = 0 means that v(u) = 0 in the L?(912) sense. Using the
trace operator one can give another natural characterization of the space
H(0):
Hy(2)={ue H(2): upp=0}.

The dual space of HE(£2), i.e. the space of all bounded linear functionals
H} () — R is denoted by
H™Y(2) = Hy(2),

with norm

o= sup 4

veEH} (2) ”U”l

fe H ().
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Finally, we collect a few results on Green’s formulas that hold in Sobolev
spaces. For notational simplicity the function arguments x are deleted in
the integrals, and in boundary integrals like, for example, [, y(u)~(v)ds
we delete the trace operator 7. The following identities hold, with n =
(n1,...,nq) the outward unit normal on 92 and H™ := H™({2):

uav dx:—/ auvdw—i—/ won;ds, w,v e H',1<i<d
o 0x; o 0z; o0

/Auvdx:—/Vu-Vvdx—i— Vu-nvds, ve H? ve H
10 0 on

/udivvdmz—/Vu-vdx+/ uv-nds, ue H' ve (HY.
2 Q o0

The Sobolev spaces turn out to be the appropriate ones for the weak formula-
tion of many partial differential equations. For the weak formulation of time
dependent partial differential equations one needs in addition the concept of
V-valued functions, where V is a given Banach space (for example L2(2),
or a Sobolev space). We now introduce this concept. For proofs and more
information we refer to the literature, e.g. [256, 261].

Let V be a Banach space with norm denoted by || - |[yv. The space
L?(0,T;V) consists of all functions u : (0,T) — V for which

1

T =
[ull20,75v) = (/ ()|} dt) * <0
0

holds. The space L?(0,T; V) is a Banach space. It is a Hilbert space if V is a
Hilbert space. This definition applied to the dual space V' results in the space
L%(0,T; V") of functional valued functions u : (0,T) — V' with

T 1
2
fullsovn = ([ I ) < .
Recall that ||u(t)||v: := sup,cy ‘””(z)u(s)l. There is a linear bijective isometric
mapping j : L2(0,T; V)" — L?(0,T; V"), hence these spaces can be identified
with each other. One often writes

L*(0,T;V) = L*(0,T; V).

2.2.2 Oseen problem in weak formulation

In this section we treat the weak formulation of the Oseen problem in di-
mensionless form (2.7). For notational simplicity we only treat the three-
dimensional case, i.e. £2 C R3. We consider this problem with homogeneous
Dirichlet boundary conditions u = 0 on 9f2. The Reynolds number Re > 0
and the problem parameter £ > 0 are given constants. Furthermore we assume
that the velocity field w satisfies w € H'(£2)® and ||w|| (o) < oc.



40 2 Mathematical models

We introduce the spaces

V= H}(02)3, Q::L%(Q):{qeLQ(Q): /qua::O}, (2.19)

and the bilinear forms

m(u,v) = (u,v)p2 = /Qu -vdz (2.20a)
1 1o
a(u,v) = e /Q Vu-Vvdz = Te ;/Q Vu; - Vv; dz (2.20b)
c(u,v) =c(w;u,v) = / (w-Vu) - vdr = Z / wi%vj dx (2.20c)
2 1<ig<s 2 i
b(v,q) = —/quivvdx. (2.20d)

The weak formulation of (2.7) is as follows:

Find u € V and p € @ such that

Em(u,v) +a(u,v) +c(u,v) +b(v,p) = (g,v)r2 forall veV,

2.21
b(u,q) =0 forall g€ @. ( )

We now turn to the analysis of this weak formulation. First we show that
if the problem in strong formulation (2.7) has a sufficiently smooth solution
(u, p), then this pair is also a solution of (2.21). We start with the observation
that the bilinear forms m(-,-), a(-,-), ¢(-,-) are continuous on V x V and that
b(-,-) is continuous on 'V x Q.

Lemma 2.2.3 Assume u € C?(£2)% with u = 0 on 92 and p € C*(2) with
Jopdx =0 is a solution pair of (2.7). Then this pair also solves (2.21).

Proof. From the assumptions on u and p it follows that u € V, p € Q. If
we multiply the first equation in (2.7) by ¢ € C§°(£2)3, integrate over 2 and
apply partial integration (for each of the three components) we obtain

f/nuqbdac—r-%/QVu~V¢da:+/Q(w-Vu)~¢dx—/Qp divq&dx:/ngwj)da;.

Hence,
Em(u, @) + a(u, @) + c(u, @) + b(¢,p) = (g, P)1> (2:22)

for all ¢ € C§°(£2)3. Using the continuity of the bilinear forms and of v —
(g,v)r2 on V, and the density of C§°(£2)% in V it follows that the identity in
(2.22) even holds for all ¢ € V. Thus the first variational equation in (2.21)
holds. Multiplication of the second equation in (2.7) by an arbitrary ¢ € Q
and integrating over {2 results in the second variational identity in (2.21). O
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One very important property of the weak formulation (2.21) is that, opposite
to the strong formulation in (2.21), under very mild assumptions it has a
unique solution. The mathematical analysis of variational problems like the
one in (2.21) is based on an abstract theory for saddle point problems as
presented in the Appendix, Sect. 15.3. Theorem 15.3.1 can be applied to prove
the well-posedness of the weak formulation of the Oseen problem (2.21). In
the application of Theorem 15.3.1 we use the spaces V =V, M = @Q and the
bilinear forms

=}
<
I

(u,v)

(u,q)

Em(u,v) +a(u,v) +c(u,v) on VxV, (2.23a)
b(u,q) on V xQ. (2.23b)

S

A rather deep result from the theory on Sobolev spaces is the following:

36>0 : sup

> Bllgllre VqeLj(). (2.24)
vEHL(2)4 vl

A proof of this is given in [183, 91]. From this result we immediately obtain
that for the bilinear form b(-,-) on 'V x @ the inf-sup condition in (15.17a) is
satisfied. Using this the following theorem can be proved:

Theorem 2.2.4 Consider the weak formulation of the Oseen problem in
(2.21). Assume that & and w are such that § — 5 divw > 0 on §2. Then this
problem is well-posed.

Proof. We apply Theorem 15.3.1 with the spaces V =V, M = @, the bilinear
forms defined in (2.23) and the functionals fi(v) := (g,v), fo = 0. These
bilinear forms and functionals are continuous. The inf-sup condition (15.17a)
is satisfied due to property (2.24). We finally check the ellipticity condition
(15.17b). For u,v € V we have up, = vjge = 0 and thus using partial
integration we obtain

/(W-Vu)-vdxz /wi%vjdx
n 1<i,<3 (9] €T

:—/Qdivw(u~v)dx—/Q(W-Vv)~udx.

Hence, for u = v we have
1 .
/ (w-Vu) - -ude = ——/ divw(u - u)dz.
I7) 2 Jq

This yields, using the assumption £ — %divw >0,
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1
d(u7u):§/u~udx+—/ Vu-Vudm+/(w~Vu)-udm
[0 Re Jq Q
1 1
:/ (f——divw)u-udw+—/Vu-Vudw
¢

> Re/ Vu- Vudz > clul?,

with a constant ¢ > 0. In the last inequality we used the norm equivalence
(2.17). O

We comment on the assumption £ — %divw > 0 on {2 in Theorem 2.2.4. If
we consider a stationary Stokes problem then we have £ = 0, w = 0 and thus
this assumption is satisfied. For a generalized Stokes equation, which results
from implicit time discretization of an non-stationary Stokes problem we have
w =0, £ > 0 and thus the assumption holds. Hence we conclude:

The stationary (generalized) Stokes equations in weak formulation, i.e.
(2.21) with € > 0, w = 0, have a unique solution pair (u,p) € V X Q.

In the general case of an Oseen equation, which results after implicit time
integration and linearization of a Navier-Stokes problem, it is reasonable to
expect that |divw], in which w is an approximation of the solution u (that
satisfies divu = 0), is small compared to & ~ E (At: time step in time
discretization). Hence it is plausible that the condition & — §d1VW > 0is
satisfied.

2.2.3 Time dependent (Navier-)Stokes equations in weak
formulation

In this section we treat the weak formulation of the non-stationary Stokes
problem (2.6) and of the non-stationary Navier-Stokes problem (2.5). For
both problems we restrict ourselves to the case with homogeneous Dirichlet
boundary conditions, i.e., u = 0 on 942.

Compared to the weak formulation of the Oseen problem in Sect. 2.2.2 we
now in addition have to address the issue of an appropriate treatment of the
time derivative 2 ¢ - For the weak formulation of many time dependent partial
differential equations the Hilbert space L?(0,T;V) with a suitable Sobolev
space V, cf. Sect.2.2.1, turns out to be appropriate. For u : (0,7) — V one
then needs a suitable weak derivative u’' = ‘;—It‘. This can be defined by means
of the very general and powerful concept of distributional derivatives, in which
derivatives of linear mappings L : C§°(0,T) — V are defined, cf. [256, 261].
We will not use this (rather abstract) approach but introduce w’ by means of
weak derivatives as already presented in Definition 2.2.1. This (compared to
the distributional concept) less general definition is sufficient for our purposes.
We first present a weak variational formulation of a time dependent problem
in an abstract setting and then apply this to derive weak formulations of the
non-stationary Stokes- and Navier-Stokes equations.
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An abstract variational formulation of a time dependent problem

Let V, H be Hilbert spaces such that V < H <— V’ forms a Gelfand triple,
which means that H is identified with its dual, H = H’, the embedding
V — H is continuous and V is dense in H. The scalar products in V and H
are denoted by (-,)y and (-, "), respectively. In our applications we use, for
example, the Gelfand triple H}(2) — L*(2) — H~1(0).

We recall the definition of a weak derivative for a function g € L?(0,T)
as given in Definition 2.2.1: if for such a function g there exists h € L?(0,T)
such that

T T
/ h(t)o(t)dt = —/ g(t)d' (t)dt for all ¢ € C5°(0,T), (2.25)
0 0

then h =: ¢’ is the weak derivative of g.

We now introduce a weak time derivative for u € L2(0,T; V). It is possi-
ble to define a weak derivative of u in the same space L?(0,T;V). However,
for the time dependent problems that we consider it turns out to be more
appropriate to define a weak derivative in the space L?(0,T;V"). Using the
Gelfand property V < H = H’' < V’ this can be done as follows. Take
t € [0,T]. The element u(t) € V can be identified with an element of V”,
through v — (u(t),v) g, v € V. This identification of w(t) with an element of
V' leads to the following natural definition of a weak time derivative of u in
L2(0,T; V).

Definition 2.2.5 Consider u € L%(0,T; V). If there exists a w € L?(0,T; V")
such that

T T
/ w(t) (v) $(t) dt = — / (u(t), ) (2) dt, (2.26)
0 0

forallv € V and all ¢ € C§°(0,T), then w is called the weak (time) derivative
of u and we write v’ = w.

One can show, that if such a weak derivative exists, then it is unique. Further-
more, assume that w : [0,7] — H is smooth enough such that the classical
(Fréchet) derivative exists in H. Denote this Fréchet derivative by u/(¢). Then

T T
/ (u’(t)m)H(i)(t)dt:—/ (u(t),v)pd'(t)dt
0 0

holds for all v € V and all ¢ € C5°(0,T), and thus «'(¢t) identified with
the functional v — (u/(¢),v)y is the weak derivative in the sense of Defini-
tion 2.2.5.

Lemma 2.2.6 Assume that u € L*(0,T;V) has a weak derivative u' &
L2(0,T;V'). For arbitrary v € V define the function g, : t — (u(t),v)n.
Then g, € L*(0,T) and g, has a weak derivative g,(t) = % (u(t),v)y in the
sense of (2.25). Furthermore,
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%(u(t), v)g =u' (t)(v) foral veV (2.27)

holds for almost all t € (0,T).

Proof. Take v € V. Note that due to the Gelfand property ||w| g < c||w|v
for all w € V holds. From

T T T
Agmﬁwsénwwmwﬁﬁs&4|wm@ﬁm%

and u € L%(0,T;V) it follows that g, € L%(0,T). For h,(t) := u/(t)(v) we
have

T T
/hmfws/nwmwwwm<w
0 0

and thus h, € L%(0,T). Using the property (2.26) we get
T T
| mtwoyat= [ wwwet dr
0 0

T T
=—/<wmwmﬂww=—/’mwdww
0 0

for all ¢ € C§°(0,T). Thus h, = g),, i.e., u'(t)(v) = 4 (u(t),v)y holds. O

Using the above notion of a weak derivative for functions v € L?(0,T;V) we
introduce the following space

WH0,T;V) :={v e L*0,T;V): v' € L*(0,T; V') exists }.

We mention two important properties of this space. For proofs and fur-
ther properties we refer to the literature, e.g. [256, 261]. Firstly, the space
W1L(0,T;V) is a Hilbert space w.r.t. the norm (and corresponding scalar prod-
uct)

Nf=

lullwo,vy == (||U||2L2(0,T;V) + ||U/||2L2(0,T;V')) .

Secondly, there is a continuous embedding
W(0,7:V) — C([0,T}; H), (2.28)

where C([0,T]; H) is the Banach space of all continuous functions v : [0,7] —
H with norm [|ul|¢(jo,7);m) := maxo<i<r [|u(t)|| . An important corollary of
this embedding property is that for u € W(0,T; V) the values u(t), t € [0, 7],
are well-defined in H.

Based on these preparations, we can introduce an abstract variational time
dependent problem. Let ¢ : V' x V — R be a bilinear form.
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For b(t) € V', t € (0,T), up € H we define the problem:

Find w € W1(0,T;V) such that

d

E(u(t),v)H +a(u(t),v) =b(t)(v) forall veV, te(0,T),

(2.29)
u(0) = ug.

Due to Lemma 2.2.6 the term % (u(t),v)y in (2.29) is well-defined. A main

theorem is the following, cf. [256, 261] for a proof.

Theorem 2.2.7 Take ug € H, b € L?(0,T; V') and assume that the bilin-
ear form a(-,-) is continuous and elliptic on V- x V. Then the variational
problem (2.29) is well-posed, i.e. it has a unique solution u and the linear
mapping (b,ug) — u is continuous from L*(0,T; V") x H into W1(0,T;V).

We summarize the essential ingredients for this abstract time dependent weak
formulation to be well-posed:

e One uses a Gelfand triple of spaces V — H < V'’ and uses the corre-
sponding space W(0,T; V). The weak derivative v’ € L?(0,T; V") is as in
Definition 2.2.5.

The data are from appropriate spaces: b € L2(0,T; V"), uo € H.
The bilinear form a(-,-) is continuous and elliptic on V' x V.

Below we use these abstract results for the derivation of appropriate weak
formulations of the time dependent (Navier-)Stokes equations.

Remark 2.2.8 A proof of Theorem 2.2.7 is given in e.g. Theorem 26.1 in
[256], Theorem 23.A in [261]. There it is also shown that the result still holds
if the ellipticity condition a(v,v) > vy ||v||} for allv € V (yy > 0) is replaced
by the weaker so-called Garding inequality:

a(v,v) > vl —ymllvl|} forall veV,

with constants vy > 0 and vy independent of v.

Application to non-stationary Stokes equations
First we introduce suitable function spaces. Let

N(2):={velF)? |divv=0}
and

Ha = N(2) 2 (closure of N(2) in L2(2)* ) (2.30)
Sy

Vaiv := N(02) (closure of N (£2) in H}(2)* ). (2.31)
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The spaces (Haiv, || - [[22), (Vaiv, | - |l1) are Hilbert spaces. From ||v||p2 <
cl|v]; for all v € N(£2) and a density argument it follows that there is a
continuous embedding Vi, < Hgjy. Using N(£2) C Vgiv C Hgjy and the
fact that Hg;y is the closure of N(£2) w.r.t. || - ||z it follows that Vi, is dense
in Hgjy. Thus we have a Gelfand triple

Vdiv — Hdiv = H:jiv — V:iiv' (232)
The space Vi, can also be characterized as, cf. [235],
Vaiv ={veH)(2)?: divv=0}.

We take the bilinear form a(-,-) as in (2.20b). It is continuous and elliptic on
H(£2)3, thus also on the subspace Vi, of H}(£2)3.

We introduce the following weak formulation of the non-stationary Stokes
equations (2.6):

Determine u € W(0,T; Vgiy) such that

d

E(u(t),v)Lz +a(u(t),v) =(g,v)rz forall v € Vg,

(2.33)
u(0) = uy

We first show that a smooth solution (u,p) of (2.6) is also a solution of this
weak formulation:

Lemma 2.2.9 Let (u,p) be a solution of (2.6). Define u(t) := u(-,t) and
assume that u € C*([0,T]; C2(2)?), and u(0) = ug. Then u satisfies (2.33).

Proof. From u € C'([0,T];C?(£2)%) and divu = 0 it follows that u €
W1(0,T; Vaiy). We multiply the first equation in (2.6) by v € Vg;, and inte-
grate over {2. Note that [, Vp-vde = — [, pdivvde =0, due to v € V.
Using partial integration for the term % fg Au - v dx we then obtain

(du(t)
dt
and thus (2.33) holds. O

V)2 +a(u(t),v) = (g,v)r2 forall v e Vg,

As in Sect. 2.2.2, opposite to the strong formulation, the weak formulation has
the nice property that well-posedness can be shown to hold under (very) mild
assumptions on the data. To be more precise, the following theorem holds:

Theorem 2.2.10 Assume g € L*(0,T;V),,) and ug € Haiy. Then the
weak formulation (2.33) is well-posed.
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Proof. We have a Gelfand triple Vi, — Haiy = H;, — V. and the bilin-
ear form a(-, -) is continuous and elliptic on V;,. Application of Theorem 2.2.7
yields the desired result. O

The weak formulation in (2.33) has no pressure variable. This is due to the fact
that the space Vi, contains only functions that satisfy the incompressibility
condition divu = 0. For numerical purposes this weak formulation is less
convenient due to the fact that in general it is hard to construct appropriate
finite element subspaces of Vg;y. It turns out to be more convenient to have a
weak formulation using V = H}(£2)? (instead of Vg, ). This can be achieved
by introducing a suitable Lagrange-multiplier variable. In an abstract Hilbert
space setting this is explained in Sect.15.3, cf. Theorem 15.3.4. As in the
strong formulation in (2.6), one can enforce the incompressibility condition
by using a pressure variable p € Q = L%(£2). The weak formulation in (2.33)
can be used to derive a suitable weak formulation for (u,p) € V x @, which
is as follows:

Determine u € W(0,T; V), p € L?(0,T;Q) such that

%(u(t),v)m +a(u(t),v) +b(v,p(t)) = (g,v)r2 forall veV,
b(u(t),q) =0 forall ¢ € Q, (2.34)
u(0) = uy.

Theorem 2.2.11 For g € L%*(0,T;L*(2)3) and ug € Vaiy the weak for-
mulation (2.34) has a unique solution (u,p). The solution u also solves the
problem (2.33).

Proof. A complete proof is given in [106] Proposition 6.38. We outline the
main ideas of that proof. Assume that (2.34) has a solution (u,p) € W(0,T;
V) x L?(0,T; Q). From the second equation in (2.34) we obtain divu = 0 in
L?(£2). From this and from u € L?(0,T;V) it follows that u € L*(0,T; Vaiy)
holds. Note that V' C V/;  and thus from u’ € L?(0,7;V’) it follows that
u’' € L*(0,T;V);,). Hence we have u € W'(0,T; Vaiy). From the first equa-
tion in (2.34) with arbitrary v € Vgi, (thus b(v,p(t)) = 0) it follows that
4 (u(t),v)rz +a(u(t),v) = (g, v)r2 for all v € Vgi,. We conclude that u is a
solution of (2.33). Furthermore, due to Theorem 2.2.10, we have uniqueness
of the solution (u,p). We now address existence of a solution (u,p) of (2.34).
Let u be the unique solution of (2.33), which exists due to Theorem 2.2.10.
From divu = 0 is follows that u satisfies the second equation in (2.34). For the
solution u we have u’ € L(0,T;V; ). One can show (using the assumptions
on the data, cf. [106]), that u’ € L?(0,T; V') holds. Hence, u € W1(0,T; V)

and moreover,
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Lt)(v) == %(u(t%v)m +a(u(t),v) — (g,v)re

satisfies
(€ L*(0,T; V'), Lt)(v)=0 forall t€[0,T], vE V.

From a rather deep result (originally due to De Rham [77]), cf. Theorem 2.3
in [121], it follows that there exists p(t) € L3(§2) = Q such that

(p(t),divv)pz = £(t)(v) forall veV.
And thus for ¢ € [0,T] we have

d

E(u(t),v)Lz +a(u(t),v) +b(v,p(t)) =(g,v)rz forall veV,

i.e., the first equation in (2.34) holds, too. Using the inf-sup property (2.24)
we obtain
(p(t),div v) e ((t)(v)

lp(t)||Lz < ¢ sup ——=——=— = ¢ sup =c|e@)|v.
vev [v][1 vev [Vl

Using ¢ € L2(0,T, V') it follows that p € L?(0,T;Q) holds. Thus (u,p) is a
solution of (2.34). O

Note that in Theorem 2.2.11 the assumptions on the data g and uy are some-
what stronger than in Theorem 2.2.10.

Application to non-stationary Navier-Stokes equations

We now turn to the weak formulation of the non-stationary Navier-Stokes
equations (in dimensionless formulation)

Jdu 1

— - —A . =fin 2
ot  Re ut(u-Vju+Vp 1n (2.35)
diva=0in {2,

with a homogeneous Dirichlet boundary condition, u = 0 on 92, and an
initial condition u(z,0) = ug(z) on §2. The Reynolds number Re is a given
strictly positive constant. The weak formulation of this problem takes a form
very similar to that of the Stokes equations discussed above. The analysis of
well-posedness of this weak formulation, however, is much more complicated
as for the Stokes case. Due to the nonlinearity of the Navier-Stokes equations
the weak formulation cannot be analyzed in the abstract framework of (2.29)
and Theorem 2.2.7. Below we will only present a few main results. For proofs
we refer to the literature, e.g. Chap.III in [235].
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First we introduce a slight generalization of the weak derivative as defined
in Definition 2.2.5 (still not using the concept of distributions). For a function
g € L?(0,T) a weak derivative h = ¢’ € L1(0,T) (instead of € L?(0,T)!) is
still well-defined by the condition in (2.25). This is due to the fact that for
¢ € C§(0,T), h € LY(0,T) we have

T T
/O h(t)p(t) dt| < ||¢>||oo,[o,T]/O |h(@)] dt = [[¢l|oc, 0,1l Pll L1 < oo

Similarly, for v € L2(0,T;V) (V a Hilbert space) we have a well-defined
weak derivative v’ € L(0,7;V’) if in Definition 2.2.5 we replace “w €
L2(0,T; V') by “w € LY0,T;V’)". For this weak derivative the iden-
tity & (u(t),v)g = u/(t)(v) as in (2.27) still holds. Instead of the space
w0, T;V) = {1} € L2(0,T;V): v € L?(0,T; V') exists }, with V a Hilbert
space, we need the larger space

WH0,T;V) :={v e L*0,T;V): v' € L'(0,T; V') exists },

1
which is a Banach space for |[ullw:1(o,r;v) = (||u||%2(07T;V) + ||u’||%1(07T;V,)) z,

For the weak formulation of the Navier-Stokes equations we use the same
Gelfand triple (2.32) as for the Stokes problem with spaces Hgiy, Vaiy as in
(2.30)-(2.31). We use the same bilinear forms a(,-), b(-,-) as for the Stokes
problem and the trilinear form c¢(w;u,v) as defined in (2.20c). The following
weak formulation of (2.35) is similar to the weak Stokes problem (2.33) :

Determine u € W}(0,T; Vqiy) such that

%(u(t%v)m +a(u(t),v) +c(u(t);ut),v) =(g,v)rz Vv € Vaiy,

u(0) = up.

(2.36)

We comment on some properties of this weak formulation:

e For g e L?(0,T;Vaiy), ug € Hgiy, there erists a solution u of the weak
formulation (2.36). This solution has sufficient regularity such that the
initial condition u(0) = ug is well-defined.

e Uniqueness of this solution is an open problem. Uniqueness of u can be
shown to hold in special cases, for example:

- If the boundary 012 is sufficiently smooth, ug € Vgiy, g € L*(0,T; Haiy)
then u(t) is unique on a time interval [0, T*] with T™* sufficiently small.

- If the Reynolds number Re is sufficiently small, ug and g are sufficiently
smooth and these data are sufficiently small (in appropriate norms)
then u(t) is unique for all ¢ € [0, T7.

- If the weak solution u is sufficiently smooth (u € L*°(0,7;Haiy) N
L8(0,T; L*(£2)) ) then u is unique. It is not known, however, whether
in general this smoothness property holds.
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There is an extensive literature on this topic of uniqueness of a weak solu-
tion in the three-dimensional case (i.e. 2 C R?). Many other special cases
are known in the literature. The general case, however, is still unsolved.

e If one considers the weak formulation (2.36) in the two-dimensional case
(i.e. 2 C R?) then ezistence and uniqueness have been proved.

Along the same lines as in Lemma 2.2.9 one can show that if the strong
formulation (2.35) has a solution (u,p) that is sufficiently smooth (u €
C'([0,T];C%(£2)*)) then u is also a solution of (2.36).

In the weak formulation (2.36) the incompressibility condition is fulfilled since
it holds for all functions in the space W (0, T; Vgiy). As for the Stokes prob-
lem, a weak formulation in the larger velocity space Wl (0,T; V) can be de-
rived in which the incompressibility condition is enforced by using a pressure
variable. This weak formulation is as follows:

Determineu € W(0,T; V), p € L?(0,T; Q) such that forallv € V, ¢ € Q:
d

7 (), V)2 +a(u(t), v) +c(u(t);ult), v) + (v, p(t)) = (8, V)12,
b(ll(t), CI) =0, (237)
u(0) = uo.

As in the proof of Theorem 2.2.11 one can show that if (u,p) is a solution of
(2.37) then u is a solution of (2.36). It can be shown that if the solution u
of (2.37) is assumed to be sufficiently smooth then a pressure p € L2(0,T; Q)
exists such that the pair (u,p) is a solution of (2.37). For a treatment of this
topic and a discussion of other similar weak formulations of the Navier-Stokes
equations we refer to the literature, e.g. [235, 165].
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Finite element discretization

In this chapter we treat finite element methods for the discretization of the
variational Oseen problem (2.21) and for the spatial discretization of the varia-
tional formulation of the non-stationary Stokes- and Navier-Stokes equations.
We restrict ourselves to the class of Hood-Taylor finite elements on tetrahe-
dral grids. In order to perform local grid refinement/coarsening in an efficient
way, which is very important in two-phase flow applications, and to be able
to use fast multigrid iterative solution methods we will apply such finite el-
ement methods not on one grid but on a hierarchy of nested triangulations.
The construction of such a multilevel grid hierarchy is discussed in Sect. 3.1.
In Sect.3.2 the Hood-Taylor finite element spaces are treated. We present
a numerical example in Sect. 3.3, where the approximation order of such a
Hood-Taylor finite element space is investigated.

3.1 Multilevel tetrahedral grid hierarchy

3.1.1 Multilevel triangulation

We first introduce some notions.

Definition 3.1.1 (Triangulation) A finite collection 7 of tetrahedra T C 0
is called a triangulation of {2 (or (2) if the following holds:

L Uper T =1,
2. int(S)Nint(T) =0 forall S, 7 €T with S #1T.
Here int(U) denotes the interior of the set U C 2.

Definition 3.1.2 (Consistency) A triangulation 7 is called consistent if
the intersection of any two tetrahedra in 7 is either empty, a common face, a
common edge or a common vertex.
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Definition 3.1.3 (Stability) A sequence of triangulations (7g, 71, T2, . . .) is
called stable if all angles of all tetrahedra in this sequence are uniformly
bounded away from zero.

This notion of stability is important in view of the approximation quality of
finite element spaces which are based on these triangulations. It is known that
a deterioration of the approximation quality may occur if the underlying trian-
gulations contain (many) tetrahedra with very small angles. This undesirable
effect is avoided if the triangulations are stable.

Definition 3.1.4 (Refinement) For a given tetrahedron T a triangulation
K(T) of T is called a refinement of T if |[IC(T')] > 2 and any vertex of any
tetrahedron 7" € K(T) is either a vertex or an edge midpoint of 7. In this
case T" is called a child of T and T is called the parent of T'.

A refinement K(T) of T is called regular if [IC(T)| = 8, otherwise it is
called irregular.

A triangulation 7y is called refinement of a triangulation 7, # Ty if
for every T' € Ty, either T' € Tyy1 or K(T') C Tj41 for some refinement IC(7")
of T.

Definition 3.1.5 (Multilevel triangulation) A sequence of consistent tri-
angulations M = (Tp,...,7T;) is called a multilevel triangulation of 2 if the
following holds:

1. For 0 <k < J: Tg41 is a refinement of 7.
2. For0< k< J:if T €T NTyy1, then T € 7.

The tetrahedra T € 7 are called the leaves of M. Note that T is a leaf iff T
has no children in M.

A tetrahedron T € M is called regular if T € 7y or T resulted from a
regular refinement of its parent. Otherwise T is called irregular.

A multilevel triangulation M is called regular if all irregular 7' € M are
leaves (i.e., have no children in M).

Ty is called the coarsest or initial triangulation, T is called the finest
triangulation.

Remark 3.1.6 Let M be a multilevel triangulation and V, (0 < k < J)
be the corresponding finite element spaces of continuous functions p € C(12)
such that pp € P, for all T € 7;, (¢ > 1). The refinement property 1 in
Definition 3.1.5 implies nestedness of these finite element spaces: Vi, C V1.

Definition 3.1.7 (Hierarchical decomposition of M) Consider a multi-
level triangulation M = (7p,...,7;) of £2. For every tetrahedron T € M a
unique level number ¢(7T') is defined by

UT):=min{k: TeTy}.
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The set Gy C 7y,
Gy ={TeT,: UT)=k}

is called the hierarchical surplus on level k, k =0,1,...,.J. Note that
QO:’]E), gk:%\%_l fOI‘k:L...7J.

The sequence H = (Go, - .., Gy) is called the hierarchical decomposition of M.
Note that the multilevel triangulation M can be uniquely reconstructed from
its hierarchical decomposition due to refinement property 2 in Definition 3.1.5.

Remark 3.1.8 The hierarchical decomposition induces simple data struc-
tures in a canonical way. The tetrahedra of each hierarchical surplus Gy are
stored in a separate list. Thus every tetrahedron T € M is stored exactly
once since T has a unique level number ¢(7"). By introducing unique level
numbers also for vertices, edges and faces, these sub-simplices can be stored
in the same manner: For a sub-simplex S the level number #(S) is defined as
the level of its first appearance. In the implementation some of these objects
are linked to others by pointers, for example, a tetrahedron is linked to its
vertices, edges, faces, children and parent.

3.1.2 A multilevel refinement method

In this section we describe a refinement and coarsening algorithm which is
essentially the method presented in [37, 38]. This method is based on sim-
ilar ideas as the refinement algorithms in [21, 26]. We restrict ourselves to
tetrahedral meshes. However, the method can easily be modified such that
it is applicable to other element types such as, for example, hexahedra and
pyramids. Although this method is usually called a refinement method, it is
also applicable for coarsening triangulations. The hierarchical structure of M
is essential for the coarsening strategy. In general, if only one (i.e. a one-level)
triangulation is given it is relatively easy to apply a local refinement method
to it, but a local coarsening algorithm is much harder to develop. The hier-
archical structure, however, makes it possible to treat local coarsening in a
similar manner as local refinement.

The refinement strategy is based on a set of regular and irregular refine-
ment rules (also called red and green rules, due to [21]), which are described
in the following two sections. The regular and irregular rules are local in the
sense that they are applied to a single tetrahedron. These rules are applied
in a (global) refinement algorithm that describes how the local rules can be
combined to ensure consistency and stability, cf. Definitions 3.1.2 and 3.1.3.

The regular refinement rule

Let T be a given tetrahedron. For the construction of a regular refinement of
T it is natural to connect midpoints of the edges of T' by subdividing each
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of the faces into four congruent triangles. This yields four sub-tetrahedra at
the corners of T (all similar to 7') and an octahedron in the center. This
octahedron is further subdivided into four sub-tetrahedra with equal volume
(cf. Fig.3.1). For this subdivision there are three different possibilities (each
corresponding to one of three possible interior diagonals). This octahedron
subdivision has to be chosen carefully in order to satisfy the stability condi-
tion. In [262] it is shown that always (i.e. in a repeated refinement procedure)
selecting the longest diagonal will in general lead to non-stable triangulations.
A stable tetrahedral regular refinement strategy, based on an idea from [112],
is presented in [37, 39]. We recall this method.

p

Fig. 3.1. Regular refinement.

Let T = [z, 23 20) 2] be a tetrahedron with ordered vertices z(),
2@ 2®, 2@ and

. 1 . .
20— 5(x(l) + x(J)), 1<i<j<d4,
the midpoint of the edge between z(?) and z(). The regular refinement
K(T) :={T1,...,Ts} of T is constructed by the (red) rule
Ty = [z, 202 £08) 09 Ty = [2(12) g(13) 2014 5]
Ty = [55(12)’3;(2)7 (23) 2] Ty = [202) 2(13) 5(23) (2]
Ty = 209, 5@ 20 560) T m (9 510 40 geo) G
Ty = [z, 229 5 34) @), Tyo= [209), 203 229 269,

Ti,...,T4 are the sub-tetrahedra at the corners of T', and T%, ..., Ty form the
octahedron in the middle of T In [39] it is shown that for any T the repeated
application of this rule produces a sequence of consistent triangulations of T’
which is stable. For a given T all tetrahedra that are generated in such a re-
cursive refinement process are elements from at most three different similarity
classes. This guarantees stability of the resulting triangulations.
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Irregular refinement rules

Let 7 be a given consistent triangulation. We select a subset S of tetrahedra
from 7 and assume that the regular refinement rule is applied to each of the
tetrahedra from S. In general the resulting triangulation 7’ will not be con-
sistent. The irregular (or green) rules are used to make this new triangulation
consistent. For this we introduce the notion of an edge refinement pattern.
Let Fy,..., Eg be the ordered edges of T' € 7. We define the 6-tuple

R(T) = (r1,...,76) € {0,1}°
by:

e r; =1if E; is an edge of a tetrahedron S € S (i.e., edge E; is refined and
has two sub-edges in 7’) and
e r; = 0 otherwise (i.e., edge E; is not refined).

ForT € S we have R(T') = (1,...,1). For T € T\ S the case R(T) = (0, ...,0)
corresponds to the situation that the tetrahedron 7" does not contain any
vertices from 7’ at the midpoints of its edges. For each of the 26 — 1 possible
patterns R # (0,...,0) there exists a corresponding refinement C(T") of T (i.e.
a rule of the form as in (3.1)) for which the vertices of the children coincide
with vertices of T' or with the vertices at the midpoints on the edges E; with
r; = 1. This refinement, however, is not always unique. This is illustrated in
Fig. 3.2.

Fig. 3.2. Non-unique face refinement.

To obtain a consistent triangulation in which the subdivisions of adjacent
faces of neighboring tetrahedra match special care is needed. One way to
ensure consistency is by introducing a so-called consistent vertex numbering;:

Definition 3.1.9 (Consistent vertex numbering) Let 77 and T be two
adjacent tetrahedra with a common face F' = T1NT5 and local vertex ordering

T, = [a:l(l),a:l(m,xl(s),xl@)], 1=1,2.

The pair (T1,T>) has a consistent vertex numbering, if the ordering of the
vertices of F' induced by the vertex ordering of 77 coincides with the one
induced by the vertex ordering of T5. A consistent triangulation 7 has a
consistent vertexr numbering if every two neighboring tetrahedra have this

property.
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Remark 3.1.10 A consistent vertex numbering can be constructed in a sim-
ple way. Consider an (initial) triangulation 7 with an arbitrary numbering of
its vertices. This global numbering induces a canonical local vertex ordering
which is a consistent vertex numbering of 7. Furthermore, each refinement
rule can be defined such that the consistent vertex numbering property of the
parent is inherited by its children by prescribing suitable local vertex order-
ings of the children. (3.1) is an example of such a rule. Using such a strategy
a consistent triangulation 77 that is obtained by refinement of 7 according
to these rules also has a consistent vertex numbering.

Assume that the given triangulation 7 has a consistent vertex numbering. For
a face with a pattern as in Fig. 3.2 one can then define a unique face refine-
ment by connecting the vertex with the smallest number with the midpoint
of the opposite edge. For each edge refinement pattern R € {0,1}5 we then
have a unique Tule. We emphasize that if for a given tetrahedron T the edge
refinement pattern R(7T) is known, then for the application of the regular or
irreqular rules to this tetrahedron no information from meighboring tetrahedra
is needed. Clearly, for parallelization this is a very nice property.

Multilevel refinement algorithm

Above we discussed how consistency of a triangulation can be achieved by
the choice of suitable irregular refinement rules based on the consistent ver-
tex numbering property. We will now explain how the regular and irregular
rules can be combined in a repeated refinement procedure to obtain a stable
sequence of consistent triangulations. The crucial point is to allow only the re-
finement of regular tetrahedra, i.e., children of irregularly refined tetrahedra,
also called green children, are never refined. If such a green child 7 is marked
for refinement, instead of refining 7' the irregular refinement of the parent
will be replaced by a regular one. As the application of the regular rule (3.1)
creates tetrahedra of at most 3 similarity classes (cf. [112, 39]), the tetrahedra
created by a refinement procedure according to this strategy belong to an
a-priori bounded number of similarity classes. Hence the obtained sequence
of triangulations is stable.

We explain the idea of the so called red-green refinement strategy by a
simple 2D example. We use triangles instead of tetrahedra and first illustrate
the action of a one-level refinement method. Consider the triangulation 7; as
depicted in Fig. 3.3.

In 77 two triangles are marked (by shading) for refinement. A one-level
refinement algorithm (like the one described in [21]) only uses the finest trian-
gulation 77 as input. It first applies the regular refinement rule (the so called
“red refinement”) to marked regular triangles and to the parents of green
children, which are either marked or neighbors of marked triangles — green
children are never refined because of stability reasons. This red refinement
yields an inconsistent triangulation (cf. Fig. 3.4 in the middle). Thus in the
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To T

Fig. 3.3. Initial multilevel triangulation with some leaf tetrahedra marked for re-
finement (indicated by shading).

next step appropriate irregular refinement rules are applied to avoid hanging
nodes (“green closure”). The output of the one-level refinement algorithm is
the new triangulation 73 (cf. Fig. 3.4 on the right).

Fig. 3.4. One-level red/green refinement.

The new triangulation 75 is consistent, but not a refinement of 77 in the
sense of Definition 3.1.4. Due to this, the corresponding FE spaces are not
nested. Another disadvantage of this one-level approach is the fact that it is
not obvious how to treat (local) coarsening of the triangulation.

We now turn to a multilevel refinement strategy. In such methods both
input and output are multilevel triangulations (cf. Definition 3.1.5). In general
such an algorithm not only affects the finest triangulation like in the case of the
one-level method, but the whole multilevel triangulation. This is illustrated
in the example below.

For the description of the multilevel refinement algorithm we introduce
the notions of status and mark of a tetrahedron. Let M = (7y,...,7;) be
a multilevel triangulation that has been constructed by applying the regular
and irregular refinement rules and let H = (Go, ..., Gs) be the corresponding
hierarchical decomposition. Every tetrahedron T" € H is either a leaf of M
(i.e., T € Tj) or it has been refined. The label status is used to describe this
property of T":

NoRef  if T is a leaf of M,
For T e€H: status(T) = < RegRef if T is regularly refined in M,
IrregRef if T is irregularly refined in M.

The label IrregRef also contains the number of the irregular refinement rule
(one out of 63) that has been used to refine T, i.e., the binary representation
of status(T") coincides with the edge refinement pattern R(T') of T.

In adaptive refinement an error estimator (or indicator) is used to mark
certain elements of 7 for further refinement or for deletion. For this the label
mark is used:
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Ref if T € 7T; is marked for refinement,
For T e€H: mark(T) =< Del if T € T; is marked for deletion,
status(T) otherwise.

Hence, mark(T') € {Ref, Del, NoRef, RegRef, IrregRef}. We describe a multi-
level refinement algorithm known in the literature. The basic form of this
method was introduced by BASTIAN [25] and developed further in the UG-
group [26, 27, 245]. We use the presentation as in [37, 38], which is shown in
Algorithm 3.1.11.

Algorithm 3.1.11 (Multilevel refinement)

Algorithm Refinement(Gy,...,Gj)

for k=J,...,0 do // phase I
DetermineMarks(Gy,); (1)
MarksForClosure(Gy); (2)

for k=0,...,J do if Gy # 0 then // phase II
if k>0 then MarksForClosure(Gy); (3)
if k< J then Unrefine(Gy); 4
Refine(Gy);

if G;=0 then J:=J-1;

5
6
else if Gy 1 #0 then J:=J+1; 7

(4)
()
(6)
(7)

The input of the algorithm Refinement consists of a hierarchical decom-
position

H:(g()v‘"vgJ)

in which all refined tetrahedra T are labeled by mark(7") = status(7T’) according
to their status and the unrefined 7' € 7; (i.e. the leaves) have mark(T) €
{NoRef, Ref, Del}. The output is again a hierarchical decomposition, where all
tetrahedra are marked according to their status.

The main idea underlying the algorithm Refinement is illustrated using
the multilevel triangulation M = (7p,7;) shown in Fig. 3.3. The hierarchical
decomposition H and the corresponding marks are shown in Fig. 3.5.

Note that for the two shaded triangles in G; we have status(T") # mark(T).
For all other triangles status(T') = mark(7T) holds. In phase I of the algo-
rithm (top—down: (1),(2)) only marks are changed. In DetermineMarks some
tetrahedra are labeled with new marks, which are of the type RegRef (for
red refinement) or NoRef (for coarsening). The green closure marks are set
in MarksForClosure, where appropriate irregular refinement marks are deter-
mined from the edge refinement patterns to avoid hanging nodes.

Once phase I has been completed the marks have been changed such that
mark(T') € {NoRef, RegRef, IrregRef} holds for all T' € H, cf. Fig.3.6. All green
children in G; have mark(T) = NoRef, as they are not refined because of
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mark(T") = NoRef

A mark(T") = RegRef
A A mark(T") = IrregRef

mark(T') = Ref

B>

Fig. 3.5. Input hierarchical decomposition.

TR
ZAVESVIN
g;ew
g~1 ° ° ° glnew L] . . .
Fig. 3.6. Phase I: new marks, result- Fig. 3.7. Phase II: Output hierarchi-
ing in G1 and Go. cal decomposition (go G ,Gs ).

stability reasons. Instead the corresponding irregular refined parents in Gy are
labeled by mark(T") = RegRef.

In the second phase (bottom—up: (3)-(5)) the actual refinement (coarsening
is not needed in our example) is constructed: A call of Unrefine(Gy) deletes
all tetrahedra, faces, edges and vertices on level k + 1, which are not needed
anymore due to changed marks. In the subroutine Refine(Gy) all T € Gy
with mark(7T") # status(T") are refined according to mark(7T") and new objects
(tetrahedra, faces, edges, vertices) on level k + 1 are created. A subsequent
call to MarksForClosure in (3) computes the appropriate refinement marks
for the new created tetrahedra in the next sweep of the for-loop.

In the output hierarchical decomposition

new new new

Hnewz(go agl 7g2 )
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we have mark(T") = status(T) for all T € H**Y, cf. Fig. 3.7. The output multi-
level triangulation M™% = (7, , 7, , T, ) is reqular (cf. Definition 3.1.5)
and is given by

new new new new new new

T =G .1, =6 , 71, =6 U{Tegfew : mark(T):NoRef}.
Note that 7, = To, 7, # 7; (!) and that the new finest triangulation
T, is the same as the triangulation 73 in Fig.3.4 resulting from the one-
level algorithm.

A more detailed discussion of the subroutines in algorithm Refinement is
given in [37, 38, 125].

The multilevel method is more complicated than the one-level algorithm,
but also offers important advantages: Property 1 of Definition 3.1.5 assures
the nestedness of the corresponding finite element spaces, cf. Remark 3.1.6.
The multilevel structure also allows to treat local refinement and coarsening
in a similar way.

Remark 3.1.12 A version of the algorithm that is suitable for parallel im-
plementations has been developed and is described in [125, 127]. It is based
on a formal description of the distributed geometric data which is very suit-
able for parallelization. This formal description was introduced in [125] and is
called an admissible hierarchical decomposition. It is proved that the applica-
tion of the multilevel refinement algorithm to an input admissible hierarchical
decomposition again yields an admissible hierarchical decomposition. To ob-
tain satisfactory parallel efficiency this parallel refinement algorithm should
be combined with a suitable load balancing strategy. Both the parallel refine-
ment algorithm and a load balancing strategy have been implemented and are
components of a parallel version of the DROPS package, cf. [90].

3.2 Hood-Taylor finite element spaces

In this section we treat the main topics related to the popular class of so-
called Hood-Taylor finite elements for the (spatial) discretization of one phase
incompressible flow problems. We introduce these spaces for the d-dimensional
case, d < 3. In our applications we are particularly interested in d = 3.

3.2.1 Simplicial finite element spaces

Let §2 be a domain in R? and 7;, = {T'} a subdivision (or triangulation) of {2
in a finite number of simplices T'. This triangulation is called consistent if the
following holds:

1. UTETh,T = ﬁv
2. intTy Nint Ty = (0 for all T,T5 € 7;“ T 7é T,
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3. any (d — 1)—dimensional subsimplex of any T} € 7}, is either a subset of
012 or a subsimplex of another Ty € 7},.

This definition generalizes the one given in Definition 3.1.2 for the case d = 3.
Let {75} be a family of triangulations and hy := diam(T") for T' € 7j,. The
index parameter h of 7 is taken such that

h=max{ hr: TeT,}.
Furthermore, for T' € 7;, we define
pr :=sup { diam(B) : B is a ball contained in T }.

A family of consistent triangulations {7} is called regular if

1. The parameter h approaches zero: inf { h: 7, € {T} } =0,
2. 30 : Z—:SaforallTeﬂandallThe{ﬂ}.

For d = 3 a sequence of consistent tetrahedral triangulations satisfies con-
dition 2 iff the sequence is stable (Definition 3.1.3).

The space of polynomials in R? of degree less than or equal k > 0 is
denoted by Py, i.e., p € Py is of the form

p(z) = Z YaZilxy? ...zl Yo € R.
la|<k

The dimension of Py, is

dim Py, = (dzk) (3.2)

The spaces of simplicial finite elements are given by
Xp={velL*2):vp Py forall TET,}, (3.3a)
Xp={veC@):vyrePy forall T€T,}, k>1.  (3.3b)

These spaces consist of piecewise polynomials which, for k > 1, are continuous
on (2.

Remark 3.2.1 One can show that X¥ c H*(£2) holds for all k > 1.

We will also need simplicial finite element spaces with functions that are zero
on 0f2:
XF o =XpNHy(2), k>1 (3.4)

The values of vz € Py can be determined by using suitable interpolation
points in the simplex T'. For this it is convenient to use barycentric coordinates:

Definition 3.2.2 Let T be a non-degenerate d-simplex and a; € R?, j =
1,...,d+ 1 its vertices. Then T can be described by
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d+1 d+1
T=3S> Naj:0< X <1 VG Y A=15. (3.5)
To every x € T there corresponds a unique (n + 1)-tuple (A1, ..., Ap41) as in

(3.5). These A, 1 < j < d+1, are called the barycentric coordinates of x € T'.
The mapping z — (A1, ..., Ag+1) is affine.

Using these barycentric coordinates we define the set

d+1 d+1
Li(T) = q Y _Naj : A e{o 1}VJ7Z)\—1 7
j=1

which is called the principal lattice of order k (in 7). Examples for d = 3 and
k =1,2 are given in Fig. 3.8.

Fig. 3.8. Principal lattice, d = 3, k = 1 (left) and k = 2 (right).

d+k
k

used to determine a unique polynomial p € Py:

This principal lattice consists of ) points (cf. (3.2)) and these can be

Lemma 3.2.3 Let T be a non-degenerated d-simplex. Then any polynomial
p € Py is uniquely determined by its values on the principal lattice Ly(T).

Using this lattice, for u € C(£2) we define a corresponding function Ifu €
L?(02) by piecewise polynomial interpolation on each simplex T’ € Tj:

VT eT,: (I’X“u)|T € Py, such that (Ifu)(z;) = u(x;) ¥V x; € Lp(T). (3.6)

The piecewise polynomial function I§u is continuous on {2:

Lemma 3.2.4 For k > 1 and u € C(2) we have Ifu € X¥.

Proof. We consider the case d = 3, k = 2, cf. Fig.3.8 (right). By definition
we have IZu € Pa, thus we only have to show that I2u is continuous across
triangular faces between adjacent tetrahedra T3, T5. Define p; := (I%u)m, i =
1,2. At the six interpolation points z;, j = 1,...,6, on the face T1 N1 we
have pi(z;) = p2(z;) = u(z;). The functions (p;)r,nr, are two-dimensional
polynomials of degree 2, which are uniquely determined by the six values
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pi(z;). We conclude that p; = ps on T1 NT» and thus Iggu is continuous across
Ty N T5. Similar arguments can be applied to prove the result for the general
case. O

Using the embedding result H™(£2) «— C(£2) for m > ‘—2{, cf. (2.15), we obtain
the following corollary.

Corollary 3.2.5 For £ > 1, m > 2 we have:

ueXy forall ue H™(R),
IfueXj, forall we H™(2)NH)(R).

Using interpolation error bounds one can derive the following main result.

Theorem 3.2.6 Let {7} be a regular family of triangulations of 2 con-
sisting of d-simplices and let Xﬁ be the corresponding finite element space
as in (3.3b). For2<m <k+1 andt € {0,1} the following holds:

|u — ull; < CR™ Hulm  for all we H™(R). (3.7
Recall that || - ||; and |- |, are the norm on H'(§2) and the semi-norm on
H™(§2), respectively, and that || - ||o = || - ||z2. A proof of this result can be

found in many textbooks on finite element methods, e.g. [70, 48, 53, 106]. As
a direct consequence of this interpolation error bound we obtain the following
approximation error bound.

Theorem 3.2.7 Let {7} be a regular family of triangulations of 2 con-
sisting of d-simplices and let X XZ o be the corresponding finite element
space as in (3.3b), (3.4). For 2 < m<k+1andt € {0,1} the following
holds:

inf |ju—wvplle < CR™ |y for all uwe H™(R), (3.8a)
1);L€X

inf u—vnlle < Ch™ |y for all uw € H™(2) N Hy(£2). (3.8b)
UhEXh,O

A function u € H*(£2) is not necessarily continuous and therefore it may be
that the nodal interpolation I§u is not well-defined. Other quasi-interpolation
operators (e.g. so-called Clement interpolation) have been developed that are
well-defined for v € H'({2). Using these one can prove the approximation
result

inf ||u —wp|lz2 < Chluly for all w € HY(2), k> 0. (3.9)

vp €X h
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3.2.2 Hood-Taylor finite element discretization of the Oseen
problem

In this section we use the simplicial finite element spaces XfL introduced above
for the discretization of the variational Oseen problem in (2.21). We apply the
abstract results on the Galerkin discretization of saddle point problems given
in the Appendix, Sect. 15.3, to the variational Oseen problem (2.21). Let V,
and @y be finite dimensional subspaces of V.= H}(2)3 and Q = L3(12),
respectively. Then the Galerkin discretization of the Oseen problem (2.21) is
as follows:

Find up € Vj, and pp € Qp, such that

Em(uy, vy) + a(up, vi) + c(up, vp) + b(vy, pr) = (8, vh) L2 Vv, €V,
b(un,qn) =0 Vg, € Qn (3.10)

This is of the form (15.20) with bilinear forms

a(u,v) =&m(u,v) +a(u,v) + c(u,v) on VxV,

R (3.11)
b(u,q) =b(u,q) on V x Q.

The right-hand sides are given by fi(v) = (g,Vv)r2, fa = 0. We recall the
definitions of the bilinear forms:

m(u7v):/u~vd:r7 a(u7v):i/Vu~Vvdx,
Q Re Jq

c(u,v) =c¢(w;u,v) = /

(w-Vu) - vdz, b(mq)z—/qdivudaz.
Q Ie;

The bilinear form b(-,-) satisfies the inf-sup condition (15.21a) in Theo-
rem 15.3.5, cf. (2.24) in Sect.2.2.2. We make the assumption £ — %divw >0
on {2, also used in Theorem 2.2.4. Then the bilinear form a(-,-) satisfies the
ellipticity condition (15.21b) in Theorem 15.3.5. In view of the discrete inf-sup
condition (15.21¢) we introduce the following definition.

Definition 3.2.8 The pair (V},, @},) is called stable if there exists a constant
B > 0 independent of h such that

b
sup (Vha qh)

> Bllgnlle for all g, € Qp. (3.12)
VREVH ||Vh||1
O

In the literature this is also often called the LBB stability condition of the
finite element pair (Vp,, @Qn) (due to Ladyzenskaya, Babuska, Brezzi).
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LBB-stable pairs of finite element spaces

We now turn to the question which pairs of finite element spaces can be used
for the Galerkin discretization of the Oseen problem. In view of the simplicial
finite element spaces introduced in Sect. 3.2.1 we consider the following so-
called Hood-Taylor pair:

(X X5 NLE(R), k>1. (3.13)

The following remark shows that the issue of LBB-stability needs a careful
analysis.

Remark 3.2.9 Take d = 2, 2 = (0,1)? and a uniform triangulation 7,
of 2 that is defined as follows. For N € N and h := NL_H the domain
(2 is subdivided in squares with sides of length h and vertices in the set
{(th,jh): 0 <i,5 < N +1}. The triangulation 7}, is obtained by subdivid-
ing every square in two triangles by inserting a diagonal from (ih,jh) to
((i + 1)h, (j + 1)h). For the pair (Vi, Q) we take

(Vi Qn) == ((X3,0)%, X) N L3(£2) ).

The space V}, has dimension 2N? and dim(Q,) = 2(N + 1)? — 1. From
dim(V3) < dim(Qp) and Remark 15.3.6 it follows that the condition (3.12)
does not hold.

The same argument applies to the three dimensional case with a uniform trian-
gulation of (0, 1)3 consisting of tetrahedra (every cube is subdivided in 6 tetra-
hedra). In this case we have dim(V}) = 3N? and dim(Qp,) = 6(N +1)3 — 1.

This remark implies that in general for k¥ = 1 the Hood-Taylor pair in (3.13)
is not LBB stable. However, for k > 2 this pair is stable:

Theorem 3.2.10 Let {7y} be a regular family of triangulations consisting
of simplices. We assume that every T € Ty, has at least one vertex in the
interior of 2. Then the Hood- Taylor pair of finite element spaces with k > 2
is LBB stable.

For a proof of this important result we refer to the literature, [41, 42, 54].
Using this stability property of the Hood-Taylor finite element spaces the
following discretization error bound can be derived.

Theorem 3.2.11 Let {7} be a regular family of triangulations as in The-
orem 3.2.10. Consider the discrete Oseen problem (3.10) with Hood- Taylor
finite element spaces as in (3.13), k > 2. Suppose that & — %divw >0
holds and that the continuous solution (u,p) lies in H™(£2)3 x H™1(§2)
with m > 2. For 2 <m < k+ 1 the following holds:

[u—uplls +llp = prllrz < CR™ (|l + [plm-1),

with a constant C independent of h and of (u,p).
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Proof. We consider the bilinear forms a(-,-) and b(-,-) as in (3.11) and ap-
ply Theorem 15.3.5. Due to the inf-sup property (2.24) and the assumption
¢ — 2 divw > 0 the conditions (15.21a) and (15.21b) are satisfied (cf. The-
orem 2.2.4). Due to the LBB stability of the Hood-Taylor pair (3.13) with
k > 2 the discrete inf-sup condition (15.21¢) is fulfilled with a constant [
independent of h. For the approximation error corresponding to the Hood-
Taylor finite element spaces the results in Theorem 3.2.7 and in (3.9) can be
used:

inf Jlu—wplh < C’hm*1|u|m7
UhEXﬁYO

inf_, Ip = anllz2 < CH™ 7 [pln-s.

qn€X),
This completes the proof. O

Note that in this theorem sufficient regularity of the Oseen problem is required,
namely that the solution (u,p) lies in the space H™(£2)? x H™~1(§2) with
m > 2. For a discussion of this regularity issue we refer to the literature. If
this regularity assumption holds both for the Oseen problem (2.21) and for
the corresponding adjoint problem, i.e. a problem as in (2.21) with w replaced
by —w, then a discretization error bound

lu—upllre < CA™ ([ulm + [pln-1) (3.14)

can be shown to hold, with C independent of h and of (u, p).

Remark 3.2.12 For the (generalized) Stokes equations we have w = 0 and
thus the problem is symmetric, i.e. the adjoint problem equals the original
one. It is known ([160, 63, 75]) that for this case the regularity property
(u,p) € H™(N2)? x H™ (), with m > 2, is satisfied for m = 2 if 2 is
convex and for the general case m > 2 if 942 is sufficiently smooth.

3.2.3 Matrix-vector representation of the discrete problem

Consider the variational discrete Oseen problem (3.10) with Hood-Taylor fi-
nite element spaces, (V,,Qp) = ((Xﬁ70)3, XEt N 12(90) ), k > 2. For com-
puting the unique discrete solution (up,prn) we introduce the nodal basis
functions in the simplicial finite element space Xfw which are defined as
follows. The union of all lattice points in Lg(T'), T € 7j, form the set of
grid points (x;)1<i<rx. Note that dim(XF) = K. To each of these grid points
there corresponds a nodal finite element function ¢; € X} with the property
¢i(x;) =1, ¢i(x;) = 0 for all j # 4. The set of functions (¢;)1<i<x forms the
nodal basis of XZ In case of Xﬁ,o only the nodal functions corresponding to
grid points in the interior of {2 are used. In case of vector functions. i.e. (XZ’O)‘{
with d > 1, to each grid point there correspond d of such nodal functions,
namely one for each of the d components in the vector function. Let {€;}1<i<n
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and {9; }1<i<x be such nodal bases of the finite element spaces V), = (Xfm)3
and X1 respectively. Hence, dim(Xﬁ)O)3 = N, dim(Xf™) = K. Consider
the representations

N

w =D u€y, W= (un . uy) (3.15)
j=1
K

pn=) iy, B=(p1,..,pK). (3.16)
j=1

Using this the discrete Oseen problem (3.10) can be reformulated as follows:

Determine i € RY, p € RX with (pj,1)72 = 0 such that

(FrAreEYE ([

where
Me RNVXN , Mij :/ 52 .53, dx (3.18a)
Q

1
AcRVN A =_— | V& - VE, 1
S ) J Re/n £’L £j daj (3 8b)

C=C(w) e RVN = Cy :/(w-vgj) &, dx (3.18c¢)
2

BecRN | By = /sz divg; da (3.18d)

feRY, E:/Qg-ﬁi dz. (3.18¢)

M, A, C are called mass matrix, diffusion matrix and convection matrix,
respectively. Matrices with a block structure as in (3.17) are called saddle point
matrices. Iterative solution methods for linear systems with such matrices will
be treated in Chap. 5.

3.2.4 Hood-Taylor semi-discretization of the non-stationary
(Navier-)Stokes problem

We recall the weak formulation of the non-stationary Stokes equations given
(2.34): Find u € W(0,T;V) and p € L*(0,T; Q), such that u(0) = ug and

%m(u(t),v) +a(u(t),v) +b(v,p(t)) =(g,v)rz VveV,

b(u(t),q) =0 Vged,

(3.19)



68 3 Finite element discretization

for almost all ¢ € [0, 7. For the spatial discretization of this problem we use
the Galerkin approach with a stable Hood-Taylor pair from (3.13):

(Vi Qn) = (X5 0)*, X5 N LG(2)), k>2.

Let ug,;, € Vi, be an approximation of the initial condition ug. The Galerkin
semi-discretization reads: Find up(t) € Vy, with u(0) = ug p, and pp(t) €
@y, such that:

im(uh(t)vvh) +a(un(t),vi) + b(vh, pa(t)) = (8, va)r2 ¥ vi € Vi,

dt
b(un(t),qn) =0 V qn € Qn,

for all t € [0,T7]. Let {&,}1<i<nv and {¢;}1<i<k be the standard nodal bases
of the finite element spaces Vyp,, Xﬁ_l and consider the representations

(3.20)

N
u,(t) = Zuj(t)gj, At) = (ui(t), ..., un(t)) (3.21a)

N

uo,h = ZUOJ‘SJ«, ﬁ() = (11,())17 N 7u())]\]) (321b)
j=1
K

pr(t) =D piOds,  BE) = (pr(D), .. px(t). (3.21¢)
j=1

Using this the Galerkin discretization can be rewritten as

Determine ti(t) € RY, p(t) € R¥ with 6(0) = dy and (px(t),1)r2 = 0 such
that
dd

dt

(t) + Ad(t) + BTB(t) = f (3.22)
0,

Bii(t)

for all ¢ € [0, T7,

with M, A, B and f as in (3.18).

Thus we obtain a system of differential algebraic equations (DAEs) for
the unknown vector functions 4(t), p(t). Time discretization methods for this
system are discussed in Chap. 4.

Lemma 3.2.13 The problem in (3.20), or equivalently (3.22), has a unique
solution.

Proof. A proof is given in Sect. 4.2, Remark 4.2.1. O

We derive a bound for the discretization error of the semi-discrete Stokes
problem in (3.20).
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Theorem 3.2.14 Let (u,p) and (up,pr) be the solution of (3.19) and
(3.20), respectively. Assume that (u,p) is sufficiently smooth: u €
CH[0,T); H™(£2)3), p € CH[0,T); H™ 1(2)) and that 2 < m < k + 1,
with k > 2. Furthermore, we assume that for the discretization of the sta-
tionary Stokes problem with Hood-Taylor finite elements the error bound
(3.14) holds (cf. Remark 3.2.12). Then the following holds for t € [0,T]:

[[u(t) —an(®)||zz < efCOtHuO —ug,nllr2 + ch™E(u,p), (3.23)
lu(t) —u, ()] < |u0—u0h|1+c(1+h\/_)hm LB (u, p), (3.24)
/ lp(7) )22 dT) < clug —ugpli + eVth™ B (u,p), (3.25)

with constants co > 0, c independent of h and t and

1

Ey(u.p) =) max (Ju@@)], + [P0, ).
£=0

Proof. Take w € Vg, := {veV:divv=0}, r € Q and define ¢(v) :=
a(w,v)+b(v,r), ve V. Then £ € V' and (w,r) is the unique solution of the
stationary Stokes problem
a(w,v) +b(v,r) =4(v) forall veV,
b(w,q) =0 forall q€@.

Let (wp, ) € Vi, X @Qp be the unique solution of the Galerkin discretization
of this problem. The mapping S : (w,r) — (wp,rp) is linear on Vi, X @ and
for w and r sufficiently smooth we have

Iw =il + lIr = rulle < A (Wl + 1), (3.26)

[w —wallr2 < k™ (|Wlm + |rlm-1), (3.27)
with constants ¢ independent of h and of (w,r). Let (u,p) and (uy, pp) be as
defined in the theorem. Define, for ¢ € [0,T], (wp(t),rn(t)) := S(u(t),p(t))
and
en(t) = u(t) — up(t) = (u(t) — wa(t)) + (Wn(t) — un(t)) =: pa(t) + Ou(t),
p(t) = pu(t) = (p(t) = () + (ra(t) — pa(t)) =: &n(t) + nu(?).

Note that 0,(t) € Vi, mu(t) € Qn and (W) (t),7},(t)) = LS(u(t),p(t)) =
S(u'(t),p'(t)). Due to (3.26), (3.27) we have
(t

lpn(®)[ln < ™ Ei(u, p), (3.28)
lon ()2 < ch™Ei(u,p), (3.29)
[ph ()2 < ch™Ei(u,p), (3.30)
1€n (1)1 L2 < ch™ L Ey(u, p). (3.31)
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Subtraction of the variational equations for (u,p) and (uy, py) results in
(e,(t), vi)r2 + alen(t), vi) + b(vh, p(t) — pu(t)) =0 for all vj, € V.
Using the definitions we obtain
a(pn(t), va) + b(vi, p(t) — pu(t)) = b(va,mn(t)) for all v, € V.
Using this and the splitting ey, (t) = pn(t) + 0r(t) we get
(O,(8), V)i +a(Oh(6),va) + bV () = —(Gh (O vi)e  (332)

for all vi, € Vj,. Based on this fundamental relation the following bounds can
be derived:

0,012 < e 0u0) 12+ ch" Bulwp),  (3.33)

10 (t)|1 < |01 (0)]1 4+ eVt K™ Ey(u, p), (3.34)

(] tonr)ar)” < clon(O)lee + eV B, (3.35)
(] 10hn)zar)” < clon@)s + evinm B, (3.36)

with constants ¢g > 0 and ¢ independent of h and t. We now prove these
inequalities. In (3.32) we take v, = 6,,(¢) and use that b(0,(t),nn(t)) = 0,
resulting in

1d

1
5 7 100 (ONIZ2 + 210 (D1 < ok ()] 2 168 (2) ] 2. (3.37)

Using the Poincaré-Friedrichs inequality [|65,(¢)||z2 < ¢|0k(t)|1 we obtain from
this

1d 11
5 g 10Oz + 57 0n O < ellph(B)]I72-

Integration over [0, ¢] results in

t t
/O |0.(7)|T d7 < cl|0n(0) 122 + C/O 15 (7)1 22 dr
< c|0n(0) 122 + cth®™ Ey(u,p)?,
which proves (3.35). From (3.37) we also obtain
d
160 ()12 108 @] 22 + collOn )17 < o) 2210 ]l 22,

with ¢g > 0, and hence

d
10Ol + collOn®)ll 2 < llph (t)]] 2
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Multiplication by e®! and integration over [0, ¢] yields

t
10 (6] L2 < €™ [|0n(0)]| 2 +/0 =D |pj, (7)| 2 dr

t
< efcot||0h(0)||L2 + ChmEt(ll,p) / eiCO(tiT) dr
0
< =04 (0) | 2 + ch™ Ey(w. ).

with ¢y > 0 and ¢ independent of h and ¢. Thus (3.33) holds. In (3.32) we now
substitute vy, = 67, (t). Using b(6}, (), nx(t)) = 0 we get

11d
8O3 + 5 7 10O < lI6h(0) 52167, (0] 22

1
< I3 + 316, (3.

and thus .
167, (D17 2 7 |9h( )T < lloh®)7

Integrating this results in

¢ 1 1 -
/O 104(T) 112 dT+E|9h(t)lf§§I9h(0)|?+cth2 Ey(u,p)?,

which proves the results in (3.34) and (3.36).

Using (3.33)-(3.36) we derive the bounds stated in the theorem. Note that
16n(0)[z> < [lea(0)llz> + llpn(0)l[z2 < [len(0)][z> + ch™ Ei(u, p) holds, and
thus, using (3.29) and (3.33) we get

len(®)llrz < 10n )Lz + lon(®)ll L2 < e (len(0)l L2 + ch™ Ey(u, p),
hence, the result in (3.23) holds. Similarly, from [0,(0)]1 < |en(0)]1 +
ch™~1E;(u, p) and (3.28), (3.34) we obtain

len ()1 < 10n()]1 + |on(t)1 < len(0)l + V™ Ey(u,p) + ch™ ' Ey(u, p)
= len(0)|1 + ch™ 1 (1 + \/%h)Et(mp),

which proves the result in (3.24). For the pressure error bound we use the
LBB stability property of the Hood-Taylor pair, which implies

b Vi, Nh t
@z < ¢ sup 2LVl
vVLEV]) ||Vh||1
Using the fundamental relation (3.32) this implies

IOl < ¢ sup Galdvi)re +a(n(t). va) + (P (), va) 2
C MEVs [vall

< c(l0,®)llz2 + 10a ()1 + o4 (1)l 22),
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and thus using (3.35), (3.36), (3.30) we get

1

([ 1)z dr)” < con(o)h +evinm Biup).

Finally, using (3.31) yields

¢ 1 t 1
([ 1) = puoe )™ < ([ (ol dr) ™ + Vi s a7
0 0 0<r<t
< clen(0)1 + eVth™ ! Ey(u, p),
and thus the pressure error bound (3.25) holds. O

Remark 3.2.15 The error bounds in this theorem show an optimal behavior
w.r.t. the rate of convergence for i | 0. If we use the Hood-Taylor pair with
index k£ > 2 (i.e., degree k polynomials for velocity and degree k — 1 for
pressure) and assume that the solution pair (u, p) is sufficiently smooth (m =
k+1) then Theorem 3.2.14 yields an h**! bound for the velocity L?-error and
an h* bound both for the velocity H'-error and the pressure L2-error. From
the result in (3.23) we see that in the L?-norm the discretization error in the
initial condition is exponentially damped for increasing t. The term F;(u,p)
quantifies the smoothness of the solution pair (u,p) on [0,¢]. Furthermore
note that in (3.24), (3.25) apart from a constant ¢ (independent of ¢) and
the smoothness measure E;(u,p) there are additional terms hv/t and /%,
respectively, which grow as functions of ¢. Such a ¢-dependent factor does not
occur in (3.23).

The same semi-discretization approach can be applied to the weak formulation
of the Navier-Stokes problem (2.37). The semi-discrete Navier-Stokes problem
is as follows: Find u(t) € Vi, pi(t) € Qn such that u(0) = ug, and for all
v, € Vj, and all qn € Qh:

@ a(n(0),va) + alun(t), va) + clun (0 un (1), v2) + b(vi, pn(8)) = (8 v1)z2

dt
b(un(t),qn) = 0,

for all t € [0, T]. Using the representations as in (3.21) this Galerkin discretiza-
tion can be rewritten as

Determine G(t) € RY, p(t) € RE with with d(0) = d and (px(t), 1)z =0
such that

Md—ﬁ(t) + AG(t) + N(G(t)d(t) + BTp(t) = f
0

dt (3.38)

for all t € [0, T].
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The nonlinear operator N is given by
N(@) = N(w,) € &Y, N(@)y = [ (w,-VE,) &, do.
Q

We obtain a nonlinear system of differential algebraic equations (DAESs) for
the unknown vector functions t(t), p(t). For a discretization error analysis of
this problem we refer to the literature [141, 142].

3.3 Numerical experiments

After the theoretical analysis in Sect. 3.2 we now present a numerical study
of the convergence behavior of the Hood-Taylor pair for £ = 2, cf. Theo-
rem 3.2.11. We consider two numerical experiments, namely the flow in a
rectangular tube (Sect. 3.3.1) and the flow in a curved channel (Sect. 3.3.2).

3.3.1 Flow in a rectangular tube

Let £2 = (0,L) x (0,1)? be a rectangular tube of length L > 0. Consider (3.10)
with £ = 0,w = 0 (i. e, the stationary Stokes case) where we prescribe the
boundary conditions (u,p)|z;—0 = (0, p)|s,=1 (periodic boundary conditions
in x1-direction) and u = 0 on the remaining boundaries. The right-hand side
is set to g = (1,0, 0), which can be interpreted as gravity force in x1-direction.
Then the analytic solution is given by u(z) = (Re s(xz2,23),0,0) and p = 0,
where s is the solution of the 2D Poisson problem

—As=1 on (0,1)%

with homogeneous Dirichlet boundary conditions. By Fourier analysis, s can
be expressed in terms of the Fourier series

16
s(w2,03) = —7 ), @2ic125-182i-1,2j-1(22,73), (w2,25) € (0,1)%, (3.39)
ij=1
with o, ; = W and s; ;(x2,x3) = sin(imxs) sin(jraes). In Fig. 3.9 we give
a plot of s.

The initial triangulation 7q is constructed by subdividing {2 into 4 x 1 x 1
sub-cubes each consisting of 6 tetrahedra. Then 7y is successively uniformly
refined 5 times by applying the regular refinement rule yielding 77, ...,75. In
our experiments we used L = 4 and Re = 1. In Fig. 3.10 the discrete velocity
uy, is illustrated for the triangulation 7s.

The discrete pressure py, is equal to zero (up to machine accuracy).Table 3.1
shows the dimension of the finite element spaces V, and @)} and the conver-
gence of uy, to u w.r.t. the L? and H' norm for different refinement levels. We
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Fig. 3.9. Solution s of the Poisson Fig. 3.10. Velocity u; visualized on
equation on the unit square. slice 1 = L/2.

#ref.| dimVy dimQpl|ju — up||p2 order|||u — upljs order
0 24 16| 9.63 E-3 — 717 E2  —
432 72| 2.06 E-3 222 | 1.89 E-2 1.92
4704 400 2.18 E-4 3.24 | 4.01 E-3 2.24
43200 2592 249 E-5 3.13 | 9.40 E-4 2.09
369024 18496| 3.02 E-6 3.04 | 2.30 E-4 2.03
5 13048192 139392 3.01 E-7 3.33 | 5.75 E-5 2.00

Table 3.1. Dimension of the finite element spaces and convergence behavior w.r.t.
L? and H! norm for different refinement levels.

=W N =

observe third order convergence w.r.t. the L? norm and second order conver-
gence w.r.t. the H' norm. These are the optimal rates which can be expected
in view of Theorem 3.2.11 and the L? bound (3.14), as u and p are sufficiently
smooth.

Note the (very) high dimension of the velocity space on level 5, due to
the fact that the number of tetrahedra grows with a factor of 8 in each re-
finement. Furthermore it is clear that the dimension of the pressure space is
much smaller than that of the velocity space.

3.3.2 Flow in a curved channel

Let 2 = {ac ER3: 0<m <L,—a(z) <x2 <alr),0 < w3 < 1}beachan—
nel of length L > 0 with a : [0, L] — (0, c0) defining the shape in xo-direction,
cf. Fig.3.11. In our experiment we set L = 4 and a(z1) = e~ **', a = 1/4.
Consider (3.10) with & = 0,w = 0 (i.e., the stationary Stokes case). We take
the pair (u,p) given by
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uy(x) o a’ (1)
a(z1)

1 (i)
up(x) = @) ug(x) =

1 2 ax 2 2 2 3
= —zx50e* (—« + 66 T + aeo‘xl — —€ axl.
p 52 ( ) 3

The velocity field u is divergence free. We take the right-hand side f :=
(—1a3a?e™™ (a? — 36e%**1), —923ae3*™1,0) such that the pair (u,p) is a
solution of (3.10). In our experiment we use boundary conditions (u, p)|zs—0 =
(u, p)|zs=1 (periodic boundary conditions in x3-direction) and Dirichlet bound-
ary conditions for u on the remaining part of the boundary.

LT

Fig. 3.11. Grid and pressure pj, visu-

Fig. 3.12. Velocity uy visualized on
alized on slice x3 = 0.5.

slice x3 = 0.5.

For the discretization of £2 we first introduce the auxiliary domain 2 =
(0,L) x (—1,1) x (0,1), which is discretized by 4 x 1 x 1 subcubes each subdi-
vided into 6 tetrahedra. The resulting initial triangulation 7y is then succes-
sively uniformly refined 5 times applying the regular refinement rule yielding
Ti,...,75. Using the mapping F : R? — R3, F(z) = (1, a(x1)z2, x3) the ver-
tices of 7; are mapped to the physical domain §2. For each level £ =0, ..., 5,
this induces corresponding triangulations 7, of polygonal domains {2y approz-
imating (2. The mapping is such that all vertices on the boundary of the
triangulation lie on the respective boundaries of £2. At the o = +a(x;) part
of the boundary, however, the boundary faces of the triangulation do not co-
incide with the curved boundary. A 2D slice of the triangulation 73 and the
corresponding pressure solution pj, is shown in Fig. 3.11. The velocity field uy
is depicted in Fig. 3.12.

Table 3.2 shows the dimension of the finite element spaces Vj, and @} and
the convergence of uy to u w.r.t. L2 and H' norm for different refinement
levels. For small grid sizes the convergence order of the velocity error w.r.t.
the H' norm tends to 1.5. This suboptimal behavior is due to the fact that a
part of 92 is curved and is approximated by a piecewise polygonal approxi-
mation. It is known, cf. [228], that due to this boundary approximation, with
quadratic finite elements in general one has only a suboptimal O(h!-3) error
behavior (w.r.t. the H' norm). The optimal order of 2 (cf. experiment in the
previous section) can be achieved by using so-called isoparametric elements
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#ref.| dimVy dimQp|||lu — up|p2 order||ju — unl||1 order|||p — pnl||r2 order
0 42 10| 1.45 E-1 — [ 839E-1 — |3.09E4+0 —
540 54| 9.76 E-3 3.89 | 9.02 E-2 322 | 6.18 E-1 274
5208 340| 950 E-4 336 | 143 E-2 266 | 1.48E-1 2.05
45360 2376] 219 E-4 212 | 343 E-3 206 | 3.65 E-2 2.02
377952 17680 5.96 E-5 1.88 | 1.15 E-3 1.58 | 9.07 E-3 2.01
5 3084480 136224 1.57E-5 192 | 411 E-4 148 | 227 E-3 2.00

Table 3.2. Dimension of the finite element spaces and convergence behavior w.r.t.
L? and H! norm for different refinement levels.

B~ W N =

which are defined on curved tetrahedra by applying a non-affine transforma-
tion to the reference tetrahedron. A short discussion on this topic can be found
in Sect. 3.4.

3.4 Discussion and additional references

In this monograph we restrict to finite element discretization approaches for
the incompressible Navier-Stokes equations. Other important discretization
methods, which are particularly popular among engineers, are based on finite
volume techniques. For an introduction to these methods we refer to [252,
108, 248].

We treated only the (very popular) Hood-Taylor finite element spaces.
These spaces are members of the family of conforming finite element spaces,
which means that the spaces (V},, @Qp) used for discretization are subspaces of
the spaces in which the weak formulation is well-posed. In our setting we have
V, C HY ()3, Qi C L3(£2). Below we briefly address a few issues related to
other finite element techniques for (Navier-)Stokes equations.

Other LBB stable pairs of conforming spaces. There are other conforming finite
element spaces that are used for the discretization of (Navier-)Stokes equa-
tions. We mention two well-known techniques. For this we need the barycen-
tric coordinates defined in Definition 3.2.2. Let by(x) := IT{  \;(z) be the
product of the barycentric coordinates for x € T'. This “bubble function” is a
polynomial of degree 4 in T that is zero on 0T It is extended by zero values

outside 7. Define
By:={veC(R2): vy €span(by) forall T€T,}.
The “mini-element” is defined as the pair of spaces (Vj,, Qp) with
Vi = (Xp0 ® Ba)®,  Qn=X; N L3(2),

i.e., for the velocity we use the space of continuous piecewise linears extended
by the space of bubble functions, and for the pressure we use the space of
continuous piecewise linears. An advantage of this pair compared to the Po— Py
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Hood-Taylor pair is that the mini-element allows a simpler data structure: for
the bubble functions one has one unknown per velocity component in each
tetrahedron and all other unknowns for velocity and pressure are located at
the vertices of the tetrahedra. The mini-element is one order less accurate
than the P, — P; Hood-Taylor pair.

In the Crouzeiz-Raviart pair of spaces one uses discontinuous pressure
approximations. For the velocity one uses continuous piecewise polynomials,
enriched (in order to guarantee stability) with bubble functions. More pre-
cisely:

Vi = {Ve 0(5)3; viT € (X%’O@le):s forall T € Th}
Qn={qeL3(): qreP forall TET,}.

Similar Crouzeix-Raviart pairs are defined using higher order polynomials.
Both the mini-element and the Crouzeix-Raviart pair are LBB-stable and
conforming spaces. The enrichment of the velocity space using the bubble
functions is important for the LBB stability property to hold. An extensive
treatment of these spaces is given in e.g. [121, 206].

LBB stable nonconforming spaces. In the nonconforming case one uses a finite
element pair (Vy,Qp) with Vi, € V or Q;, € Q. An example from this class
of finite element methods is the lowest order nonconforming Crouzeiz-Raviart
pair. We explain this pair. For a tetrahedron T the set of its 4 faces is denoted
F = {F}. The barycenter (center of gravity) of a triangle F' is denoted by CF.
We introduce the space of piecewise linear functions:

ViR = {v, e L*(2)® |[VT €T, : (vi)r €P1, [vilr(Cr)=0 VFe€F,
vi(Cr)=0 VYF CoR}.

Here [vy,]r denotes the jump of vj across the face F. Due to the fact that
functions from V{' T are not necessarily continuous across the faces of a tetra-
hedron, this space is nonconforming: V§'£ ¢ V. If for the pressure one uses
the (conforming) space X9 of piecewise constants, then the pair (V{#,X9)
is LBB stable. A detailed treatment of this and other nonconforming pairs is
given in [55, 74].

Unstable pairs: stabilization. Instead of using an LBB stable pair of finite el-
ement spaces for discretization of a saddle point problem, one can also use
an unstable pair and apply the technique of stabilization. We outline a popu-
lar technique introduced in [146]. Let (Vp, @) be a pair of conforming finite
element spaces, not necessarily LBB stable. To simplify the presentation we as-
sume that the pressure space Q;, contains only continuous pressure functions.
We consider the stationary Stokes problem in weak formulation: determine
(u,p) € V x Q = H}(2)? x L(£2) such that

a(u,v) +b(v,p) —b(u,q) = (g,v)r2 forall (v,q) eV xQ. (3.40)
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The stabilized discretization reads as follows: determine (up,pr) € Vi X Qp,
such that

a(up, vi) +0(Vh, pr) —b(Un, qn) + s, (Wn, Ph; Viy qn) = (8, Vi) L2 + 091 (Vh, qn)

for all (vi,qn) € Vi X Qp, with the stabilization terms

sh(Wh, Dh; Vi Qn)

1 1
Z 3. / — —Auy, + Vpy) - ( — —Avy + th) + div uy, div vy, dx,
TeT), Fe Fe

1
9n(Vh, qn) Z hi / - R_Avh + Van) d,
TeT), ¢

and a stabilization parameter 6 > 0. Due to the stabilization term it can be
shown that the bilinear form

(Uh, Pri Vi, qn) — a(up, vi) + (Vi pr) — b(Un, gn) + 6sn(Uk, Phi Vi, qn)

satisfies a discrete inf-sup condition (in suitable norms) on Vj, x @Qj with a
strictly positive inf-sup constant independent of h. This inf-sup property then
leads to (optimal) discretization error bounds. Note that in such a method one
has to choose an “appropriate” value for the stabilization parameter §. In the
literature this stabilization technique is known as a Galerkin/Least-Squares
method (GaLsS). To explain this name, we consider the Stokes problem in the

formal operator form
A BT\ (u\ (g
B0 p)  \0/J"

In the stabilization we add a term of the least-squares form

() Gr)- ()G G

The discretization method is consistent in the sense that if in the stabilization
term (up,pn) is replaced by the solution (u,p) of the continuous problem
(3.40) then the stabilization term is equal to zero. Due to this one still has
the important Galerkin orthogonality property. We will use a variant of this
method for the discretization of the level set equation in Sect.7.2. For more
explanation and other stabilization techniques we refer to the literature, e.g.
[106, 110, 206, 239].

Spectral and hp-finite element methods In this monograph we restrict ourselves
to the class of h-finite element methods. This means that in the finite element
spaces we use polynomials of a fixed low degree (e.g. the P>-P; Hood-Taylor
pair) and a desired accuracy of the discretization is obtained by taking a
mesh size that is sufficiently small (“h-refinement”). An alternative is to use a
fixed mesh size h and then use polynomials of (very) high degree to obtain an
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accurate discretization (“p-refinement”). This leads to the class of so-called
spectral methods, cf. [206]. If one uses a hybrid approach in the sense that in
the discretization both the mesh size and the polynomial degree (per element
T in the triangulation) are varied this leads to a hp-finite element method,
cf. [217].

Discontinuous Galerkin techniques. In the past few years the discontinuous
Galerkin method (DG) has received much attention. In this approach one
uses finite element spaces consisting of piecewise polynomials without inter-
element continuity requirement, i.e. instead of the space XZ, k>1,in (3.3b)
one uses

Xz,DG::{iﬂg—)RI vr € Py, forall TeT,}.

In order to enforce smoothness across the faces of the elements T, the bilinear
form is modified by adding suitable jump terms of the discrete test and trial
functions across the element faces. The DG approach can be combined with
stabilization techniques and due to the nice locality property (no continuity
requirement across the faces in the finite element space) its use in an hp-finite
element setting is very natural. Discontinuous Galerkin methods turn out to
be particularly suitable for hyperbolic and convection-dominated problems.
For further information we refer to the literature, e.g. [108, 16, 140].

Isoparametric finite elements. A further issue that is relevant in the context
of finite element methods is how to treat curved boundaries. The effect of an
inaccurate boundary approximation is seen in the numerical experiment in
Sect. 3.3.2. For an accurate boundary approximation so-called isoparamtric
finite elements are very useful. For a treatment of this standard finite element
technique we refer to the literature, e.g. [70, 53, 48].

Mass conservation property. In an incompressible flow problem in weak for-
mulation the mass conservation property is described by

/qdivudx:O for all q € L3(92).
Ie;

Hence, divu = 0 holds on {2, in L?-sense. In the discrete problem, with finite
element spaces Vj, and @, for velocity and pressure, respectively, one obtains
the variational equation

/ gndivupdr =0 forall ¢, € Qn, (3.41)
o)

for the discrete velocity solution u;, € Vj,. Such a function uy, is also called
discretely divergence-free. In general this does not imply divuy = 0 in (2
(in L%-sense) due to Qp # L3(£2). This leads to the issue of how well mass
is conserved in the finite element discretization. We briefly address two ap-
proaches that apply to the Hood-Taylor finite element method and result in
discretizations with good mass conservation properties.
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The first method is from [237] and is based on an extension of the pressure
finite element space by piecewise constants. Let X and Xﬁ,o be the polynomial
finite element spaces introduced in Sect. 3.2. For the velocity discretization we
use the same space as in the Hood-Taylor method , i.e., V;, = (Xﬁ)o)d, k> 2.
For the pressure we extend the Hood-Taylor pressure space by the space of
piecewise constants, i.e., we take Q; = (X1 UX?%) N L3(2). In [237] it is
proved that for k = 2, d = 2, the pair (V},, Q) is LBB-stable. In the discrete
variational equation (3.41) corresponding to this finite element pair one can
take, for T' € 7, the function qp(x) = 1+ cif x € T, gn(x) = c otherwise,
with a constant ¢ such that |, o n dz = 0 holds. This results in

Oz/divuhdm+c/ divuy, dz
T 2

:/divuhdm—i—c/ uh~nds:/divuhd3:,
T a0 T

where in the last identity we used that u;, = 0 on 2. Hence we obtain a
local mass-conservation property in the sense that fT divuy, dx = 0 holds for
all T € Tp,.

The second method is based on the so-called Scott-Vogelius finite element
pair [218]. In this pair, for the velocity one uses the same space as in the
Hood-Taylor method, i.e., V, = (Xﬁ,o)da k > 2, and for the pressure one uses
piecewise polynomials of degree k — 1 that are not necessarily continuous, i.e.

Qh:{veLg(Q):v‘TGPk,1 for all TG’]}L}.

In [218] it is proved that for d = 2 the pair (Vj,, Q) with k& > 4 is LBB-stable
provided the mesh does not contain any so-called nearly-singular vertices.
Further analyses of this pair can be found in [263, 264, 265]. We outline two
stability results for d = 3. For this we need special tetrahedral grids. Starting
from a regular tetrahedral triangulation 73 a so-called Hsieh-Clough-Tocher
triangulation is obtained by subdiving each tetrahedron T' € 7}, into 4 subte-
trahedra by connecting the barycenter of T' to the four vertices of T'. If each
tetrahedron of this Hsieh-Clough-Tocher triangulation is further refined into 3
subtetrahedra by connecting the barycenter of T' to each of the four barycen-
ters of the four tetrahedra adjacent to T" one obtains a so-called Powell-Sabin
triangulation. In [263] it is proved that on Hsieh-Clough-Tocher triangulations
the Scott-Vogelius pair (V, @) is LBB-stable for £ > 3. In [265] it is proved
that on Powell-Sabin triangulations the pair (Vj, @Q}) is LBB-stable for k = 2.
For the Scott-Vogelius pair (V,, Qp) one can take g, = divuy, + ¢ in (3.41),
with a constant ¢ such that |, o qn dz = 0 holds. Then one obtains

/ (divuy)*dz =0,
2

and thus the discrete velocity is divergence-free, i.e., a discrete mass con-
servation property divuy, = 0 in 2 (in L?-sense) holds. A relation between
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the Scott-Vogelius pair and the Hood-Taylor pair is derived in [62]. There
it is shown that if the Hood-Taylor discretization is applied to the Navier-
Stokes equation with grad-div stabilization, i.e., one adds a (consistent) term
~v(div up, div vp) 2 to the disrete momentum equation, then the resulting dis-
crete velocity uy, tends to ufv if v — oo. Here uf V' denotes the divergence-free
discrete velocity solution obtained by using the Scott-Vogelius pair Hence, for
the Hood-Taylor pair the mass conservation property can be improved (sig-
nificantly) if grad-div stabilization is used.

Type of triangulations. In this monograph we restrict ourselves to finite ele-
ments on tetrahedral triangulations. Finite element techniques, however, can
also be applied using a subdivision of the three-dimensional domain into,
for example, hexahedra or prisms. One can even use subdivisions consisting
of combinations of tetrahedra, hexahedra and prisms. An important class are
the tensor product finite elements (in the 2D case, these are also called quadri-
lateral finite elements). For a treatment of these we refer to standard finite
element literature.



4

Time integration

4.1 Introduction

Let I :=[0,t.], f: I = RN, F:RY — RY and up € RY. Consider an initial
value problem: determine u(t) € RY such that

%—i—F(u):f(t) for tel, wu(0)=up. (4.1)
As we will see further on, the Stokes- and Navier-Stokes systems of DAEs
in (3.22) and (3.38) take this form if one eliminates the pressure variable
by restricting to the subspace of (discrete) divergence free velocities. Re-
lated to existence and uniqueness of a solution of (4.1) we give a stan-
dard result from the literature (Picard-Lindeléf theorem). For b > 0 define
Gy = {veRY: |Ju—ug| <b} with || - | any given norm on RY. Assume
that for @ > 0 the function f : [0,a] — R is continuous and that F satisfies
the Lipschitz condition:

|F(v) — F(w)| < Lllv—wl| forall v,w € Gp. (4.2)

Then the initial value problem in (4.1) has a unique solution u(t) for ¢ € [0, &
with a := min{a,bL~'}. In the remainder we assume that f and F satisfy
these conditions (for suitable a,b, L) and that t. < a, i.e., (4.1) has a unique
solution.

We discuss a few discretization methods for the general problem (4.1). In our
applications the systems are very stiff and thus we need implicit methods. A
classical and still very popular method is the #-scheme:

un+1 —um

L S OF @) + (1= ) (") = 0f(tur1) + (1= 0)f(ta), (43)
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with 6 € [0,1]. For 6 = 1 this is the implicit Euler scheme and for § = % this
method is known as the Crank-Nicolson method. Another popular method is
the BDF2 scheme:

;u”“ —2u™ + %u”*l + AtF(u™Y) = Atf(tny1)- (4.4)
Note that the #-scheme is a one-step method, whereas the BDF2 method is a
linear two-step scheme. Another method that is used in our applications is the
following fractional-step 0-scheme. For a given 0 € (0, %), the fractional-step
f-scheme is based on a subdivision of each time interval [nAt, (n + 1) At] in
three subintervals with endpoints (n+60)At, (n4+1—0)At, (n+1) At. For given
u™ the approximations "¢ u"+1=¢ "1 at these endpoints are defined by

un+0 —yn
oA teF@)+ (- a)F(u") = f(t) (4.52)

unt1=0 _ nto
m +(1 — a)F(unJrlfO) +aF(un+0) _ f(thrlfO) (45b)

un+1 _ un+1—0
0 AL +aF "™ + (1= a)F(u" 7% = f(tns1-0).(4.5¢)

Standard measures for the quality of discretization methods for (stiff) ini-
tial value problems are consistency, stability, a smoothing property and the
amount of dissipativity. Below we treat these quality measures for the methods
that we consider.

Consistency

The implicit Euler method has a consistency order of 1. The Crank-Nicolson,
BDF2 and fractional-step #-scheme, with § = 1 + %\/5, all have consistency
order 2. We derive this consistency result for the fractional-step 6-scheme.

Lemma 4.1.1 Assume an arbitrary f € C?([0,t.]) and X\ € R. Let u(t) be the
solution o %—Au = f, u(0) = ug. Let u™*! be the result of the fractional-step
0-scheme (4.5) applied to this problem with u™ := u(t,). Then for 6 = 1£1y/2
we have

[u(tnrr) —u" T < c(At)?, (4.6)

with a constant ¢ independent of At and n.
Proof. We take § = 1+ 1+/2. For the solution u(t) we have

t
u(t) = e)‘(t_t")u(tn) —|—/ e)‘(t_T)f(T) dr, t>t,.
t

n
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Hence, with z := \At,

tn+1
u(tnt1) = e“u(tn) +/ M=) f(7) dr
t

n

A straightforward calculation, in which we use that 262 — 4 + 1 = 0 holds,
results in
u"t = g(2)u" + At[&(l +2)—(1—a)f?z+ (9(22)]f(tn)
[(1 0)(1+602)+ (1 —a)(30% —40 + 1)z + (’)(zz)} ftns1i-0) (4.7)
( Ju + At(O(1+ 2) f(tn) + (1 = O)(1 + 02) f(tnt1-0)) + O(AL),

with
(1+ (1 - a)82)* (1 + a(1 - 26)2)

g(z) := . (4.8)
(1-— a02)2(1 —(1—a)(1—20)z)
Taylor expansion results in
1
g(z)=1+z+ 522 [1+(1—2a)(20> =40+ 1)] + O(z*) (2 — 0).
For 6§ = li%\/iwe have 202 — 40 + 1 = 0 and thus
g(2) = e + O0(2?) (4.9)

holds. The quadrature rule fo t)dt ~ &v(0) + (1 —&v(1 — &) is exact for all
linear functions v iff £ =1+ 1 \/_ Thus for § =1+ %\/5 we have

tnt1
[ () dr = At(6 Flta) + (1= 0)c Flta-a) + O(AF)

n =At0(1+2)f(tn) + (1 — 0)(1 + 02) f(tns1-0)) + O(AL?).
Using this in combination with (4.7), (4.9) we get
"t = eFu(ty,) + A(O(L + 2) f(t,) + (1 — 0)(1 + 02) f(tny1-0)) + O(AL?)
= e*u(ty) + /t " A=) f(r)dr 4+ O(A?)
=u(tpt1) + OZAt3),
and thus the result is proved. O

A similar bound as in (4.6) can be derived for the case that F' is a nonlinear
function which satisfies the Lipschitz condition in (4.2). Thus for 6 = 1+1v/2
the fractional-step #-scheme has consistency order 2.
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Remark 4.1.2 For the fractional-step #-scheme to have consistency order 2
it is mecessary to take the value § =1+ % 2 in the following sense. Consider
the special case A =0, ug = 0, f(t) = ¢, n = 0. Then we have u(t1) = u(At) =
1(At)? and a simple computation yields u' = (1—6)%(At)%. Thus for (4.6) to
hold with a 0-value independent of At we need (1 — )% = %, ie,0=1% %\/5

Remark 4.1.3 Consider the following variant of the fractional-step #-scheme,
with G(u,t) == F(u) — f(t):

u’n+9 —u" )
W + aG(uﬂJr ’tn+9) + (1 _ a)G(un,tn) -0
unt1=0 _ nto - ,
(1 _ 29)At + (1 - a)G(unJr - 7tn+1—9) + OZG'(unJr ,tn+9) =0

un+1 _ un+179
AL

This scheme is equal to three steps of the f-scheme (4.3), where o or 1 — «
takes the role of 6 in (4.3), and for the three substeps we use time steps 0 At,
(1 — 20)At and 0At, respectively. For an accuracy analysis we consider the
same test problem as in Lemma 4.1.1 and take u™ := u(t,), 0 = lzlz%\/i. Along
the same lines as in the proof of Lemma 4.1.1 one can derive the following,
with z := AAt:

u'h = g(2)u" + (1= ) At[0(1 + 2) f(tn) + (1 = 0)(1 + 02) f (tnr1-0)]
+ @At[(1 = 0) (1 + (1 — 0)2) f(tnto) + 0f (tn1)] + O(A3).
For fol v(t) dt the quadrature rules 6v(0)+(1—0)v(1—6) and (1—0)v(8)+0v(1)

are exact for all linear functions. Hence, using the Taylor expansion e* =
1+ 2+ O(2%) we get

+aGu" ) + (1= )G 0ty ) = 0.

tnt1
e’\(t"ﬂfﬂf(T) dr

— (1= ) At [0(1 + 2) (1) + (1 — 6)(1 +02) (a0
+ aAt[(1=0)(1+ (1= 0)2) f(tnro) + 0f (tns1)] + O(AL),

Thus as in the proof of Lemma 4.1.1 we obtain
tnt1
u" Tt = e*u(t,) + / A1) £ (1) dr + O(AE) = u(tni1) + O(AL%).
tn
Hence, this variant has consistency order 2, too.

Stability

For an error analysis of time discretization methods for stiff problems stability
properties have to be considered. For a stability analysis, these methods are
applied to the test problem
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d
d—;‘ =i, A€C, Re(\) <0. (4.10)
A solution of this test problem satisfies the growth relation

[u(tn)] = 4 [utn)] = DA u(ty,)). (4.11)

Due to Re(A) < 0 the growth factor satisfies 0 < eRe(NAt < | For one-step
methods applied to this test problem one obtains |[u"*!| = g(A\At)|u"|, with
a so-called stability function g(z) which is an approximation of the growth
factor |e*| in (4.11). For the implicit Euler, Crank-Nicolson and fractional-
step O-scheme (cf. (4.8)) the stability function is given by:

QEB(Z) = 1— : z
14+ 41,
gon(z) = 1_ . g
2) = ( (1-a) 92) (1+a(1_29)z)
grs(z) = (1—ab2)’(1—(1—a)(1—20)z)|

The variant of the fractional-step #-scheme discussed in Remark 4.1.3 also
has the stablhty function gpg. For the BDF2 method one obtains u" =

n
co (2+3V 1;222) + c1 (273— V_lztzz) , with z := AAt and constants ¢y, ¢; that

depend on the starting values u°, u'. The stability function of the BDF2
method is given by

For a given method with stability function g the so-called stability region is
defined by

24+ V1422
3—2z

2—+1+422
3—2z

)

p—

S:={zeC:g(x)<1}.
The method is said to be A-stable if

“:={zeC:Re(z)<0}CS

holds. From standard literature on time discretization methods for (stiff) ini-
tial value problems, cf. [134], it is known that the backward -Euler, Crank-
Nicolson method and BDF2 method are A-stable.

We consider the fractional-step #-scheme with § = 1 + % 2. Due to the
structure of the fractional-step f-scheme it is natural to restrict to « € [0, 1].
First the case § =1 — %\/5 is treated.

Lemma 4.1.4 Take o € [0,1],0=1— %\/5 The fractional-step 0-scheme is
A-stable iff o € [3,1].
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Proof. For a > 0 we have

11—« 11—«

« (0%

Since 1TT" > 1 for a < % the method is not A-stable for o < % We consider
o> % The denominator in the function grg has no zero in C~ and thus gpg
is the norm of a function that is analytic on C~. From the maximum principle

for analytic functions it follows that

max gps(z) = max grs(iy).
Due to grs(iy) = grs(—iy) we can restrict to y € [0,00). Note that
grs(0) =1 and limy_. grs(iy) = 1?% < 1. A straightforward computation
yields that on [0, 00) the derivative of the function y — gpg(iy) is less than
or equal to 0. Hence maxyer grs(iy) < grs(0) = 1. 0

We now consider 6 = 1+ £v/2, a € [0,1]. For a < 1 the denominator has a
zero at zo = (1 —a)~1(1 — 26)~! < 0. For the value z = 2y the nominator
is not equal to zero. Hence lim,_, ., grs(z) = oo and thus the method is not
A-stable. For @ = 1 it can be shown with the same arguments as in the proof
of Lemma 4.1.4 that the method is A-stable. Below, for the fractional-step
0-scheme we restrict to = 1 — %\/5, o€ [%, 1J,or =1 —|—% 2, a = 1. For
these parameter values the method has consistency order 2 and is A-stable.

Smoothing property

A further criterion which is relevant for comparing these methods is the no-
tion of smoothing, which quantifies the amount of damping of the numerical
solutions of (4.10) with A such that Re(A\) — —oo (i.e. of “high” frequen-
cies). For Re(\) — —oo the growth factor e®e(MAt ¢f. (4.11), tends to zero.
The smoothing property measures how well this strong damping behavior for
Re(A) — —oo is reflected in the numerical scheme. The method has a smooth-
ing property if there exists a constant § < 1 such that for the corresponding
stability function g we have

lim  g(z) <o. (4.12)

Re(z)——o0

The size of § is a measure for the strength of the smoothing: a small § value
corresponds to a strong smoothing. A strong smoothing is a desirable property
of a numerical scheme. One easily verifies that for the backward Euler and
the BDF2 methods we have a maximal smoothing effect, namely with § = 0.
For the Crank-Nicolson method there is no smoothing at all: § = 1. For the
fractional-step #-method we have a smoothing effect with § = é — 1, and thus
the smoothing effect increases for larger a.
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Dissipativity

The last property that we consider is the amount of dissipativity of a method.
This is a measure for the quality of the numerical method when applied to
(4.10) with a periodic solution of the form u(t) = ', x € R, i.e. with A\ = iz.
Hence, in (4.11) we then have a growth factor eR*(At = 1. In this case we
have to consider the corresponding stability functions g(z) with z = iz, z € R.
The amount of dissipativity is measured by the deviation of

d(z) = g(iz), =z € R, (4.13)
from the optimal value 1. For the implicit Euler method we have
1
V1+a?

and thus an increasing amount of dissipativity for larger x values. For the
Crank-Nicolson we have

dEB(x) =

dCN(x) = 17

and thus no dissipativity. For the fractional-step #-scheme the following holds.
For 0 =1+ 1v/2, o = 1 we have dps(z) = grs(iz) = (1+ (1 — 29)302)%(1 +
02332)_1, which is monotonically decreasing with value 0 for x — oo, thus
in this case there is a large amount of dissipativity for large x values. For
the case § = 1 — %\/5, a € [%, 1] the dissipativity function depends on a:
drs.o(x) = grs(ix). We have limy_,oc dps.o(r) = é — 1. Inspection of the
function dpg,q yields that it is constant for a = % and strictly decreasing for
a € (%,1]. Furthermore, we have dps.o/(z) < drs,o(z) if % <a<d <1
and z > 0. Thus we have more dissipativity for larger values of a. For a
few cases the dissipativity function dpg, is illustrated in Fig.4.1. Due to
drs(x) = dpgs(—x) it suffices to show results for x > 0.

Due to the fact that the stability function gpg is the norm of a rational
function we have

lim  gps(z) = lim gpg(iz).
Re(z)——o0 T—00

This property also holds for the stability functions of the other three methods.
Thus there is a conflict between good smoothing (limge(.)——o grs(z) close
to zero, cf. (4.12)) and low dissipativity (grs(iz) ~ 1 for a large range of x
values). From the analysis above and Fig.4.1 we see that for § = 1 — %\/5
and a = % the fractional-step #-scheme has the same properties as the Crank-
Nicolson method, namely no smoothing (§ = 1) and no dissipativity. For 6 =
1+ %\/5, a = 1, the fractional-step 6-scheme has properties similar to those of
the implicit Euler method: optimal smoothing (§ = 0) and strong dissipativity.
A good compromise is found by taking 6 = 1 — %\/5 and « € (0, %) A popular
parameter choice, cf. [207, 244], is

0:=1-— %\/5, Q= 11__200 =2-V2. (4.14)
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Fig. 4.1. Dissipativity functions drg o for 6 =1 — % 2, a € {%, 2 -2, 1}, and
6 =14 1v2, a =1 (top to bottom).

For these values (cf. Fig.4.1) the method has “modest” dissipativity and it
has a “reasonable” smoothing property with § = é -1 = %\/5 Further-
more, due to fa = (1 — 20)(1 — «) the systems in (4.5) for the unknowns
untl =0+l respectively, have the same form. In the remainder we
only consider the fractional-step 0-scheme with the parameter values as in
(4.14).

The dissipativity functions d(x) for the implicit Euler, Crank-Nicolson,
BDF2 and fractional-step 6-scheme (6 = 1 — %\/5, a=2— \/5) are illustrated
in Fig.4.2. In all four cases we have d(—z) = d(x) and therefore we show the
functions only for x > 0.

In practice often the Crank-Nicolson method is used. A disadvantage of
this method, however, is that it has no smoothing property. The fractional-
step #-schema is a method which has both a good smoothing property and
modest dissipativity.

In our applications we will use the implicit Euler method (a simple method
with a strong smoothing property), the Crank-Nicolson method and the
fractional-step 6-scheme. Note that the implicit Euler and the Crank-Nicolson
method are special cases of the #-scheme.
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Fig. 4.2. Dissipativity functions dcn, drs, depr and dgp (top to bottom).

4.2 The 0-scheme for the Navier-Stokes problem

The DAE system (3.38) is rewritten in the form

.
) + MIBTB(t) = M~ g(id, 1),

dt (4.15)

Bii(t) =0,

where
g(ii,t) :=f — Ad(t) — N(G(¢))i().

The Stokes DAE system (3.22) has a similar form, with g(d,t) := f — Ad(2).
We eliminate the incompressibility constraint Bui(t) = 0 and the correspond-
ing Lagrange multiplier p(¢) to replace the DAE system by an equivalent ODE
system. This can be achieved by applying the M-orthogonal projection P on
ker B:
P=1-M'B'BM'BT)"'B.

The projection P is orthogonal w.r.t. the scalar product (-, -)p := (M-, ),
and PV = ¥ for all v € ker B, furthermore PM~!B7 = 0. Hence, instead of
a DAE system we obtain a system of ordinary differential equations:

A solution u(t) of (4.15) satisfies

di

- (0= PM~ ! g(i, ). (4.16)

If for a given initial condition @(0) = Uy, with Bug = 0, and ¢ € [0, t.] (with ¢,
sufficiently small) the problem in (4.16) has a unique solution, then this 4 is
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also a solution of (4.15). For a given velocity t(¢) the corresponding pressure
p is defined by the equation

BM~!'BTp(t) = BM ! (i, ). (4.17)

The matrix BM !B is nonsingular (on the subspace of FE pressure func-
tions with (pp, 1)z = 0) due to the LBB stability of the pair of finite element
spaces used.

Remark 4.2.1 For the Stokes case we have that @ — ¢(u,t) is affine and
thus @ — BM ™! g(, 1) is affine, too. Hence a Lipschitz condition as in (4.2)
is satisfied with a constant L independent of the radius b of the ball G. From
the Picard-Lindelof theorem it then follows that for given 6(0) = ty the ODE
system (4.16) corresponding to the Stokes problem has a unique solution for

€ [0,t.] and t. arbitrary. For the Navier-Stokes case a Lipschitz condition
as in (4.2) can be shown to hold only if ¢, is sufficiently small. Hence in that
case existence and uniqueness of a solution is guaranteed only for a sufficiently
short time interval.

The 6-scheme (4.3) can be applied to the ODE system (4.16), which results
in

ﬁn+1 —4n

v, =O0PM g™ ty) + (1 - O)PM  g(d",t,).  (4.18)

We assume that, for a given d°, this recursion has a unique solution (which
holds for At sufficiently small). In addition we assume that Bi® = 0 holds.
From (4.18) and BP = 0 it then follows that Bd™ = 0 holds for all n.
Based on (4.17) we introduce a pressure variable p* such that the correspond-
ing finite element pressure function py satisfies (pp,1)rz = 0 and such that
BM~'B7p* = BM~! ¢(ii*, t;) holds. Using the definition of the projection
P the recurrence relation in (4.18) can be rewritten as

—n—+1

ua T

At_ u + M~ 1BT (9—'n+1 (1 _ g)ﬁn)

=M~ g(a@" ) + (1 — OM ™ g(d", t,).

-

Thus for given G" the pair "1, p := §p"*+! + (1 — 0)p" is a solution of

n+1

G0 MTIBTp = OM ! g(d@"H tg) + (1 — )M~ g(d", t,), (4.19)
Bt =o. (4.20)

For given d" this saddle point problem has (for At sufficiently small) a unique
solution pair (&"*!,p) (on the subspace of pressure functions that satisfy
(pn, 1)z = 0). Thus instead of (4.18) for computing @"*! we can use the
equivalent formulation in (4.19)-(4.20) for computing G"**, p. An important
advantage of the latter formulation is that the projection P has been elimi-
nated. In the derivation it is essential that the mass matrix M does not depend
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on t. Summarizing, the #-method for the Navier-Stokes DAE system takes the
form

ﬁn+1 _ ﬁn

MT + 9[Aﬁn+1 + N(l—in+1)ﬁn+1] + BTf)‘
= 0F" ! — (1 - 9)[AE" + N(@")d" — "] (4.21)
Bi"t! =0.

The #-schema applied to the Stokes problem results in a system as in (4.21),
with the two terms N(-) replaced by 0. In each time step a system of equations
for the unknowns w"*?!, 5 has to be solved. For the (Navier-)Stokes problem
this saddle point system is (non)linear. Iterative methods for solving this
system are treated in Chap. 5.

Remark 4.2.2 In the derivation above, we applied the method of lines ap-
proach, in which we first discretize the space variable and then the time vari-
able. In view of the time discretization for two-phase flow problems, treated in
Chap. 8, we comment on an alternative approach, often called Rothe’s method,
in which first the time variable and then the space variable is discretized. We
explain this for the Stokes case. Starting point is the time dependent Stokes
problem in which the pressure has been eliminated, i.e. a formulation as in
(2.33). This is a variational formulation of an ODE in the function space Vgjy.
To this problem one can apply the #-scheme for discretization of the time vari-
able, resulting in the following problem: given u® € Vy;,, for n > 0, determine

u™t! € Vg, such that
1

a™

_ agn+1 -(1-10) [a(unjv) — gn] for all v € V.

n+1 n+1
’

—u",v)rz + fa(u v)

(4.22)

This is a “projected” (due to Vaiv) stationary Stokes problem for the unknown
function u™*!. Since finite element subspaces of Vi, are in general difficult to
construct, we reformulate this problem as a saddle point problem in V x ) =
H}(£2)3 x L3(£2). Define the bilinear form

1
a(u,v) = E(U,V)Lz +6a(u,v), u,veV, e (01].

This bilinear form is elliptic and continuous on V. We can apply the abstract
theory in Sect. 15.3, Theorems 15.3.1 and 15.3.4, from which it follows that
the problem (4.22) has a unique solution u"*! which can also be characterized
by the following Oseen problem: determine u™*!' € V and p € Q such that

1
S V) (V) (v, p)
=0g"t — (1 -0)[a(u",v) —g"] forall veV, (4.23)

b(u,q) =0 forall g€ Q.
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To this problem we can apply a Galerkin discretization with spaces V;, C V,
Q1 C Q. Using standard nodal bases, we then obtain a fully discrete problem
as in (4.21), with N(-) = 0. The mass and stiffness matrices M and A and
the right-hand sides f are the same in the two approaches. Hence, the two
methods yield the same results.

Although these two approaches turn out to be equivalent in case of an non-
stationary Stokes problem with Hood-Taylor finite element spaces for spatial
discretization and the 6-scheme for time discretization we comment on a subtle
difference between the methods that will become important if we treat two-
phase flow problems. For the method of lines the approach is as follows: we
start with a saddle point problem for (u, p), apply spatial Galerkin discretiza-
tion, eliminate pj, apply time discretization, introduce p;, again. For Rothe’s
method: start with a saddle point problem for (u, p), eliminate p, apply time
discretization, introduce p again, apply spatial Galerkin discretization. We see
that in the former method we eliminate and re-introduce the spatially discrete
pressure variable py, whereas in the latter this is done for the spatially contin-
uous variable p. If in a time step ¢,, — t,,+1 one wants to use different pressure
finite element spaces, then this pressure elimination and re-introduction can
be problematic for the method of lines approach, whereas this is not the case
for Rothe’s method.

4.3 Fractional-step 6-scheme for the Navier-Stokes
problem

Applying the fractional-step #-scheme to the Navier-Stokes problem in ODE
form (4.16) and transforming it back to its original DAE form along the same
lines as in Sect. 4.2 results in

)

MU GAt_. + O_{[Aﬁn+6 + N(ﬁn+9)ﬁn+0] + BTI:)'I
— '~ (1 - Q)[AT" + N(@")d"] (4.24)
Bu"t? =0

ﬁn+1 7] —»n+9 —n —n _ —n — =
M* gy ar— +(1-a)[Ad HOEN@ )t 4B p?
—_ n+1—0 a[Aﬁn+0+N(ﬁn+9)ﬁn+0] (425)

Bﬁn+1—0:O
MﬁrL+10A:+1 9+a[Aun+1+N(ﬁn+ )—on+1]+BT =3

:fn+1 0 ( )[A —n+4+1— 0+N(—>n+1 0)—»n+1 9] (4.26)
Bint! = 0.
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If we take parameter values as in (4.14) then the nonlinear problems for the
pairs (@"1?, pl), (@1 p?), (@™, p?) in these three substeps have a sim-
ilar form. We obtain the fractional-step 8-scheme for the Stokes by replacing
all terms IN(-) by 0.

Remark 4.3.1 If one uses the variant of the fractional-step #-scheme as de-
scribed in Remark 4.1.3 then in each time interval [nAt, (n + 1)At] three
successive substeps of the O-scheme (4.21) (with different values for 6) are
applied.

4.4 Numerical experiments

To analyze the time discretization error for different time integration schemes,
we reconsider the test case of a rectangular tube described in Sect.3.3.1.
Instead of a stationary Stokes problem we now consider the non-stationary
Stokes problem (2.34) on 2 x [0,7] with T = 2 for different time step sizes
At. To obtain a time-dependent velocity and pressure field, we prescribe an
oscillating boundary condition u(0,z2,x3) = s(z2,23)(1 4 0.25sin(27t)) at
the inflow boundary x; = 0, with s defined in (3.39), an outflow boundary
condition on = 0 for z; = L and u = 0 on the remaining boundaries.

For spatial discretization we use the Hood-Taylor finite element pair for
k = 2 on a triangulation 7 which is constructed by subdividing {2 into 16 x4 x4
sub-cubes each consisting of 6 tetrahedra. For this fixed spatial discretization
different time integration schemes are analyzed for different time step sizes
At = T /ny where n, = 25,50, 100, 200,400,800 denotes the number of time
steps applied to obtain the approximations W™, p ™t to u(7T), p(T), respec-
tively. As the exact solutions U(7),p(T) of the DAE system (3.22) are not
available we instead use reference solutions @™, p’ ™f obtained by applying
2000 steps of the fractional-step #-scheme with step size At = 1073,

ref ref

ne| ||d u"t||p2 order|||d |y, order|||p ™" — 5 ™| 2 order

25 3.69 E-5 3.54 E-4 — 7.71 E-3 —

50 1.38 E-5 1.42 1.32 E-4 1.43 2.17 E-3 1.83
100 5.69 E-6 1.29 5.40 E-5 1.29 6.51 E-4 1.73
200 2.53 E-6 1.17 2.40 E-5 1.17 2.17 E-4 1.59
400 1.19 E-6 1.09 1.12 E-5 1.09 8.13 E-5 1.42
800 5.75 E-7 1.05 5.43 E-6 1.05 3.38 E-5 1.26

Table 4.1. Convergence behavior of the implicit Euler scheme w.r.t. time step size.

For a fixed spatial coordinate x = (2,0.5,0.5) in the center of the domain
2, the first velocity component wj(x,t) and pressure p(z,t) are shown as
a function of time ¢ € [0,2] in Fig.4.3. Also given are the results for the
implicit Euler scheme (6 = 1), the Crank-Nicolson scheme (§ = 0.5) and the
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Fig. 4.3. Velocity u1 (left) and pressure p (right) at point x = (2,0.5,0.5) € 2 as
a function of time. Shown are the reference solution (solid line) and implicit Euler

(circles), Crank-Nicolson (squares) and fractional-step (crosses) solutions for 25 time
steps, respectively.

ref ref ref

ne| ||d U2 order||d u™t||; order|||p p "2 order

25 2.75 E-5 — 6.87 E-4 9.16 E-3 —

50 3.84 E-6 2.84 1.38 E-4 231 9.65 E-5 6.57
100 6.56 E-7 2.55 6.66 E-6 4.38 4.21 E-5 1.20
200 1.63 E-7 2.00 1.60 E-6 2.06 1.04 E-5 2.02
400 4.07 E-8 2.01 3.98 E-7 2.01 2.57 E-6 2.01
800 9.99 E-9 2.03 9.78 E-8  2.03 6.56 E-7 1.97

Table 4.2. Convergence behavior of the Crank-Nicolson scheme w.r.t. time step
size.

ne| ||@ — @™t 2 order|||d™f — @"t||; order|||F " —p ™t||2 order
25 5.85 E-7 — 7.93 E-6 2.67 E-4 —
50 3.40 E-7 0.78 3.31 E-6 1.26 5.50 E-5 2.28
100 9.49 E-8 1.84 9.08 E-7 1.87 1.14 E-5 2.27
200 2.37 E-8 2.00 2.30 E-7 1.98 2.56 E-6 2.15
400 5.70 E-9 2.06 5.58 E-8 2.05 6.02 E-7 2.09
800 1.24 E-9 2.20 1.21 E-9 2.20 1.31 E-7 2.20

Table 4.3. Convergence behavior of the fractional-step 0-scheme w.r.t. time step
size.

fractional-step #-scheme applying 25 steps with time step size At = 0.08. We
notice an oscillatory behavior of the Crank-Nicolson scheme in the first time
steps which is probably due to the fact that this method does not have a good
smoothing property, as explained in Sect.4.1.

Tables 4.1-4.3 show the convergence w.r.t. time step size for the different
time discretization schemes. The numerical experiments confirm the first order
convergence of the implicit Euler scheme and second order convergence of the
Crank-Nicolson and the fractional-step #-scheme.
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Comparing the second order schemes we observe that the errors for the
fractional-step scheme are smaller than those of the Crank-Nicolson scheme by
about a factor of 10. Note, however, that in the fractional-step scheme three
macro-steps are performed per time step, and thus for a fair comparison it
should be compared to a Crank-Nicolson scheme with a time step size divided
by 3. This would lead to Crank-Nicolson errors which are roughly 3% = 9 times
smaller than those in Table 4.2 and thus are of the same order of magnitude
as the errors in the fractional-step scheme given in Table 4.3.

4.5 Discussion and additional references

In this chapter we restricted ourselves to basic, but still very popular, time dis-
cretization methods for non-stationary (Navier-)Stokes equations. We briefly
discuss a few related aspects.

Error analyses of a fully (space and time) discrete problem as in (4.21) are
presented in [141, 142, 143]. In the literature there are only very few studies on
adaptive time stepping for solving non-stationary Navier-Stokes equations; a
recent paper is [154]. There are several variants of the fractional-step #-scheme
for the Navier-Stokes equations based on different operator splittings. Some
of these are discussed in [122]. A popular variant is based on a semi-implict
treatment of the nonlinear term in the Navier-Stokes equations. In such a
method one replaces the term N(@"+9)d"+? in (4.24) by N(d")d"+?, and
similarly for the nonlinear terms in (4.25), (4.26), cf. [206]. Alternatively,
instead of replacing @W"*? by " one can also replace it by a more accurate
extrapolation of " and @"~!. Other semi-implicit methods are explained in
[206].

A class of methods that is particularly popular in the engineering litera-
ture are the so-called projection methods. These methods have a predictor-
corrector structure, in which in the predictor step, which does not involve
pressure, a new velocity field is determined and in the corrector step, which
involves a pressure variable, this new velocity field is “projected” onto the sub-
space of divergence free functions. To explain the main idea we consider a basic
variant of this method in semi-discrete form only, i.e. we discretize in time but
not in space, and formulate it in strong formulation. Let u"™ € V := H}(£2)3
be a given approximation of u(-,t,). We define "™ € V as the solution of

1., n Lo n n o\
Zt(u t_u") - EAU @ - v)a"t =g(tes).
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The approximation "1 ~ u(-, t,41) is projected onto the space of divergence
free functions by solving a saddle point problem: determine u"*! € V and
q € L3($2) such that

1

Zt(u’“rl ") +Vg=0 in 2

diva®™' =0 in 2

uwtl.n=0 on 9.

An detailed study of this projection method and variants of it can be found
in [176].
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Iterative solvers

In this chapter we address the issue of iterative solvers for the large sparse
(nonlinear) systems of equations that arise after space and time discretization
(using an implicit time integration method) of the non-stationary Stokes and
Navier-Stokes equations.

5.1 Linearization method

Using an implicit time-stepping scheme for the Navier-Stokes problem we
obtain a nonlinear system of algebraic equations in each time step. As an
example, we consider the first step (4.24) in the fractional-step f-scheme (note
that the other two steps have a similar form). The nonlinear system is as
follows: .
(M + aA) T+ + aN(@" )i+’ + B p!
="+ (M — (1 - a)(A + N(@") @ (5.1)
Bint? = 0.

This is a nonlinear system of the form

K(x) (;) - (';’) with K(x) = (O‘A+ﬁ1§+O‘N(X) BOT). (5.2)

Systems arising in other time discretization methods have a very similar struc-
ture. If instead of a Navier-Stokes problem we consider a Stokes equation, the
resulting discrete problem has a structure as in (5.2) but without the term
N(x).

As a first step in solving the nonlinear system of equations in (5.2) a
linearization approach has to be applied. One possibility is to use a Newton
linearization. Here we consider a simpler method that is often used in practice
and in which the computation of Jacobians is avoided. This Richardson type
of method is as follows, cf. [244]:
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o) = (%) —eeemed) ke () - (P)] 69
() = () ) () - (2]

For a compact notation the correction is denoted by

(30) e o () 3]

An optimality criterion for fixing the step length w41 is given by the one
dimensional optimization problem

e (7230) ()] oo

Wopt = argrl"gn v — WAy

Here || - || denotes the Euclidean norm. This strategy is known as line search.
This approach, however, is not feasible in our applications as the optimization
problem in (5.4) is nonlinear in w and computing the optimal w-value would
require too much computational work. Therefore we modify the criterion in
(5.4) to obtain a computationally more feasible one:

~ k_ wAxk b
K (y’“ ~wAyk ) T e (5.5)
with K := K(x* — w, Ax¥), using the step length wy, from the previous iter-

ation (and wp := 1 at the beginning). This modified optimization problem is
linear in w and its solution is given by

k k
() = ()= ()
- Ay y c
Wopt = 3 s (56)
(&)
Ay*
where (-, -) denotes the Euclidean scalar product. Note that the evaluation of
(5.6) only requires the construction of K = K(x* — w,Ax*) and the com-
putation of some matrix-vector multiplications and scalar products. This is
negligible effort compared to the most time consuming part in the iteration
(5.3), namely the solution of a linear problem with matrix K(x*). The method
in (5.3) with the choice wi11 = @Wopt from (5.6) is called adaptive defect cor-
rection method.
In our applications we experienced that the step length control given by

(5.6) is more robust than using a fixed step length wgy1 = w. The method is
implemented in the following form.

Wopt = argmin
w

Algorithm 5.1.1 (adaptive defect correction)
Set wyg = 1. Repeat until desired accuracy:

1. Calculate the defect

di\ _ [(aA+ z75M+aN(xF))x* + BTy* — b
dy,/ BxF —¢ ’



5.2 Iterative solvers for symmetric saddle point problems 101

2. Solve the discrete Oseen system for the corrections Ax® and Ay*:
1

[aA + 0T

M + aN(x")]Ax* + BT Ay* = d,
BAXk = d27

with accuracy tol®.
3. Step size control: Calculate the step length parameter

(= (a) % () - ()

Wg41 = (5.7)
" K AXk 2
Ay*
with
- (aA + 75 M+ C];N(Xk — w, AxF) ]?)T> .

4. Update x*, y*
xhk+1 xk AxF
yht1 = yk — Wk+1 Ay )

The computational costs of this linearization method are dominated by the
arithmetic work needed for solving the linear system in step 2. The discrete
Oseen system in step 2 can be solved using iterative solvers that are treated
in Sect.5.3.

Remark 5.1.2 If we take wy, = 1 for all k then the linearization takes the
simpler form
aA + oM+ aN(x¥) BT\ (xF+1\ (b
B 0 yk:Jrl “\ec /-

This fixed point method is also often used for linearization of the discrete
Navier-Stokes equations.

Note that in case of a Stokes problem a linearization method is not needed.
In the following sections we treat iterative solvers that can be used for solving
the large sparse linear systems that arise after discretization and linearization
of (Navier-)Stokes equations.

5.2 Iterative solvers for symmetric saddle
point problems

The discrete (generalized) Stokes problem has a matrix-vector representation
of the form
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<(3)-(3%)()- () s

A e O{A +6M 6 Rmxm7 B e Rnxm7

where either the parameters are « = 1, 3 = 0 (stationary Stokes) or a, 3 > 0
are determined by the time integration scheme used. In that case the param-
eter « is of order 1 and  is proportional to 1/At € (0,00). From a rescaling
argument it follows that for the analysis it is no restriction to assume a = 1.

The matrix A is symmetric positive definite. An important role is played
by the so-called Schur complement matrix

S =BA'B7.

This matrix is symmetric positive semi-definite. To avoid technical details in
the analysis we assume that

rank(B) = n, (5.9)

i.e., the matrix B has full rank. Then the Schur complement S is symmetric
positive definite.

Remark 5.2.1 In our applications the assumption rank(B) = n usually does
not hold. Consider a Hood-Taylor finite element pair and a matrix B as in
(3.18d). Let e := (1,1,...,1)T € R™ be the vector representation of the con-
stant finite element pressure function 1 € Xffl. Using the LBB stability of the
finite element spaces it follows that BTy = 0 iff y € span(e). Hence rank(B) =
n — 1 holds. Let M, be the mass matrix in the pressure finite element space
Xﬁ_l. The pressure finite element subspace {ph € Xﬁ_l : (pr, )2 =0 } cor-
responds to the subspace (M,e)t = {y € R": (y,M,e) = 0}. The Schur
complement S is an isomorphism (M,e)t — el. The results (and methods)
discussed below for the case rank(B) = n also apply (with minor modifica-
tions) to the case discussed in this remark with rank(B) = n — 1, provided
instead of S : R™ — R™ one considers S : (M,e)t — el.

The matrix K is symmetric and strongly indefinite and has a saddle point
structure.

Lemma 5.2.2 The matrix K has m strictly positive and n strictly negative
eigenvalues.

Proof. From the factorization

K — A0\ (A1 0 (ABT
~\BI 0 -S/\0 I
it follows that K is congruent to the matrix blockdiag(A~!, —S) which has

m strictly positive and n strictly negative eigenvalues. Now apply Sylvester’s
inertia theorem. U
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Remark 5.2.3 Consider the linear system

K (;) = (E) . (5.10)

Define the functional £ : R™ x R" — R by L(x,y) = %(Ax, x) + (Bx,y) —
(f1,x) — (f2,y). It can be shown that (x*,y*) is a solution of the problem
(5.10) iff

L(x*y) < Lx"y") <L(x,y*) forall xeR™, yeR"

Due to this property the linear system is called a saddle-point problem. This
saddle point property is discussed in a general Hilbert space setting in Theo-
rem 15.3.3.

In Sect. 5.2.1 we treat the preconditioned MINRES method for solving a linear
system with a symmetric indefinite matrix. This method can be applied to the
system in (5.8). In Sect.5.2.2 we discuss an alternative, namely the inexact
Uzawa method. In Sect. 5.4 we address the issue of preconditioning.

5.2.1 Preconditioned MINRES

In this section we treat the preconditioned MINRES method that can be used
for solving the saddle point system in (5.8).

First we recall some basic ideas underlying this method. For this we con-
sider a linear system

Ax =b, (5.11)

where A is a general regular symmetric n X n-matrix. Note the abuse of
notation: in this section A is not (necessarily) the same as the matrix A in
(5.8). We emphasize that A in (5.11) is allowed to be indefinite. The MINRES
method, introduced in [199], is based on the following residual minimization
problem:

{ Given x* € R", determine x* € x* + K*(A;r?) such that (5.12)

|Ax® — b|| = min{ |[Ax —b|| | x € x?+KF(A;r9)},

where 1’ := b — Ax® and K*(A;r?) := span{r® Ar?, ... A¥~1r0} is the
Krylov subspace. Note that the Fuclidean norm is used and that for any regu-
lar A this minimization problem has a unique solution x*, which is illustrated
in Fig.5.1.

We have a projection: r° —r* is the orthogonal projection (with respect to
(-,-)) of r% on A(K*(A;r%)) = span{Ar®, A%r ... AFr®}. For the MINRES
algorithm for computing this x* we refer to the literature, e.g. [199, 124].
In the derivation of an efficient MINRES algorithm it is essential that A is
symmetric. The resulting method has low arithmetic costs per iteration, which

0
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" =b—- Ax’

Fig. 5.1. Residual minimization.

are of the same order of magnitude as those in a CG iteration. Per iteration
one has to perform only one matrix-vector multiplication Ay, and one has to
compute a few inner products and a few vector additions.

This method can be combined with preconditioning. For this we assume
a symmetric positive definite preconditioner Q. Let Q2 be the symmetric
positive definite matrix such that Q = Q%Q%. For the derivation of the
preconditioned MINRES method we consider the preconditioned system

Q 2AQ 2z =Q ?b, z=Q7x.

Note that A := Q*%AQ’% is symmetric. Thus the MINRES algorithm can
be applied to this, resulting in the preconditioned MINRES method, denoted
by PMINRES. The residual minimization criterion in (5.12) applied to the
transformed system can be reformulated as follows:

Given x° € R”, compute x* € x° + KF(Q~'A; Q~'r%) such that

Q1 Ax — Q1bllq
= min{ |Q~'Ax ~ Q"'bflg | x € x* + K(Q1A; Q'r?) },

with 1% = b — Ax® and (-,-)g = (Q-,-). From this we see that now the pre-
conditioned residual Q=1 (b — Ax) is minimized (in |- ||g) over a transformed
Krylov subspace. An efficient implementation of the preconditioned MINRES
method can be derived in which one needs per iteration one evaluation of the
preconditioner, i.e. the computation of Q= 'y for a given y, and one matrix-
vector product with A. Note that w = Q™ 'y < Qw = y holds, i.e. the
evaluation of the preconditioner may be realized by solving a linear system
with the matrix Q. The matrix Q% is not used in the algorithm. For Q = I the
PMINRES reduces to MINRES. A convergence result is given in the following
theorem.
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Theorem 5.2.4 Let A € R™ ™ be symmetric and Q € R™™ ™ symmetric
positive definite. For x*, k > 0, computed in the preconditioned MINRES
algorithm we define t* = Q™1 (b — Ax"). The following holds:

[#g = mi Ipx(Q A
Pk €Pr;pr(0)=1 (5.13)

< min max )] 12 o.
PrEPL;P(0)=1 A€o (Q~1A) Pr M Nl

Proof. Using the fact that the transformed residual Q ~!(b— Ax) is minimized
with x € x° + KF(Q7'A; Q™ 'r%) we get

o= min Q- QAR +pit(Q AN g

= min i’ - Q' Ap—1(QTTA) o

Pk—1€Pr-1

. —1 A\40
min A)r .
pepin lPe(Q™ A ||

Note that Q1A is symmetric with respect to (-, )o. And thus

-1 =0 -1 ~0 _ ~0
Ip(Q ) g < Ipe(Q 7 A)lal ¥l = | _mas, | [pe(N] [l

holds. O

For constructing a good preconditioner Q there are the following two main
criteria:

e for arbitrary z € R"™ one can determine Q 'z with “low” computational
costs, and
e Q is a good approximation of A in the sense that

n(k) := i \
(k) o EPrm(0)=1 ACo(O1A) IpE(N)]

has a “fast decrease” as a function of k.

By using Chebyshev polynomials and assumptions on the spectrum o(Q~1A)
one can derive bounds for m (k). We present two results that are well-known
in the literature. Proofs are given in, for example, [124].

Theorem 5.2.5 Let A, Q and #* be as in Theorem 5.2.4. Assume that all
eigenvalues of QLA are positive. Then

I£4]

ng(k)g2<1— k=0,1,...

129l

k
2
VEQTA) + 1) ’

holds.
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We note that in this bound the dependence on the condition number x(Q~tA)
is the same as in well-known bounds for the preconditioned CG method. In
particular the bound decreases (i.e., the rate of convergence is expected to be
higher) for a decreasing condition number x(Q~'A).

Theorem 5.2.6 Let A, Q and #* be as in Theorem 5.2.4. Assume that
a(Q7A) C[a,b]U[e,d] witha <b<0<c<dandb—a=d—c. Then
[k/2]
2

[[#¥]] A N _
<mk)< 2|1 . k=0,1,... (5.14)

10 d
%] ad 4 1

Q

holds ([k/2] denotes the largest n € N such that n < k/2).

In the special case @ = —d, b = —c the reduction factor in (5.14) takes the
form 1 — 2/(k(Q~*A) + 1). Note that here the dependence on xk(Q~1A) is
different from the positive definite case in Theorem 5.2.5.

Preconditioned MINRES for saddle point systems

The PMINRES method can be applied to the symmetric system (5.8) which
has a special block structure. Based on this block structure we introduce a
preconditioner with a block diagonal structure

_(Qa O
Q= ( 0 Qs) (5.15)
Qu € R™*™, QA:Q£>07 Qg € R™*™, QS:Q£>0.

Here and in the remainder the notation A > C (A > C), with symmetric
matrices A and C, means that A — C is symmetric positive (semi-)definite,
i.e., all eigenvalues of A — C are > 0 (> 0). Such matrix inequalities are called
spectral inequalities.
The preconditioned matrix is given by
A RT
K=Q :KQ 2 = (A B > ,
B 0 (5.16)
R 1. 1 N _1 _1
A:=Q,u7AQ,% B:=Qg¢*BQ,”.

Theorem 5.2.4 yields that the rate of convergence of the preconditioned MIN-
RES method depends on 0(Q'K) = o(K). We now derive bounds for this
spectrum. First we consider a very special preconditioner, which in a certain
sense is optimal:

Lemma 5.2.7 For Qs = A and Qs =S we have

U(K)C{%(l—\/g),L%(l—F\/g)}.
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Proof. Note that in this case

A AT A ~
K- (IB) B_siBi-t
B 0

Take pu € J(K) with corresponding eigenvector (g) % <O>7 ie.,

(113 E;JT> (vvv> —h (i) ’ (5.17)

If w = 0 holds, then v # 0, and from v = pv it follows that p = 1. Now
assume w # 0. From (5.17) we get BBYw = pu(u — 1)w. Note that BBT =1
and thus we conclude p(p — 1) = 1, hence p = 1(1 £ V/5). O

Note that from the result in (5.13) it follows that the preconditioned MINRES
method with the preconditioner as in Lemma 5.2.7 yields (in exact arithmetic)
the exact solution in at most three iterations. In the evaluation of the pre-
conditioner, however, we have to solve linear systems with the matrix A and
with the matrix S exactly (up to rounding errors). In most applications (e.g.,
the Stokes problem) this is extremely costly. Hence this preconditioner is not
feasible.

Remark 5.2.8 In the applications that we consider the Schur complement
matrix S = BA~'B7 is never computed ezplicitly. This is due to the fact that
the matrix A~! is not sparse anymore: it contains much more nonzero entries
than the matrix A. Depending on the particular problem, the triangulation
and the finite element spaces used, the matrix A~! has between O(m*®) and
O(m?) nonzero entries, whereas the sparse matrix A has only O(m) nonzero
entries. For a given vector y the matrix-vector product Sy can be computed
by using Sy = B(A~1(B”y)). The exact computation of this (up to machine
accuracy ), however, is still very costly, because it requires to solve a linear
system of the form Az = BTy up to machine accuracy. These observations
explain, why in our applications we often use approximate Schur complements.

Instead of the preconditioning approach in Lemma 5.2.7 we will use approxi-
mations Q4 of A and Qg of S. The quality of these approximations is mea-
sured by using spectral inequalities. For given preconditioners Q4 and Qg let
I'a, I's, va, vs > 0 be such that:

Y4Qa < A < TuQu,

(5.18)
vsQs < S < I'5Qs.

Using an analysis as in [212, 224] we obtain a result for the eigenvalues of the
preconditioned matrix:
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Theorem 5.2.9 For the matriz K as in (5.16) with preconditioners that
satisfy (5.18) we have:

N 1 1
o(K) C {5(%— VA +4IsTa), 7(va - \/7i+475%4)}
(FA+\/FX+4F5FA)}.

Proof. We use the following inequalities

U [7va,

M| —

yal < A < Iyl (5.19a)
vaATl < Qt < TuA™! (5.19b)
11 < Q5?SQ5° < IsL. (5.19¢)

Note that BBT = Q;%BQXIBTQ;%. Using (5.19b) and (5.19¢) we get

vavsI < BBT < I'4Ts1. (5.20)

Take pu € o(K). Then p # 0 and there exists (v, w) # (0,0) such that

Av + B w = pv
N (5.21)
Bv = uw.
From v = 0 it follows that w = 0, hence, v # 0 must hold. From (5.21)
we obtain (A + %BTB)V = pv and thus u € o(A + %BTB). Note that all
nonzero eigenvalues of BTB are also eigenvalues of BBT. We first consider
the case p > 0. Using (5.20) and (5.19a) we get

~ 1 ama 1
YAl <A+ —BTB < (I'y + —I'sT'A)I,
W

=

and thus y4 < pu < TI'y + %LFSFA holds. This yields
1 /2
LLG[’YA7§(FA+ FA+4F5FA)].
We now consider the case p < 0. From (5.20) and (5.19a) it follows that
N 1
A+;B B> (’7A+;FSFA)L

and thus pu > vy4 + %FSFA. This yields u > 1(ya — /74 + 4I'sI). Finally
we derive an upper bound for ¢ < 0. We introduce v := —p > 0. From (5.21)
it follows that for p < 0, w # 0 must hold. Furthermore, we have
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B(A +1)"'B"w = vw,

agd thus v € o(B(A 4 vI)"'BT). From I+ vA~! < (1+ )T and (5.19¢) we
obtain

N

BT > (1+ 2)'BAIBT
YA

14
> (1+—) 'yl
YA

B(A+vI) 'BT =BA 2(I+vA 1) 'A-

=

—(1+ %)%?sq;

We conclude that v > (1 + WLA)*IWS holds. Hence, for u = —v we get p <
2(va — V4 F47574) O

Remark 5.2.10 Note that if y4 = I'a =5 = I's = 1, ie, Qa = A and
Qs =S, we obtain o(K) = {(1—v/5)}U[1, (1++/5)], which is sharp (cf.
Lemma 5.2.7).

From the results in Theorem 5.2.9 and Theorem 5.2.4 it follows that one can
expect fast convergence of the preconditioned MINRES method if the spectral
constants ya, I'a, vs and I's are close to 1, in other words, if we have good
preconditioners Q4 and Qg of A and S, respectively. In particular, we have
robustness with respect to variation of parameters (for example, mesh size h
or parameters «, 8 in (5.8)) if these spectral constants are independent of the
parameters.

The (P)MINRES method treated above is a popular method from the class of
so-called Krylov subspace methods. The basic idea of the MINRES method
(and other Krylov subspace methods) is that one determines a certain “best”
approximation of the solution in the Krylov subspace, cf. (5.12). The error in
this approximation decreases due to the fact that the dimension of the Krylov
subspace increases if the iteration index k increases. The special saddle point
block structure of the matrix K is not used in the MINRES method. The block
structure is used in the block diagonal preconditioner in (5.15). In the next
section we discuss an iterative method that is based on a comletely different
idea, namely an approximate block LU-factorization of the matrix K.

5.2.2 Inexact Uzawa method

The matrix K has a block factorization

(A 0\ (1T A'BT i —lpT
(B 0) (A, sonarer

f

Solving the problem K (x) = (
y £

yields the equivalent problem:

) by block forward-backward substitution
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1. Solve Az =f;. (5.22)
2. Solve Sy =Bz —f5. (5.23)
3. Solve Ax=f; — BTy, (5.24)

In the Uzawa method one applies an iterative solver (e.g., CG) to the Schur
complement system in step 2. Note that the matrix S in this system is sym-
metric positive definite. The A-systems that occur in each iteration of this
method and in the steps 1 and 3 are solved sufficiently accurate using some
fast Poisson solver.

We consider a simple variant of this method in which the solutions of the
A—systems are replaced by approximate ones. Let Qa be a preconditioner
of A. We use this preconditioner in the steps 1 and 3 and also for the ap-
proximation of the Schur complement in step 2. For this we introduce the
notation

S:=BQ,'B” (5.25)

for the approzimate Schur complement. For solving linear systems with the
matrix S we use an (possibly nonlinear) iterative method denoted by ¥: for

each w, ¥(w) is an approximation to the solution z* of Sz = w. We assume
that
|¥(w) —z"||g < 0||z"[|g for all w (5.26)

holds with a given tolerance parameter 0 < & < 1. The most important
example for ¥ is a (preconditioned) CG method. Let (x*,y*) be a given
approximation to the solution (x,y). Note that using the block factorization
of K we get

X\ _ (x5 (T -ATIBISTY (AT 00 [(E) e (x
y) o s BA-' 1) [\f v )]
) (5.27)
Using the approximations A~! = Q217 S~'w ~ S7'w ~ ¥(w) and the
notation r¥ := f; — Ax* — BTy* we obtain the (nonlinear) iterative method
M =x" 4+ Q 'rY — Q'BTY(B(Q,'rf + xF) — £) (528)
vy =y Lo (B(QL '+ xP) — ). ’

Thus we obtain an inezact Uzawa method with the following algorithmic struc-
ture:
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0 -
(;{0> : starting vector; r(l) =f — Ax" — BTy"

fork>0 :
w=x" + ler’f
z:=V(Bw —f)
x=w-Q,'BTz
Yl =gk gy

r’f“ =rf - A(xF —x*) - BTz,

(5.29)

We take ¥(-) is as follows:

U(Bw — f,) = Result of £ PCG iter. applied to Sv=Bw-5 (5.30)
with initialization 0 and preconditioner Qg . ’

This algorithm consists of an inner-outer iteration. In the algorithm we use
preconditioners Q4 of A and Qg of S ~ S. An analysis of this method is
given in [202] where it is shown that in the inner iteration (5.30) one should
use very small ¢-values (¢ = 1,2), cf. Remark 5.2.16 below, and that this
inexact Uzawa method is an efficient solver for the saddle point problem (5.8)
provided

we have good preconditioners Qa of A and Qg of S. (5.31)

Remark 5.2.11 In [202] it is shown that the algorithm (5.29) can be imple-
mented in such a way that per outer iteration one needs £ 4+ 1 evaluations of
the preconditioner Q217 { evaluations of Q;l, £+ 1 matrix-vector multiplica-
tions with B, ¢ matrix-vector multiplications with B” and one matrix-vector
multiplication with A.

We discuss the convergence analysis from [202]. We assume that for the pre-
conditioner Q4 we have }
14Qa < A < Qa. (5.32)

We make the scaling assumption A < Q4 because it simplifies the analysis
and it is often satisfied in practice, for example it is fulfilled for a multigrid
preconditioner, cf. Sect. 5.4.2. This scaling assumption, however, is not essen-
tial neither for the algorithm nor for the convergence analysis.

In the analysis we use the following natural norms:

i 1
Ixllq == 1QAx[ = (Qax,x)2 for x € R™,

Iylls =182yl = (Sy,y)? for y € R".



112 5 Iterative solvers

we use the notation

Z> )-)

29) and ds := Bw — f5 we have the bound

For the error in algorithm (5

Lemma 5.2.12 For w as in
o 1
(S7'd2,d2)? < (1—7a)llefllo + lle5] 5

Proof. Define |ly[/¢-1 = = (S 'y, y)2. Note that for the exact discrete solution
x we have Bx = f5. Using this and the definition of w we get

Bw — f; = Bx* — Bx + BQ;!(Aef + BTel) = —B(I - Q;'A)el + Sek.
Hence,
(S7'da, d2)? = [[daf| 5 < [B(I—Q;'A)el| 5, + [Seb] s
< 87 FB(I- Q3'A)Q, [ Qiek] + IS ek
Now note that

ISTEBI-Q;'A)Q,”| < S7:BQ,|IQA(I - Q1'A)Q,* .

and
ISTEBQ |2 = p(S BQIBIS ) =y -1
Q31— Q;'A)Q,% | = pI- Q;*AQ,%) < 1—a.
This completes the proof. O

We now derive a main result on the error reduction in the inexact Uzawa
method.

Theorem 5.2.13 Consider the ineract Uzawa method (5.29) with ¥ such
that (5.26) holds. For the error e® = (e}, e5) we have the bounds

e g < (1= a)llebllo + el lls, (5.33)
les™ g < (1 =7a)(1 +d)llefllq + el s (5.34)
with ya from (5.32) and ¢ from (5.26).
Proof. For the error component e’f+1 we have the relations
e"f*'1 =x—-x"tl=x—w+ QleTz
=x—x" -~ Q' (Ael + BTel — BT 7)
I-Q,'A)el —Q,'BY (el —2)
= (I-Q;'A)ef —Q;'B el ™.
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Hence,

le¥ g < IT- Q47 AQ,*[lefllo + Q4 BTS ¥ [les 5.

In combination with
IT-Q,2AQ,% || < 1—17a, 1Q*B"S 2| =1,

this proves the inequality in (5.33). For the error component ekJrl we obtain,
with dg := Bw — £,

bt =y —y"l ek —z= (e — S 'dy) + (S 'dy — 2). (5.35)

For the first term we get
lef —S7"dallg = [le5 — ST'B(x" + Q' Aef + Q;'B"e})|
= lle5 +ST'B(I— Q' Aei — ST'BQ;'B e} 5
=IST'BI - Q' A)efl
A 1 1 1~ _1
<ISTFBQL7[IT- Q4 ° AQ,* lleflle
< (L =7a)letllo- (5.36)
Furthermore, using (5.26) and Lemma 5.2.12 we also have
IS7'ds —zllg = |S™ 2 — ¥(da)llg < 5 (ST dz]l4 (5.37)
=§(S7 2, d2)* < 6((1—a)lefllq +lles] ).

Combination of the results in (5.35), (5.36), (5.37) proves the inequality in
(5.34). O

As a simple consequence of this theorem we obtain the following convergence
result:

Theorem 5.2.14 Define

pa=1—vya, g(pa,0):=2pa+36(1+ pa). (5.38)

Consider the inexact Uzawa method (5.29) with ¥ such that (5.26) holds.

For the error e* = (e, ek) we have the bounds

max {[le7 ™ [lq. le5™ (|} < g(pa, 8) max {[leY]q, leslls},  (5.39)

1/9(pa,6) +/9(pa,6)? — 4pad\k
35( 2 ) (

lefllq + lle3 ]l 5 < lefllq + llebl5)-

(5.40)
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Proof. Define the matrix

o= (i1 5)

Due to Theorem 5.2.13 we obtain

k
(”e}:i”Q) <C <||e'£||Q>
les™ s/ =~ \lleslls /)
where “<” is meant entrywise. From [|C|looc = g(pa,d) we obtain the result
in (5.39). The eigenvalues of the matrix C are given by A1 2 = %g(ﬂA,é) +

%\/Q(HAv 0)2 — 4p 6. Thus we have

p(C) = %(g(ﬂm 8) + v/ g(pa,6)? - 4NA5)~

We have A\; = A\ iff u = § = 0. Hence there exists an eigenvector decomposi-
tion C = V diag(A1, A2)V~! and

lefllq + lle3lls < p(O) IVILIV= 1 (ledllq + lledls)

holds. A MAPLE computation yields that for the condition number (in the
1-norm) of the eigenvector matrix we have the uniform bound

1
max_[[V][1[[V7H < 35.
0<pia,6<1 2

Hence the result in (5.40) holds. O

Corollary 5.2.15 Clearly, the bound for the contraction factor in (5.39) and
the bound for the asymptotic convergence factor in (5.40) depend only on
14 and § and the bounds are monotonic functions of these parameters. Note
that for pa — 0 we obtain the contraction factor of the exact Uzawa method:

g(0,8) = 6. We also have g(ua,6) > 2(g(pa,8) + /g(pa, 6)? — 4pad) and

1-2
glpa,0) <1, iff 0<6< —FA  (541)

T+ pa
(9(pa,0) + Vg(pa,0)> —4pad) <1, iff 0<5<1—2pua. (5.42)

DN | =

Hence, for pa < % and § sufficiently small (as quantified in (5.41), (5.42)) we
have a convergent method.

Remark 5.2.16 We comment on the important special case where we take
for Q;ll a symmetric multigrid V-cycle, cf. Sect.5.4.2. Then py4 is the con-
traction number (w.r.t. the norm || - ||4a) of this multigrid method. It is
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known from numerical experiments (for our problem class) that in many
cases 0.1 < pa < 0.2 holds. The result in (5.42) shows that for ua =~ 0.15
we have a convergent method if for the accuracy of the inner method we
take § < 0.7. Clearly it is not efficient to use a very small value for §. We
comment on the choice of this parameter § € (0,0.7). As an example, we con-
sider the case pa = 0.1. For the contraction number in (5.39) we then have
9(0.1,0) = 0.2 + 1.14. For a given accuracy eps < 1 that is required in the
inexact Uzawa method let k be such that

g(0.1,6)* ~ eps.

Then
. In(eps)
~ In(0.2 + 1.16)

holds. We use the ansatz (cf. (5.30)) 6 = 3¢ with some 3 < 1, which implies
¢ =1nd(InB)~1. Note that ¢ (# of inner iterations) is a decreasing function
of 0 and k (# of outer iterations) as in (5.43) is an increasing function of 4.
It is reasonable to assume, cf. Remark 5.2.11, that the arithmetic costs in &
iterations of the inexact Uzawa method are dominated by k(¢4 1) evaluations
of Qzl. Hence, one wants to minimize

(5.43)

In(eps) Ind+Inp
Ing In(0.2+ 1.16)

]ﬂ(ﬁ + ].) ~ = kUzawaK(ﬂv 5)1

where kuzawa := In(eps)/In S is the number of iterations of the exact Uzawa
method (pa = 0). For different 8 values the function 6 — K(f,9) is given
in Fig.5.2. We see that a close to optimal value for ¢ is obtained in a broad

01 02 03 04 05 06
Fig. 5.2. Function § — K(3,6) for 3 =0.5,0.8,0.95.
range, say (in this example) § € [0.1,0.5]. We conclude that in order to max-

imize the efficiency of the inexact Uzawa method one should take a low ac-
curacy in the inner solver ¥ (for example, 6 = 0.4, cf. (5.26)). Moreover, the
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efficiency is not very sensitive with respect to the precise choice of this inner
accuracy parameter 0. For other p4 values (< 0.2) one observes similar effects.

5.3 Iterative Solvers for Oseen problems

The discrete Oseen problem has a matrix-vector representation of the form

()= (AR (D)= (1), &malarwe o Gas

where the parameter § is proportional to 1/At, cf. (5.1). This linear system
has a saddle point structure but opposite to the discrete generalized Stokes
equation in (5.8) the system matrix K in this case is non-symmetric. For
this type of linear systems, methods similar to the ones used for the Stokes
problem in Sect. 5.2 have been developed. We briefly address two classes of
methods, namely preconditioned Krylov subspace solvers and inexact Uzawa
methods.

Preconditioned Krylov subspace methods

One can apply a Krylov subspace method directly to the saddle point sys-
tem (5.44) and combine this with a block preconditioner, i.e. a preconditioner
that uses the block structure of the saddle point matrix. For standard Krylov
subspace methods applicable to systems with a non-symmetric matrix like
GMRES or BiCGSTAB, and their preconditioned variants, we refer to the
literature, e.g. [213]. It is convenient to allow for a preconditioner that varies
per iteration. Such a wvariable preconditioner arises if for the preconditioning
of A or of the Schur complement one uses an inner Krylov subspace iteration.
Standard methods like GMRES or BICGSTAB do not allow such variable pre-
conditioners. There are, however, Krylov subspace methods that can handle
variable preconditioners. Such methods are called flexible iterations. Exam-
ples are the GCR (Generalized Conjugate Residual) and GMRESR (recursive
GMRES) methods, cf. [213]. The main idea of GCR is briefly outlined in the
following.

Let (p% p',...,p" ') be a basis of the Krylov subspace KF(K;r?) :=
span{r’, Kr?, ... K" 1r’} which is KT K-orthogonal, i.e. such that

(Kp;,Kp;) =0  for all i # j.

Due to this orthogonality property it is easy to compute the solution of a
residual minimization problem as in (5.12). The unique

k
(;k> =:7" € 2° + K*(K;r®) such that Hsz — f|| is minimal ~ (5.45)
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can be computed recursively by

<I‘k_1,ka_1> b1

k k—1 p s
(KpF—1,Kph—1) ’

z° =17 +

with r*=1 := f — Kz*~!. Computing the K" K-orthogonal basis vectors turns
out to be computationally expensive. The next K7 K-orthogonal basis vector
p¥ can be computed as a linear combination of the residual r* and all previ-
ous basis vectors p, ..., p* . The resulting GCR method has the following
algorithmic structure:

0 XO . 0 fl 0 0 0
zV = 30 : starting vector; r’ := P Kz"; p'=r
2

for k>0:
(r*, Kp*)

Q= e

(Kp*, Kp*)
2" = 2P + oy pF (5.46)
= rF — a,Kp*

(Krk+1, Kp') _
Compute B; := ——F5———— fori=0,1,...,k
(Kp*, Kp?)
k

pitl .= Pl Zﬂi,kpl~

=0

Opposite to the MINRES method, in the GCR algorithm there is a sig-
nificant growth in the arithmetic costs per iteration if the iteration index k
increases. This is essentially due to the fact that in (5.45) a residual mini-
mization criterion is used. It is known, that for a monsymmetric matrix in
general this leads to an “expensive” algorithm. Recall that the (cheap) MIN-
RES method is applicable to symmetric matrices only. As in the case of the
methods discussed in the previous section, the GCR method can be combined
with a preconditioner. Furthermore, different mathematically equivalent algo-
rithms of (preconditioned) GCR exist. Below we give a preconditioned GCR
algorithm that is often used in practice. We use the notation Qy (instead
of Q) for the preconditioner to indicate that the preconditioner may change
per iteration.
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0 x? : 0 f; 0
zZ = o | : starting vector; r- := — Kz
y f

fork>0:
1 = Q;lrk

VAL = Ksht!

(5.47)

=1
k
‘/}k—‘rl = "}k-i-l _ Z<‘7k+17 VZ> V’i
i=1

Sk+1 — Sk+1/||\7k+1||2

Vk+1 — {,k+1/||{,k+1||2

zk:+1 = Zk + <I‘k,Vk+1> Sk:Jrl

k+1 ._ Lk < k k+1>Vk+1.

r =r" —(r",v

For the case Qi = I (no preconditioning) one can verify that the algo-
rithms in (5.47) and (5.46) produce the same sequence of approximations
z" (in exact arithmetic). Relations between these two variants, for the case

k+1 _

k
Qr =1 arev TRPFT and sk

Kp — P
I\Kp IKp*[
As for the generalized Stokes problem, the issue of preconditioning, i.e., the
choice of Q,;l in (5.47), is of great importance for the efficiency of such a
Krylov subspace method. The use of an appropriate preconditioner is often
much more important than the choice of the particular Krylov subspace method
(e.g. GMRESR or GCR).

Concerning suitable block preconditioners for the Oseen problem we start

with the block factorizations

65 (05 = (oart)

A 0 A BT I A-'BT\ A 1T
(A0) (%)= (2 A%) k. sawn

where we assumed that rank(B) = n, and thus S is regular, cf. Remark 5.2.1.

(5.48)

The preconditioned matrices IA{T, Kz result from “right” and “left” precondi-
tioning” of the matrix K with preconditioners

_ (ABT (A0
QT A (0 _S>7 Ql L (B _S>‘
Note that (K, —I)2 = 0, p € {r,1} and that both preconditioned matrices
have all eigenvalues equal to 1. If the GMRES method is applied to the left
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preconditioned system Qfle = Qflf then the preconditioned residual #* =
Ql_l(f — Kx¥) satisfies the optimality property

~k . -1 0 . P 0
| = min b K)r'|| = min L (K]
= min QUK = min (e’

For py(2) = (2 — 1) we have po(K;) = 0 and thus one obtains (in exact arith-
metic) the solution of a linear system Kx = b in (at most) two iterations. The
same holds for the GMRES method applied to the right preconditioned sys-
tem with matrix IA{T. Clearly the preconditioners Q, and Q; are not feasible.
In practice one often uses preconditioners of the form

_ (Qa BT _(Qa O
Q.—(O —QS>7 or Q.—(B —QS>7 (5.49)

with preconditioners Q4 of A and Qg of the Schur complement S. For Q4
one can use a multigrid preconditioner (resulting from a multigrid method for
each of the scalar diffusion-convection-reaction type of problems in the block-
diagonal matrix A) or some other preconditioned Krylov subspace method
(BiCGSTAB, for example), cf. Sect.5.4. In the latter case the preconditioner
is nonlinear and changes per iteration, i.e. Q = Qy in (5.49). In such a sit-
uation one needs a flexible Krylov subspace method, like GCR. The issue of
Schur complement preconditioning in the non-symmetric case is much more
difficult as in the symmetric case. This topic is briefly addressed in Sect. 5.4.3.

For symmetric saddle point problems there is extensive theory with analyses of
the rate of convergence of iterative solvers and of the effect of preconditioning,
cf. [31]. An example of such an analysis is given in Sect. 5.2. For nonsymmetric
saddle point problems like the Oseen problem the state of the art concerning
theoretical analyses is still quite unsatisfactory. Although many algorithms
(iterative methods and preconditioners) have been developed there are only
very few significant theoretical results. Moreover, these results typically hold
for rather special cases. We do not present examples of such results here but
refer to the literature, for example the overview paper [31].

Inexact Uzawa method

For the discrete Oseen problem in (5.44) an inexact Uzawa method as in (5.29)
can be used. For the Oseen problem the Schur complement is nonsymmetric
and therefore one should not apply a preconditioned CG method in (5.30)
but for ¥ one can use, for example, a preconditioned GCR method. For the
preconditioner Q4 one can apply a multigrid method or a (preconditioned)
Krylov subspace iteration. More delicate is the choice of Qg, which is briefly
addressed in Sect. 5.4.3.
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5.4 Preconditioners

5.4.1 Introduction

For efficient iterative solvers for the (generalized) Stokes and Oseen problems
it is essential to have good preconditioners Q4 and Qg of A and S (or S)’
respectively.

Consider a general nonsingular n X n-matrix A (not necessarily the same
as the matrix A in (5.8) or (5.44)). Assume a nonsingular matrix Q ~ A,
which is called a preconditioner of A. For a preconditioner to be useful for
the acceleration of iterative methods one often requires that for all y € R”

x = Q 'y can be determined with “low” costs (cn flops), (5.50a)
and k(Q'A) < k(A). (5.50b)

The concept of preconditioning is very general and it can be found at many
places in the literature. An overview of several preconditioning techniques for
discretized scalar elliptic partial differential equations is given in [57, 124, 213].
For example, a very popular approach is to use Q = LU =~ A, where L is
a sparse lower triangular matrix and U a sparse upper triangular matrix
(“Incomplete LU factorization”).

A well-known technique is to use linear or nonlinear iterative methods
as preconditioners. We briefly explain this for the case of a linear iterative
method:

xFH = xF — Wl(Ax" — D). (5.51)

The iteration matrix (which determines the error propagation) of this method
is given by C = I— W LA If one uses this iterative method for precondition-
ing then Q := W is taken as the preconditioner for A. If the method (5.51)
converges then W' (and thus Q) is a reasonable approximation for A in the
sense that p(I - W™1A) < 1.

The iteration in (5.51) corresponds to an iterative method and thus W=ty
(y € R™) can be computed with acceptable arithmetic costs. Hence the con-
dition in (5.50a), with Q = W, is satisfied.

Related to the implementation of such a preconditioner we note the following.
In an iterative method the matrix W is usually not used in its implementation
(cf. symmetric Gauss-Seidel or the multigrid method in Sect.5.4.2), i.e. the
iteration (5.51) is implemented without explicitly computing W. The vector
x = W™ty is the result of (5.51) with £ = 0, x° = 0, b = y. From this it
follows that the computation of x = Q 'y can be implemented by performing
one iteration of the iterative method applied to Az =y with starting vector 0.

A bound for k(W~LA) (cf. (5.50b)) is presented in the following lemma.
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Lemma 5.4.1 We assume that A and W are symmetric positive definite
matrices and that the method in (5.51) is convergent, i.e. p(C) < 1 with
C:=1—-W~'A. Then the following holds:

< 1+ 0(C)

R(WTLA) < ()

(5.52)

Proof. Because A and W are symmetric positive definite it follows that
c(WA) = o(W 2AW2) C (0, 00) .

Using p(I — W~1A) < 1 we obtain that ¢(W~1A) C (0,2). The eigenvalues
of WA are denoted by p;:

O<pr Spe <. Sy <2

Hence p(C) = max{|1 — p1|, |1 — pn|} holds and

pr 1= (1 —pr) = 1—[1—p
Thus ) ©)
_ +p
K(W™TA) <
WA <1 0©
holds. O

With respect to the bound in (5.52) we note that the function x — i—i
increases monotonically on [0, 1) and thus we have a bound on k(W ~!A) that
decreases if p(C) decreases. This indicates that the higher the convergence rate
of the iterative method in (5.51), the better the quality of W as a preconditioner
for A. In Sect.5.4.2 we will introduce multigrid methods, which are known
to have a very high rate of convergence when applied to linear systems with
a matrix of the form A as in (5.8) or (5.44). Such multigrid methods are
linear iterative methods as in (5.51), with a matrix W = W ;¢ that is given
only implicitly. Using a multigrid method one then obtains a (very) good
preconditioner Q4 = W ;a of A.

The above preconditioning approach can be generalized to nonlinear iter-
ative methods, for example Krylov subspace methods. For a given y € R"
the vector x = ¥(y) ~ A~ly is then determined by applying one or a
few iterations of the nonlinear method to the system Az = y with starting
vector 0.

5.4.2 Multigrid preconditioner

In this section we give an introduction to multigrid methods. A detailed treat-
ment can be found in, for example [51, 133, 132, 210, 251]. The remaining part
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of this section is organized as follows. First, in Subsection I, for a very sim-
ple one-dimensional diffusion problem we introduce the main idea underlying
multigrid solvers. Then this idea is generalized to d-dimensional (d = 2,3)
elliptic boundary value problems (Subsection II). After that, in Subsection
III, we illustrate the efficiency of multigrid methods by presenting results of a
numerical experiment for the three-dimensional Poisson equation. Finally, in
Subsection IV we briefly address some theoretical convergence results.

The application of multigrid as a preconditioner Q4 in the generalized
Stokes and Oseen saddle point problems is discussed in Remark 5.4.26 below.

I. Multigrid for a one-dimensional model problem

We consider a very simple model problem to show the basic principle behind
the multigrid approach, namely the two-point boundary value model problem

—u"(z) = f(x), x € 2:=(0,1).
{u(O) —u(1)=0. (5.53)

We will use a finite element method for the discretization of this problem. This,
however, is not essential: other discretization methods (finite differences, finite
volumes) result in discrete problems that are very similar. The corresponding
multigrid methods have properties very similar to those in the case of a finite
element discretization.

For the finite element discretization we need the variational formulation
of this boundary value problem: find u € H}(§2) such that

1 1
/ u'v' dx = / fode for all v e H} ().
0 0

For the discretization we introduce a sequence of nested uniform grids. For
£=0,1,2,..., we define

he =271 (“mesh size”) , (5.54a)
ne=nh;'—1 (“number of interior grid points”) , (5.54b)
&i=1he, 1=0,1,...,n,+1 (“grid points”), (5.54¢)
QP ={¢&i:1<i<ng} (“interior grid”) , (5.54d)
Th, = U{[€ei,&0i41] - 0<i<my} (“triangulation”) . (5.54e)

The space of linear finite elements corresponding to the triangulation 7j, is
given by

w = X}LZ,O = {1} c C(_Q) : U‘[&{,i’&,ﬂ_l] c Pl s 7 = O, e, Ny, ’U(O) = 1](1) =0 } .

The standard nodal basis in this space is denoted by (¢;)1<i<n,. These func-
tions satisfy ¢i(&ei) = 1, ¢i(&;) = O for all j # 4. This basis induces an
isomorphism
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g
P :R™ —V,, Px= Zxd) (5.55)
i=1
The Galerkin discretization in the space V; is as follows: determine uy, € Vj
such that

1 1
/ upvy doe = / fvedz  for all v, € V.
0 0

e

Using the representation u, = ijl

x;¢; this yields a linear system

1 1
Acxe=by, (Ag), = / ol dz,  (by); = / foide.  (5.50)
0 0

The solution of this discrete problem is denoted by xj. The solution of the
Galerkin discretization in the function space V; is given by uy = Pixj. A
simple computation shows that

A, = h,é—ltl'ldlag(—l7 2, _1) c RMeXne

Note that, apart from a scaling factor, the same matrix results from a stan-
dard discretization with finite differences of the problem (5.53).

Clearly, in practice one should not solve the problem in (5.56) using an it-
erative method (a Cholesky factorization A = LL” is stable and efficient).
However, we do apply a basic iterative method here, to illustrate a certain
“smoothing” property which plays an important role in multigrid methods.
We consider the damped Jacobi method

1
xhth = xb — §whg(AgX? —by) with we(0,1]. (5.57)

The iteration matrix of this method, which describes the error propagation
e; 7! = Ceef, ef :=x; —x}, is given by

1
Cg = Cg(w) =1I- §wh5Ag .

In this simple model problem an orthogonal eigenvector basis of Ay, and thus
of Cy, too, is known. This basis is closely related to the “Fourier modes”:

w”(x) =sin(vrz), z€l0,1], v=12...

Note that w” satisfies the boundary conditions in (5.53) and that —(w")" (z) =
(vm)?w” (x) holds, and thus w” is an eigenfunction of the problem in (5.53).
We introduce vectors z; € R™, 1 < v < ny, which correspond to the Fourier
modes w"” restricted to the interior grid 2int:

zy = (wu(gf,l)va(gfﬁ)v°~'7wy(£f,mg))T .

These vectors form an orthogonal basis of R™¢. For ¢ = 2 we give an illustration
in Fig.5.3.
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Fig. 5.3. Two discrete Fourier modes.

To a vector zj there corresponds a frequency v. For v < %ng the vector zj,
or the corresponding finite element function Pz}, is called a “low frequency
mode”, and for v > %ng this vector (or the corresponding finite element
function, respectively) is called a “high frequency mode”. The vectors zj are
eigenvectors of the matrix Ay:

4
Az = T Sinz(Vghg)ZZ7

and thus we have -
Cozj = (1 —2w Sinz(Vghg))ZZ . (5.58)

From this we obtain

IC||2 = maxi<y<n, |1 —2w sinz(l/%hm
(5.59)
=1-2wsin®(Zh) = 1 — Swr?h? + O(h}) .

From this we see that the damped Jacobi method is convergent (||Cyll2 < 1),
but that the rate of convergence will be very low for iy small.

Note that the eigenvalues and the eigenvectors of C; are functions of the
parameter vhy € [0,1]:

Ay i=1—2w sinz(ughg) =: g (Vvhy) , with (5.60a)

9u(y) = 1—2w sinz(gy)7 y € [0,1]. (5.60b)
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Hence, the size of the eigenvalues Ag,, can directly be obtained from the graph
of the function g,,. In Fig. 5.4 we show the graph of the function g, for a few
values of w.

&
I
W =

,_.__
&
I
oy

S
Il
W

Fig. 5.4. Graph of g,.

From the graphs in this figure we conclude that for a suitable choice of w we
have |g.,(y)| < 1ify € [3,1]. We choose w = 2 (then |g,,(3)| = |g.(1)] holds).
Then we have |g% (y)| < % for y € [3,1]. Using this and the result in (5.60a)

we obtain ) )
[Aew| < 3 forv > §ng .
Hence:

the high frequency modes are strongly damped by the iteration matriz Cy.

From Fig.5.4 it is also clear that the low rate of convergence of the damped
Jacobi method is caused by the low frequency modes (vhy < 1).

Summarizing, we draw the conclusion that in this example the damped
Jacobi method will “smooth” the error. This elementary observation is of
great importance for the two-grid method introduced below. In the setting of
multigrid methods the damped Jacobi method is called a “smoother”. The
smoothing property of damped Jacobi is illustrated in Fig.5.5. It is impor-
tant to note that the discussion above concerning smoothing is related to the
iteration matrix Cy, which means that the error will be made smoother by
the damped Jacobi method, but not (necessarily) the new iterand x**1.
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Graph of a starting error.

Graph of the error after one damped Jacobi
iteration (w= g)

Fig. 5.5. Smoothing property of damped Jacobi.

In multigrid methods we have to transform information from one grid to an-
other. For that purpose we introduce so-called prolongations and restrictions.
In a setting with nested finite element spaces these operators can be defined
in a very natural way. Due to the nestedness the identity operator

Ip: Vi1 =V,

ILiv =,

is well-defined. This identity operator represents linear interpolation as is
illustrated for £ = 2 in Fig. 5.6. The matrix representation of this interpolation

operator is given by

pe:R™1 S R™  pyi=P Py, (5.61)
A simple computation yields
X
—
— ~ N
v X
0 ~ —~ /; "
\x\ —
— ~
-
I
X \
x o
— ~
P X ; ; X Va
—
0 S _— 1
X— X
—X_
—x
Fig. 5.6. Canonical prolongation.



5.4 Preconditioners 127

N[ = N[

Nl= =N

Ps (5.62)

0

POl = o=

= MegXng—1

We can also restrict a given grid function vy on 2)"* to a grid function on
2", . An obvious approach is to use a restriction r based on simple injection:

(rinjue) (§) = ve(§) if €€ ™ .

When used in a multigrid method then often this restriction based on injection
is not satisfactory (cf. [133], Sect. 3.5). A better method is obtained if a natural
Galerkin property is satisfied. It can easily be verified (cf. also Lemma 5.4.3)
that with Ay, Ay_1 and py as defined in (5.56), (5.61) we have

I‘gAgpg = Ag_l iff ry = pg. (563)
Thus the natural Galerkin condition ryAypy; = Ays_1 implies the choice
r; =p; (5.64)

for the restriction operator. In the remainder we use this restriction.

The two-grid method is based on the idea that a smooth error, which re-
sults from the application of one or a few damped Jacobi iterations, can be
approximated fairly well on a coarser grid. We now introduce this two-grid
method.

Consider A;x; = by and let X, be the result of one or a few damped Jacobi
iterations applied to a given starting vector Xg. For the error e; := x; — Xy
we have

Aep=by;— AXxp=:dy ( “residual” or “defect”). (5.65)

Based on the assumption that e, is smooth it seems reasonable to use
an approximation e; ~ p;€y_1 with an appropriate vector (grid function)
€¢—1 € R™~1. To determine the vector &_; we use the equation (5.65) and
the Galerkin property (5.63). This results in the equation

Ay 1€ =r¢dy

for the vector €,_1. Note that x* = Xy + e, =~ Xy + pr€¢—1. Thus for the
new iterand we take x; := Xy + pr€¢—_1. In a more compact formulation this
two-grid method is as follows:
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procedure TGMy(x¢, by)
if =0 then xq:= Aj'by else

begin
x¢ := JJ(x¢,bg) (% v smoothing it., e.g. damped Jacobi *)
dy_1 :=1i(bs — Ayxy) (* restriction of defect x) (5.66)

€y 1 1= Azjldg_l (* solve coarse grid problem )
X = Xg + pe€e—1 (* add correction )
TGM@ =Xy

end;

Often, after the coarse grid correction xy := Xy + pg€¢—_1, one or a few smooth-
ing iterations are applied. Smoothing before/after the coarse grid correction is
called pre/post-smoothing. Besides the smoothing property a second property
which is of great importance for a multigrid method is the following:

The coarse grid system Ay_1€4_1 = d¢—1 is of the same form as Ayxy = by.

Thus for solving the problem A, i€,_1 = dy_1 approrimately we can ap-
ply the two-grid algorithm in (5.66) recursively. This results in the following
multigrid method for solving A,x; = by:

procedure MGM,(x¢, by)

if £=0 then xq:= Ay by else

begin
x¢ :=J,/ (x¢,bg) (% presmoothing x)
di—1 ==ri(bs — Ayxy) ‘ '
e) ,:=0; fori=1tordo e, := MGMg,l(ezjll, do1);
X = X¢ + pe€j_q
x¢ = J;?(x¢,bg)  (* postsmoothing )
MGM@ =Xy

end;

(5.67)

If one wants to solve the system on a given finest grid, say with level number
4, ie. Agx7 = by, then we apply some iterations of MGMy(xz, by).

Based on efficiency considerations (explained below) we usually take 7 = 1
(“V-cycle”) or 7 =2 (“W-cycle”) in the recursive call in (5.67). For the case
¢ = 3 the structure of one multigrid iteration with 7 € {1, 2} is illustrated in
Fig. 5.7.

I1. Multigrid for scalar elliptic problems

We introduce multigrid methods which can be used for solving discretized
scalar elliptic boundary value problems. A model example from this problem
class is the Poisson equation
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=3

{=29 e : smoothing
(=1 [J : solve exactly
=0

T=1 T=2

Fig. 5.7. Structure of one multigrid iteration

—Au=f in 2CR?
u=0 on Of2.

We emphasize, however, that opposite to the CG method, the applicability of
multigrid methods is not restricted to symmetric problems. Multigrid methods
can also be used for solving problems which are non-symmetric (e.g., with a
convection term in the equation). If the problem is strongly non-symmetric
(e.g., the underlying equation has a dominating convection term) one usu-
ally has to modify the standard multigrid approach in the sense that special
smoothers and/or special prolongations and restrictions should be used. We
do not treat this topic here.

We will introduce the two-grid and multigrid method by generalizing the
approach presented for the 1D diffusion problem above to the higher (i.e.,
two and three) dimensional case. We consider a scalar elliptic boundary value
problem of the form

—div(aVu) +b-Vu+ cu=f in (2,

u=0 on Of2. (5.68)

This problem is considered in a domain 2 C R?, d = 2 or 3. We assume that
the functions a, ¢ and the vector function b are sufficiently smooth on {2 and

1 —
a(x) > ap >0, c(z)— 3 divb(z) >0 forall x € (2. (5.69)

These assumptions guarantee that the problem is elliptic and well-posed. In
view of the finite element discretization we introduce the variational formula-
tion of this problem: Find u € H}(§2) such that

k(u,v) = f(v) forall ve€ Hy(82), (5.70)

with a bilinear form and right-hand side

k(u,v)z/aVu-Vv+b-Vuv+cuvda:, f(v):/fvdx.
17 fo)
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If (5.69) holds then this bilinear form is continuous and elliptic on Hg(£2),
i.e. there exist constants v > 0 and ¢ such that

E(u,u) > yluli,  k(u,v) < clulifv)y  for all u,v € H(£2).

Here we use |uly == ([, Vu- Vuda:)%, which is a norm on H}(§2). Exis-
tence of a unique solution of the variational problem (5.70) follows from the
Lax-Milgram Lemma 15.2.1. For the discretization of this problem we use
simplicial finite elements, cf. Sect. 3.2.1. Let {73} be a regular family of trian-
gulations of {2 consisting of d-simplices and V}, a corresponding finite element
space. For simplicity we only consider linear finite elements:

Vh:Xi)oz{veC(Q):v‘Te”Pl forall T €7, vjpp=0}.

The presentation and implementation of the multigrid method is greatly sim-
plified if we assume a given sequence of nested finite element spaces.

Assumption 5.4.2 In the remainder of this section we assume that we have
a sequence Vy, £ = 0,1,.. ., of simplicial finite element spaces which are nested:

Vi C Vpyr for all £ (5.71)

This assumption holds for a multilevel tetrahedral grid hierarchy as explained
in Sect. 3.1, cf. Remark 3.1.6. This assumption is not necessary for a successful
application of multigrid methods. For a treatment of multigrid methods in case
of non-nestedness we refer to [242].
In V; we use the standard nodal basis (¢;)1<i<n,. This basis induces an

isomorphism

Ty

PriR™ =V, Px=)» xi¢;.

i=1

The Galerkin discretization: Find u, € V; such that

k(ug,ve) = f(vg) forall vp €V, (5.72)
can be represented as a linear system
Apxp =by, with (Ag)ij = k(¢j,¢:), (be)i = f(¢i), 1<4,5<ne (5.73)

The solution x of this linear system yields the Galerkin finite element solution
up = Pyxj. Along the same lines as in the one-dimensional case we introduce
a multigrid method for solving this system of equations on an arbitrary level
£>0.
For the smoother we use a basic iterative method such as, for example, a
Richardson method

xF = xkF — ) (AxF —b),
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a damped Jacobi method
xF = xF —wD; (A" —b), (5.74)
or a Gauss-Seidel method
xFl = xk (D, — L))" '(Aix" —b), (5.75)

where Dy — Ly is the lower triangular part of the matrix A,. For such a method
we use the general notation

M = Sy(x%,by) = xF —~ W, AXY —b), k=0,1,...
The corresponding iteration matrix is denoted by
S, =1-W,'A,.

For the prolongation we use the matrix representation of the identity Ip :
Vier — Vi, Le,
po =P, Py (5.76)

The choice of the restriction is based on the following elementary lemma:

Lemma 5.4.3 Let Ay, £ > 0, be the stiffness matrixz defined in (5.73) and py
as in (5.76). Then for ry : R™ — R™-1 we have:

rApe = Ay_1 if and only if r,=p..
Proof. For the stiffness matrix matrix the identity

(Aex,y) = k(Pyx, Pyy) forall x,y € R™
holds. From this we get

reApe=Ap
= (Apex,rly) = (Ar1x,y) forall x,y € R™!
& k(Pro1x, Pgr{y) =k(Pp_1x, Pp_1y) forall x,y € R™-1.

Using the ellipticity of k(-,-) it now follows that

riApe = A
& Prly=P_ 1y forall yeR"™!
= I‘%y = P[ng_ly =pey forall yeR™1

T
~ rg = p[.

Thus the claim is proved. U
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This motivates that for the restriction we take:
ro:=p;. (5.77)

Using these components we can define a multigrid method with exactly the
same structure as in (5.67):

procedure MGM,(x, by)

if £=0 then xq:= A;'bg else

begin
x¢ := 8, (x¢,bg) (% presmoothing *)
di—1 ==ri(by — Ayxy) ‘ ,
€l :=0; fori=1tordo e ;:= MGMg,l(ezzlpdg,l);
Xg 1= X¢ + prej_y
x¢ 1= 8,2 (x¢,bg) (* postsmoothing )
MGM@ =Xy

end;

(5.78)

We briefly comment on some important issues related to this multigrid
method.

Smoothers

For many problems basic iterative methods provide good smoothers. In par-
ticular the Gauss-Seidel method is often a very effective smoother. Other
smoothers used in practice are the damped Jacobi method and the ILU
method, cf. [255].

Prolongation and restriction

If instead of a discretization with nested finite element spaces one uses a
finite difference or a finite volume method then one can not use the approach
in (5.76) to define a prolongation. However, for these cases other canonical
constructions for the prolongation operator exist. We refer to [133], [242] or
[251] for a treatment of this topic. A general technique for the construction
of a prolongation operator in case of non-nested finite element spaces is given
in [49)].

Arithmetic costs per iteration

We discuss the arithmetic costs of one MGMy iteration as defined in (5.78).
For this we introduce a unit of arithmetic work on level £:

WU, := # flops needed for A;x; — b, computation. (5.79)
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We assume:
WU,y SgWU, with g <1 independent of ¢. (5.80)

Note that if 7; is constructed through a uniform global grid refinement of 7,
(for d = 3: subdivision of each tetrahedron T' € 7;_; into 8 smaller tetrahe-
dra by regular refinement) then (5.80) holds with g = (3)?. Furthermore we
make the following assumptions concerning the arithmetic costs of each of the
substeps in the procedure MGM,:

x¢ = S¢(x¢,bg) : costs < WU,
dy—1 :=ry(by — Ayxy)

- < 2WU,
Xp = X¢+ Pe€y_

~

} total costs

For the amount of work in one multigrid V-cycle (7 = 1) on level ¢, which is
denoted by VMG, we get, using v := vy + vs:

VMG, SvWU +2WU, +VMGy_1 = (v +2)WU; + VMG
SWH2)(WUr+ WU + ...+ WU1) + VMG
SW+2)(1+g+...+ ¢ HYWU, + VMG, (5.81)
o vt 2

~

WU,.

In the last inequality we assumed that the costs for computing xo = Ay b,
(i.e., VMGy) are negligible compared to WU,. The result in (5.81) shows that
the arithmetic costs for one V-cycle are proportional (also if £ — c0) to the
costs of a residual computation. For example, for g = % (uniform refinement
in 3D) the arithmetic costs of a V-cycle with 11 = v = 1 on level ¢ are
comparable to 4% times the costs of a residual computation on level £.

For the W-cycle (7 = 2) the arithmetic costs on level £ are denoted by WM G.
We have:

WMG, SvWU,+2WU, 4+ 2WMG_1 = (v +2)WU, + 2WMG,_;
SW+2)(WU+2WUq + 22WU o + ...+ 27T WU ) + WM Gy
Sw+2)(1+29+ (29)* + ...+ (29) ) WU, + WMG.

From this we see that to obtain a bound proportional to WU, we have to
assume

<1
g 5

Under this assumption we get for the W-cycle

WMG, < v+2

wU
ST, ¢

(again we neglected WMGy). Similar bounds can be obtained for 7 > 3,
provided 7¢g < 1 holds.
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ITI. Numerical experiment: Multigrid applied to a Poisson
equation

In this section we present results of a standard multigrid solver applied to the
model problem of the Poisson equation:

—Au=f in £2:=(0,1)>,
u=0 on 912

We take f(x1, 22, 23) = 23+e"2x1+2312. For the discretization we start with a
uniform subdivision of {2 into cubes with edges of length hg := i. Each cube
is subdivided into six tetrahedra. This yields the starting triangulation 7
of 2. The triangulation 7; with mesh size h; = % is constructed by regular
subdivision of each tetrahedron in 7y into 8 child tetrahedra. This uniform
refinement strategy is repeated, resulting in a family of triangulations (7¢)¢>0
with corresponding mesh size hy = 27¢~2. For discretization of this problem
we use the space of linear finite elements on these triangulations. The resulting
linear system is denoted by Ayx, = by. We consider the problem of solving
this linear system on a fixed finest level £ = ¢. Below we consider £ =1,...,5.
For ¢ = 5 the multilevel triangulation contains 14.380.416 tetrahedra and in
the linear system we have 2.048.383 unknowns.

We briefly discuss the components used in the multigrid method for solving
this linear system. For the prolongation and restriction we use the canoni-
cal ones as in (5.76), (5.77). For the smoother we use two different meth-
ods, namely a damped Jacobi method and a symmetric Gauss-Seidel method
(SGS). The damped Jacobi method is as in (5.74) with w := 0.7. The sym-
metric Gauss-Seidel method consists of two substeps. In the first step we use
a Gauss-Seidel iteration as in (5.75). In the second step we apply this method
with a reversed ordering of the equations and the unknowns. The arithmetic
costs per iteration for such a symmetric Gauss-Seidel smoother are roughly
twice as high as for a damped Jacobi method. In the experiment we use the
same number of pre- and post-smoothing iterations, i.e. vy = 5. The total
number of smoothing iterations per multigrid iteration is v := vy + v5. We
use a multigrid V-cycle. i.e., 7 = 1 in the recursive call in (5.78). The coarsest
grid used in the multigrid method is 7y, i.e. with a mesh size hg = i. In
all experiments we use a starting vector x° := 0. The rate of convergence is
measured by looking at relative residuals:

_ A" —byll>
[bzll2

In Fig.5.8 (left) we show results for SGS with v = 4. For £ = 1,...,5 we
plotted the relative residuals ry for £ = 1,...,8. In Fig. 5.8 (right) we show
results for the SGS method with varying number of smoothing iterations,
namely v = 2,4,6. For £ = 1,...,5 we give the average residual reduction per
iteration r := (rg)*.
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Fig. 5.8. Convergence of multigrid V-cycle with SGS smoother. Left: ry, for k =
0,...,8and £ =1,...,5. Right: (Tg)% for £=1,...,5and v = 2,4, 6.

These results show the very fast and essentially level independent rate
of convergence of this multigrid method. For a larger number of smoothing
iterations the convergence is faster. On the other hand, also the costs per
iteration then increase, cf. (5.81) (with g = $). Usually, in practice the number
of smoothings per iteration is not taken very large. Typical values are v = 2
or v = 4. In the Fig.5.9 we show similar results but now for the damped
Jacobi smoother (damping with w = 0.7) instead of the SGS method.
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Fig. 5.9. Convergence of multigrid V-cycle with damped Jacobi smoother. Left: r,
for k=0,...,8and £ =1,...,5. Right: (rs)s for =1,...,5 and v = 2,4, 6.

For the method with damped Jacobi smoothing we also observe an essen-
tially level independent rate of convergence. Furthermore there is an increase
in the rate of convergence when the number v of smoothing step gets larger.
Comparing the results of the multigrid method with Jacobi smoothing to
those with SGS smoothing we see that the latter method has a significantly
faster convergence. Note, however, that the arithmetic costs per iteration for
the latter method are higher (the ratio lies between 1.5 and 2).
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IV. Multigrid convergence analysis for scalar elliptic problems

We present a convergence analysis for the multigrid method introduced in Sub-
section II above. Our approach is based on the so-called approximation- and
smoothing property, introduced by Hackbusch in [133, 132]. For a discussion
of other analyses we refer to Remark 5.4.20.

One easily verifies that the two-grid method is a linear iterative method. The
iteration matrix of this method with v presmoothing and v postsmoothing
iterations on level ¢ is given by

Craye = Cre(ve,v1) = S (I — peA, ! 1o Ay)SY, (5.82)

with Sy =1 — W[lAg the iteration matrix of the smoother.

Theorem 5.4.4 The multigrid method (5.78) is a linear iterative method with
iteration matriz Cpg,e given by

C]WG,O =0 (5838.)
Cuae =SP(I—pe(I—Clrg-1)A; L TeAr) Sy (5.83b)
= Cra,e+ S;*peChrgo 1Al reAS), £=1,2,... (5.83¢)

Proof. The result in (5.83a) is trivial. The result in (5.83c) follows from (5.83b)
and the definition of Crg,¢. We now prove the result in (5.83b) by induction.
For ¢ =1 it follows from (5.83a) and (5.82). Assume that the result is correct
for £ — 1. Then MGMy_1(y¢—1,2¢—1) defines a linear iterative method and for
arbitrary yy—_1, z¢—1 € R™-1 we have

MGMy—1(ye-1,2e-1) — A Ze—1 = Crrgu—1(ye—1 — Ay ze—1).  (5.84)
We rewrite the algorithm (5.78) as follows:
x! = 87 (x7, b)
x* = x' + peMGM]_, (0, re(by — Agx"))
X = 8% (x%, by).
From this we get
PV — x) = x5V — A, by = S (x% — x})
=8,%(x! —xj + peMGM]_; (0,r¢(b, — Asx'))).

Now we use the result (5.84) with y,—1 = 0, z¢_; := re(by; — Ayx!). This
yields

x;V —x; =S (x" —x) + pe(A zp1 — Chc,e—lAe_j1Zf—1))
=872 (1= pe(I = Chyg 1) Ay TeAL) (X! — x7)
=8 (I —pe(I— CR/[G,E—l)Ae_jﬁfAZ)SZl (XOld — ).

This completes the proof. O
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The convergence analysis is based on the following splitting of the two-grid
iteration matrix, with v = 0, i.e. no postsmoothing:

1C16,e(0,v1)]l2 = (T — peA; "t reAg)ST 2

B . " (5.85)
< ||AZ —pEAgfler? “AZSZ ”2

We will discuss suitable bounds for |A,; ! —peA, ! re||2 (called approzimation
property) and for ||A,Sy"||2 (called smoothing property). In the convergence
analysis we need the following:

Assumption 5.4.5 In the remainder of this section we assume that the fam-
ily of triangulations {7p,} corresponding to the finite element spaces V,
¢ =0,1,..., is quasi-uniform and that hy—1 < chy with a constant c¢ in-
dependent of £.

We give some results that will be used in the analysis further on. First we
recall an inverse inequality that is known from the analysis of finite element
methods:

lvelr < chyvellgz  for all v, € V,

with a constant ¢ independent of £. For this result to hold we need Assump-
tion 5.4.5.

We now show that, apart from a scaling factor, the isomorphism P,
(R™,(-,-)) = (Va, (,-)2) and its inverse are uniformly (w.r.t. £) bounded:

Lemma 5.4.6 There exist constants ¢; > 0 and ¢z independent of £ such that

1
a1l Poxl|ze < h2Y x|z < col| Pex[|z> for all x € R™. (5.86)

Proof. The definition of Py yields Ppx = > 1| zi¢; =: v € Vp and ve(&;) = x4,
where &; is the vertex in the triangulation which corresponds to the nodal basis
function ¢;. Note that

1Px|1Fz = [loell 7 = D llvell ey
TeT,

Since vy is linear on each simplex T in the triangulation 7; there are constants
¢1 > 0 and ¢ independent of hy such that

alloellia <ITI Y. ve)? < Ellvelliz (),
&eV(T)

where V(T') denotes the set of vertices of the simplex T'. Summation over all
T € Ty, using v(&;) = ; and |T| ~ h{ we obtain

2
éfloellze < b at < éofluele,
i=1

with constants ¢; > 0 and ¢ independent of hy and thus we get the result in
(5.86). O
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The third preliminary result concerns the scaling of the stiffness matrix:

Lemma 5.4.7 Let A, be the stiffness matriz as in (5.73). Assume that the
bilinear form is such that the usual conditions (5.69) are satisfied. Then there
exist constants c1 > 0 and ¢y independent of £ such that

c1h{ ™ < || A2 < eahf 2.

Proof. First note that

AgX
|Adlls = may AV
A Tl

Using the result in Lemma 5.4.6, the continuity of the bilinear form and the
inverse inequality we get

<A5Xa y> < Chzl max k(vé7w€)
xyeR™ [[x]l2]lyll2 ve,we€Ve [Jug 2 [lwel| 2
é Ch;l max M é Ch,g_27

ve,we€Ve ||1}g||L2 ||wg||L2

and thus the upper bound is proved. The lower bound follows from

<A5XaY> 2 d—2
S il Ave; e)) = k(di, d:) > s> > chd™2.
Ve Tyl = 12 (e o) = R(0161) 2 cloily = ch

The last inequality can be shown by using for T' C supp(¢;) the affine trans-
formation from the unit simplex to T. U

Approximation property

We derive a bound for the first factor in the splitting (5.85). We start with two
important assumptions that are crucial for the analysis. The first one concerns
reqularity of the continuous problem, the second one is a discretization error
bound.

Assumption 5.4.8 We assume that the continuous problem in (5.70) is H?>-
regular, i.e. for f € L?(§2) the corresponding solution u satisfies

ul2 < ¢|[f] L2,

with a constant ¢ independent of f. Furthermore we assume a finite element
discretization error bound for the Galerkin discretization (5.72):

lu = el > < chZluls,

with ¢ independent of u and of ¢. Here | - |2 denotes the semi-norm (second
derivatives only) on H?(£2).
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In the analysis we will use the adjoint operator P} : V; — R™ which satisfies
(Prx,ve)p2 = (x,Pfuvg) for all x € R™, v, € V;. As a direct consequence of
Lemma 5.4.6 we obtain

. 1d .
c1l|Pfuella < by ||vell 2 < eal|Plugl|2 for all vy € Vg, (5.87)

with constants ¢; > 0 and ¢y independent of £. We now formulate a main
result for the convergence analysis of multigrid methods:

Theorem 5.4.9 (Approximation property.) Consider Ay, ps, Ty as
defined in (5.73), (5.76),(5.77). Assume that the variational problem (5.70)
is such that the usual conditions (5.69) are satisfied. Moreover, Assump-
tion 5.4.8 holds. Then there exists a constant Cp independent of £ such
that

JA;Y = peA, rell2 < CallAfllzt for £=1,2,... (5.88)

Proof. Let by, € R™ be given. The constants in the proof are independent of
by and of ¢. Consider the variational problems:

u€ H(2): k(u,v) = (P}) 'be,v)2 forall v e Hi(£2),
ug € Voo k(ug,vp) = ((PE*)_lbg,Ug)[; for all vy € Vg,
up—1 € Vo_1 0 k(up—1,v0-1) = ((Pé*)*lbg,w,l)Lz for all vp_1 € V1.

Then
A 'be =P, uy and A reby = Pl gy

hold. Hence we obtain, using Lemma 5.4.6,
_ _ _ —14
(A7 =peAtro)bella = (1P (we—ue—1)l2 < ehy *[lug—uei] 2. (5.89)

Now we use the assumptions on the discretization error bound and on the
H?-regularity of the problem. This yields

lwe —weal[r2 < [ue — ullp2 + [Jue—1 — ul| g2 (5.90)
< chilulz + +chi_|ulz < chi||(P) ™ byl 2. ‘
We combine (5.89) with (5.90) and use (5.87), and get
I(A7" = peAl ro)bellz < b~ ?|be]l

and thus [|A;" — peA; Y rella < ch?™ The proof is completed if we use
Lemma 5.4.7. O

Note that in the proof of the approximation property we use the underlying
continuous problem.
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Smoothing property
We derive inequalities of the form
[AS][2 < g(v)[| Al

where g(v) is a monotonically decreasing function with lim, ., g(v) = 0. This
function g does not depend on £. We restrict ourselves to the case that Ay is
symmetric positive definite.

We start with an elementary lemma:

Lemma 5.4.10 Let B € R™*"™ be a symmetric positive definite matriz with

o(B) C (0,1]. Then we have

BT —B)"[|2 <

1
—_— =1,2,...

Proof. Note that

1 v v
B(I-B)"|:2= 1—2) = .
IBa-B)le = max 2(1 =) = =5 (15)
A simple computation shows that v — (VLH)V is decreasing on [1, c0). O

Below for a few basic iterative methods we derive the smoothing property for
the symmetric case, i.e., b = 0 in the bilinear form k(-,-). We first consider
the Richardson method:

Theorem 5.4.11 Assume that in the bilinear form we have b = 0 and that
the usual conditions (5.69) are satisfied. Let Ay be the stiffness matriz in
(5.73). For all ¢y € (0,1] the smoothing property

[ AT~ Ap)’llz <

1
—||A =1,2,...
> 260(V+1) || 5”27 v y &y

_¢f
p(Ag)
holds.

Proof. Note that Ay is symmetric positive definite. Apply Lemma 5.4.10 with
B = wiAy, wp = co p(Ay)~L. This yields

1 1
2(v+1) = 2co(v + 1)p(AE) T 20+ 1)

AT — weAp)” ]2 <w)! | A2

and thus the result is proved. O

A similar result can be shown for the damped Jacobi method:
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Theorem 5.4.12 Assume that in the bilinear form we have b = 0 and that
the usual conditions (5.69) are satisfied. Let Ay be the stiffness matriz in
(5.73) and Dy := diag(Ay). There exists a constant ¢y, independent of £, with
0<e¢ < p(Dg_lAg)*l, such that for all w € (0, cy] the smoothing property

1
A,(I—-wD 1A v <
|| E( Y Z) ||2 5

— A2, v=1,2,...
oA

holds.

- _1 _1
Proof. Define the symmetric positive definite matrix B := D, * A;D, *. Note
that
(De)ii = (Ar)ii = k(¢i, i) > cldi|? > chi™?, (5.91)
with ¢ > 0 independent of £ and i. Using this in combination with Lemma 5.4.7
we get
lAde _,
Amin(DE)

Take cg := ¢~ ! and note that ¢ > p(D; " A;) holds. For all w € (0, ¢g] we have
o(wB) C (0,1]. Application of Lemma 5.4.10, with B = wB, yields

B2 < ¢ independent of /.

1 ~ ~ 1
|A¢(T—wD; Ag)”|l2 < w™HDF [l2|wB(I — wB)” |2 D7 |12
Dz _ 1
T 2w(v+1) T 2w+1)

[[Acll2,

and thus the result is proved. O

Remark 5.4.13 The value of the parameter w used in Theorem 5.4.12 is
_1 _1

such that wp(D; ' Ay) = wp(D, *A/D, ) < 1 holds. Note that

_1 _1 A LVITN
p(DgéAEDgé): max< 5X1X> < L€ e>

L -
xeR™ (Dyx,x) — 1%2};[ (Deeje;)

and thus we have w < 1. This explains why in multigrid methods one usually
uses a damped Jacobi method as a smoother.

We finally consider the symmetric Gauss-Seidel method. If A, = AT this
method has an iteration matrix
S, =1-W;'A;, W,=(D,-L,)D;'(D,—L]), (5.92)

where we use the decomposition Ay = Dy — Ly — Lg with D, a diagonal
matrix and Ly a strictly lower triangular matrix.



142 5 Iterative solvers

Theorem 5.4.14 Assume that in the bilinear form we have b = 0 and that
the usual conditions (5.69) are satisfied. Let Ay be the stiffness matriz in
(5.73) and Wy as in (5.92). The smoothing property

C
AT —W; LA < ——||A =1,2...
[A(I—-W, Ay) IIz_VHII 2, v=1,2,

holds with a constant c independent of v and .

Proof. Note that W, = A, + LgDZlLZ and thus Wy is symmetric positive

1 1
definite. Define the symmetric positive definite matrix B := W, *A,W, *.
From

0 < max {Bx, ) = max M
x€R™  (X,X) x€R™ (W x, X)
= max (Ax, ) <1

xeR™ (Apx,x) + (D, 'LTx, LTx) ~

it follows that o(B) C (0, 1]. Application of Lemma 5.4.10 yields

. 1
WA < (W (B =B s < [Woly— .
|Ae@ =W Ap”llz < W7 I3 IBE —B)"ll2 < [Wella g

From (5.91) we have |D; |2 < ch~?. Using the sparsity of A, we obtain

ITell2l L fl2 < [ Lelloo| L2 < C(Hga}xI(Ae)ijl)2 < cl| A3

In combination with Lemma 5.4.7 we then get

[Well2 < [|Acll2 + 1D 2l Lell2] L7 [|2

3 (5.93)
< |Adllz + chy Y Adl3 < cl| A2,

and this completes the proof. O

For the symmetric positive definite case smoothing properties have also been
proved for other iterative methods. For example, in [255, 253] a smoothing
property is proved for a variant of the ILU method and in [56] it is shown that
the SPAI (sparse approximate inverse) preconditioner satisfies a smoothing
property.

Smoothing properties of the Richardson, damped Jacobi and Gauss-Seidel
methods can also be proved for the nmonsymmetric case, i.e, b # 0 in the

bilinear form k(-,-). We do not treat this here, but refer to the literature, e.g.
[133, 132, 210].
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Multigrid contraction number

Based on the approximation and smoothing property we prove a bound for the
contraction number in the Euclidean norm of the multigrid algorithm (5.78)
with 7 > 2. We follow the analysis introduced in [133, 132].
Apart from the approximation and smoothing property that have been proved
above we also need the following stability bound for the iteration matrix of
the smoother:

3Cs : ||ISY|l2 < Cs for all £ and v. (5.94)

Lemma 5.4.15 For the Richardson method as in Theorem 5.4.11 the inequal-
ity (5.94) holds with Cs = 1.

Proof. Follows from

Co
S — I_—A = max l_c
[1Sell2 = || o(Ay) ell2 keo(Ag)‘ OP(AE)
O

Lemma 5.4.16 For the damped Jacobi method as in Theorem 5.4.12 the in-
equality (5.94) holds.

Proof. Due to the choice of w we have
IS¢llp = D7 (I - wD; *Ag)D, *|l2 < 1,
and thus
11 1,1 1 5 1
1S¢ll2 < D * (D7 SD, *)"D/ |2 < #(D7) [[Sellp < w(D7).
Now note that Dy is uniformly (w.r.t. £) well-conditioned. O

Similar results hold for the nonsymmetric case.
Using Lemma 5.4.6 it follows that for p, = Pg_ng,l we have

Cpallxll2 < ||pex|l2 < Cpallx|l2 for all x € R™-1. (5.95)

with constants C 1 > 0 and Cj 2 independent of .
We now formulate a main convergence result for the multigrid method.
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Theorem 5.4.17 Consider the multigrid method with iteration matriz
given in (5.83) and parameter values vo = 0, vy = v > 0, 7 > 2. Assume
that there are constants C's, C's and a monotonically decreasing function
g(v) with g(v) — 0 for v — oo such that for all £:

IA;Y = peA roll2 < Call A5 (5.96a)
1AeS7 ]2 < gw) [Adllz , v >1 (5.96b)
[S7l2 <Cs, v=>1. (5.96¢)

For any & € (0,1) there exists a v* such that for all v > v*

ICrmcelle <&, €=0,1,...

holds.

Proof. For the two-grid iteration matrix we have
ICrcell2 < [[A;" — PeA rel2]| ArSY]]2 < Cag(v).
Define & = ||Cnra.ell2. From (5.83) we obtain £, = 0 and for ¢ > 1:

& < Cag(v) + [pell2&i_1 | A e ArSY |2

)+ Cp720p_j§z7—1||p€Ag_,11réA€SZ||2
)

)

12
+ Cp2Cy 167 (1T — peA e AL)SY |2 + [[S7]12)
v)+C ,gCl;%éz_l(CAg(V) + Cs) < Cag(v) +C*&_4,

with C* := Cp,ngf% (Cag(1)+Cs). Elementary analysis shows that for 7 > 2
and any £* € (0,1) the sequence xg = 0, z; = Cag(v) + C*z7_ 4, i > 1, is
bounded by £* for g(v) sufficiently small. O

Remark 5.4.18 Consider Ay, py, re as defined in (5.73), (5.76),(5.77).
Assume that the variational problem (5.70) is such that the usual condi-
tions (5.69) are satisfied. Moreover, the problem (5.70) is such that Assump-
tion 5.4.8 is satisfied. In the multigrid method we use the Richardson or the
damped Jacobi method. Then the assumptions (5.96) are fulfilled and thus
for vo = 0 and 11 sufficiently large the multigrid W -cycle has a contraction
number smaller than one independent of £.

Remark 5.4.19 Let Cpsq ¢(v2,v1) be the iteration matrix of the multigrid
method with v; pre- and vo postsmoothing iterations. With v := vy + vy we
have

p(Crma,e(va,11)) = p(Crce(0,v)) < |Cric e(0,v)] 2.

Using Theorem 5.4.17 we thus get, for 7 > 2, a bound for the spectral radius
of the iteration matrix Cprqg ¢(v2, v1).
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Remark 5.4.20 The multigrid convergence analysis presented above as-
sumes sufficient regularity (namely HZ2-regularity) of the elliptic boundary
value problem. There have been developed convergence analyses in which this
regularity assumption is avoided and an h-independent convergence rate of
multigrid is proved. These analyses are based on so-called subspace decom-
position techniques. Two review papers on multigrid convergence proofs are
[260] and [257].

Convergence analysis for symmetric positive definite problems

The multigrid convergence analysis presented above applies to the general,
i.e. possibly non-symmetric, boundary value problem as in (5.68). The elliptic
problem with b = 0 (no convection) results in a stiffness matrix A, that
is symmetric positive definite. This property allows a refined analysis which
proves that the contraction number of the multigrid method with 7 > 1 (the
V-cycle is included!) and 11 = v > 1 pre- and postsmoothing iterations is
bounded by a constant smaller than one independent of £. The basic idea of
this analysis is due to [50] and is further simplified by [133, 132].

We outline a main result of this analysis. For this we make the following

Assumption 5.4.21 In the bilinear form k(-,-) in (5.70) we have b = 0 and
the conditions (5.69) are satisfied.

Due to this the stiffness matrix Ay is symmetric positive definite and we can
define the energy scalar product and corresponding norm:

1
<X7 Y>A = <AgX, y> ) ||X||A = <Xa X>f1 X,y € R™.

We only consider smoothers with an iteration matrix S, = I—W[lAg in which
W, is symmetric positive definite. Important examples are the Richardson,
damped Jacobi and symmetric Gauss-Seidel smoothers:

Richardson method : Wy = ¢ p(A)T, ¢ € (0,1], (5.97a)
Damped Jacobi: Wy =w ™ 'Dy, w as in Theorem 5.4.12,(5.97b)
Symm. Gauss-Seidel : W, = (D, — L,)D; ' (D, — L}). (5.97¢)

For symmetric matrices B,C € R™*™ we use the notation B < C iff
(Bx,x) < (Cx,x) for all x € R™, i.e.,, C — B is symmetric positive semi-
definite.

Lemma 5.4.22 For Wy as in (5.97) the following properties hold:

A, < Wy forallt (5.98a)
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Proof. For the Richardson method the result is trivial. For the damped Jacobi
1 1

method we have w € (0, p(D; *A;)~!] and thus wp(D, > A,D, >) < 1. This

yields Ay < w™'D; = Wy. The result in (5.98b) follows from || Dyl < || A||2.

For the symmetric Gauss-Seidel method the results (5.98a) follows from W, =

A, + LD, 'LT and the result in (5.98b) is proved in (5.93). O

We introduce the following modified approximation property:
3Ca: W2 (A7 —pA r)WElla <Ca for £=1,2,... (5.99)

We note that the standard approximation property (5.88) implies the result
(5.99) if we consider the smoothers in (5.97):

Lemma 5.4.23 Consider Wy as in (5.97) and assume that the approvima-
tion property (5.88) holds. Then (5.99) holds with Cy = CywCa, where Cy
is as in (5.98Db).

Proof. Trivial. O

One easily verifies that for the smoothers in (5.97) the modified approximation
property (5.99) implies the standard approximation property (5.88) if k(W)
is uniformly (w.r.t. £) bounded. The latter property holds for the Richardson
and the damped Jacobi method.

The following result is proved in [132].

Theorem 5.4.24 We take v1 = vy = %I/ and consider the multigrid al-

gorithm with iteration matric Caprg e = Cpae(v,T) as in (5.83). Assume
that (5.98a) and (5.99) hold. For v > 2 and T > 1 the inequality

C
ICha.ella < éAiy

1 1
holds. The matriz Aj Cya A, * is symmetric positive definite.

Corollary 5.4.25 Consider Ay, py, re as defined in (5.73), (5.76),(5.77). As-
sume that the variational problem (5.70) is such that b = 0 and that the usual
conditions (5.69) are satisfied. Moreover, the problem is such that Assump-
tion 5.4.8 is satisfied. In the multigrid method we use one of the smoothers
(5.97). Then the assumptions (5.98a) and (5.99) are satisfied and thus for
vi = v > 1 the multigrid V-cycle has a contraction number (w.r.t. || - ||a)
smaller than one independent of /.

For the symmetric case (b = 0) it is shown in [190] that the multigrid rate
of convergence is robust with respect to the size of the reaction term. The
contraction number (w.r.t. || - ||a) of the multigrid method can be bounded
by a constant smaller than one independent of ¢ and of ¢ € [0, 00), where ¢



5.4 Preconditioners 147
is the coefficient in (5.68) which determines the size of the reaction term.

We now discuss the use of a multigrid method as preconditioner for saddle
point problems resulting from generalized Stokes and Oseen problems.

Remark 5.4.26 We consider the matrix A in the saddle point system (5.8) or
(5.44). This matrix has a diagonal block-structure: A = blockdiag(A1, ..., Ay)
with identical blocks A; = ... = Ay = Ablock In a three- d1men510nal flow
problem we have d = 3. The diagonal block Apjoex is the stiffness matrix
corresponding to the Galerkin discretization, in the space XZ’O of simplicial
finite elements, of a diffusion-convection-reaction problem of the form as in
(5.68). In case of a (generalized) Stokes problem there is no convection term.
The reaction term is scaled with the parameter 3 ~ ﬁ € [0, 00). Without
loss of generality we can assume that o = 1. For 3 sufficiently large (i.e.,
the time step At sufficiently small) the matrix Ablock is very similar to the
mass matrix in the space Xﬁ’m which is well-conditioned. In that case pre-
conditioning is not really an issue. The choice Q4 = G diag(M) then results
in a satisfactory preconditioner for A. In practice, however, it is usually not
clear whether “At sufficiently small” is satisfied. Therefore a preconditioner
that is good uniformly in ( is desirable. Such a preconditioner for the matrix
A can be obtained using a multigrid method applied to the diagonal block
Apiock. For simplicity we consider the symmetric case, i.e., the generalized
Stokes problem. Let Cpsg be the iteration matrix of a symmetric multigrid
method applied to the symmetric positive definite matrix Apock. The matrix
Quic is defined by Cye =: I — Qg Ablock, cf. Sect.5.4.1. As explained in
Sect.5.4.1, the matrix Qusg, although not explicitly avallable can be used
as a precondltloner for Apjoek: For given y the vector Q7 MGy is the result
of one multigrid iteration with starting vector equal to zero applied to the
system Aplockz = y. From multigrid convergence analyses it follows that un-
der certain reasonable assumptions, for example those in Theorem 5.4.24, the
matrix Q¢ is symmetric positive definite and o(I — QK/[lGAblock) C [0, prrc]
holds with the contraction number pp;¢ < 1 independent of the mesh size
parameter h and independent of 3. For the preconditioner Q4 of A we take

Q4 := blockdiag(Qare) (d blocks).

For this multigrid preconditioner we then have the following spectral inequal-
ities

(1—pmc)Qa <A <Qu, puc <1 independent of b and 8, (5.100)

i.e., we obtain spectral inequalities as in (5.18), (5.32) with I'4 = 1 and
v4 > 0 independent of h, 8. In this sense the multigrid method yields an
optimal preconditioner.
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5.4.3 Preconditioners for the Schur complement

In this section we discuss the choice of an appropriate Schur complement
preconditioner Qg. In the first part we give a detailed treatment for the case
of the stationary Stokes problem. After that we discuss a Schur complement
preconditioner for the generalized Stokes problem. Finally we address the issue
of Schur complement preconditioning for the Oseen problem.

Stationary Stokes problem

We consider the discrete problem resulting from the Galerkin discretization
of the stationary Stokes problem with Hood-Taylor finite element spaces. As
preliminaries for the analysis of the Schur complement preconditioner we recall
a few definitions and notations. The Hood-Taylor pair is given by

(thQh) = ((XZ,O)da Xi_l N LS(Q) )a k> 2.

Here we use the notation d for the dimension of the velocity vector (2 C R%).
For the bases in these spaces we use standard nodal basis functions. In the ve-
locity space Vp, = (Xﬁ’o)d the set of basis functions is denoted by (&;)1<i<m.
The basis in the pressure space Xﬁfl is denoted by (¢;)1<i<n. The corre-
sponding isomorphisms are given by

Poi:R™ =V, Poax=) x§, (5.101)
i=1

Pra:R* = XF™' Poay = with. (5.102)
i=1

The stiffness matrix for the Stokes problem is given by

K= (g BOT) € RUmtm)x(mtn) = Gith

(Ax, %) = a(Pp 1%, Pp1X) = / (VPy1x) - (VPpax)dx VYV x,%x€R™,
12
(Bx,y) = b(Ph1x, Proy) = —/ Py, oy div(Pp1x)dz Vx € R™, y € R™
Q

The matrix A = blockdiag(Ay,...,Ay) is symmetric positive definite and
A, =...=A; =: Apjock is the stiffness matrix corresponding to the Galerkin
discretization of the Poisson equation in the space XZ’O of simplicial finite
elements.

For the preconditioner Qg of the Schur complement S we use the mass
matriz in the pressure space, which is defined by

(M,y,z) = (Pn2y, Proz)r2 forall y,zeR" (5.103)
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This mass matrix is symmetric positive definite and diag(M,)~'M,, is in
general well-conditioned. Therefore diag(M,,) is spectrally equivalent to M,
and solving a linear system with matrix M, to reasonable accuracy can be
realized efficiently by applying a preconditioned CG method with diag(M,,)
as preconditioner.

We recall the LBB stability property of the Hood-Taylor finite element
pair (Vh, Qh):

. b R
I36>0: sup M > Bllgnllzz  for all ¢ € Qp, (5.104)
VLEV) th”l

with 3 independent of h. Using this stability property we get the following
spectral inequalities for the preconditioner M,:

Theorem 5.4.27 Let M, be the pressure mass matriz defined in (5.103).
Assume that the stability property (5.104) holds. Then

FM, <S<dM, on (My(l,...,1)) (5.105)
holds.
Proof. For y € R™ we have:
(Bx,y) (BA3x,y) (x, A"2B"y)
xekn (Ax,x)h  wekn x| xekn x|
= |[A7:B"y| = (Sy.y)*.
Hence, for arbitrary y € R™:
(Sy,y)* = max W (5.106)

Note that y € (M,(1,..., 1))J' iff (Pp,2y,1)r2 = 0. Using this, (5.106) and
the stability bound (5.104) we get

(Sy,y)% > B|Puaoylle = 5 (Myy,y)?

forally € (M,(1,..., 1))l and thus the first inequality in (5.105) holds. Note
that

[b(un, Pr2y)| < || divup|[p2(| Ph2yl| >
< Vd|upli]| Ph 2yl 2 = Va1 (Myy.y)*
holds. Combining this with (5.106) proves the second inequality in (5.105).0

The result in Theorem 5.4.27 is a special case of the general abstract result
given in Remark 15.5.1.
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Corollary 5.4.28 Suppose that for solving a discrete Stokes problem with
stiffness matrix K we use a preconditioned MINRES method with a multigrid
preconditioner Q4 (for A) as in Remark 5.4.26 and a Schur complement
preconditioner Qs = M, (for S) as defined above. Then the inequalities
(5.18) hold with constants ya,I'a,vs, s that are independent of h. From
Theorem 5.2.9 it follows that the spectrum of the preconditioned matrix K is
contained in a set [a,b] U [¢,d] with a < b < 0 < ¢ < d, all independent of h.
From Theorem 5.2.6 we then conclude that the residual reduction factor can
be bounded by a constant smaller than one independent of h. O

Generalized Stokes problem

We briefly address the issue of Schur complement preconditioning for the
generalized Stokes case, i.c., with A = aA + M, «,3 > 0, with o = O(1)
and § ~ ﬁ. In Sect.15.5 an abstract analysis related to Schur complement
preconditioning of a parameter dependent saddle point problem is presented.
In Sect.15.5.3 this abstract analysis is applied to a continuous generalized
Stokes problem. In the continuous setting, the Schur complement operator
S L) — L3(N) is given by S = —div(—A + 7)1V, cf. (15.55). As
Schur complement preconditioner the operator S=1 = I — TA;,I is proposed,
where Ag,l is the solution operator of a Neumann problem in the pressure
space H(£2) N L3(£2), cf. Theorem 15.5.14. The abstract analysis can also
be applied to the finite element discretization of such a generalized Stokes
problem, cf. [189]. This results in a discrete analogon of -1 (denoted by
Q3! below) that was introduced by Cahouet and Chabard [61]. We briefly
explain this method. For more details and a convergence analysis we refer
to the literature [189]. For g € L?(£2) consider the Neumann problem: find
w € HY(N2) N L3(£2) such that

(Vw, V)2 = (g,0)r2 forall ¢ € H'(2)N LE(N2). (5.107)

Let T} be the stiffness matrix of the Galerkin discretization of this problem
in XF! ¢ HY(92):

(Trx,y) = (VP ox, VP, 2y)r2 forall x,y € R",
with P2 : R® — XF~! the finite element isomorphism as in (5.102). Note

that ker(T)) = span(e), with e := (1,1,...,1)T, and T, : (Mpe)t — et is
bijective. We define le cet — R" by:

Qs'=aM;'+5T, " (5.108)

Here M, denotes the mass matrix in the pressure space as defined in (5.103).
Note, that for &« = 1, 8 = 0 (which corresponds to the discrete stationary
Stokes equation) we get Qs = M,,. In [52, 189] it is shown that Qg is uniformly
in h and «, 8 spectrally equivalent to the Schur complement S = BA-1B7T
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(on the subspace (Mpe)1). For the continuous case the corresponding spectral
equivalence result is stated in Theorem 15.5.14. For the evaluation of ley
one has to solve (approximately) a linear system with the mass matrix M,
and one with the stiffness matrix T}. For the mass matrix this is easy, cf. the
discussion for the stationary Stokes case above. For the stiffness matrix T}, it
suffices to apply one or a few iterations of a standard multigrid method.

Oseen problem

The issue of Schur complement preconditioning in the nonsymmetric case is
much more difficult as in the symmetric case. In case of the Oseen problem an
“optimal” Schur complement preconditioner is not known, yet. For “small”
time steps At (i.e., § large) and “small” Reynolds numbers the matrix A=
o [A 4+ N(x°4)] + M in the Oseen problem is “close to” the matrix A =
aA + M that arises in the generalized Stokes problem. In that case the
Schur complement preconditioner in (5.108) can be satisfactory for the Oseen
problem, too.

We briefly explain another Schur complement preconditioner that is effi-
cient for a much larger range of time steps and of Reynolds numbers than the
one in (5.108). This preconditioner is introduced in [99] and further developed
in [102, 100]. Define M; := diag(M), with M the mass matrix in the veloc-
ity space. The so-called BF Bt preconditioner (or least-squares commutator
preconditioner) is given by

Q' = (BM;'BT)"'BM;'AM;!B” (BM;'B")". (5.109)

The expression for this preconditioner is rather complicated, but its imple-
mentation can be realized fairly efficiently. Since M; is diagonal the ma-
trix BM;IBT is still sparse. This matrix has properties similar to a discrete
Laplace operator in the pressure finite element space. For solving linear sys-
tems with the symmetric positive definite matrix BM; B (approximately)
one can use a preconditioned CG method or a multigrid method. Note that
this matrix has dimension n x n and typically n < (n + m) holds.

Remark 5.4.29 For the BF Bt preconditioner there is no rigorous theory
that shows that this is a good preconditioner for the Schur complement. A
motivation for the structure of this preconditioner and results of numerical
experiments that indicate the efficiency of this Schur complement precondi-
tioner are given in [100]. A simple heuristic explanation of this preconditioner
as follows. The Schur complement can be represented as

=

S =BA~'BT = (BM; *)(M} A~'M?)(BM]
— BM?A 'M?B7.

)T
(5.110)

1 1 .
The matrix M7 A~"'M? is invertible. The matrix B (or B) is in general not
invertible, but we assume that rank(B) = n, or equivalently, rank(B) = n
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holds. The generalized inverse (or Moore-Penrose inverse) Bf of B is given by
. A A 1
B =BTBB")!' =M, ?BT(BM;'BT)"L.

If on the right-hand side in (5.110) we formally apply inversion and use this
generalized inverse we obtain

(B 'M; ?AM; ?Bf = (BM;'BT)"'BM;'AM[ BT (BM;'B7)"!,

i.e., the preconditioner in (5.109).

5.5 Numerical experiments

We reconsider the example from Sect. 3.3.1, i.e., flow through a rectangular
tube 2 = (0, L) x (0,1)? with L = 4. The right-hand side is set to g = (g, 0, 0)
with g € R. Note that the solution of the corresponding stationary Stokes
problem is given by ugi(z) := (Re-g-s(z2,x3),0,0), cf. (3.39). We consider the
Navier-Stokes equation in dimensionless variables, with Re = 1. We prescribe
the boundary conditions u = ug; for 7 = 0, L and u = 0 on the remaining
boundaries. After spatial discretization and applying the implicit Euler scheme
for time discretization we obtain the following discrete problem,

(M +A)i+C(W)i+B'p
=f+ LMo, (5.111)
Bii = 0.

In the numerical experiments we will study the iterative solution of the system
(5.111) with u®? = ug;. In the following sections we consider three different
cases: the Stokes case (W = 0), the Oseen case (W = u°d) and the Navier-
Stokes case (W = u). The parameter g, which can be interpreted as some
artificial gravitational constant and influences the size of the velocity u (i.e.
the amount of convection), is varied in order to study the impact on the
convergence rates of the iterative solver. The inexact Uzawa method is used in
all of the three examples, using appropriate preconditioners Q4 and Qg. The
starting vector is chosen as (i, po) = (@°'9,0). The iteration is stopped after
a reduction of the Euclidean norm of the starting residual by a factor of 106,
i.e., ||[r*|| < 1079|r°||. To measure the arithmetic costs, which are dominated
by the application of the preconditioners, the number of evaluations of Qzl
is counted. Note that the number of le and Qzl evaluations are almost the
same, cf. Remark 5.2.11, so we will not report the numbers of le evaluations
in the following.

5.5.1 Stokes case

Taking w = 0, the (discrete) convection term C(w)d in (5.111) vanishes,
yielding a generalized discrete Stokes problem. The preconditioners for the
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inexact Uzawa algorithm are chosen as follows. For Q 4 one multigrid V-cycle
iteration is applied to A. The Schur complement is preconditioned by the
Cahouet-Chabard preconditioner Qg given in (5.108), but with T,:l replaced
by the application of one multigrid V-cycle iteration to T}j. Setting g = 1,
computations are performed for time step sizes At = 1/10,1/20,1/40 and
mesh sizes h = 1/4,1/8,1/16. The number of unknowns of the correspond-
ing systems is given in Table 3.1 (cf. refinement levels 2, 3, 4, respectively).
Table 5.1 gives the number of Qzl evaluations for the different time step sizes
and mesh sizes.

Cahouet-Chabard BF Bt
h=1/4|h=1/8 | h=1/16 || h=1/4 | h=1/8 | h=1/16
At =1/10 44 47 46 36 58 89
At =1/20 42 49 45 32 56 101
At =1/40 35 40 45 27 50 86

Table 5.1. Stokes case: number of Q;l evaluations for different h, At.

These results indicate good robustness of the rate of convergence of the
iterative solver w.r.t. variation in A and At. Even though the BF Bt pre-
conditioner (5.109) is originally designed for Oseen problems, it can also be
applied to the Stokes case. We repeated the computations, but this time used
the BF Bt preconditioner as Schur complement preconditioner Qg, where for
the solution of the arising systems a CG method is applied such that Eu-
clidean norm of the residual is reduced by a factor of 10. We observe that the
BF Bt preconditioner is not robust w.r.t. variation of h, as the number of
le evaluations increases significantly for smaller h, cf. Table 5.1.

Cahouet-Chabard BF Bt
h=1/4|h=1/8 | h=1/16 || h=1/4 | h=1/8 | h=1/16
At =1/10 86 100 98 36 58 108
At =1/20 93 113 113 34 60 119
At =1/40 88 120 112 28 54 89

Table 5.2. Stokes case, mixed boundary conditions: number of Q;l evaluations for
different h, At.

We repeat the computations for slightly different boundary conditions,
namely homogeneous natural boundary conditions en = 0 for z; = L (out-
flow boundary conditions) while on the remaining boundaries the boundary
conditions are chosen as in the previous case. The results are given in Ta-
ble 5.2. Note that for the Cahouet-Chabard preconditioner we still observe a
robust behavior, although the number of Qzl evaluations is almost doubled.
The BF Bt preconditioner shows almost the same behavior as before. We
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conclude that for the Cahouet-Chabard preconditioner there is a significant
dependence of the preconditioning quality on the type of boundary conditions
used.

5.5.2 Oseen case

Choosing w = 4 = (g - s(w2,23),0,0) in (5.111), a discrete Oseen problem

is obtained, where the strength of the convective part can be controlled by
the parameter g. We compare the cases g = 1 and g = 103 for two different
choices for the Schur complement preconditioner Qg, namely the Cahouet-
Chabard and the BF Bt preconditioner also used in the previous section. The
matrix A and the Schur complement are both nonsymmetric. For the solu-
tion of the Schur complement system in (5.30), instead of a preconditioned CG
solver a preconditioned GCR iteration is used. For Q 4 a Jacobi-preconditioned
BiCGStab iteration with initial vector equal to zero is applied, until the Eu-
clidean norm of the residual is reduced by a factor of 100. To obtain such a
residual reduction, the BiCGStab solver requires about 20 iterations for g = 1
and about 50 iterations for g = 10%. Taking one multigrid V-cycle for Q4 (as
in the Stokes case) would be sufficient for the problem with mild convection
(g = 1) yielding similar results as in Table 5.1, but the method either fails
to converge or has very slow convergence for the convection-dominated case
(g9 = 10®). The reason for this poor multigrid performance comes from the
fact that we used standard multigrid components (smoother, prolongation)
that are appropriate for diffusion dominated problems but not suitable for
problems with strong convection. This poor behavior can be avoided by using
modified components, cf. the discussion in Sect. 5.6.

Cahouet-Chabard BF Bt
h=1/4|h=1/8 |h=1/16 || h=1/4 | h=1/8 | h=1/16
At =1/10 43 40 38 25 43 81
At =1/20 40 33 37 25 41 71
At =1/40 39 36 42 23 36 63

Table 5.3. Oseen case, g = 1: number of QZI evaluations for different h, At.

Cahouet-Chabard BF Bt
h=1/4|h=1/8 | h=1/16 || h=1/4 | h=1/8 | h=1/16
At =1/10 85 99 107 51 101 171
At =1/20 76 87 107 45 88 166
At =1/40 58 76 97 45 86 146

Table 5.4. Oseen case, g = 1000: number of Qzl evaluations for different h, At.
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Tables 5.3 and 5.4 show the number of Q;‘l evaluations for the two precon-
ditioners and two different choices of g. As expected, the convection-dominated
problem (g = 1000) results in higher computational costs. The numerical re-
sults indicate that again the BF Bt preconditioner deteriorates for smaller
mesh sizes h. For the Cahouet-Chabard preconditioner and g = 1 we observe
robustness w.r.t. h as in the Stokes case, whereas for ¢ = 1000 there is a
mild increase of the number of Q;ll evaluations for decreasing h. For the case
g = 1000, h = 1/8, both Schur complement preconditioners lead to com-
parable overall computing times, whereas for a finer grid size h = 1/16 the
Cahouet-Chabard preconditioner outperforms the BF Bt preconditioner.

5.5.3 Navier-Stokes case

We now turn to the Navier-Stokes case by setting w = d in (5.111). For a
fixed mesh size h = 1/16 and time step size At = 1/40, the parameter g is
varied within a range of 1...10%. The adaptive defect correction method (cf.
Algorithm 5.1.1) is used for linearization of the nonlinear problem. The non-
linear iteration is stopped if ||r*|| < 107%|r"|| holds. The linearized problems
are of Oseen type and are solved as outlined in the previous section, reducing
the Euclidean norm of the residual by a factor of 10 in each linearization step.
Table 5.5 shows the number of fixed point iterations and the accumulated
number of Qzl evaluations for different values of g and for the two Schur
complement preconditioners.

g 1 10 100 1000
Cahouet-Chabard|| 4 (37) | 4 (37) | 6 (63) | 10 (120)
BFBt 5(63) | 5 (75) | 6 (84) | 9 (174)

Table 5.5. Navier-Stokes case: number of fixed point iterations (and Qzl evalua-
tions) for h = 1/8, At = 1/10 and different values of g.

As expected, the number of fixed point iterations increases with increasing
g due to the stronger nonlinearity of the problem. Comparing both Schur
complement preconditioners, the Cahouet-Chabard preconditioner turns out
to be more efficient than the BF Bt preconditioner for all choices of g. In
recent literature there have been developed (improved) variants of the BF Bt
preconditioner that might perform better, cf. [103].

5.6 Discussion and additional references
There is an extensive literature on efficient iterative solvers for large sparse

(linear) systems. We only address some issues that are directly related to the
material treated in this chapter.
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In recent years there has been much progress concerning the analysis of
iterative methods and preconditioners for symmetric saddle point problems,
we refer to the overview paper [31], which contains many references on this
subject. Another interesting survey paper is [175]. In Sect.5.4.3 we treated
the issue of Schur complement preconditioning. For the generalized Stokes
problem (which is symmetric) the Cahouet-Chabard preconditioner is an ef-
ficient one. For the (non-symmetric) Oseen problem, however, an “optimal”
Schur complement preconditioner, i.e. one with a good approximation quality
uniformly w.r.t. the mesh size, the time step and the Reynolds number, is not
known yet. Several Oseen Schur complement preconditioners, that perform
well in certain parameter ranges, have been studied in the literature. One
class of such methods consists of variants of the BF Bt preconditioner (cf.
Sect. 5.4.3). This preconditioner belongs to the class of so-called approximate
commutator preconditioners, which consists of two subclasses namely of the
pressure convection-diffusion preconditioners (PCD) and of the least-squares
commutator methods (LSC). The BF Bt preconditioner belongs to the lat-
ter subclass. An overview of the main ideas underlying these approximate
commutator preconditioners can be found in [102]. Recent work on these pre-
conditioners, resulting in improvements of the BF Bt method is presented in
[101, 103].

Another approach for preconditioning the discrete Oseen problem is based
on the augmented Lagrangian technique (AL). This technique is based on a
rather general idea, and is used for other applications in [109]. We briefly
outline the main idea of the AL applied to the Oseen problem. Consider the
Oseen saddle point system

BDE-C e

and assume that B has full row rank n. Let M, be the mass matrix in the
pressure space. Note that Bx = 0 and thus the solution of (5.112) is also the
solution of the saddle point system

(A +VB]§M; 'B BOT > (;) _ ('8) , (5.113)

with a given parameter v > 0. The Schur complement of the matrix in (5.112)
is given by S = BA BT, whereas the Schur complement of the matrix in
(5.113) is given by S, = B(A ++BTM,'B)~'B”. For the inverse of this
Schur complement we have the identity (cf. [32])

a—1 _ q—1 ~1
S, =5 +M,".
Hence, for 7 sufficiently large the problem of Schur complement precondition-
ing for the matrix in (5.113) is easy to solve: one can take M, as a precondi-
tioner for S.,. There is, however, a price to pay, caused by the fact that for a
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block precondltloner of the matrix in (5.113) one needs, besides a precondi-
tioner for S,y7 also a preconditioner for the block A'y =A+ 7BTM IB. The

matrix BTMP IB has a large null space, and thus for v large the matrix A
is very ill conditioned and the problem of finding a good preconditioner for
A,y is (much) more difficult than that of finding a good preconditioner for A.
Such augmented Lagrangian based preconditioners for the Oseen problem are
studied in [32, 33].

In Sect. 5.4.2 we treated the multigrid method as a preconditioner for A.
In that treatment we restricted ourselves to the diffusion-dominated case
(small Reynolds number), which corresponds to a matrix A that is “almost
symmetric”. In case of strong convection (large Reynolds number) the stan-
dard multigrid technique as explained in Sect.5.4.2 in general does not work
properly. For convection-dominated problems, special efficient multigrid tech-
niques have been developed in the literature. Key ingredients are the use of
special (often called “robust”) smoothers and/or problem adapted prolonga-
tions and restrictions. We refer to the literature for more information, e.g.
[133, 191, 242]. Another multigrid approach that often is very efficient in case
of strong convection is the so-called algebraic multigrid method (AMG). A
treatment of this method can be found in, e.g., [159, 242]. In Sect.5.4.2 we
only considered multigrid for scalar elliptic problems. In Remark 5.4.26 it is
explained how this method can be used for preconditioning the A block in the
saddle point system. Multigrid methods can also be applied directly, either
as solver or as preconditioner, to the whole saddle point system. An early
contribution in this field of so-called coupled multigrid is [254]; further studies
of this approach are [151, 150, 164, 251].

In this monograph we do not treat the topic of parallelization of iterative
solvers. In particular for three-dimensional two-phase flow problems (coupled
with mass or surfactant transport) in many cases it may be necessary to use
a parallel code in order to obtain acceptable computing times.

An issue that we did not address at all, but is important for an efficient
numerical simulation, is how to choose the tolerances in the iterative methods.
In the type of solvers that we use in our one- or two-phase flow simulations
there are many tolerance parameters that have to be set. Given the spatial
mesh size resolution, the time step At has to be chosen. Then, in case of a two-
phase flow problem, in each time step there is an iteration that decouples the
movement of the interface from the fluid dynamics unknowns (u, p), for which
one needs a stopping criterion. Then in the Navier-Stokes subproblem one has
a linearization (e.g. adaptive defect correction) and in each linearization step
a discrete Oseen problem is solved iteratively. If one uses in the preconditioner
an iterative method, then yet another appropriate stopping criterion is needed.
Thus there are many (say between 6 and 9) tolerance parameters that have to
chosen. Clearly, the stopping criteria are not independent. If, for example, one
wants to have a very high time discretization accuracy (very small time step)
then one needs a more accurate solution of the nonlinear discrete problem
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per time step. If all tolerance parameters are set such that one has very high
accuracy in all iterative methods, then this can easily result in a very inefficient
overall solver. If on the other hand one (or more) of the accuracies are “too
low” this can lead to inaccurate results or a breakdown of the simulation.
We consider this problem of parameter tuning to be very relevant and largely
unsolved. We are not aware of literature in which, for an interesting class of
CFED problems, this topic is systematically studied.
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Two-phase incompressible flows



6

Mathematical model

6.1 Introduction

We recall the Navier-Stokes model (1.19)-(1.21) for two-phase incompressible
flows:

(Qu . = _ ) v (1
o5+ (V) = ~Vpt g divuD) o
divu=0
[on]p = —7kn, [u]=0 on I, (6.2)
VP=u-n on I. (6.3)

We recall the definition of the stress tensor o := —pI + pD(u) and the defor-
mation tensor D(u) := Vu+Vu®'. For the velocity we use Dirichlet boundary
conditions u = up on d2p and natural boundary conditions on 942\ 92p.
The initial condition for the velocity is u(z,0) = up(z), = € (£21 U £22)(0),
with a given function ug : 2 — R3. Furthermore, we assume that the initial
interface I'(0) is given. Note that the model (6.1)-(6.3) is not in dimensionless
form.

Remark 6.1.1 We address the formulation of the two-phase flow model
(6.1)-(6.3) in dimensionless variables. In this model we have two Navier-Stokes
equations in the two subdomains (2;, ¢ = 1, 2. Therefore it is an option to con-
sider a subdomain dependent scaling. For the dimensionless variables we use
the same notation as in the derivation of the one-phase dimensionless Navier-
Stokes equation in Sect.2.1: Z, ¢, @, p. It does not make sense to use different
spatial scales in the two subdomains. Hence we choose one typical length scale,
denoted by L. We want to maintain the continuity property [u]r = 0 also in
the transformed variables and thus we choose one typical velocity size U. In
the pressure rescaling we allow a subdomain dependent rescaling with p; > 0
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a given constant in 2; (with unit kg/m?). The corresponding piecewise con-
stant function on {2 is denoted by p. Based on this, the dimensionless variables
are given by

1

L u piU%’
Furthermore, 2 := %Q = {a? €ER3: Lz € Q} and g := %g. The partial
differential equations in (6.1) can be written in these dimensionless quantities
as follows, where differential operators w.r.t. Z; and ¢ are denoted with a —

(for example: V):

) pz(jaf): Z:1a2

&(8—? + (- ?)ﬁ) = —Vi+ %g + div( 16‘]3(1‘1))
= div(5) + %g in 2, (6.4)
diva=0 in 2,
with the dimensionless Reynolds numbers Re; = ‘3’;‘%7 1=1,2,and

o =—pl+ %(Wfﬂr?fﬂ).

Considering this rescaled problem it is tempting to choose p; = p;, since this
leads to a simplification. In particular one then has a constant 1 in front of
the material derivative. However, it is also necessary to rescale the interface
conditions in (6.2)-(6.3). The conditions [u] = 0, Vp = u - n transform to

[a] =0, Vr=1u-n, (6.5)
with n(Z) = n(z). The momentum balance condition [on] = —7kn takes the
form -

[pU%an] = — R,

with & = divprn, the curvature in transformed variables. To be able to write
this momentum balance condition in the usual form [Fn] = a&h, o € R, the
scaling function p has to be taken constant across I', and thus p; = py = p.
Therefore, in the transformation to dimensionless variables one normally takes
a constant density scaling factor (e.g., 5 = (p1+p2)) and then the momentum
interface condition is given by

_ 1 pU?L

[5'11] = —ml’?}fl, We := - . (66)

The dimensionless so-called Weber number is a measure for the relative size
of inertial and surface tension forces. The model in dimensionless variables
is given by (6.4), (6.5), (6.6). Note that similar to (6.1), in (6.4) one has a
piecewise constant density p/p and a piecewise constant viscosity 1/Re;. This
is an important difference compared to the dimensionless one-phase Navier-
Stokes problem in (2.5).
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We discuss a weak formulation of the Navier-Stokes equations and the inter-
face conditions in (6.1)-(6.2). We consider the model in physical dimensions
since there is no significant advantage if one instead uses the model in dimen-
sionless variables (6.4), (6.5), (6.6).

We use the Sobolev spaces

V= HY ()3,
Vo:={veV:v=00ndp},
Vp:={veV:v=upondlp},

Q=13 ={ac 12 [ ado=0}.
and define the bilinear forms
m:VxV-oR: m(u, v) :z/npuvdx,
a:VxV-R: a(u,v) := %/Q p tr (D(u)D(v)) de, (6.7)
1 3

_ 5/9“ S (D), (D)), dv

ij=1

b:VxQ—R: b(v,q) : —/qdivvdav7
Q

and the trilinear form
c:VxVxV-R: c(u; v, w) ::/p(u~Vv)Wd:r.
1)

For the weak formulation of the interface condition [on|r = —7xn in (6.2)
we introduce the linear functional

fr:V—-R: frv) ::—/ TR -V ds. (6.8)
r
If the curvature & is bounded on I" we have

e < ellBllz=crIVllzr < @y forall veV,

where in the last inequality we used a trace theorem on I'. Hence we get that
fr is a bounded linear functional on V, i.e., fr € V'.

Remark 6.1.2 We restrict ourselves to the model with a constant sur-
face tension coefficient 7. More general models with an interface momen-
tum balance of the form [on] = divp(op) are discussed in Sect.7.6.1.
For such an interface condition the surface tension functional generalizes to
fr(v) = [pdivp(or)-vds.



164 6 Mathematical model

A weak formulation of the Navier-Stokes equations and the coupling condi-
tions in (6.2) is as follows:

Find u(t) = u(-,t) € Vp, p(t) = p(-,t) € Q such that for almost all
t€0,T]

0
(S5 v) + c(wiu,v)

+a(u,v) +b(v,p) = (pg,v)r2 + fr(v) forallveVy (6.9)
b(u,q) =0 forall g € Q, (6.10)

and initial condition u(0) =wugp in £2.

The time derivative has to be taken in a suitable weak sense, cf. below. Note
that in this model we have the weak formulation of one Navier-Stokes equation
in the whole domain 2. The localized force term fr originates from the first
interface coupling condition in (6.2). Also note that in general the bilinear
forms m(:,-), a(-,-) and the trilinear form ¢(-;-,-) depend on ¢, due to the
fact that we have 2; = 2;(t) and thus the density and viscosity coefficients
(which are piecewise constant in (2;) are time dependent.

The surface tension functional fr will play an important role in the re-
mainder of this monograph, both in the analysis of the models considered
and in the numerical methods that will be treated. This functional has other
useful representations, for example those given in Lemma 14.1.2.

Remark 6.1.3 The idea to replace the first interface coupling condition in
(6.2) by a localized force term in the momentum equation was introduced
in [47]. In the (engineering) literature this is known as the CSF (“Contin-
uum Surface Force”) approach. In [47] and in most other papers in which
such a localized surface tension force is used, this force at the interface is
approzimated by some wvolume force (hence, continuum surface force). We
briefly explain the main idea, for details we refer to [47, 64]. Take z € I’
and let U C 2 be a (small) neighborhood of z. Define v := I' N U. Let
g : v — R3 be a smooth vector function (“force at the interface”), for exam-
ple g(z) = 7r(x)nr(z), and g : U — R? a suitable smooth extension of g.
Furthermore, let dr be the signed distance function: dp(z) = dist(I,z) for
x € UN Sy, dr(xz) = —dist(I,z) for z € U N £2;. For the “force acting on ~”
we have:

L g(s) ds = lin /U 5o(dr(2))& (@) de,

with a one-dimensional smoothed Dirac delta function &, i.e. for &€ > 0 we
have lim.|o ffg de(s)h(s)ds = h(0) for smooth functions h. Then in the spirit
of the derivation of the Navier-Stokes equations in the strong formulation (as
in (6.1)), based on conservation laws and forces on “arbitrary” neighborhoods
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U, the volume force at = € v is taken as d.(dr(x))g(z). In this approach one
has freedom in choosing the extension g of g and in choosing the regularization
of the Dirac delta function. It is shown in [241, 104] that the latter issue is
nontrivial: seemingly natural regularizations, which work well in 1D, may lead
to large errors in higher dimensions. In [64] an extension g of g based on the
level set method is introduced, cf. Remark 6.2.4 below. All Dirac delta function
regularizations lead to functions J. with unbounded derivatives for € | 0, and
thus such a regularization requires a high mesh resolution close to I'.

In the weak formulation (6.9) this regularization (and extension) issue does
not occur. The localized surface tension force is represented as a well-defined
functional fr € V' (provided the curvature is bounded). In this sense the
weak formulation is better suited for describing surface tension forces than
the strong formulation.

The following lemma indicates that (6.9)-(6.10) is a correct weak formulation
for the Navier-Stokes problems in the two subdomains with coupling condi-
tions as in (6.2).

Lemma 6.1.4 Assume that (6.1)-(6.2) has a solution (u,p) with wyq, =
up, fgpda: =0, I'(t) is sufficiently smooth and u, p are sufficiently smooth:

ueC'(0,T;C%(12)%), peC(0,T;C'(2;)), i=1,2.
Then (u,p) solves (6.9)-(6.10).

Proof. Due to the smoothness assumption on u in the subdomains (2; and
[u]r = 0 we have u € Vp. Furthermore, p(-,t) € Q holds. From divu = 0 it
follows that (6.10) holds. We now consider the variational equation in (6.9):

Ju 1
/Q ParY dx + /Q p(u-Vu)vdr + 3 /Q ptr (D(uw)D(v)) da

—/pdivvdxz/pg-vdaj—/rﬁn-vds.
0 0 r

We need the following partial integration rules, which hold for functions ¢ :
U — R and w,v : U — R? that are sufficiently smooth on U C £2:

—/qdivwdmz/Vq-wdx—/ qw -nds,
U U ou

%/Utr (D(w)D(v)) da::—/ (divD(w)) -de—|—/ (D(w)n) - vds.

U ou

(6.11)

In the equation in (6.11) we take a test function v € C§°(£2)3, split the
integrals over {2 into integrals over (2;, i = 1,2, and use the partial integration
rules (with U = £2;). Thus (6.11) can be rewritten as
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2

;/QL (Pi(aa—ltl +u- Vu) —div (Mz‘D(ll)) + Vp) vdx

2
22/ pig-vda:—/[,uD(u)n—pn]p-vds—/Tf-zn-vds.
i=1 7% r

r

(6.12)

Due to the interface condition [on]r = —7kn the last two terms on the right-
hand side cancel. From (6.1) it then follows that (6.12) and thus (6.11) holds.
Since C§°(£2)? is dense in V we conclude that (6.9) is satisfied. O

Remark 6.1.5 From the proof above one can infer why we use the bilinear
form a(-, ) as in (6.7) and not the simpler one a(u,v) = [, pVu-Vv dz, which
is used in the weak formulation of the one-phase Navier-Stokes equations.
Partial integration on the subdomains applied to this bilinear form results in

2 2
Z/ piVu - Vvdr = —Z/ /_,LiAU'de“F/[/J(Vu)Tn]F-Vd57
i=1 "% =12 r

and thus in (6.12) instead of the term [}.[uD(u)n—pn]r-vds = [.[on]r-vds
one would obtain [,.[u(Vu)"n —pn]r - vds, which is not consistent with the
interface condition [on]r = —7kn in (6.2).

For the above variational Navier-Stokes problem with the surface tension func-
tional fr one can derive the following energy estimate.

Lemma 6.1.6 Consider the variational problem (6.9)-(6.10), with p con-
stant, say p = 1, with up = 0 (homogeneous Dirichlet boundary condition)
and g = 0 (no external forces). Assume that for 0 < t < T the interface
I'(t) is a sufficiently smooth compact manifold. Let (u,p) be a solution of
(6.9)-(6.10) with u € L*(0,T; Vy). Then the following holds:

T
%Hu(T)H%Q + /0 a(u(t),u(t)) dt + 7 measy (F(T))

1
- 5||u0||2L2 + 7 meas (1'(0)).

(6.13)

Proof. We take v = u in (6.9). Using partial integration, p = 1, ujpp = 0 we
get ¢(u;u,u) = 0. Furthermore, due to divu = 0 we have b(u,p) = 0. Thus
we obtain

0
—uud:r—i—a(u,u):—T/ kn-uds.
o Ot r

Integration over ¢ € [0, T] and applying partial integration in ¢ results in

1 r 1 T
—|u(T)||22 —|—/ a(u(t),u(t))dt = =||uo||22 — 7'/ / kn-udsdt. (6.14)
2 0 2 o Jr

From (14.15) and Lemma 14.2.2 we obtain
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/ /{n~ud5:/ dinuds:i/ 1ds.
I(t) r(t) dt I(t)

Using this yields

T
—7'/ / kn-udsdt. = —7(measy I'(T) — measy I'(0)),
o Jr

which, combined with (6.14), completes the proof. O

Remark 6.1.7 The result in this lemma has a physical interpretation: The
kinetic energy difference %||u(T)||2. — %|[u(0)||2. is balanced by the sum of

kinetic energy dissipation fOT a(u(t),u(t)) dt and the change in surface tension
energy 7(measy I'(T) — measy I'(0)).

The question of well-posedness of the variational problem (6.9)-(6.10) com-
bined with the immiscibility condition Vi = u-n is a very difficult one. Below
we briefly address some known results.

First we consider a strongly simplified case, namely a Stokes problem with
a stationary interface I'. In that case the term with the trilinear form c(-;-,-)
vanishes and the bilinear forms m(-,-), a(-,-) do not depend on ¢t. We assume
02p = 02 and up = 0, i.e., a problem with homogeneous Dirichlet boundary
conditions on 82. We introduce the weighted L?-scalar product (v, w)p2 , :=
(pv,w)r2. In this simplified case the variational problem (6.9)-(6.10) reduces
to: determine u(t) = u(-,t) € Vaiy = { v € Vg : divv =0 } with u(0) = ug
and

0
(6_11;17V)L2,p + a(u(t)vv) = (ga V)Lz,p + fF(V) for all v e VdiV7 (615)

for almost all ¢ € [0,T]. This variational problem is very similar to the one-
phase Stokes problem in (2.33). Compared to (2.33), in (6.15) we have a
slightly different bilinear form a(-,-) in which a weighting with the piecewise
constant viscosity p is used, a modified L?-scalar product (namely (-,)zz2 ,)
and an additional functional f; on the right-hand side. The analysis of well-
posedness of the one-phase variational Stokes problem in (2.33), cf. Theo-
rem 2.2.10, can also be applied to the two-phase variational Stokes problem
in (6.15) (notation as in Sect. 2.2.3):

Theorem 6.1.8 Assume g € L*(0,T; Vi), [|kllL=(r) < oo and ug € Hasy .
Then the variational problem (6.15) is well-posed.

Proof. Use the same arguments as in the proof of Theorem 2.2.10. Note that
the norms induced by the standard L2-scalar product and by (-,-) L2, are
equivalent. Furthermore, ||s||(ry < oo implies that fr € V' C V. O

For the above result to hold, the weak derivative u’ = ‘?3—'; in (6.15) is defined

as explained in Sect. 2.2.3. For the unique solution u we have
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ue W 0,T; Vaiy) = {v e L*0,T; Vaw) : v € L*(0,T;Vy,) } . (6.16)

Well-posedness results for the general Navier-Stokes case in (6.9)-(6.10) are
known in the literature, however, only for special cases. In [84] well-posedness
of a Navier-Stokes problem as in (6.9)-(6.10) combined with the interface
condition Vp = u - n is analyzed. Instead of a bounded domain (2, the case
2 = R? is considered (with “boundary” condition lim,|_ u(z,t) = 0). The
initial interface I"(0) is assumed to be a closed manifold. The main result in
[84] can be summarized as follows. If the data I'(0), ug and g are sufficiently
smooth then for ¢ € [0,T], with T sufficiently small, the two-phase Navier-
Stokes problem in a weak formulation similar to (6.9)-(6.10) and with the
interface condition Vpr = u-n has a unique solution. The analysis is in Sobolev
spaces similar to the one in (6.16). The analysis is quite technical, the main
underlying idea, however, is rather easy to explain. We outline this idea. For
¢ € {2 and a given velocity field u(z,t) we define the characteristic X¢(7):

AXe(r) = u(Xe(r) 7). 720, 61

Xe(0)=¢

Xe(7) can be interpreted as the path of an infinitely small particle with initial
position £. For u(z,t) sufficiently smooth (Lipschitz with respect to ) this
system of ODEs has a unique solution. The smoothness of X¢ depends on the
smoothness of u. To each (z,t) € £2 x [0,T], with T sufficiently small, there
corresponds a unique & € (2 such that o = X¢(t). Physically this means that
starting from (x,t) one follows the flow field backwards in time resulting in

(€.0) t
r=E&+ /0 u(Xe(r),7)dr. (6.18)

This defines the coordinate transformation (z,t) = (X¢(t),t) — (£,t) from
Eulerian coordinates (x,t) to Lagrangian coordinates (£,t). The problem (6.1)-
(6.3) can be transformed in Lagrangian coordinates (&, ¢) resulting in an non-
stationary Stokes type of problem with a stationary interface I'(0). For this
transformed problem well-posedness (in suitable Sobolev spaces) is shown in
[85]. The length T of the time interval should be such that the coordinate
transformation (z,t) — (&,t) is well-defined and the Jacobian of this trans-
formation is bounded (in a suitable norm). This depends on norms of the data
g, ug and the curvature of I'(0).

In [232] a well-posedness result for the Navier-Stokes problem on arbitrary
time intervals [0, 7] is proved, using the same Euler — Lagrange coordinate
transformation. In that paper the case with a bounded domain (2 is treated.
We summarize its main result. For arbitrary 7' > 0 the Navier-Stokes problem
in a weak formulation similar to (6.9)-(6.10) and with the interface condition
Vr = u - n has a unique solution (in suitable Sobolev spaces) if the data g,
ug are sufficiently small and the initial interface I'(0) is sufficiently close to a
sphere.
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The analyses addressed above are applicable only in cases with sufficiently
smooth data (initial and boundary data, source terms and initial interface).
They do not cover situations in which the smoothness of the interface dete-
riorates, for example in a problem with colliding droplets. In such cases it
may well happen that interface quantities like the curvature x or the normal
velocity Vi are not well-defined in the strong sense and suitable weak alter-
natives must be considered. Only few theoretical results that deal with well-
posedness issues for such less regular problems are known in the literature.
The analyses for less regular cases are based on alternative characterizations of
the interface. These interface representations induce corresponding numerical
techniques for the simulation of two-phase flow problems. In Sect. 6.2 we treat
the most important approaches for interface representation. In the remainder
of this monograph we then restrict ourselves to one of these, namely the level
set representation. A suitable weak formulation of the level set interface repre-
sentation combined with the weak formulation of the Navier-Stokes problem
in (6.9)-(6.10) leads to the weak model that we consider for our numerical
simulations. This model is presented in Sect. 6.3.

6.2 Interface representation

In this section we discuss the most important approaches for characterizing
the interface. These techniques play a role both in the theoretical analysis of
well-posedness and in numerical methods for simulating the two-phase flow
problem.

6.2.1 Explicit interface representation: interface tracking

If the interface is sufficiently smooth then its curvature and other interface
quantities like Vp, np are well-defined in the classical sense. For a velocity
field u € V and a smooth interface I'(t) the trace u; and the immiscibility
condition Vr = u-n in (6.3) are well-defined. The evolution of the interface can
be described by using the Lagrangian coordinates. Take a (virtual) particle
X on the interface at ¢t = to with Eulerian coordinates £ € I'(ty). For ¢t > o,
let X¢(t) be the Eulerian coordinates of this particle. The particles on the
interface are transported by the flow field, hence for X¢(t) we have the ODE
system (6.17) and the interface I'(t) can be characterized as follows, cf. (6.18):

t

zel(t) & z=¢ +/ w(Xe(r),7)dr, €eI'(ty), t>to. (6.19)
to

This Lagrangian point of view is essential for the analyses of well-posedness

for two-phase flow problems with sufficient smoothness, as briefly addressed

above in Sect.6.1 (cf. [84, 232]). The interface representation in (6.19) also

forms the basis for a class of numerical methods, known as interface tracking.
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In these methods a collection of markers is put on a given interface I'(tg)
and then transported (numerically) by the flow field u to obtain the markers
on the interface I'(tg + At). The collection of markers on I'(tg) could be the
set of vertices of a triangulation of I'(¢y). In such methods one usually has
to redistribute the markers after a certain number of time steps. In general
it is rather difficult to treat topology changes (e.g. collision of droplets) in a
systematic and accurate way. Usually in interface tracking methods for two
phase flows the Lagrangian approach is used only for the propagation of the
interface markers. The Navier-Stokes equations are solved on a fixed grid (i.e.,
an Eulerian approach), cf. Fig.6.1.

-~

r /

o

Fig. 6.1. Front tracking on an Eulerian grid for the flow problem. The interface I"
is represented by connected marker points.

Thus one needs operators for the transfer of information between the (mov-
ing) interface and the underlying fixed grid. Such front tracking methods have
been successfully applied in the simulation of two-phase flows. An overview
and detailed treatment of this technique can be found in [246, 243, 182]. Hy-
brid variants of this technique have been developed, for example so-called
arbitrary Lagrangian-FEulerian (ALE) methods in which the interface (or sur-
face) is resolved by a mesh and this mesh is moved with the flow velocity
(Lagrangian interface tracking). In the interior flow domain a moving mesh
is used with a mesh velocity that generally differs from the flow velocity and
is taken such that strong mesh distortions are avoided. Such a mesh velocity
can be obtained, for example, as the solution of a linear elasticity equation
with a prescribed displacement on the boundary. Often the Navier-Stokes
equations are then formulated using a relative velocity, which is the differ-
ence between the flow and the mesh velocity. Such ALE methods are very
popular for the simulation of fluid structure interaction (FSI) problems, in
which typically the movement of the boundary of the fluid domain is rela-
tively small. ALE techniques have also been applied in the numerical sim-
ulation of one-phase flows with a free surface or of two-phase flows, e.g.
[23, 28, 29, 117, 118, 185]. The Lagrangian interface tracking method can
also be combined with a pure Lagrangian approach for the Navier-Stokes
equations, based on an interior mesh movement that is based on the flow
velocity field, cf. for example [152, 145].
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6.2.2 Volume tracking based on the characteristic function

Let x1(-,t) : £ — R be the characteristic function corresponding to the
subdomain £2(t), ¢ > 0,1i.e., x1(z,t) = 1 for x € £21(t), x1(z,t) = 0 otherwise.
In this section we treat methods based on the simple observation I'(t) =
0821(t) = Osupp(x1(+,t)). The function x; characterizes the subdomain {2,
and we track this function (and thus the boundary of its support) to follow
the evolution of the interface. We will derive a transport equation for yi
induced by the immiscibility condition Vr = u - n. For this we need some
additional notation. We introduce the space-time subdomain and interface:

Qp =02 x[0,T] C R,
Qir={(z,t)eR* : 2 €2(t), 0<t<T}, i=12,
Iro={(z,t) ER*: z€I(t), 0<t<T}.

The outward normal (not necessarily normalized) on 082y v N I'r is given by

b= (o, f) = (_“g%) ERY (4) € Iy

The immiscibility condition Vi = u-n on I' can be written as:

. (u

n- (1> =0 on I7. (6.20)
Lemma 6.2.1 Let x1(-,t) be the characteristic function corresponding to

21(t) and u € L?(0,T;V) with divu = 0. The condition in (6.20) holds
if

/ x1(aa—f +u-Vy¢)dedt =0 forall ¢ e CG°(02r), (6.21)
Q7
i.e., in the sense of distributional derivatives,

6X1 o . 1 . Y0 1

W +u- v:z:Xl =0 in D (.QT) = CO (.QT) . (622)

Proof. Using divu = 0 and the definition of distributional derivatives we have

/ X1(%+U~V¢>)da¢dt:0 for all ¢ € C3°(£27)
Q7

ot
. axl . . /
iff ¥ +div(uxi) =0 in D'(£27),
iff % +u-Vyx1 =0 in D'(927),

thus the equivalence between (6.21) and (6.22) holds. For u € L?(0,T; V) its
trace on I'r, denoted by ur,. is well-defined. The boundary of £ 7 can be
partitioned as 01,7 = (021,10 N ONy) U (01,7 N I'r). For ¢ € C§°(2r) we
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have ¢ = 0 on 042, 7 N Of2p. Using partial integration and x; = 1 on {2 7,
x1 =0 on 27\ 1,7 we obtain

9¢ _ 9¢
/QTX1(E+U-V.T¢) dxdt—/QLT En +u- -V, drdt

:/ (‘f)-vmmdasdt:/ (“'fT)-ﬁwxdt.
-Ql,T FT

In the last equality we used divu = 0. Since ¢ € C§°(f2r) is arbitrary it
follows that (6.21) holds if and only if (“Ill“T> -f = 0 holds (in L?(I’r) sense).
U

From this lemma it follows that the immiscibility condition is satisfied if we
solve a (weak) transport equation for the characteristic function x1. The equiv-
alence in this lemma holds in cases where the quantities that occur in the
immiscibility condition (6.20) are well-defined. If this is not the case (as for
example in a colliding droplet problem) then the result of this lemma offers a
possibility to generalize the immiscibility condition by considering a suitable
weak transport equation for the characteristic function of the subdomains.
This idea is the basis of the analysis of well-posedness presented in [81] (for
a two-phase Stokes problem) and [188] (for a two-phase Navier-Stokes prob-
lem).

If the velocity field u is sufficiently smooth, e.g. continuous in ¢ and Lipschitz
continuous w.r.t. z, then a strong formulation of the transport equation in
the Lagrangian form

d
= 1 (Xe(t), 1) =0
X1 thl( e(t),t) =0,

with x1(X¢(0),0) = 1if £ € 2,(0) and zero otherwise, is well-defined and
has a unique solution. For general flow problems, however, one wants to re-
lax the smoothness assumption on u and then for the transport equation
weaker solution concepts are needed. One such a concept, namely of so-called
renormalized solutions of transport equations, is introduced in the fundamen-
tal paper [89]. Using this, the following result can be proved (Proposition 3.3.
from [188]).

Proposition 6.2.2 Take u € L?(0,00;V) with divu = 0 and puo € L*(£2).
Then there is a unique weak solution pu € L>°({2r) in the following sense:

o 0
/ / ﬂ(—d) +u-V;0) drdt = / pod(x,0) dr ¥V ¢ € Cg°(R*).  (6.23)
o Jo Ot Q
Moreover, if pg is piecewise constant, i.e., pg € {c1,...cp} a-e., with con-
stants ¢;, then p € {c1,...car} a.e..

Remark 6.2.3 The concept of renormalized solutions allows unique weak
solutions of (6.23) even for velocity fields u with less regularity than u €
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L?(0,00; V). Starting with the paper [89] there have appeared a lot of stud-
ies on well-posedness of the weak formulation (6.23). In [89] existence and
uniqueness of a weak (renormalized) solution is proved for velocity fields
u € L0, oo;H;(Rd)d). Results with even less smooth velocity fields have
been derived. For example, in [12] well-posedness for velocity fields from the
class of functions of bounded variation (BV) is proved. For an overview and
further references we refer to [76].

A weak formulation of a transport equation as in Proposition 6.2.2 can be
combined with a standard weak formulation of a two-phase Stokes problem as
follows. We take an initial velocity field ug € Vg (i.e., homogeneous Dirich-
let boundary conditions on 9§2) with divug = 0. Let ug € {p1, a2} be the
piecewise constant viscosity in the two initial subdomains: po(x) = p; > 0 for
x € $2;(0), ¢ = 1,2. In [81] it is proved that there exists at least one solution
(uvpa ;u') with u € LOO(Oa OO;VO)a u(-,O) =up, p € L2(07OO;Q), JURS LOO(QT)a
w(+,0) = po and p € {1, po} a.e. such that

1
5/ ptr(D(u)D(v)) dz + b(v,p) =0 forall ve Vg, t>0,
Q

b(u,q) =0 forall ge@, t >0,

% +u-Vu=0 in the weak sense as in (6.23). (6.24)
Thus we have existence of a weak solution of a two-phase flow problem. We
briefly address some issues related to this result. In [188] a similar weak for-
mulation of a Navier-Stokes two-phase problem is considered and an existence
result is proved. The transport equation for the viscosity p “replaces” the im-
miscibility condition, cf. Lemma 6.2.1. The analysis only yields existence of
a weak solution; uniqueness is still an open problem. This concept of weak
solutions allows singularities of the interface (e.g. collision of droplets) and
yields existence global in time for “general” initial data. If we define the sets
Q;(t) ={rx e Q2: plt)=p}, i = 1,2, then, due to pu(-,t) € {u1, 2} ae.,
we have £21(t) U £25(t) = (2. It is, however, in general not clear what the “in-
terface” should be. If we take I'(t) := 021(t), then I'(t) can have a strictly
positive Lebesgue measure. This effect is called “interface flattening” (or in-
terface thickening). The fact that the interface can be “rough” and/or “flat”
may be related to the fact that in the weak formulation above we do not take
surface tension into account (which has a smoothing effect). It is, however, not
known whether the analysis can be extended to the case with surface tension.
An extensive treatment of several topics related to weak (or “generalized”)
solutions of two-phase flows with incompressible immiscible fluids which allow
singular interfaces is given in [1, 2]. In particular it is remarked in these papers
that if surface tension is taken into account, the existence of weak solutions (in
the sense as explained above) is still an open problem. In [2] an even weaker
concept of so-called measure-valued varifold solutions is introduced. Within
that framework existence of a solution can be shown to hold for a suitable
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weak formulation of a two-phase flow problem which allows for singularities
of the interface and takes surface tension into account.

The analysis of well-posedness addressed above relies on a weak formulation
of the transport equation for the viscosity u, cf. (6.23). Since u is piecewise
constant one can equivalently consider a transport equation for the character-
istic function x; corresponding to the subdomain (2. There is an important
class of numerical methods in which the treatment of the interface is based
on a weak formulation of the transport equation

oa +u-Vyx; =0. (6.25)

ot
This is the class of VOF-methods (Volume of Fluid), which we now introduce.
The original idea of this approach goes back to [187]. Note that the equation
in (6.25) is not well-defined in the classical sense, since xi is discontinuous
across the interface I'. Instead of using a weak formulation of (6.25) based
on distributional derivatives one can also (formally) eliminate the gradient
operator by integrating this transport equation. Take an arbitrary (small,
connected) fluid volume W C (2. Integrating over W and formally applying
partial integration results in

0
— [ xidz+ / xiu-nds =0. (6.26)
ow

Here n denotes the outward unit normal on OW. This equation can be seen
as a weak formulation of (6.25) and has a clear physical interpretation: it
describes volume conservation. The change of volume of fluid 1 (i.e. the one in
£21) contained in W equals the volume flux (induced by the velocity field u)
across the boundary OW. Note that for an incompressible fluid conservation
of volume is equivalent to mass conservation. In VOF-methods one constructs
approzimations of the characteristic function x1 based on discretization of
the conservation law (6.26). We explain the main idea for a simple 2D case,
namely with 2 = (0,1)?. Assume that {2 is partitioned in square cells W;; :=
[ih, (i + 1)h] x [jh, (7 + 1)h], 0 < i,5 < m —1 with mh = 1. We introduce the
color function (or area fraction in 2D, volume fraction in 3D):

Cij(t) = |Wij|71/ Xl((E,t) dr = h72/ Xl((E,t) dx.
ij Wi
We have 0 < Cy; < 1 in cells W;; cut by the interface and Cj; = 0 or 1 away
from it, cf. Fig.6.2. Assume that for time ¢ = ¢,, (an approximation of) the
color function is known in all cells, i.e., we have known values C7% ~ Cy;(t,),
0 < i,j < m — 1. The values for the next time level t,11 = t, + At are
obtained by discretization of (6.26) using a standard finite volume approach:

tnia
C’ZH =C + h—z/ /aw Yiu - ndsdt, (6.27)
tn ij
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where ¥1 = X1(z,t,) is a known approximation of the characteristic function
X1, cf. below.

0.0 0.0 0.0

— 0.0 0.3 0.5

0.5 0.9 1.0

(a) interface (b) color function (c) SLIC (d) PLIC

Fig. 6.2. Illustration of color function C and interface reconstruction: a) interface
I' and cells Wj, b) values Cj; of color function, c) SLIC approximation, d) PLIC
approximation.

In a VOF method one distinguishes the following two steps:

1. Reconstruction of the interface: given the values C7;, 0 <4,j <m — 1,
of the color function, an approximate interface is computed. This then
determines the approximate characteristic function x1(z,t,), used in
(6.27).

2. Color function advection step: given the function 1 (x, t,,) the boundary
fluxes in (6.27) are approximated, resulting in the updated values C?j+17
0<i,j<m-—1.

The reconstruction is such that the consistency property
Ci; = h_z/ X1(z, t,) dz
Wij

holds (volume conservation). Since the introduction of the VOF-method there
have been many papers in which interface reconstruction techniques have been
treated. The earliest algorithm, denoted by SLIC (“simple line interface calcu-
lation” ) was introduced in the paper [187]. In this approach the reconstructed
interface consists of line segments that are parallel to one of the coordinate
axes, cf. Fig.6.2. This method is only first order accurate, i.e. O(h), in the
accuracy of the reconstruction of the interface. Modifications of this tech-
nique can be found in [144, 69, 163]. More accurate (namely second order)
reconstruction methods use piecewise linear segments that are not necessarily
aligned with the coordinate axes. This technique is known as PLIC (“piece-
wise linear interface construction). Methods of this type are studied in, for
example, [204, 214, 17]. We do not treat such reconstruction methods here,
but refer to the above-mentioned literature.

We briefly address the advection step. The methods known in the literature
can be divided into two categories: unsplit schemes and operator split schemes.
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We only discuss the latter, for the former we refer to the literature, e.g. [204].
Consider one side of the boundary of Wj;, say the line segment connecting
(ih, jh) with (ih, (j + 1)h), which is denoted by £. Let u* = (uf,u}) be an
approximate value of the velocity on ¢ for ¢ € [t,t,+1], for example the
velocity value at the center of ¢, i.e. at (ih, (j+0.5)h), at time ¢t = ¢, + 0.5A¢.
Assume (for ease of presentation) that uj < 0. We consider the contribution
of the segment ¢ to the boundary integral in (6.27):

tnit
— h‘z/ /;zlu’{ ds dt (6.28)
tn L

(we used that n = (—1,0) on ¢). After the reconstruction step we have in each
cell W;; an approximation xi(z,t,) of the characteristic function x1(x,ty).
In (6.28) we need values for x1(z,t), x € £, t € [tn, tnt+1]. For this we take the
values of Y1 (-, t,) transported by the flow field (u},0)? during the time t —t,,,
i.e. we take

)Zl(‘rat) = 5(1 (‘T - (t - tn) (%T) atn)a T e f, le [tn:tn+1]' (629)

For this to be well-defined one has to satisfy the CFL-condition
At [ui] < h. (6.30)

Introduce z := —(t — t,)u}. Using (6.29) we obtain

trnt1 At|uf| p
—h_z/ /)Zl(s,t)uf dsdt = h_z/ /5(1(8 + (O) ,tn) dsdz
tn ¢ 0 ¢

= h’2|supp{)21(ac,tn) : x € [ih,ith + At|u]|] x [jh, (j + 1)h] } |

Hence, for the area flux across the side ¢ we obtain h~2 times the area of
the support of the reconstructed characteristic function X1(-,t,) in the cell
W;; between the vertical lines with x1-coordinates ih and ih + At|u}|. This
area flux leads to new intermediate values for the color function values in the
cells W;; and W;_1 ;. The same is done for all other vertical cell sides in the
grid. These area fluxes in the horizontal direction lead to intermediate values
CZ»"»H’*, 0 <4,7 < m — 1. Based on these new values of the color function
the reconstruction step is repeated, resulting in a new characteristic function
X1(+, t5), which is then used to compute area fluxes in the vertical direction
(i.e. across horizontal cell sides). Thus we obtain the final new values C?j+17
0 <1i,7 <m — 1. Due to this two-step procedure (three-step in 3D), first the
fluxes in one direction and then those in the other direction, this approach is
called an operator split scheme.

We give some comments on the VOF technique. The method is very pop-
ular for the simulation of two-phase flows, in particular in the engineering
community. Most of these methods have very good mass-conservation proper-

ties. In principle topology changes (droplet collisions) can be handled easily.
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Usually the method is applied on (logically) rectangular grids; it is difficult to
apply an accurate VOF technique on unstructured triangular or tetrahedral
grids. In the method a CFL condition as in (6.30) must be satisfied, which
may lead to severe (undesirable) restrictions on the size of the time step. In
general it is difficult to obtain accurate approximations of intrinsic geometric
properties of the interface, such as curvature and normal direction.

6.2.3 Volume tracking based on the level set function

An important difference between the interface tracking approach in Sect. 6.2.1
and the volume tracking approach in Sect.6.2.2 is that the former is based
on a Lagrangian ODE technique, cf. (6.19), and the latter on an Eulerian
PDE approach, cf. (6.25). The method presented in this section is also of
FEulerian PDE type. The approach discussed in the previous section is based on
(the weak formulation of) the transport equation (6.25) for the characteristic
function x1. This function is discontinuous across the interface, which requires
a special numerical treatment of the transport equation. Furthermore, the
interface is not characterized by values of y; but by the boundary of its
support.

An alternative is to use instead of x; another indicator function. In the
level set approach a smooth initial function ¢g(z), x € 2 is chosen such that

do(x) <0 & € 21(0), ¢o(z) >0 & z € 2%(0), ¢po(x) =0 < z e I'(0).

A popular choice is to take ¢y (approximately) equal to a signed distance
function to the initial interface, cf. Fig.6.3.

Fig. 6.3. Initial level set function ¢g equals a signed distance function, 2D example.

A (virtual) particle X with Eulerian coordinates x € {2 has a corresponding
indicator value ¢g(z). Let X¢(t), € € £2 be the characteristics as defined in
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(6.17), assuming that the velocity field u(z, t) is sufficiently smooth. For ¢ > 0
the level set function values ¢(x,t) are defined by keeping the values constant
along characteristics, i.e.,

P(Xe(t),1) == do(§), €92, t=0.
Differentiating this with respect to t results in the transport equation

26

5, TuV6=0 in 2, t>0. (6.31)

This transport equation is of the same form as the one in (6.25). There are,
however, important differences. Firstly, if the velocity field u(z,t) is suffi-
ciently smooth (Lipschitz with respect to z) then the equation in (6.31) is
well-defined in its strong formulation, due to the fact that the initial condi-
tion ¢q is continuous. Due to the discontinuity in the characteristic function,
the equation (6.25) is not well-defined in its strong form. Secondly, the inter-
face I'(t) can be characterized by values of the level set function at time ¢:

rt)y={ze2: ¢(z,t) =0}.

As already mentioned above, this is not the case for the characteristic func-
tion. For the linear hyperbolic partial differential equation in (6.31), besides
the initial condition one needs suitable boundary conditions, for example,
a Dirichlet boundary condition ¢(z,t) = ¢p(x) on the inflow boundary
O, ={2x€d2:u-np <0}

A suitable weak formulation of the level set equation, i.e., the transport equa-
tion (6.31) combined with continuous initial condition ¢ as defined above, is
used in the literature [119] for the analysis of well-posedness of a two-phase
flow problem. We outline the main result from [119]. The domain {2 is taken
as a d-dimensional torus (corresponding to a rectangular domain with pe-
riodic boundary conditions). For the transport of the interface the level set
equation is used with a continuous velocity field u € C(£2 x [0,T])?. For
general continuous u there is no uniqueness of a solution of the equation
(6.31) in its strong formulation. However, the concept of wviscosity solutions
of transport equations with a continuous velocity field can be applied, cf.
[72]. This theory yields unique so-called sub- and supersolutions of (6.31),
which induce unique generalized evolutions 24(¢), (2(t), ¢ € [0,T], with
20(0) = {ze2: ¢o(x) <0},025(0) = {x € 2: ¢o(x) >0}. One defines
I'(t) := 02\ (2:(t) U £2(t)). If u is sufficiently regular (Lipschitz with respect
to x) it can be shown that measy(I'(t)) = 0 holds and I'(¢) describes the
interface in the usual strong sense. If, however, the velocity field u is (only)
continuous it is not known whether measq(I'(¢)) = 0 for ¢ > 0 holds, i.e., it
might be that “interface flattening” occurs.
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For the two-phase flow problem a Stokes model of the form

66—;1 —div(pVu)+Vp=g in (2,

divau=0 in {2,

is considered. A weak formulation of this problem in the Sobolev space H, ({2)
with p > 2(d + 1) is analyzed with a piecewise constant viscosity function
w(z,t) = p; for & € 2i(t), i = 1,2, and p(z,t) = 2(u1 + po) for z € I'(t).
It is proved that for |u; — pel| sufficiently small there exists for almost all
t € [0,T] a solution u with u € C(£2 x [0,T])%, u(-,t) € H}(£2)* of the Stokes
problem coupled with an appropriate weak formulation of the transport prob-
lem for the evolution of the level set function ¢. We refer to [119] for the
precise results. Here we restrict ourselves to a few further comments related
to this analysis. The continuity property for the velocity field u is needed to
be able to apply the theory of viscosity solutions of transport equations as
in (6.31). This theory also requires the initial condition ¢ to be continuous.
Note that this holds for the level set function ¢g but not for the characteristic
function x; used in Sect.6.2.2. For the solution u of the Stokes problem the
regularity u(-,t) € H;(.Q)d with p > 2(d 4+ 1) (> 2) is proved, which due to a
Sobolev embedding result implies continuity of u. For the regularity property
u € H}(£2)% with p > 2(d+1) to hold one needs that the jump in the viscosity
|1 — po| is sufficiently small. The analysis only applies to the case without
surface tension and it only yields existence of a solution of the two-phase
Stokes problem; uniqueness is an open problem. The existence is global in
time (¢ € [0,7]) and allows singularities of the interface (colliding droplets).
However, “interface flattening” might occur, i.e., it is not clear whether the
interface remains sharp.

The level set equation (6.31) is not only used in the analysis of well-posedness
of a two-phase flow problem but also forms the basis of an important class of
numerical techniques for representing the interface. These level set methods
are used not only in two-phase flow simulations but also in many other ap-
plications with interfaces or free boundaries, cf. the overview paper [221] and
the monographs [222, 198]. We outline the main ideas. The linear hyperbolic
transport equation (6.31), or a weak variant of it, is considered with an ini-
tialization ¢o(z) that is continuous, close to a signed distance function and
such that I'(0) = {x € 2: ¢o(x) = 0} holds. The velocity u results from the
Navier-Stokes flow problem. The transport equation is discretized in space and
time using appropriate numerical methods. We will treat this issue in more de-
tail in Sect. 7.2. The accurate discretization of the level set equation is (much)
easier than that of the transport equation considered in the VOF method in
Sect. 6.2.2 because in the latter one has to approximate the discontinuous char-
acteristic function y; whereas in the level set method the solution ¢ is smooth
(close to the interface, for a sufficiently short time interval). During time evolu-
tion, in a neighborhood of the zero level it is monitored how much the discrete
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solution ¢y, (x, t) deteriorates from a signed distance function. For this one can
use, for example, the quantity ||V (z,t)||2 as an indicator. If the deteriora-
tion exceeds a given tolerance a re-initialization of the given level set function,
say ¢n(z,ty), is performed. In this re-initialization one determines a new level
set function ¢V (z,ty,) such that ||Vere¥(z,t,)ll2 &~ 1 (in a neighborhood
of the zero level) and {z € 2: ¢p(z,t,) =0} =~ {z € 2: ™V (z,t,) =0}
holds, i.e. one determines a re-initialization ¢p*" with (approx1mately) the
same zero level as the current level set function but which is much closer to
a signed distance function. This topic of re-initialization is addressed in more
detail in Sect.7.4.1.

Remark 6.2.4 The level set method is often combined with the CSF ap-
proach explained in Remark 6.1.3. This idea was introduced in [64]. There
it is shown that (under certain smoothness assumptions) the following holds,
with notation as in Remark 6.1.3:

/ wnrds = lin / )V dr, (6.32)

with the level set function ¢ and d. a one-dimensional smoothed Dirac delta
function. For the approximation of the curvature term k(¢) one can use, cf.
(14.7),

Vo
Vol
and extend this relation to x € U (|[V¢|? := V¢ - V¢). This leads to a volume
surface tension force term of the form

Vo
IVl
in the strong formulation of the momentum equation, which acts in an e-

neighborhood of the interface I'. Clearly this approach induces an error due
to numerical regularization with the smoothed Dirac delta function.

k(z) =divnp(z) =div (=), z€l,

— 7 div (= )8 (¢(2)) Vb (6.33)

6.2.4 Phase field representation

In the interface representations treated above the interface is either tracked
explicitly or “captured” implicitly as the discontinuity of a characteristic func-
tion or the zero level of an approximate signed distance function. In all three
cases one typically has a sharp interface. This sharp interface property may be
lost due to numerical effects, for example if one combines the level set method
with the CSF technique as described in Remark 6.2.4, in which the surface
tension force is approximated by a volume force using a smoothed Dirac delta
function. In that approach, although the interface is represented sharply as
the zero level of the level set function there is an interface smearing effect due
to the smoothing of the surface tension force. In the continuous model the



6.2 Interface representation 181

sharp interface property may be lost if in cases with interface singularities an
interface flattening effect occurs. In the approach discussed in this section the
model is such that one always has a non sharp or diffusive interface. These
so-called phase field models are based on the observation that even for two
(macroscopically) immiscible fluids there is a very thin interfacial region in
which partial mixing of the two fluids occurs, cf. Sect. 1.1.5. In this sense, the
physical interface is not sharp but diffusive. The interfacial mixing region has
nonzero thickness but is extremely thin (about 100 nm). Hence modeling it as
a sharp interface (as is done in the methods discussed above) seems reasonable.
There are, however, mechanisms, for example in droplet collision, that are rel-
evant and act on length scales comparable to that of interface thickness. For
an accurate modeling of these mechanisms a diffusive interface representation
may be more appropriate. Quantities that in the sharp interface formulation
are localized at the interface, such as surface tension or surfactant transport,
are distributed in a narrow interfacial region in a phase field model. The idea
of diffusive interface modeling is an old one and was already used in [208, 247].
An overview on diffusive interface methods is given in [13]. Below we describe
one popular phase field model for two-phase incompressible flows, namely the
Navier-Stokes equations combined with the Cahn-Hilliard equation for the
representation of the interface.

p1 : : p2

]V

Fig. 6.4. Partial densities p;, j = 1,2, and diffusive interface (region between dashed
lines) in the phase field representation.

Throughout this section, let p; = p;(z), z € £2, j = 1,2, denote the partial
density (or mass concentration) of the fluid j, i.e., for W C {2 the quantity
fW p;(x) dx is the mass of the fluid j contained in . Note that this notation
differs from the one previously used, where p; denoted the (constant) density
of fluid j as a pure substance. The partial densities pi(x) and pa(z) are in
general not constant, i.e., there is a mixing region representing the diffusive
interface, cf. Fig. 6.4. The density of the mizture is denoted by p(x), x € 2, i.e.,
[y p(x) dz is the total mass of the fluid contained in W. Clearly p = p1 + p2
holds. We restrict ourselves to the case of matched densities, i.e. we assume
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p is constant in (2. (6.34)
It is no restriction to take p = 1. We introduce a so-called order parameter
c:=p1—p2=2p1—1€[-1,1].

This concentration (or density) difference has value —1 in regions filled by
fluid 2, value 1 in regions filled by fluid 1 and values in between in the mixing
region. It is assumed to be a smooth function of (z,t). Note that opposite to
the characteristic function y; and the level set function ¢, which are used as
indicator functions in the approaches treated above, the order parameter ¢ has
a physical meaning. A main issue is to derive an appropriate model for the
evolution of c. We outline the derivation of the Navier-Stokes/Cahn-Hilliard
model as given in [131]. It is based on a local dissipation inequality (corre-
sponding to the second law of thermodynamics) and basic concepts from con-
tinuum mechanics, such as mass and momentum conservation, cf. Sect. 1.1.1.
The mixture is considered as one incompressible Newtonian fluid. Its velocity
field is denoted by u(z,t). Due to the incompressibility assumption we have
divu = 0. Let W(¢) a material volume that is advected by the velocity field u
and h; the mass flux of fluid j, measured relative to the gross motion of the
fluid. Due to incompressibility (p = 1) the relation h; = —hy holds. We define
the (relative) mass flux quantity h := h; —hy = 2h;. From mass conservation
it follows that

d
—/ pjdfr—i—/ h; -nds =0,
dt Jw oW (#)

where n is the outward unit normal on W (t). Using Reynolds’ transport the-
orem and ¢ = 2p; — 1 this yields the mass conservation equation

é:%—ku-Vc:—divh. (6.35)
ot
We now turn to the conservation of momentum fW(t) pudz, cf. Sect.1.1.1.
For simplicity we assume that there are no external forces like gravity. Based
on fundamental principles from continuum mechanics (Cauchy’s theorem) one
obtains from momentum conservation and using p = 1 the equation

pu = 86—1; + (u-V)u=dive, (6.36)
with a symmetric stress tensor o that is associated with the macroscopic
motion of the fluid. For a one-phase incompressible Newtonian fluid one has
o = —pl + pD(u), cf. (1.11). In [131] a stress tensor for the case of a fluid
mixture is derived using local energy inequalities that are based on the second
law of thermodynamics. The resulting stress tensor is given in (6.42) below.
We sketch the main idea, for more details we refer to [131, 3]. We consider a
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total energy ew (u,¢) in a volume W which is the sum of a kinetic energy and
a free energy:

ew(u,c) = / p%u -u+ (e, Ve) de.
w

The free energy fW ¥(e,Ve)dz is used to describe energy changes due to
mixing of the fluids. Since there is significant mixing only in a very thin
interfacial region, this energy is also called surface energy. Cahn and Hilliard
[60] proposed the following form for the mixing energy density

(e, Ve) = E%|Vc|2 + e Wo(o), (6.37)

with |Vc|? = Ve- Ve, € > 0 a small parameter and 1y a double well potential.
The latter means that 1y should have exactly two global minima, namely at
¢ = #£1 in our case. For this double well potential there are several possibilities
used in the literature, e.g.,

Yo(c) =
Yo(c) =

1-c%)? ceR,

—~

Oe
(14+c¢)ln(l+c)+ (1 —c)In(l —¢)) — 502, 0<0<0,., |d<1,

N D

0.
Yo(c) = —502 if ce[-1,1], oo otherwise,

cf. [3, 6] for a discussion of these and other double well potentials. Since both
fluids are assumed to be present, it follows that 0 < [£2|~! /. op1rdr <1 and
thus —1 < [2|~" [,cdz < 1 holds. Hence, ¢(z) can not have a constant
value equal to —1 or 1, which corresponds to a minimum of . A “diffusive
interface” is represented by the region where ¢(z) varies between —1 + £ and
1-¢(with0 <&k 1).

Remark 6.2.5 As an example, consider for given a > 0,

crle) = [ el 41 cla)) e,

and minimization of this functional over the set V' consisting of all piecewise
linear ¢ = c; with c¢(z) = —1if v < -0, ¢(x) = 1 if ¥ > 4, c¢(x) = 5 if
-0 <z < 0, and with § € (0,a) arbitrary. A straightforward computation
yields
A 8 1 —
(glelr‘}, efree(c5) = efree(cts*) = \/_1—51 for 6" = Z 15 e.

Hence, in this example we have a transition region of width 2§* = % 15 ¢
between the extrema =+1.

The macroscopic stresses in the mixture, modeled by contact forces on that
act on OW (t), induce a corresponding energy exchange across OW (t) (force
times distance, per time unit), also called working, given by
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/ on-uds. (6.38)
oW (¢)

A second energy transport is due to the microscopic diffusion (i.e. diffusive
effect within the mixture). This can be modeled as follows. Let ,u}?hem be the
chemical potential of fluid j and p*™ := L(pPe™ — pghe™). Related to the
notation we remark that x"*™ should not be confused with y = u(x,t), which
we use to denote the viscosity of a fluid. Using h; +hy = 0 (as p is constant)
and h = 2h; we obtain that

2
-3 / phemhy nds = — / phemh - n ds, (6.39)
o Jow AW (¢)

which models the energy transported into W (¢) due to microscopic diffusion.
The third energy exchange is related to so-called microforces. In [131] these
forces are introduced and it is assumed that the working of these forces accom-
panies changes in the concentration c. i.e., these forces cause the microscopic
mixing. These forces are modeled as contact forces and denoted by €. A cor-
responding scalar body force is given by

mi=—divg, (6.40)

i.e., we have a microforce balance fw(t) wdx + faw(t) ¢ -nds = 0. The energy
exchange induced by these microforces is given by

/ ¢€-nds. (6.41)
oW (t)

The three energies in (6.38), (6.39) and (6.41) are related to the total
energy ew (u, ¢) of the system, and based on the second law of thermodynamics

(increase of entropy) the following energy dissipation inequality is assumed to
hold:

d
—eW(u,c)g/ a’n-uds—l—/ éﬁ-nds—/ phemh - n ds.
dt oW (¢) oW (¢) oW (#)

Based on this, in [131] the following constitutive relations are derived:

o= —pl+ puD(u) —eVeVel,
& =¢Ve,
h= —m(C)V}LChem, (642)
= e — g ().
The relations £ = eVe and h = —m(c)Vuh®™ can be seen as generalized

Fick’s laws. For simplicity we assume the mobility constant m = m(c) > 0 to
be a constant. Using this and (6.40) we obtain
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pehem = e =1l (¢) — eAe.

Using the conservation laws (6.35), (6.36) and the generalized Fick’s law for
h in (6.42) we obtain the following Navier-Stokes/Cahn-Hilliard phase field
model.

68—? + (u-V)u=-Vp+div (u(c)D(u)) — ediv(Vevel), (6.43a)
divu =0, (6.43b)
Jc h
— +u-Ve=mAu~m, (6.43c)
ot
)

pehem = e =yt (c) — eAe. 6.43d

—~~

For the general case in which m = m(c) is not constant, the term on the
right-hand side in (6.43c) has to be replaced by div(m(c)Vuh*™). Suitable
initial and boundary conditions for the functions ¢ and p"*™ are needed, for
example, homogeneous Neumann boundary conditions both for ¢ and pche™
(Ve -n = Vuhem . n =0 on 9£2) and an initial condition c¢(z,0) = co(x) for
x € £2. A simple model for p(c) is to use a convex combination between the
constant viscosities p1, g2 of the pure fluids:

(©) c+1 +1—c
CcC) =
H B) M1 B)

H2.

The model (6.43) is a fundamental phase field model that occurs at many
places in the literature and forms the basis for many other phase field models.
Below we briefly address the following issues: theoretical results, generaliza-
tions, numerical methods, relation to other approaches.

Theoretical results. First we consider an alternative form of (6.43a) and an
energy conservation result. For general smooth scalar functions v the identity

1
div(VoVeT) = 5V|vu|2 + Av Vv (6.44)

holds. Using this (with v = ¢), the definition of the free energy density ¢ in
(6.37) and the expression in (6.43d) we obtain

1
Vi(c,Ve) = 8§V|VC|2 + e Mpp(c)Ve
= ediv(VeVel) — eAcVe + e 1) (c) Ve
= ediv(VeVel) + phemve.

From this we see that the Navier-Stokes equation in (6.43a) can be replaced
by
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Ou

at
where we introduced a new pressure variable p := p + ¥(¢, V). Using this
Navier-Stokes equation we derive the following lemma.

Lemma 6.2.6 Assume that for t € [0,T] the Navier-Stokes/Cahn-Hilliard
equations (6.43a)-(6.43d) have a sufficiently smooth solution (u, ¢, p*™) with
boundary conditions ujpo =0, Vc-n = Vyuem .n =0 on 012. Then for the
total energy

+ (u-V)u=-Vp+div (u(c)D(u)) + pmVe, (6.45)

1 1
en(u,c) = / —u-u+(c,Ve)dr = =|lul|3. +/ P(e,Ve)de
0?2 2 0

the following holds:
d

L eo(u(t) (1) = ~a((ult), u(t)) — ml V" 0)3, (6.46)
T T
en(u(T), e(T)) + / a((u(t), u(t)) dt +m / IV (1)]12. d
0 0
= e (u(0),c(0)). (6.47)

Proof. First we consider the time derivative of the free energy part in the
total energy:

2 4 -1
t/UJch da:—/s—lt—QWCI 1/10( )—d:c
Oc

dc
_ A 1 chem )
—/—5 c—t+ Py (e )—da:—/u —tdm

d ou h 60

_ chem .4
dteg( u(t),c(t)) = ot +pS S de (6.48)
holds. We multiply the Navier-Stokes equation (6.45) by u, integrate over (2,

use that c(u;u,u) = b(p, u) = 0 and obtain

Thus

— -udz = —a((u(t),u(t)) + /Q phemYe - ude.

e = —a((u,u) - [ 5 dom [ pnapten da
o Ot o ot
C. ema chem
= —a((u.un) = [ pm T o=V,

and using this in (6.48) proves the result in (6.46). The result in (6.47) is a
direct consequence of the one in (6.46). O
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The result in this lemma can be compared with the one in Lemma 6.1.6.
The result in (6.47) has a physical interpretation: the energy difference
eo(u(T),c(T)) — e (u(0),c(0)) is balanced by the sum of the kinetic energy
dissipation fOT a((u(t),u(t)) dt and energy dissipation m fOT |V pchem(t)[12, di
that is related to the microscopic diffusion of the two phases close to the in-
terface.

In the phase field model that we consider the free energy [ o ¥(c,Ve)dx re-
places the interfacial energy 7 [ r Lds that occurs in a sharp interface model.
For € — 0 this free energy tends to fp 1ds, in some suitable weak sense, cf.
the following remark.

Remark 6.2.7 We discuss a result from [179] on properties of the Cahn-
Hilliard free energy functional. We introduce a scaled version of this functional
and for simplicity we choose a specific form of 1)y, namely 1o (c) = (1 — ¢?)2.
The corresponding scaled (by €) free energy is given by

Erec(C) = Eefree(c) = / 2|V + (1 — ) du.
(]

We consider minimization of this functional over the set
Vo = {ceLl(Q): —1<c¢(x) <1 ae., |Q|_1/ cdxzoz},
I7)

with —1 < a < 1. For ¢ = 0 the problem min { écc(c) : ¢ € V4, } has infinitely
many solutions, namely all “piecewise constant” functions ¢, with ¢(z) = 1 for
x € (1, and §2; C §2 an arbitrary measurable set with [2|71[2;] = %(oz +1),
c(x) = —1for x € £25 := 2\ 2;. For such a function ¢ we have |2~ [, cdz =
12171 (|21 = |922]) = 202|721 -1 = «, i.e., ¢ € Vi, and égree(c) = 0 (if e = 0).
We define I' := 021 N {2. Even if we restrict to cases in which this boundary
I' is assumed to be sufficiently smooth it can have arbitrary area. We now
treat € > 0 with € | 0 and show that then the situation is quite different. We
outline a main result from [179]. Consider the minimization problem

min { égee(c) : c € Vo }. (6.49)

Let (en)n>0 be a sequence of strictly positive numbers with lim, .. e, = 0
and (ue,) a sequence of solutions of (6.49) with ¢ = ¢,. Then there ex-
ists a subsequence, which we also denote by (uc, ), which tends to a limit
ug in L'(£2), ie. limy o [, (e, — uo)dz = 0. The limit function takes
only the extremum values 1 or —1 on 2: uyg = =1 a.e. on 2. Define
2 = {ze€R:uy(xr)=1}, and I', 2, as above. Thus %(u., + 1) tends
to the characteristic function corresponding to §2;. To simplify the presenta-
tion we assume that I' is smooth, say Lipschitz continuous (cf. [179] for the
general case). Note that ug € V,, and from ||~ [, ugdz = a it follows that
12171 (|1] = (192] = [#1])) = @, and thus [2]7H2] = L(a + 1).
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The following holds:

1
4
lim €, egee(te, ) = 200/ lds, ¢ ::/ wo(c)% dc = 3 (6.50)
W

1
/lds:min{/ lds: F=0W, W C {2, —=—(oz—|—l)}. (6.51)
r FNQ 2] 2

We refer to [179] for more details. This means that the free energy egree(te, ) =
Jo ¥(ue, ) dz converges to 2¢q [, 1ds and that the interface I" has minimal
area, in the sense as in (6.51). For these results to hold, it is essential that in
the free energy functional egee the “reqularization term” with Ve is included.

In the Navier-Stokes/Cahn-Hilliard model the chemical potential pu*™ can
be eliminated by substitution of (6.43d) into (6.43c). Furthermore, in the
Navier-Stokes problem the pressure can be eliminated by restricting to the
subspace of divergence-free velocity fields. This results in a strongly coupled
highly nonlinear system of PDEs for the unknowns u and c. For the analysis
it may be convenient not to eliminate ™. For the Navier-Stokes/Cahn-
Hilliard model (6.43a)-(6.43d), with suitable initial and boundary conditions,
the state of the art concerning existence and uniqueness of solutions is much
better than for the models considered in Sects.6.2.2 and 6.2.3. To a large ex-
tent this is due to the following two (related) facts. Firstly, if we substitute
(6.43d) into (6.43c¢) this results in a time-dependent convection-diffusion prob-
lem for the concentration c. The diffusion term —emAZe that occurs in this
equation is not present in the pure convection equations (6.25) and (6.31) and
has a regularizing effect. Secondly, in this diffusive interface model we have
an energy estimate such that ||V ™| ;> can be controlled, cf. Lemma 6.2.6.
Such a term is not present in the energy estimate for a sharp interface model as
in Lemma 6.1.6. Recently, an extensive analysis of the model (6.43a)-(6.43d)
has been given in [3]. Results on existence and uniqueness of weak solutions
of this model are presented which are comparable to the results for the one-
phase Navier-Stokes model for an incompressible Newtonian fluid. For d = 2
existence and uniqueness of a weak solution (u, ¢, u"*™) has been proved, pro-
vided the initial data for u and ¢ are sufficiently regular. For d = 3 existence is
shown to hold, but (as for the one-phase Navier-Stokes equations) uniqueness
only in special cases, for example for t € [0,T] with T sufficiently small. We
refer to [3, 5] for precise statements and a discussion of further results.

Generalizations. Above we considered the case of matched densities, cf. (6.34).
In many two-phase systems the assumption p = constant is not reason-
able, since it implies that both pure fluids must have (approximately) the
same density. There are generalizations of the Navier-Stokes/Cahn-Hilliard
model (6.43a)-(6.43d) for the case that the two fluids have different (or “non-
matched”) densities, cf. e.g. [171, 3]. These models are much more complicated
as in the case of matched densities.
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One important difference is that instead of the equation diva = 0 one
obtains %§ + div(pu) = 0, which implies that in general divu = 0 does not
hold. Hence, although the two pure fluids are incompressible, the mixture
does not have this property; it is called quasi-incompressible. This compli-
cates the analysis because one can not eliminate the pressure unknown by
restricting to the space of divergence free velocity fields. Another difference is
that the pressure p enters the partial differential equation for ¢, which makes
the coupling between the Navier-Stokes and the Cahn-Hilliard equations even
less transparent. There are existence results for weak solutions of the diffuse
interface model for the case with non-matched densities only for some special
cases, cf. [4] for a discussion. A phase field model based on the Cahn-Hilliard
free energy functional for a three-(or more) phase flow problem, in which the
three fluids can have different densities, is derived in [156].

In the literature there are studies on phase field models with free energies
that differ from the Cahn-Hilliard form.

Numerical methods. In order to have a proper modeling of relevant physi-
cal phenomena, the parameter ¢ in the Navier-Stokes/Cahn-Hilliard model
(6.43a)-(6.43d) has to be taken extremely small. As a consequence the order
parameter ¢ has very large gradients that must be resolved numerically. The
equation for ¢ (after elimination of p°"*™) is of convection-diffusion type with
a fourth order diffusion term —emAZ2. The numerical treatment of such bihar-
monic type of equations is known to be difficult. Furthermore there is a strong
nonlinear coupling between the Navier-Stokes (for (u,p)) and Cahn-Hilliard
(for (c, u°"*™)) equations. Hence, even for the case of matched densities the
Navier-Stokes/Cahn-Hilliard model has a very high numerical complexity. For
non-matched densities (which are physically much more relevant) there is a
further significant increase in the numerical complexity. Some early numeri-
cal results for a Navier-Stokes/Cahn-Hilliard model (6.43a)-(6.43d) of a two-
dimensional two-phase flow problem are presented in [149]. This model is also
simulated, again for a two-dimensional problem, in [155]. In both cases uniform
grids and finite difference or finite volume discretization methods are used.
Numerical simulations of a spatially three-dimensional Navier-Stokes/Cahn-
Hilliard model with matched densities are given in [20]. Recent work on nu-
merical simulations of two-phase flows based on phase field models is found
in [233, 234]. The numerical simulation of a spatially two-dimensional three-
phase system with matched densities is treated in [156].

It appears that up to now numerical simulations of two-phase flows based
on phase field interface representations are used and studied much less than
those based on interface tracking or interface capturing (with VOF or level
set) techniques.

Comparison to other approaches. One important difference between the diffu-
sive and the sharp interface approach was already mentioned above: the energy
estimates are different, cf. Lemma 6.1.6 and Lemma 6.2.6. This has strong
implications for the theoretical analysis. Furthermore, in the volume track-
ing techniques (VOF or level set) discussed above we have a pure transport
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equation for an indicator function (characteristic function or level set func-
tion), whereas as in the phase field method we have a convection-diffusion type
of equation for the concentration c. In the Navier-Stokes equation (6.43a) of
the phase field model a “localized force” term

—ediv(Vevel) (6.52)

occurs. We comment on this term and its relation to the surface tension forces
used in other approaches. First we consider the force term that occurs in
the strong formulation if one uses a level set CSF approach, as explained in
Remark 6.2.4. We assume a (highly) idealized situation in which the zero level
of ¢ describes the interface I" and the scaled order function ¢ := ec is a signed
distance function to I" in a neighborhood Ue of I'. Hence, ¢|Ve| = [Vé| =1
holds in U,. Using ¢ = ¢ in (6.33) and §.(¢(2)) ~ e~ ! for z sufficiently close
to I', we obtain

=)0c(6(2)) V¢ ~ —Te div(VE) Ve
= —1e 12 AcVe = —re 1?2 div(Vevel),

in a sufficiently small neighborhood of I'. In the last equality we used the
relation (6.44) and V|Ve|? = 0. This agrees with the localized force as in
(6.52) if we take € (in Dirac delta function) and ¢ (in Cahn-Hilliard) such that
€~ TE.

In the weak formulation the force term in the Cahn-Hilliard model (6.43a)
takes the form

fo(v) = —¢ /Q div(VeVel v da, (6.53)

which we now compare with the functional fr(v) = —7 [pkn - vds in
(6.8) that is used for surface tension representation in the weak formula-
tion of a sharp interface representation. For this we use another formula, cf.
Lemma 14.1.2:

frv)= —T/Ftr(PVv) ds, P=I—nn’.

We consider only test functions with divv = 0 (which is reasonable, since by
elimination of the pressure one can restrict to the subspace of divergence free
velocities). Then we have tr Vv = divv = 0 and thus we get

frv)= T/Ftr(nnTVv) ds = 7'/FnTands7 (6.54)

with n = np. Using partial integration the volume force in (6.53) can be
reformulated as

folv) = 5/ tr(VeVel ' Vv) de = 5/ V' VvVeds.
17 fo)
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As above we assume that ¢ = ec is a signed distance function to I" in U,. Note
that then Vé(z) = n(z) for x € I' and Vé(y) = n(z) for y € Ue, ¢ € I' and
y —x = amn(z) with € R. Assume that v is sufficiently smooth and that
|Vé(y)| < 1fory ¢ U,, cf. Fig. 6.4. Using a suitable coordinate transformation
one obtains

fa(v) 2671/ V' VvVeds = 671/ / Vé(s, 00 Vv (s, r)VE(s, 0) ds dr
2 —eJI

%5_1/ /n(s,O)TVv(s,O)n(s,O)dsdr%2/ nTVvnds,
—eJ I r

which is of the same form as the functional in (6.54).

6.3 Weak formulation

In the remainder of this monograph we restrict to the level set method for in-
terface representation. Our choice is motivated by the following requirements.
We want to develop a solver that can handle interface singularities (droplet
collision), too. Therefore an interface tracking approach based on the interface
condition Vr = u-n in (6.3) is less suitable. A representation of the interface
as a surface in R®, which corresponds to a sharp interface model, is desir-
able since we want to use a model for mass transport between the phases, in
which a Henry condition at the interface occurs, and a model for surfactant
transport on the interface. It is not clear how (variants of) these models can
be combined with a phase field approach. Therefore, we decided not to use a
phase field method for interface representation. Comparing the VOF and level
set interface capturing methods we decided to use the latter, since the numer-
ical treatment of the transport equation for the level set function (which is
smooth) is easier than for the characteristic function (which is discontinuous)
and because the level set approach fits better in a finite element discretization
framework than the VOF approach. The latter is more natural in a finite vol-
ume discretization context. Furthermore, the task of interface reconstruction
is much easier using the discrete level set function instead of the discrete VOF
color function. A disadvantage of the level set method compared to VOF is
that it has a worse mass conservation property.

In this section we present a two-phase Navier-Stokes/level set model. We
start with the strong formulation. Then a weaker variational model is for-
mulated, which forms the basis of the finite element discretization method
treated in the next chapter.

The jumps in the coefficients p and p can be described using the level set
function ¢ in combination with the Heaviside function H : R — R:

H(()=0 for ¢ <0, H({()=1 for ¢>0.
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For ease one can set H(0) = 1. We define

p(@) == p1+ (p2 — p1)H ()

(@) == p1 + (p2 — p1)H (). (6.55)

We reconsider the strong formulation of the two-phase flow problem in (6.1)-
(6.2). Instead of the Lagrangian interface propagation condition Vr = u-n in
(6.3) we use the level set function for the representation of the interface and
therefore add the level set equation (6.31) to the model. This results in the
following model for the two-phase problem in §2 x [0, T:

{pw)(%—'; + (@ V)u) = Vp - div(u(@)D(w) +p()g | o,
divu=0
[on]p = —7kn, [u]r=0 on I, (6.56)
a—d) +u-Vp=0 in 2
ot N ’

together with suitable initial and boundary conditions for u and ¢, cf. Sect. 1.2.
For the level set function ¢, the initial condition is ¢(x,0) = ¢o(x), in which
¢ is given and should be such that { € R®: ¢o(z) =0} = I'(0). Moreover,
¢o should be an (approximate) signed distance function to I'(0). To make the
problem with the linear hyperbolic level set equation well-posed one needs
boundary conditions on the inflow boundary 942;, := {z € 92: u-np <0}.
There are no natural (e.g., physics based) boundary conditions for ¢ at the
inflow boundary. We are only interested in values of ¢ close to the interface
(= zero level on ¢) and ¢ is evolved according to %—f +u-V¢ =0 only for a
short time interval. After this short time a re-initialization of ¢ is applied, cf.
Sect. 7.4.1. Due to this the issue of the choice of the boundary condition for
the level set function on 92, is of minor importance.

Note that the model (6.56) is not in dimensionless form. A dimensionless
formulation can be derived in a similar way as in Remark 6.1.1.

As discussed in Sect. 6.2.3 a general weak formulation of the model (6.56)
for which well-posedness has been proved, is not known in the literature. As
basis for the finite element discretization we will use the weak formulation of
the Navier-Stokes problem given in (6.9)-(6.10) and combine it with a weak
formulation of the level set equation.

We address this weak formulation of the level set equation. We do not
apply the approach based on viscosity solutions of transport equations, briefly
discussed in Sect. 6.2.3, since this requires the velocity field to be continuous:
u € C(2 x [0,7))3, which is not compatible with the usual weak formulations
of the Navier-Stokes equation.
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We also do not use a weak formulation as in Proposition 6.2.2 which is
based on the concept of renormalized solutions of transport equations. A dis-
advantage of this formulation is that it leads to a space-time variational prob-
lem. In our setting we want to have a variational formulation only in space, cf.
(6.9)-(6.10). We introduce a “space-only” variational formulation of the level
set equation as in [106], Sect. 6.3. We consider a transport equation of the form

99 +w V¢ =0, (6.57)

ot
with w € H'(£2)?, divw = 0 and (for simplicity) wis, = 0. Then 942;, = 0
and thus we do not need boundary conditions for ¢. The initial condition is
given by ¢(x,0) = ¢o(x). Note that opposite to u used in the level set equa-
tion in (6.56) the velocity field w is independent of t. We introduce a so-called
anisotropic Sobolev space, in which only derivatives in a particular direction,
namely the flow direction w, are considered. On C°°({2) we introduce the
norm (and corresponding scalar product) [|ul|f,, := [lul|7. + |w - Vul|7,. Let
Wy be the completion of C*°({2) with respect to this norm. Then Wy, is a
Hilbert space and this space can also be characterized as

Ww={ueL*(2): w-VueL*(2)}

(where the derivative is defined in a distributional sense). This appears to be
an appropriate space for a weak formulation of the transport equation (6.57):

Proposition 6.3.1 Take ¢pg € Wy,. There exists a unique ¢(t) = ¢(-,t) €
C1([0,T]; L3(£2)) N C([0, T]; Wa) such that ¢(0) = ¢o and

(%7U)Lz+(W~V¢,v)L2=O for all v e L*($2), t€[0,T).

Proof. This result is given in Theorem 6.52 in [106]. Its proof is based on a
fundamental result known as the Hille-Yosida theorem. We only present some
key ingredients which indicate that Wy, and L?(§2) are the right spaces for
the variational formulation. For a complete proof we refer to [106] and the
references therein.

We outline the Hille-Yosida theorem. Let H be a Hilbert space and
C : D(C) C H — H a linear operator. This operator is called monotone
it (Cv,v)g > 0 for all v € D(C) holds, and maximal if I + C : D(C) — H
is bijective. The operator is maximal monotone if both properties hold. The
Hille-Yosida theorem essentially states that if C' is maximal monotone then
an initial value problem of the form

2—1: +Cu=f, te€]|0,T], u(0)=up,
with f € H and up € D(C), has a unique solution u € C([0,T]; H) N
C([0,T); D(C)). In our context we have H = L?(£2) and C' : Wy, = D(C) —
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L?(92) is defined by (Cé,v)y = (w-Vo,v)r2 =: ¢(¢,v). The operator C is

monotone, since:
(Co0)u = [ w-Voods =~ [ o(odive +w- V) de = ~(Co,0)u,
Q Q

and thus (C¢,¢)g = 0 for all ¢ € Wy. In order to show that C is also
maximal we consider the bilinear form id + ¢ : Wy x L*(£2) — R given
by id(¢p,v) + c(¢p,v) = (¢ + W - V¢, v) 2. This bilinear form is bounded on
Wy x L?(£2). Now note that for ¢ € Wy, we have

Zd(d)v U) + C(¢a 'U) (d) +w- vd)v U)Lz

sup = sup =|¢+w-Ve|L2
veL?(02) o]l L2 veL2(82) vl L2

(161122 +2(6, W - V)12 + [[w - V| 22)
= (16122 + [w - Vol22) = 6],

and thus the inf-sup property

s 00 Fe00)
S S T W P

holds. Furthermore, it can be shown that id(¢, v) 4+ ¢(¢,v) = 0 for all ¢ € Wy,
implies v = 0. From the boundedness of the bilinear form id + ¢, the inf-sup
bound and the latter result it follows that I+C : Wy, — L?(£2) is bijective, cf.
Theorem 15.1.1. Hence, C' is maximal monotone and the Hille-Yosida theorem
yields existence and uniqueness of ¢ € C* ([0, T; L*(£2)) N C([0, T]; W) such
that (%,v)y +c(¢,v)r2 =0 for all v € L?(92). d

Motivated by this result we introduce a weak formulation of the level set
equation in (6.56). We want to allow ug # 0 and therefore use a subspace
Wu,p = {w € Wy won,, = ¢p } of Wy. The weak formulation is as follows:
find ¢(-,t) € Wy,p such that ¢(-,0) = ¢ and

(%w)m +(u-Veg,v)2 =0 forall ve L*$2), tel0,T]. (6.58)

Note that in this problem the velocity u depends on t and therefore Proposi-
tion 6.3.1 can not be applied. Related to this, the space Wy, p depends on u
and thus on ¢.

Summarizing, we obtain the following two-phase incompressible flow model:
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Find u(t) = u(-,t) € Vp, p(t) = p(-,t) € Q, ¢(t) = ¢(-,t) € Wy,p such
that for almost all ¢ € [0, T

ou
m(a7 V) + C(uv u, V)
+a(u,v)+b(v,p) = (pg,v)r2 + fr(v) forall veVy (6.59a)
b(u,q) =0 forall ¢ € Q, (6.59Db)
(%,U)Lz +(u-Vé,v)2 =0 forall v e L3(£2), (6.59c¢)

initial conditions u(0) = ug, ¢(0) = ¢y in f2.

Thus we have a Navier-Stokes equation (in weak form) in the whole domain
2 coupled with a linear hyperbolic equation (in weak form) for the level set
function ¢. The spaces used for velocity u and pressure p are the same as those
used in the weak formulation of a one-phase flow problem. In the two-phase
Navier-Stokes equation we have discontinuous viscosity and density coeffi-
cients. Furthermore, we have a source term fpr which is (only) a functional
and which requires integration over the (unknown) interface I". This is a sharp
interface model: there is no regularization (“numerical diffusion”) caused by
a smoothed Dirac delta function, cf. Remark 6.2.4.

The issue of well-posedness of this weak formulation is largely unsolved.
Only under strong (unrealistic) smoothness assumptions on the data (includ-
ing the initial interface) well-posedness results for (6.59a)-(6.59b) are known
in the literature, cf. the discussion in Sect. 6.1. If the velocity field u(zx,t) is
sufficiently smooth (Lipschitz w.r.t. z) then the strong formulation of the level
set equation is well-posed and thus also the weaker formulation in (6.59¢). This
weak model, however, is supposed to be suitable for less regular problems, too.
Theoretical analysis that shows correctness of this claim is lacking.

In the next chapter we treat finite element methods for the discretization of
this model.
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Finite element discretization of two-phase
flow model

7.1 Introduction

In this chapter we treat finite element methods for the two-phase flow model
in (6.59). We use a nested family of multilevel triangulations {7}, } as explained
in Sect. 3.1. In our applications these grids will be locally refined in a (small)
neighborhood of the interface. In Sect. 7.2 we discuss a finite element method
for discretization of the level set equation. In Sect.7.3 it is explained how
for a resulting approximation ¢ of the level set function ¢ a corresponding
approximation I, (= approximate zero level of ¢y,) of the interface I" can be
constructed. Other important issues related to the level set function, such as
re-initialization, are treated in Sect.7.4. Results of experiments with numeri-
cal methods applied to the level set equation are given in Sect. 7.5. In Sect. 7.6
a method for discretization of the surface tension force fr is presented. An
error analysis of this method is given in Sect. 7.7 and results of numerical ex-
periments with this method are presented in Sect. 7.8. In Sect. 7.9 we treat a
special finite element space for the discretization of the pressure variable. Re-
sults of numerical experiments with this space are given in Sect. 7.10. Finally,
in Sect. 7.11 we apply the methods treated in this chapter for the discretization
of the two-phase flow model (6.59).

7.2 Discretization of the level set equation

The level set equation is of linear hyperbolic type. It is well-known that stan-
dard conforming finite element discretization methods are in general not very
suitable for such partial differential equations, since these methods can be un-
stable. There is extensive literature on finite element techniques for hyperbolic
problems. We do not give an overview here, but refer to monographs in which
this topic is treated, e.g., [108, 211, 206]. One popular strategy is to combine
standard finite element spaces with a stabilization technique. A fundamental
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stabilization method, that is very often used in practice, is the streamline-
diffusion finite element method (SDFEM). We will apply this method for the
discretization of the level set equation. In Sect.7.2.1 we explain the basic
idea of the technique using a simple 1D problem. In Sect.7.2.2 we apply this
method for the discretization of the level set equation.

7.2.1 Introduction to stabilization

We consider the very simple one-dimensional (hyperbolic) problem

bu'(z) +u(x) = f(x), ze€l:=(0,1), b>0 agiven constant,

(7.1)
u(0) = 0.

For the weak formulation we introduce the Hilbert spaces

Hy={veH'(I):v(0)=0}, Hy=L*(I).

The norm on Hy is |||} = [|v]|2, + ||v/||2.. We define the bilinear form

1
k(u,v) = / bu'v + uv dx
0
on H1 X HQ.
Theorem 7.2.1 Take f € L*(I). There exists a unique u € Hy such that
k(u,v) = (f,v)rz for all v € Ho. (7.2)
Moreover, ||ul|1 < ¢||f||Lz holds with ¢ independent of f.

Proof. The proof is based on an application of Theorem 15.1.1. The bilinear
form k(-,-) is continuous on Hy x Ha:

[ (u, v)| < bl|w/|| 2 [|v]| 2 + lJull2llvll L2 < V2max{1, b} ull[|v] L2,
for u € Hy, v € Hy. For u € Hy we have

k bu’
sup —(U7U) = sup —( U, v)pe = ||bu’ + ul| 12
vet, W2 wem,  Ivllz2

= (O[> + l|ullfz + 2b(u’, w)r2) %

N

Using u(0) = 0 we get (v, u)z2 = u(1)? — (u,u’)z2 and thus (u’,u)r2 > 0.
Hence we get
k(u, v)

sup —— > min{1,b}|lul; for all ue Hy,
ved, |[v]lz>
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i.e., the inf-sup condition for k(-,-) is satisfied. We now prove that if v € Hy
is such that k(u,v) = 0 for all w € Hjy, this implies v = 0. Take v € Hj
with k(u,v) = 0 for all w € H;. This implies bfol woder = — fol uv dx for all
u € C5°(I) and thus v € H'(I) with v’ = v (weak derivative). Using this we

obtain
1
—/ uvdm—b/ uw'vdr = bu(l —b/ wv’ dx
0

= bu(1)v(1) —/ wvdxr for all we Hy,
0

and thus u(1)v(1l) = 0 for all w € H;. This implies v(1) = 0. Using this and
bv' — v = 0 yields

||’U||%2 = (Uv U)L2 + (bvl -, U)L2
b b
=b(v',v)p2 = 5(@(1)2 —v(0)?) = —50(0)2 <0.
This implies v = 0. Application of Theorem 15.1.1 yields existence and unique-
ness of a solution v € Hy and ||ul|1 < ¢||f||z2, which completes the proof. O

Remark 7.2.2 The analysis in the proof above is essentially the same as
that used in the proof of Proposition 6.3.1 to show that the operator I + C' :
Ww — L*(82) is bijective. This operator corresponds to the bilinear form
(p,v) — (¢ +Ww - Ve,v)r2 on Wy x L2(£2), which is the higher dimensional
generalization of the bilinear form k(-,-) used in the proof above.

For the discretization of the well-posed variational problem (7.2) we use a
Galerkin method with a standard finite element space. To simplify the no-
tation we use a uniform grid and consider only linear finite elements. Let
h— ,x; =1h, 0 <i<n,and

Xp={veC): v(0) =0, Vg4, EP1 for 0<i<n—1}.
Note that X;, € H; and X;, C Hy. The discretization is as follows:
determine wy € Xj, such that k(up,vn) = (f,vn)rz  for all v, € Xp. (7.3)

For the error analysis of this method we apply Céa’s lemma 15.1.3. It remains
to verify the discrete inf-sup condition:

k
Jep>0:  sup Klun, vn) >epfluplly for all up € Xp. (7.4)

vnexn |lvnllze
Related to this we give the following lemma:

Lemma 7.2.3 The inf-sup property (7.4) holds with €, = ch, ¢ > 0 indepen-
dent of h.



200 7 Finite element discretization of two-phase flow model
Proof. For uy, € X}, we have (u),upn)r2 = %uh(l)2 > 0 and thus

k k b(u ,u upl|?
sup (uhavh) Z (uhauh) _ ( h h)L2 + || h”L2 2 ||uh||L2«
vneXy |vnllr2 llunllz2 [lunllz2

Now apply an inverse inequality, ||v}||zz < ch™!|op||2 for all vy, € X, re-
sulting in [[upllr2 > lunllr2 + chlu}llr2 > chlluy|y with a constant ¢ > 0

independent of h. 0

It can be shown that the result in this lemma is sharp in the sense that
the best (i.e. largest) inf-sup constant €, in (7.4) in general satisfies ), < ch.
This indicates that the standard linear finite element method is unstable in
the sense that the inf-sup constant deteriorates for i | 0. This instability can
be observed in numerical experiments with the discretization (7.3) for this
simple 1D problem.

We will show how a satisfactory discretization with the space X;, of linear
finite elements can be obtained by using the concept of stabilization.

If w € Hy satisfies (7.2), then

1
/ (b’ + u)bv' dx = (f,bv") > for all v e Hy (7.5)
0

also holds. We add this equation §-times, with ¢ a parameter in [0, 1], to the
one in (7.2). Thus the solution u € H; of (7.2) also satisfies

ks(u,v) = fs5(v) for all v e Hy, with (7.6a)
ks(u,v) := (bu' + u,0bv" +v)p2,  fs(v) :== (f,0b0" +v)p2. (7.6b)

Note that for § = 0 we have the original bilinear form and that § = 1 results
in a problem with a symmetric bilinear form . For 6 # 1 the bilinear form
ks(-,-) is not symmetric. For all § € [0,1] we have f5 € Hj. The stabilizing
effect for § > 0 is seen from the ellipticity estimate:

1 1 1
ks(u,u) = (5b2/ (u)? dx + / u? dx + b(6 + 1)/ uw'u dx
0 0 0

> 6b%|ul + |Jul|z.  for all uw € Hj.

(7.7)

Note that for & > 0 the norm |u|; occurs in this stability estimate. The discrete
problem is as follows:

determine wy € Xj, such that ks(up,vn) = fs(vp) for all vy, € X, (7.8)

The discrete solution uj, depends on ¢. Using the stability estimate (7.7),
approximation properties of the finite element space Xj, and a variant of Céa’s
lemma the following (sharp) result on the discretization error can be proved:
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Proposition 7.2.4 Let v € Hy and up € X, be the solutions of (7.2) and
(7.8), respectively, and assume that uw € H?(I). For all § € [0,1] the error
bound

h

V5w — unly + |[u— unll 2 < Ch[h+bV5 + b min{1, m}} a2 (7.9)

holds with a constant C independent of h, §, b and w.
The term between square brackets in (7.9) is minimal for h < b if we take

h
§ = bopt = 7 (7.10)
We consider three cases:
J =0 (no stabilization): Then we get ||u — up|/r2 < chlju”|| 2. We can not
control the discretization error in the stronger H!-norm.
d =1 (full stabilization): Then we obtain

[u—unh < chllu”|lg2,  u—unlrz < chllu”|| L.

d = dopt (optimal value): This results in

3
|u —uply < chl|u”||p2,  |lu—unl|pe < chZ||u”| 2. (7.11)

Hence, in the latter case the bound for the norm |- |; is the same as for
§ = 1, but we have an improvement in the L?-error bound. The best stability
property, in the sense of (7.7), is for the case § = 1. A somewhat weaker
stability property but a better approximation property is obtained for § =
dopt- For 6 = dopt we have a good compromise between sufficient stability and
high approximation quality.

The concept of stabilization as explained in this section is a very general one.
It can be applied in higher dimensions, using finite elements of degree larger
than one and also if instead of a hyperbolic equation one has to discretize a
convection-diffusion problem in which convection is dominating. An extensive
analysis of stabilization techniques is given in [211].

7.2.2 Discretization of the level set equation by the streamline
diffusion finite element method

In this section we treat a stabilization approach, the so-called streamline dif-
fusion stabilization method (SDFEM), for the discretization (in space) of the
level set equation (6.59¢). This method is based on the same approach as
presented for a relatively simple one-dimensional hyperbolic problem in the
previous section.

We introduce the finite element space of continuous piecewise polynomial
functions. Let V(9£2;;,) be the set of vertices on the inflow boundary 92;, :=
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{z€0: u-np <0}. Given the Dirichlet boundary data ¢p on 02, we
define, for k > 1, the (affine) finite element space

Vi(¢p) ={veC(Q): vy ePLVT €Ty, v(z)=0¢p(x)VaecV(0)}.

The choice of the boundary data ¢p will be addressed in Remark 7.5.1. We
use the notation V;, = V,(0). The latter space is independent of ¢, whereas
Vi(¢p) depends on ¢ if the boundary data ¢p are time dependent. Note that
Vi(ép) = V3 holds if ¢p = 0 or 992, = 0. As we will see later on, for the
quality of the curvature approximation of the interface it is important to use
finite elements of degree at least two for the approximation of the level set
function. As explained in Sect.7.2.1, cf. (7.6), for the spatial discretization of
the level set equation (6.59¢) we use test functions 9, € L?(§2) of the form

ﬁh|T = v + 0ru - Vo, TeT,, v, €V (7.12)

The streamline diffusion finite element discretization of the level set equation
is as follows:

Let ¢o.n € Vi(ép) be an approximation of the initial condition ¢o = ¢(0).
Determine ¢p,(t) € Vi(¢pp) with ¢5,(0) = ¢o,5 and such that

> (% +u-Vop, vp +0ru- Vou)pzery =0 forall vy € Vy,  (7.13)

TeT), 6t

and ¢ € [0,T].

Note that compared to the standard Galerkin finite element discretization
(0r = 0 for all T') in (7.13) we have added a stabilizing term of the form
(u-Vop,u-Vup) 2, which is the variational form of a diffusion acting only in
the direction u. This explains the name of this finite element method. Based
on a theoretical error bound and numerical experiments for model problems
the parameter d7 is often taken as

hr

5T =C
max {eo, [|ul|oo,}

(7.14)

with a given small g > 0 and ¢ = O(1). This streamline diffusion discretiza-
tion is consistent in the following sense.

Lemma 7.2.5 Let ¢(t) be a solution of (6.59¢). Then ¢ satisfies

0
Z (a_(f +u- v¢’ vy, +5Tu . vvh)LQ(T) =0 fO’r‘ all v € Vh,

TeT),

for all t €10,T].

Proof. This immediately follows from the fact that for the test functions vy,
as in (7.12) we have 9, € L?(92). O
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Matrix-vector representation

For the matrix-vector formulation of the semidiscrete problem (7.13) we use
the standard nodal basis in V},, which is denoted by {fi}izlp_”]\;vh. Hence,
for all 4 we have &;(z) = 0 for all z € V(9(2;,). The vector representation of
v, € Vi (¢p) is given by

Vp = Z v; & +bn, v; ER, (7.15)
=1

with by, = bp(x,t) € Vi(¢p) such that by(z,t) = ¢p(x,t) for all x € V(0§2,)
and by (z;,t) = 0 at all other vertices x;, 7 = 1, ..., Ny, . We define the matrices
E =E(u) € R" M and H = H(u) € RV *Mi:

E;; = Z (&, &+ 6ru- v&)LZ(T) (stabilized mass matrix),

TeT),
H;; = Z (u-V¢, &+ oru- Vfi)LQ(T) (stabilized convection),
TeT),
b; = Z (% +u-Vby, &+ dru- V{») (boundary data)
K3 Te,]’h 6t ) 1 1 LZ(T) b

for 1 <4i,j < Ny, . Thus, using

Ny,
Gn(t) =D ()& +bn,  G(t) = (1(t), ..., by, (1),

i=1

and J)O the vector representation of the initial value ¢ — bp(-,0) € Vi, we
can reformulate (7.13) in matrix-vector notation:

Find ¢(t) € RN with ¢(0) = ¢, and for all t € [0, 7]

¢

E(u)_-(t) + H(w)(t) = —b(t). (7.16)

Note that in general the velocity field u depends on ¢t and thus the matrices
E(u) and H(u) are time dependent. In practice, the velocity field u will be
replaced by a finite element approximation uy,.

Time discretization

The discretization in (7.13), or in (7.16), can be combined with standard time
discretization techniques (method of lines). If the velocity u depends on ¢ then
for the method of lines approach the formulation in (7.16) is more natural,
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since in (7.13) the test functions ¢, then depend on t. The 6-schema applied
to (7.16) results in

"t — " sn+ 1) =1 (g (gntl) g ntl
g = “OE(@H)THHE)E " + b(tny))
— (1= O)B@E") " (H(HE")d" + b(t,)).

This can be reformulated in a computationally more favorable form using a
new variable

W = —E(@") " (H(@")¢o " + b(ty)),
which satisfies (for 6 # 0)

Wn+1 _ ¢n+1 _ ¢n 3

o At

(1-6)yw™,
resulting in

d_;n+1 _ d_;n

E(l—in+1) T

—O(HGE )" + b(tns1))
+ (1 - OE®@")w™.

(7.17)

Discretization error bound

A discretization error analysis of the fully discrete problem (7.17) for the
general case of a time-dependent velocity field u is not known, yet. For the case
of a stationary and divergence free velocity field u = u(x) an error analysis
has recently been given in [59]. We outline the main result of that analysis. We
assume that the Dirichlet data ¢p are also independent of ¢. Instead of a local
stability parameter § = dr we assume quasi-uniformity of the triangulation
and use one global parameter § = h||u||zolo( q)- For a stationary velocity field u
the matrices E(u) and H(u) are independent of ¢ and the scheme (7.17) is the
matrix-vector representation of the following discrete problem, cf. (7.13): let

O :=¢o,n € Vi(¢p) be an approximation of the initial condition ¢o = ¢(0);
for n > 0 determine ¢} € Vj,(¢p) such that

n+1 n
(hTt(bh +u- V(0o + (1= 0)¢p), vn +6u-Vop),, =0, (7.18)
for all v, € V4. In [59] an analysis for 6 € (0, 1] is presented. Here we restrict
to the Crank-Nicolson method, i.e., 8 = % In the analysis it is assumed that
the solution ¢ is sufficiently smooth, such that higher order derivatives are
bounded. Let NAt = T, i.e. ¢ is the numerical approximation of ¢(-,T).
The following error bound can be shown to hold:

o — ¢ T)llz2 + Vollu- V(6 = ¢ 7)) || . < eT(RF7 + A#2), (7.19)
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with a constant ¢ that depends on the smoothness of the data ¢p and of the
solution ¢ but not on T, h, At. In [59] this result is proved for the case of
homogeneous inflow data ¢p = 0, but the analysis can easily be extended to
the inhomogeneous case ¢p # 0, cf. [169]. As in the analysis presented for the
simple hyperbolic problem in Sect. 7.2, the bound in (7.19) reflects that due
to the stabilization not only the L?-norm of the error but also its derivative
in streamline direction can be controlled. The estimate (7.19) is similar to the
one given in (7.11). The term A#? in the error bound is of optimal order. The
term h¥*2 is optimal for the error in the streamline derivative (recall: 0 ~ h)
and suboptimal (by a factor v/h) for the L2-norm of the error.

7.3 Construction of an approximate interface I},

As we will see further on, at several places (e.g., in the discretization of the
surface tension force functional fr(v)) we will need an approximation I, (¢) of
the interface I'(t). In this section we discuss a simple method for constructing
such an approximation.

Assume that for a fixed t € [0,T] we have a finite element approximation
én(,t) € Vi, = X2 of the level set function ¢(z,t). To simplify the notation,
in the remainder of this section we write ¢(x,t) =: ¢(x), ép(x,t) =: dn(x).
In Sect. 7.4.1 we address the issue of re-initialization of the level set function,
which is introduced to assure that ¢ (or ¢,) remains, in a neighborhood of the
interface, close to a signed distance function. Thus ¢ and its approximation
én € Vi, can be assumed to be close to a signed distance function. Let I}, be
the zero level of ¢p and

Tl = {T € Tp, - measy(T N ) > o} (7.20)

the collection of tetrahedra which contain the approximate interface I},. Let
7.7 be the collection of tetrahedra obtained by one further regular refinement
of all T € T,I' (subdivision of each tetrahedron in 8 child tetrahedra, cf.
Fig.3.1). Furthermore, I(¢p) is the continuous piecewise linear function on
7.7 which interpolates ¢, at all vertices of all tetrahedra in 7;7. Note that
the degrees of freedom of the P; finite element functions on 7, (located at
the vertices) coincide with the degrees of freedom of the P, finite element
functions on 7, (located at the vertices and midpoints of edges).

The approximation I}, of the interface I" is defined by

Ihi={2ze€R: I(¢p)(x) =0}. (7.21)

Hence, I}, consists of piecewise planar segments I C I},, where
I'r:=TnNIy (7.22)
for T € T,L.
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The interface mesh size parameter hp is the maximal diameter of these
segments. Thus hp is approximately the maximal diameter of the tetrahedra
in 7./, i.e., 2hp is approximately the maximal diameter of the tetrahedra in
Th that are close to the interface. In our applications we use local refinement
close to the interface, which implies hyr < h. In Fig.7.1 we illustrate this
construction for the two-dimensional case. An illustration for a 3D case is
given in Fig. 7.5. Note that in general the segments of I}, are not aligned with
the faces of the tetrahedral triangulation T,5.

Fig. 7.1. Construction of approximate interface for 2D case.

Each of the planar segments I of I}, is either a triangle or a quadrilateral,
depending on the sign pattern of ¢, on the corresponding T' € 7,7, cf. Fig. 7.2.
By construction the vertices of a planar segment I are located on those edges
of T along which ¢, changes its sign. If there are two positive and two negative
values of ¢, on the vertices of T, then the corresponding interface segment I
is a quadrilateral. In all other cases It is a triangle. The quadrilaterals can
(formally) be divided into two triangles. Thus I}, consists of a set of triangular
faces, which is denoted by F},.

+

Fig. 7.2. Sign pattern of ¢, on T € 7,7 and corresponding interface segment
I't =T NI (in gray): either a triangle or a quadrilateral.

Special cases may occur if some of the values of ¢ on the vertices of T
are equal to zero (or below a given tolerance). Let 0 < ng < 4 be the number
of these (close to) zero values. In the following we discuss the shape of I'p in
all the cases ng =0,1,2,3,4.
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e 1o =0 is not a special case, the situation is as depicted in Fig. 7.2 which
was discussed in the foregoing paragraph.

e For ng = 1,2 we distinguish two cases: If the other 4 — ny non-zero values
have the same sign, then I’y is a point (ng = 1) or a line segment (ng = 2)
and can be ignored as measy(I'r) = 0. Otherwise the non-zero values are
of different sign yielding 3 — ng edges with a change of sign, as a simple
case differentiation shows. Thus I'r has 3 vertices, hence It is a triangle.

e In the case ng = 3 the interface segment I is equal to a face of T'. Then
one has to take care that this face is not counted twice when computing a
surface integral on I, using an assembling strategy over T' € 7,7

e If ng = 4 then either the intersection of T € 7,1 with I}, is empty (cf.
for example the left upper triangle in Fig.7.1) or there is a degeneration,
namely I'r = T, i.e. the interface segment is three-dimensional. Of course,
the latter makes not much sense. Such a situation typically indicates that
the grid is too coarse to represent the interface properly, cf. Fig. 7.3.

Fig. 7.3. 2D examples for interface degeneration such that the interface reconstruc-
tion fails. Left: curvature s too large compared to grid resolution (|x| > 2). Right:
distance d between interfaces too small compared to grid resolution (d < h).

If a situation as on the right in Fig. 7.3 occurs, then in the interface recon-
struction special measures have to be taken to handle the (almost) topological
singularity.

For an example in which I" is a sphere, the resulting polygonal approxi-
mations I} for h = % and h = % are shown in Fig.7.4. A detail of such a
polygonal interface approximation is shown in Fig.7.5.

7.3.1 Error in approximation of I' by I},

We assume a fixed sufficiently smooth interface I', which is the zero level of
¢, and a mesh size hp that is sufficiently small such that degenerations as
in Fig. 7.3 do not occur. We analyze the quality of I}, as an approximation
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Fig. 7.4. Approximate interface I, for an example with a sphere, on a coarse grid
(left) and after one refinement (right).

Fig. 7.5. Detail of the interface triangulation I,. On the left, also the outer trian-
gulation 7;7 is shown.

of I'. For this we first introduce some notation and further assumptions. Let
U:={z eR3: dist(z,I') < ¢ } be a sufficiently small neighborhood of I". We
define 7,/ as in (7.20), i.e., the collection of tetrahedra which intersect the
zero level I, of ¢y, and assume that T,I' C U. Let d be the signed distance
function

d:U — R, |d(z)| := dist(xz,I") forallz € U.

Thus I" is the zero level set of d. Note that np = Vd on I'. We define n(z) :=
Vd(x) for x € U. Thus n = np on I and ||n(x)|| = 1 for all x € U. Here
and in the remainder of this section || - || denotes the Euclidean norm on R3.
We introduce a local orthogonal coordinate system by using the projection
p:U—1TI:

p(z) =2 —d(z)n(z) forall xz € U.
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We assume that the decomposition z = p(x) + d(z)n(z) is unique for all
x € U. Note that
n(z) =n(p(z)) foral z € U.

The unit normal on I}, (pointing outward from 21) is denoted by ny. Using
these preliminaries we can derive the following approximation result.

Theorem 7.3.1 Assume that ¢ € H2 (U) and that for c1,co > 0
co < ||Vo(x)|| <1 forall zeU. (7.23)
Furthermore, we assume that the approzimation ¢, € Vi, =Xz of ¢ satisfies
5 — dllLoe ) + hrllon — dlla W) < bl Pl am@y, m=1,2. (7.24)
Then the following holds:

|d(x)| < ch?  for all z € T}, (7.25a)
In(z) —np(2)|| <chp for all x € T, (7.25b)

Proof. Let I be the linear interpolation operator corresponding to 7,2, used
n (7.21), and define the piecewise linear function ¢, = I¢y. Recall that

I, = {x cR3: ¢h( )= } Using standard properties of I and the error
bound in (7.24) one obtains

160 — Sy < 110 — Dlzmizry + 16— dllpmiar)
< \én = ol + chFll ol a2 )
< chpl|dll gz ()
Due to ¢p(x) = 0 for = € I}, this yields
|p(z)| < ch%:  for = € I, (7.26)

Take x € I}, and introduce the notation y = p(z) = z — d(z)n(z) = = —
d(x)n(y) € I'. For suitable s with |s| < |d(z)| and § = y + sn(y) we get

¢(z) = ¢(z) — d(y) = oy + d(z)n(y)) — ¢(y)

(0)V6(y + sn(w)) -n(y) = d@)Vo@) nly)  (7o7)
(@) (V) ~ Vo) - n(y) + IVo)])).

Due to (7.23) we have IVo(y)|| > co. We assume that U is sufficiently small

such that [|[Vo(7) — Vo(y )|| < |||l g2 @) |d(z)| < $co holds. Hence we obtain
from (7.27) that |¢(z)| > 1cold(z)| holds, and using (7.26) yields

Il
QU
—~

—~~
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|d(2)] < clé(x)| < chp, @€ I,
i.e., the result in (7.25a). We also have, using Assumption (7.24)
én = Gllar zry < I (dn = Almo zry + 116 = Sl (zr)
<cllgn — dlluL W) + chrlléllaz @) < chrldllaz w)

This implies ~
[Von(@)ll = [[Vo(x)|| + O(h), x € Ih.

Using this, we obtain for z € I}, (not on an edge) and y = p(x) € I'

|m@wﬂmmm=nmw—““@”:%wa V@)l

Vé(y) v@u>H

< |reston - oo
= ¥ewI ~ Vol

é(x) Von(x
||V¢> D | Vén(a ||

For the first term we obtain, from a Taylor expansion, Assumption (7.23) and
lz —yll < cht:

an¢@> nv¢x|| =
For the second term we get
Volr) _ Véulo) | _[Ye-VOIsd
IVo@)Il ([Von(z)| Vel
Vo)l ‘_ ' 1
<! Vo)l IVén (@) + 5" IVon(x) = Vé(@)|| < chr,
which completes the proof. O

The results in (7.25a) and (7.25b) give (satisfactory) quantitative results on
the approximation quality of I'y,. The result in (7.25b) implies that the tangent
planes are close in a certain sense, and that “zigzag” effects in the approxi-
mation I}, do not occur. These bounds will play a crucial role in the analysis
of the surface tension force discretization in Sect.7.7. We comment on the
assumptions in (7.23) and (7.24). Due to re-initialization, in a neighborhood
of the interface the level set function ¢ is close to a signed distance function
and thus ||V¢|| ~ 1 can be expected to hold. We claim that the assumption
on the discretization error bound in (7.24) is also reasonable. Due to the re-
initialization it is reasonable to assume that ¢ is (very) smooth. Hence, using
quadratic finite elements, an optimal order discretization method would have
an error bound of the form (7.24) with m = 3. We do not know whether the
SDFEM applied to the hyperbolic level set equation is of optimal order. In
(7.24), however, we only assume an h% error bound (instead of the optimal h?.
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bound) to be satisfied. The only rigorous discretization error bounds for the
level set equation known to us are given in [59], cf. the discussion in Sect. 7.2.2,
in particular the result in (7.19). For quadratic finite elements and a suitable

1
time step At the latter result yields a bound ch?f. The discretization error,
however, is measured in a weaker norm as the one used in (7.24).

For a sufficiently smooth level set function ¢ and an approximation ¢, € X%
one could consider the case in which the approximation error bound in (7.24)
even holds for an m € (2, 3]. Such a stronger assumption, however, would not
improve the bounds in (7.25). This is due to the fact that linear interpolation
is used in the construction of I},. In the proof this is reflected by the terms
[{p = ¢l Lo (rry and [[I¢ — ¢||g1_(7ry for which the optimal error bounds are
of the form ch% and chr, respectively. Below we present a result which shows
that by using ¢y, instead of ¢y, a better normal approximation than the one
n (7.25b) can be obtained. This result will be crucial in the discretization of
the surface tension force treated in Sect. 7.6.

Lemma 7.3.2 Assume that ¢ € H3(U) and that (7.23) holds. Furthermore,
we assume that ¢, € X,% satisfies

on — bl vy < chiy,  fora pe(0,2]. (7.28)
For z € U define ny(x) := %, The following holds:
In(z) — np(z)|| < chl for all x € . (7.29)

Proof. We use similar arguments as in the proof of Theorem 7.3.1. For = € I,
(not on an edge)

n(z) = nx(2)] = [Iny) —8u(2)] = H ||V¢>(y) ;z: i : H
i ¢(x) Von(x
< H Vol ||v¢> )l H H Vo@)| ~ [Von@)] H

Using a Taylor expansion and ||z — y|| < ch% we obtain a bound ch?. for the
first term. Since ||V, (z) — Vo(z)|| < ch¥., the second term can be bounded
by ch”. using the same arguments as in the proof of Theorem 7.3.1. O

Let I, be the zero level set of ¢, € X2. This zero level is difficult to compute;
therefore, in practice we use its piecewise planar approximation I}. For = €
fh, the quantity ny,(z) is the unit outward normal on I,. Note that, for a
given ¢, € X2 and z € U it is easy to compute the quantity fi,(z). In the
sense as in Theorem 7.3.1 and Lemma 7.3.2, i, () is a better approximation
to the normal n(z) than np(x).
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7.4 Corrections of the level set function

During the evolution of the level set function ¢ or of its finite element ap-
proximation ¢y, which is driven by the velocity field u, the property of ¢ (¢p,)
being close to a signed distance function is lost. This has undesirable effects,
which can be avoided by using a re-initialization technique as explained in
Sect. 7.4.1. In general the (spatial and temporal) discretizations of the level
set equation are such that mass conservation is not guaranteed on the discrete
level (only for h, At | 0). This issue of loss of mass is briefly addressed in
Sect. 7.4.2.

7.4.1 Re-initialization

Assume that the initial data ¢g(x), x € {2, for the level set equation are such
that (locally, close to the initial interface) ¢o is a signed distance function
to I'(0). Then in general during the evolution of the level set function ¢
the property of ¢ being close to a (signed) distance function is lost, which
has undesirable effects. For example, an accurate spatial discretization of ¢
becomes hard in regions where ¢ has a very strong variation, and the problem
of finding the zero level set of ¢ becomes ill conditioned in regions where
¢ is very flat. Therefore, often level set methods are combined with a re-
initialization (also called “reparametrization”) technique.

Assume that for a given to € [0,T] an approximation ¢p(-) of the level set
function ¢(-, o) is known. Given this ¢, a re-initialization method results in
¢p, such that:

1. The zero level of o is (approximately) equal to that of ¢y,.
2. The function ¢y, is close to a signed distance function: |[Véy| ~ 1 (close
to the interface).

The function ¢, is then used as re-initialization in the evolution of the level
set function: éh is taken as “initial” data to solve the level set equation for
t > 1p.

Different re-initialization techniques are known in the literature, cf. [221,
222,148, 266, 205]. A popular method is based on solving the Eikonal equation

V] =1

by introducing a pseudo-time evolution as follows. Let ¢, be the given approx-
imation of the level set function, and consider the first order partial differential
equation for ¢ = ¢ (z, 7):

WS- Ivul),  r20 e (7.30)
1/)(?0) = (Z)ha

with
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<

where « is a regularization parameter (0 < « < 1). The function S, is a
smoothed sign function. Due to S,(0) = 0 the zero level set of ¢ remains
equal to that of ¢y. A stationary solution ¥ (x) = lim, . ¥(z,7) of (7.30)
solves the Eikonal equation and thus v is a signed distance function. The
equation (7.30) can be reformulated in the more convenient form

o vy

5r F W)V = Salon) with w() = Sa(on) S (73

In practice, the equation (7.31) is discretized in space and time and for suffi-
ciently large 74 > 0 one can use the computed discrete solution ¢y, := ¥y, (-, 7)
as a re-initialization of ¢y. For a further discussion of this re-initialization
method we refer to the literature [231, 230, 240]. Using this technique one
faces the following difficulties. Firstly, the method contains control parame-
ters o and 7y and there are no good practical criteria on how to select these.
Secondly, the partial differential equation (7.31) is nonlinear and hyperbolic;
accurate discretization of this type of partial differential equation is rather dif-
ficult. Finally, the invariance property of the zero level holds for the stationary
solution ¢ (z, 7) of the continuous problem in (7.30), but after discretization it
is usually lost. It may well happen that the difference between the zero levels
of ¢p, and ¥y, (-, 7¢) is “large”.

Another technique for re-initialization is the Fast Marching Method (cf.
[157, 220]). In [148] a survey and comparison of different re-initialization meth-
ods is given, where (for a certain class of problems) the Fast Marching Method
turns out to be the most accurate and efficient one. In our level set method we
use a variant of the Fast Marching Method that is explained in detail below.

Sa(C) = ¢ €R,

Fast Marching Method (FMM)

In our level set method we have a piecewise quadratic function ¢ € Vj, = X%
for which a re-initialization should be determined. We first describe the FMM
applied to a piecewise linear function and then explain how this method is
applied to the piecewise quadratic ¢y,.

Let 1, be a piecewise linear function on the tetrahedral triangulation 7p,.
The zero level of vy is denoted by I}. This zero level consists of planar
segments [7:
Iy= |J Dr, with Ip:=T,nT, (7.32)
ey

and 7;I' the collection of all tetrahedra that have a nonempty intersection
with I,. The planar segment [7 is either a triangle or a quadrilateral, cf.
Fig.7.2. We introduce some notation. For T' € 75, V(T') is the set of the
four vertices of T'. More general, for a collection of tetrahedra S, the set of all
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vertices contained in S is denoted by V(S). We write V := V(7},). Furthermore,
for v € V, T (v) is the set of all tetrahedra which have v as a vertex:

Tw)={TeT,:veV()}.
We also need the recursively defined larger neighborhoods:
T'(v) =TW), T"''w)={TeT: VTD)NV(T"{)#0},

Finally, for v € V, N(v) is the collection of all neighboring vertices of v (i.e.,
for each w € M (v) there is an edge in 7, connecting v and w):

( U v )\{v}.

TeT (v)

As input for the FMM we need 7}, the zero level set I, and sign(yy (v)), v € V.
Thus only sign(iy(v)) is needed, and not 1y, (v) itself. The FMM consists of
two phases: The initialization phase, where the values at vertices close to the
interface are determined, and the extension phase, where the information is
propagated from the interface to the vertices in the far field.

Initialization phase. We define the set of vertices corresponding to 7,!:
Vr =V ) ={veV(D): TeT}. (7.33)

The aim of the initialization phase is to define a discrete (approximate) dis-
tance function cZ(v) for each v € Vp. To this end, we present two possible
strategies, a geometry-based approach and a weighted scaling approach.
We first consider the geometry-based approach. For v € Vp and T €
T (v) NT,I let I'r be the planar segment as in (7.32). This segment is either
a triangle or a quadrilateral. In the latter case I'r can be subdivided into two
triangles. If A is a triangle in R? and p € R? then the distance between A
and p
d(p, A) :=min ||p — z|, (7.34)
z€A

can be computed using elementary geometry, for example as follows. If A =
conv{vy, ve,v3} and A = (v2—v1, v3—v1) one first solves the 3 x 2 least squares
problem ||Az — (p — v1)|| — min. This results in the orthogonal projection of
p on the plane that contains A. If this orthogonal projection is contained in
the triangle A then the residual of the least squares problem equals d(p, A).
Otherwise, d(p, A) = dist(p, 0A), and thus the distance of p to the three edges
of A has to be determined.

Hence, for arbitrary v € Vp, T € Thr we can compute

dp(v) :=d(v, I'r).

For a given k > 1 the (approximate) distance between v and I}, is defined by
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d(v) :=  min dr(v)= min |lv—z| forveVr. (7.35)
TeT*(v)NTF zelNTk(v)
In practice we typically use k = 2. Properties of the geometry based initial-
ization are discussed in Remark 7.4.3.

Another approach is based on a scaling of the level set function at the
vertices v € Vp. One motivation for this approach comes from the following
observation. If one wants to guarantee that the approximated interface I7},
is not moved by re-initialization, then the only choice is d(v) = a~t¢p(v)
for v € Vp with a suitable scalar o > 0. Achieving the (distance) property
[Vd| ~ 1 by scaling with a single scalar, however, is not possible in general.
Consider, for example, the case of a level set function ¢, which has a large
gradient |[Véy|| =~ 103 in one part of 7,/ and a small gradient Vgy,|| ~ 1073
in another part.

This leads to the idea to use a vertex-dependent scalar «,, i.e., to define

d(v) = a; ' (v), e Vr. (7.36)
We propose to use

ZTGT(U) fT [Vonll dx
ZTGT(U) Jpldz

i.e., a, is an average of the gradients of ¢, on 7 (v). Compared to the
geometry-based approach described above there is no need to reconstruct
I}, from ¢y, allowing for a relatively simple implementation of the method.
A comparison of both methods in a numerical example is given in Sect. 7.5.2.
After completion of the initialization phase the values { (v, cz(v)) cveEVr}
determine an approximate distance grid function for the vertices v € Vr.

€Vr, (7.37)

Qyy 1=

Extension phase. The second phase consists of a greedy algorithm in which
the approximate distance function d is extended to neighbor vertices of Vp
and then to neighbors of neighbors, etc. To explain this more precisely we
introduce two sets of vertices.

The first set ¥V C V contains the vertices where the values of the ap-
proximate distance function d:V — R have already been computed. As
initialization we take V 1= Vr. We call V the finalized set.

The second one is the set of so-called active vertices A C V' \ V, which
consists of vertices v ¢ V that have a neighboring vertex in V:

A;:{Uev\fz:mv)mfz#@}. (7.38)

A is called the active set. After the initialization phase, the initial active set
Ay is given by
Ao ={veV\Vr: No)nVr#0}. (7.39)

For v € A we define an approximate distance function in a similar way
as in the initialization phase. Since its values may change if the finalized and
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active set are updated, we denote it by d: A—R. We emphasize that d has
tentative character in contrast to ci, which will be the final outcome of the
algorithm. The construction of d is described in the following.

Take v € A and T € T (v) with V(T) NV # (. Note that such a T exists if
A is nonempty. There are three possible cases, namely |V(T) N V| € {1,2,3}.

o IfV(T)NV|=1,say V(T)NV = {w}, we define
dr(v) == d(w) + ||v — w]|.

e For the other two cases, i.e., V(T) NV = {w;}1<i<m with m = 2 or
m = 3, we use a distance function to the line segment W = conv(wy, w2)
(for m = 2) or the triangle W = conv(wi,ws,ws) (for m = 3), which is
denoted by d(v, W). In the case m = 3, this is the distance function as in
(7.34). Let Py : R® — W be such that d(v, W) = ||v — Pyv||. We define

dr(v) == d(Pwv) + ||[v — Pwol| = d(Pwv) + d(v, W).

The value d(Pyv) is determined by linear interpolation of the known val-
ues d(wj), 1 < j < m. This is well-defined since w; € Vforl< j <m and
d is already defined on V.

The tentative approximate distance function d: A — R at active vertices
v € A is defined by

d(v) i= min{ dr(v) : T € T(o) with VI) NV #£D . (7.40)

The complete re-initialization method is as follows:

Algorithm 7.4.1 (Fast Marching Method)

1. Initialization: Vr as in (7.33), compute d(Vr) as in (7.35) (or (7.36)).
2. Initialize finalized set V := Vp and active set A := Ay, cf. (7.39).
3. For the initial active set Ay, compute d(Ag) as in (7.39), (7.40).
4. While A # ), repeat the following steps:
a) Determine vpin € A such that d(vmin) = minge4 ci(v)
b) Update finalized set Vi=VuU {Umin} and define J(Umin) = d(Umin).
c) Update active set A := (A UJ\7) \ {Umin} Where N = N (Vmin) \ V.
d) (Re)compute d(v) for v e N.
5. For all v € V, set d(v) := sign(n(v)) - d(v).

After this re-initialization we have ¥V = V and a grid function d(v), v € V,
which uniquely determines a continuous piecewise linear approximate signed
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distance function. This function is defined to be the re-initialization of vy, de-
noted by &h. The zero level set of &h is denoted by I,. Below, in Remark 7.4.3
we discuss important approximation properties of the re-initialization &h and
its zero level.

Remark 7.4.2 (Complexity) The number of (arithmetic) operations for
the initialization phase (steps 1-3 in Algorithm 7.4.1) is O(|Vr| + |Ag|). For
the extension phase (steps 4-5 in Algorithm 7.4.1) the sorting and updating
in the steps 4.a)-c) can be realized with O(log|A|) complexity using a heap
data structure for A. Step 4 is repeated Ny := |V \ Vr| times, and thus this
FMM has an overall complexity of the order O(Ny log Ny).

Remark 7.4.3 (Approximation properties) A detailed analysis of the
FMM in Algorithm 7.4.1 using the geometry-based initialization phase (7.35)
is given in [123]. We outline some main results. By construction each T’ € 7,1’
contains a segment of the new zero level I 5 and thus dist(Ip, I ) < hpr holds.
In practice, however, one typically observes dist(I},, I ) < hp, which can be
explained by the results from [123]. We use notation and assumptions as in
Sect. 7.3.1. We assume that I}, approximates a smooth interface I" and define
d to be the signed distance function to I". The approximation error is assumed
to be sufficiently small in the following sense:

|d(x)| < ch?  for all x € I}, (7.41a)
In(z) — np(z)|| <chpr forall x € I}, (7.41Db)

In our setting these are reasonable assumptions, cf. Theorem 7.3.1. The ap-
proximate interface I, is the zero level of the given piecewise linear function
¥p. Let dp, be the signed distance function to I'},. After the initialization phase,
for v € Vr the re-initialization ¢, (v) is determined by the function d in (7.35):
U (v) = sign(¢p(v))d(v) for v € Vr. Note that d in (7.35) depends on k > 1.
It is obvious that for k sufficiently large we have

Yp(v) =dp(v) forall ve Vp, (7.42)

i.e. at the vertices in Vi we have determined the exact signed distance to I},.
For the theoretical analysis we assume that (7.42) holds. Based on experience,
in computations we take k = 2. Note that a larger k value induces higher
computational costs for the re-initialization.

Based on the assumptions in (7.41), (7.42) one can derive the following results:

|d(z)| < ch%: for all z € I}, (7.43a)
IVn =0 oo 77y < chr. (7.43b)
The result in (7.43a) shows that in the re-initialization the accuracy of the zero

level set as an approximation of I" is maintained. Due to ||n|| = 1, we conclude
from (7.43b) that ||Vebs(2)|| = 1 + O(hr) for z € T,L, i.e., ¥y, is, at least in
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a neighborhood of its zero level, close to a signed distance function. These
approximation properties of the re-initialization are illustrated in a numerical
experiment in Sect.7.5.2.

Application of FMM to a piecewise quadratic function

Let ¢5, € X7 be a piecewise quadratic function corresponding to the triangu-
lation 7y,. The regular refinement of 7}, is denoted by 7, := {T" € K(T): T €
T} and I(¢p,) is the continuous piecewise linear function on 73 that interpo-
lates ¢y, at all vertices of all tetrahedra in 7. The approximate interface I},
is the zero level of I(¢y,). We can apply the FMM given above to the function
I(¢p), which results in the function @ that is piecewise linear on 7j,. The
values at the vertices of this function uniquely define a piecewise quadratic
function on 7y, which is denoted by ¢, =: FMM (¢p) and is defined to be
the re-initialization of @y,.

Remark 7.4.4 There is a need for re-initialization, only if the size of the
gradient of ¢ is “too small” or “too large”. One possibility to quantify this
is the following. For ¢ > 1 define the subset

V.= {¢h €X2: ||Venlpay < TP ¥ TeTh,}
1, .
m{¢hex,%: E|T|5 <\Vénllrzery Vv TeThf}.

In practice we take ¢ € [5,10] and apply the FMM only if ¢5 ¢ V.. This
defines a re-initialization mapping Relnit : X% — X%:

On if ¢ € Ve,

én = FMM(¢p,) otherwise. (7.44)

Relnit(¢p,) = {

The FMM is such that |[V¢y|| is close to one, in particular we have (for ¢
not too close to one) ¢, € V.. Hence one can expect Relnit(Relnit(¢y)) =
Relnit(¢p) to hold for all ¢, € X?. Furthermore, one can check that the
re-initialization mapping Relnit is continuous on V..

7.4.2 Mass conservation

Due to immiscibility the mass of the phase contained in (2;(¢) is constant.
Using the incompressibility of the phases, it follows that the volume V;(t) :=
fQi(t) 1dx is conserved, i.e. £V;(t) =0 for i = 1,2. Due to 21 (t) U 2(t) = 2
it suffices to consider ¢ = 1 (or 7 = 2). For the level set function the quantity
fQi(t) ¢(z,t) dx is conserved:

i/ d(x,t)de =0, i=1,2, (7.45)
dt 2:(t)
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which follows from the Reynolds’ transport theorem and divu = 0. There
is, however, no natural relation between this conservation property and mass
conservation. The VOF method for interface capturing is based on a discretiza-
tion of a transport equation for the characteristic function corresponding to
21 (denoted by x1) and thus this method has a natural discrete mass conser-
vation property. Recall the transport equation for yi:

0

—/ dex+/ xiu-nds=0, W C {2,
ot Jw oW

cf. (6.26) (n is the outward unit normal on 0W). Applying a conservative
finite volume method to this problem results in a discretization yi(z,t,) of
x1(z, t,), for which

/ @ tn) — (@t ) de =0, n=1,...
(9]

holds. Hence the volume conservation property holds on the discrete level.

In general the (temporal and spatial) discretization of the level set equa-
tion do mot guarantee a volume conservation property. Also the FMM for
re-initialization of the level set function is not volume-conserving. This is a
disadvantage of the level set method compared to the VOF method. Since for
At | 0, h | 0 the discrete level set function converges to the exact solution ¢
of the level set equation, one may expect that the amount of change in volume
is reduced if the time step and mesh size are taken smaller. For the SDFEM
method combined with Crank-Nicolson time discretization this is analyzed in
[169]. The analysis is based on a discretization error bound

6N — (- T)||1> < cT(h*F3 + Ar?), (7.46)

for the finite element approximation ¢¥ (z), cf. (7.19). Let Vi(¢%) be the

numerical approximation of the exact volume Vi(T) = V1(0) = Vi, ie.,

Vi(oh) = [on ldx, with Y, = {z € 2: ¢ (z) <0}. In [169] it is shown
1,h ’

that from the discretization error bound (7.46) and with At ~ h2*+3 one can
derive the volume error estimate

Vi(oh) — Vi| < chF.

This estimate shows how the volume error can be controlled by reducing the
mesh size.

In recent years there have appeared studies in which modifications of the
level set method are presented that have better volume conservation proper-
ties. Often these modifications are based on combining the level set approach
with a VOF technique. We do not treat this topic here, but refer to the liter-
ature, e.g. [229, 203, 87, 196].
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In the literature also the following very simple (but less satisfactory) strat-
egy, which guarantees volume conservation for the level set method, can be
found. Let V4 (0) = le(o) 1 dx be the volume of {24 at ¢t = 0, that is assumed to
be known. For a given ¢t > 0, let ¢ (x) & ¢(x,t) be a computed approximation
of the level set function and introduce

Qi) i={z €2 dnla,t) <0}, V1(¢>h;t)::/ R
21 0(t

We assume that the quantity Vi (¢p;t) can easily be determined (sufficiently
accurate). In our applications, where ¢y, is piecewise quadratic on 7, we use
the interpolation I(¢y), which is piecewise linear on the refined triangulation
71 and take

Q1) ={ze2: I(on(-,1))(z) <0}.
Then 0§21 j,(t) = I'h(t) and the integral ffh (1) L dz can be determined exactly

(apart from rounding errors) using a simple quadrature rule on tetrahedra.
In general one has no volume conservation, i.e. there may be a significant
difference between V;(0) and Vi (¢ép;t). Due to the fact that ¢, is close to a
signed distance function, a shift of the interface over a distance ¢ in outward
normal direction can be realized (approximately) if one subtracts ¢ from the
approximate level set function ¢j. For (exact!) volume conservation one has
to find § € R such that

Vi(¢n —6;t) = V1(0) =0

holds. In a method for computing a zero of this scalar function it is important
to keep the number of evaluations of V;(+;¢) low. In our numerical simulations
we use the Anderson-Bjorck method [14] to solve this equation. Let §* be a
solution of this problem. We then set ¢;°V := ¢, — 0" and discard ¢p,.

Note that this strategy only works if {21 consists of a single component. If
there are multiple components, volume must be preserved for each of them.
In this case the algorithm can be modified to shift ¢ only locally.

Clearly, using this simple strategy we have optimal volume conservation
for the discrete level set function. Nevertheless, this approach is not very
satisfactory since it introduces an additional discretization error source which
is very hard to control.

7.5 Numerical experiments with the level set equation
In this section we present results of two numerical experiments to illustrate

the performance of the discretization method for the level set equation and of
the fast marching re-initialization technique.
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7.5.1 Discretization using the SDFEM

0,1]* and the ball £, := {z € R3: ||z — zp|| < 0.2} with

We take 2 = [0,
, %, %) We use the stationary velocity field

center zp = (3

u(z) =c(y) - (y2, —v1, 0)

where y := 2 — (3, 3,%) and

oly) = {4Hyll<0-5— Iyl it Jyl < 3.

0 otherwise.

Hence, 11 is a circular velocity field, cf. Fig. 7.6 for an illustration of . Fur-
thermore, 1 = 0 on 92 holds. We consider the time interval [0, Tonq] and
define the velocity field

i < 3T
(1) = {u@‘) < 3T,

—u(z) t> %Tend.

We consider the level set equation

aa—f+u-v¢>20 in £2, t€][0,Tenal,
with initial condition ¢(x,0) = d(x), where d is the signed distance function
to I'(0) := 9£2;. In Fig. 7.7, for Tepng = 20, an illustration of the computed zero
level of ¢(x,t) at different times is shown. Clearly, ¢(x, Tena) = d(z), z € 2,
holds. Thus the exact solution is known for ¢ = T,pq.

The initial tetrahedral triangulation is obtained by subdividing {2 into
8 subcubes, each of which is subdivided into six tetrahedra. Then repeated
global regular refinement is applied to this initial triangulation. This results
in nested triangulations 7;, with mesh size parameter hy = (%)Z. On each
triangulation we apply a method of lines discretization.

For the space discretization we use the SDFEM with quadratic finite
elements. Due to u = 0 on 9f2 we do not need boundary conditions for ¢.
Therefore we can use the finite space V), := X3 of piecewise quadratic finite
elements, without any boundary conditions.

Remark 7.5.1 In other problems we usually have u # 0 on 942. In that case,
in the weak formulation of the level set equation in (6.59¢) we use a trial space
with Dirichlet boundary conditions on the inflow boundary 9£2;, to make this
hyperbolic problem well-posed. We discuss a possible choice of these (artificial)
boundary conditions. Let ¢pg = ¢o(x), x € {2, be the initialization for the level
set function. The Dirichlet data for the level set function can be taken as
follows:

op(x,t) = ¢o(x) —u(x,0) - Voo(x)t, x € 0, t € 0,to]. (7.47)
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Fig. 7.6. Interface I"(0). Also shown is the velocity field @ on the slice 3 = 0.

t=15 t=20

Fig. 7.7. Computed interface at different times.
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These data are used until ¢ = o, the point in time at which a re-initialization
is applied. The re-initialization results in a modified level set function ¢y, (x)
and for t € (tp,t1] Dirichlet boundary data are defined as in (7.47) but with ¢
replaced by ¢, and u(z, 0) replaced by u(z,tg), etc. Note that this Dirichlet
boundary condition is time dependent. We explain the heuristics leading to a
boundary condition as in (7.47). For this we assume the inflow boundary 9(2;,
to be planar and u(z,0), x € 92, to be normal to the inflow boundary, i.e.
u(z,0) = —||lu(z,0)||n(x), with n the outward pointing unit normal on the
boundary. The initial data ¢ are extrapolated linearly by ¢o(z + an(x)) :=
do(x) + 04(%80—757’) = ¢o(z) + an(z) - Vgo(z), o > 0. This defines initial data
in the inflow region, outside the domain (2. The velocity field u has a natural
constant extension given by u(z + an(z),0) = u(z,0), z € 082y, a > 0.
Solving the level set equation, which describes transport of the initial data by
the velocity field u, results in

o(x,t) = ¢po(x — tu(z,0)) = ¢po(z) —tu(z,0) - Voo(z), =€ 02, t>0,
which is the boundary condition proposed in (7.47).

The streamline diffusion finite element method is as explained in Sect. 7.2.2:
Determine ¢y, (t) € V}, with ¢, (0) = dj, and such that

0
Z (% +u-Vop, vp +éru-Vup)rzry =0 for all v, € Vi,
TeT;,

and t € [0, Tend]. Here dj, is the nodal interpolation of the initial condition d
in the finite element space V. For the parameter dr in this method we take,
cf. (7.14),

hr

D
max{1072, [[ulloc. 7}’

or =

with a constant SD that is varied below. The resulting system of ordinary
differential equations (7.16) is discretized using the implicit Euler or Crank-
Nicolson method with a time step size At. Because in this experiment we
want to study the accuracy of the discretization method, we do not use re-
initialization of the level set function. In the Crank-Nicolson method we do not
apply any volume correction procedure. In the implicit Euler method, however,
the results without volume correction turn out to be very poor. Therefore we
applied the simple method described in Sect.7.4.2 at t = 4,8,...,20. The
space and time discretization results in an approximation ¢} € V4, of ¢(-,ty),
t, := nAt. Let N be such that NAt = T4, i.e, ¢hN is an approximation of
¢(+; Tena) = d. The approximate zero level of ¢} is constructed as explained
in Sect. 7.3 and is denoted by I},(¢,). This approximate interface consists of
a set {FT : Te?}f} of planar segments I'r = T NIy, T € T,1.

We now turn to a quantitative evaluation of the discretization method.
Since I'(Tena) = I'(0) and d is the signed distance function to the ezact initial
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zero level I'(0), as a measure for the quality of I',(¢,) ~ I'(0), n =0, n = N,
we introduce

||d||L2([‘h(tn)) = Z d(a:)2 dx, n = O, n = N. (7.48)
FTCFh(tn) FT

As a second error measure we use the global L?(2) error,

ld = &3l zy = | S /T|d(x) — ¢ (x)2ds, n=0,n=N, (7.49)

TeT),

which can be determined accurately using suitable quadrature. Note that for
n = 0 we have 2 = dj, and in these error quantities only the interpolation
error d — dj and the approximation of the zero level of the interpolant dy,
plays a role. In Table 7.1 we give these quantities for n = 0 and different grid
sizes hy.

||d— ¢2”L2(Q) order
4.90 E-2 -
1.28 E-2 1.94
3.27 E-3 1.97
8.17 E-4 2.00
2.04 E-4 2.00

lldll2(r, 0| order
1.77 E-2 -
3.90 E-3 2.18
9.37 E-4 2.06
2.31 E-4 2.02
5.82 E-5 1.99

Ul W N S
Ul W N s

Table 7.1. Approximation errors for different mesh sizes h = hy.

These results are consistent with the expected h% convergence.

The quality of the space and time discretization is measured by these

quantities for n = N. We only consider the implicit Euler method, since for the
Crank-Nicolson method this test case is not representative, cf. Remark 7.5.2.
Results for Tepng = 20 and several mesh and time step sizes are given in
Table 7.2 and Table 7.3. Note that for SD = 0 there is no stabilization in the
spatial finite element discretization.
A first (surprising) observation is that the method without stabilization
(SD = 0) produces very good results. One observes an O(At) error behavior if
the time step is reduced. For At = 276 one obtains close to optimal errors; for
example, for ¢ = 3 we have ||d|| 121, (20)) = 1.07 E-3 and ||[d — ¢} || 2(0) = 4.21
E-3, which have to be compared with the interpolation errors 9.37 E-4 and
3.27 E-3 of the initial data from Table 7.1. The performance of the method
with stabilization is worse. In case of the stabilization with SD = % we do not
observe an O(At) error reduction behavior. Furthermore, for At “small” the
error is dominated by the spatial discretization error and stagnates at a level
higher than the interpolation error level. An explanation of this behavior is a
topic for further research.
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{=3 0 =4
At |SD=0 |SD=%|SD=0|SD=1%

2 2
271 | 1.34 E-2 | 1.42 E-2 | 1.40 E-2 | 1.32 E-2
272 | 704 E-3 | 1.03 E-2 | 7.24 E-3 | 7.34 E-3
273 | 3.87 E-3 | 8.84 E-3 | 3.87 E-3 | 4.55 E-3
27% 1220 E-3 | 8.31 E-3 | 2.04 E-3 | 3.27 E-3
275 ] 1.39 E-3 | 8.11 E-3 | 1.05 E-3 | 2.80 E-3
27% ] 1.07 E-3 | 8.02 E-3 | 5.64 E-4 | 2.66 E-3

Table 7.2. Tmplicit Euler: error ||d|| 2, (20)) for different h = he and At

(=3 =4
At | SD=0|SD=%Y|sSD=0|SD=1%

2 2
271 | 377 E-2 | 415 E-2 | 3.61 E-2 | 3.72 E-2
272 | 214 E-2 | 2.54 E-2 | 1.96 E-2 | 2.06 E-2
273 1.22E-2|1.66 E-2 | 1.03 E-2 | 1.13 E-2
274 | 754 E-3| 123 E-2 | 5.49 E-3 | 6.62 E-3
275 | 52T E-3| 1.02 E-2 | 3.12 E-3 | 4.37 E-3
2761421 E-3|9.29 E-3|1.94 E-3 | 3.33 E-3

Table 7.3. Implicit Euler: error ||d — ¢>hN||L2<Q> for different h = hy and At

Remark 7.5.2 Consider a system of ODEs of the form y'(t) + F(t)y(t) =
0, y(0) = yo, t € [0,Tena) with F(t) = A for ¢t € [0,3Tena], F(t) = —A
for t € (%Tend7Tend] and A € R™*™ a given matrix. We apply the Crank-
Nicolson method with a time step size At = Tena/N and N even, resulting
in approximations y" of y(t,), n = 1,2,..., N. One easily checks that, due to
the special symmetry in the problem and in the Crank-Nicolson method, we
have ¥V = (0), i.e., the initial condition is exactly reproduced. In our test
example we have such a symmetry in the spatially discretized problem (for
the case SD = 0). Therefore, if we repeat the numerical experiment described
above using the Crank-Nicolson method instead of the implicit Euler method
we obtain ||d||z2(r, (20)) = |ld — ¢hN||L2(Q) = 0 for the case SD = 0 and very

small errors for the case SD = %

In order to compare the Crank-Nicolson method to the implicit Euler
method we performed an experiment in which only the time discretization
error is measured. On a fixed triangulation with mesh size h = % we applied
the SDFEM with SD = 0.1. We take Tunq = 20 and on the time interval
[0,10] the resulting system of ODEs is solved with a “small” time step 1527°
resulting in a reference solution at ¢ = 10 denoted by (Z)h ~ ¢(-,10). Note
that for ¢ € [0,10] the droplet is transported with the velocity field G and
does not move back to the initial position. Hence the symmetry property
addressed in Remark 7.5.2 does not hold. The system of ODEs is solved using
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both the Crank-Nicolson and the implicit Euler method for time step sizes
1
At =27% k =0,...,5. The computed result at t = 10 is denoted by (Z)ﬁN.
~ 1
In the Tables 7.4 and 7.5 we give the errors ||¢p — ¢ﬁN||L2(Q). These results

show the expected rate of convergence, namely O(At) for the Euler method
and O(A#?) for the Crank-Nicolson method.

At 20 21 272 273 24 275
¢=3| 288 E-2| 154 E-2|7.85 E-3 | 3.93 E-3 | 1.96 E-3 | 9.65 E-4

. T
Table 7.4. Implicit Euler: discretization error ||¢n — ¢>§N||Lz(m,

At 20 o1t 272 273 24 275

¢ =3|142 E-3 | 3.87T E-4 | 9.82 E-5 | 2.82 E-5 | 6.14 E-6 | 1.53 E-6
M

= T
Table 7.5. Crank-Nicolson: discretization error ||¢n — @7 ||L2(0)-

7.5.2 Re-initialization by the Fast Marching Method

In this section we present some quantitative results related to the quality
of the Fast Marching re-initialization method. More results are presented in
[123]. We consider the cubic domain 2 = (—1,1)? and the quadratic level set
function

$(a) = |lz|* —=r*, ze 2, r=06.

The zero level of ¢, denoted by I', is given by the sphere centered at the
origin with radius . On I' we have [|[V¢| = 2r = 1.2. The signed dis-
tance function to I is denoted by d(x). The domain {2 is subdivided into
8 subcubes, each subdivided into 6 tetrahedra. This defines the level £ = 0
triangulation. The level £ > 1 triangulation 75, is obtained by ¢ local refine-
ments in the neighborhood {z € 2 : |d(z)| < 0.1}. The level ¢ triangulation
has local mesh size parameter hr, = (%)e . To the quadratic function ¢ on
a given triangulation 7, = 75, we apply the FMM as discussed at the end
of Sect.7.4.1. As output of the initialization phase in the FMM one obtains
an approximate signed distance function, denoted by 1/;}” which is piecewise
linear on 7,) (' = 1h; we use notation as in Sect.7.4.1). The zero level of

1&;“ which is contained in 7,7, defines the new approximate interface denoted
by I},. Let F denote the set of triangles forming I}, i.e., I} = UFef‘ F, and
P= { v e I, : v is vertex of triangle F € .7:'} the set of their vertices.

To measure the quality of this re-initialization we computed the quantities
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en oo i= max |d(v) — i, (v)] = max|d(v), (7.500)
veP veP
Ven, 0o i= max { Vd(c) — Vi (c)| : ¢ barycenter of T} . (7.50b)
TeT)

'

An important parameter in the geometry-based initialization phase is k,
cf. (7.35). Below we consider k¥ = 1 and k = 2. The results are compared
to the scaling approach, cf. (7.36). In Tables 7.6 and 7.7 we present values of
€h,00 and Vey, o, respectively, for different levels £ and the different initializa-
tion strategies. Using the geometry-based initialization phase, for k = 1 we do

geom, k=1 | order || geom, k =2 | order scale order

5.49 E-2 - 5.49 E-2 - 3.55 E-2 -

1.34 E-2 2.03 1.34 E-2 2.03 1.01 E-2 | 181
3.62 E-3 1.89 3.62 E-3 1.89 255 E-3 | 1.99
9.04 E-4 2.00 9.04 E-4 2.00 6.60 E-4 | 1.95
3.18 E-4 1.51 2.27 E-4 2.00 1.66 E-4 | 1.99
6 1.42 E-4 1.17 5.67 E-5 2.00 4.16 E-5 | 1.99

Table 7.6. Error measures ep, o for different initialization approaches and h = hy.

Ul W N~ S

not observe second order convergence for ej, . Moreover, we see a stagnation
for Vep, oo, meaning that the re-initialized interface does not get smoother on
finer grids which renders the choice k = 1 unfeasible. Taking k = 2 instead,
we do get quadratic convergence for ep o, and linear convergence for Vey, o,
showing that the choice k¥ = 2 should be preferred. The same convergence
properties hold for the scaling approach which is less expensive in terms of
computational effort. The results confirm the theoretical error bounds dis-
cussed in Remark 7.4.3. We briefly comment on this. Take T € 7, and let
It be the linear interpolation operator on T' that interpolates at the vertices
of T. For x € T we have (d — ¢p,)(z) = Ir(d — ¢n)(z) + O(h%). The results in
the fifth column in Table 7.6 indicate |I7(d — ¢y, )(z)| < ch? uniformly in T
and z € I'p = I'NT. Hence for = € I}, i.e. ¥p(z) = 0, we get |d(z)| < ch?,
which is the same as the bound in (7.43a). Since Vd = n the results in the
fifth column in Table 7.7 are consistent with the error bound given in (7.43b).

7.6 Discretization of the surface tension functional

In this section we explain how the localized surface tension force term fr(v) in
(6.59a) can be approximated. We use the approach presented in [23, 93, 126].

Let V}, be the finite element space that is used for the discretization of the
velocity unknown. In our simulations we use for V} the standard conform-
ing space of continuous piecewise quadratic functions. Applying the Galerkin
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geom, k=1 | order || geom, k =2 | order scale order

3.07 E-1 - 2.09 E-1 - 1.87 E-1 -
2.70 E-1 0.19 1.34 E-1 0.64 1.03 E-1 | 0.87
1.73 E-1 0.64 7.12 E-2 0.91 5.62 E-2 | 0.87
3.78 E-1 -1.13 3.69 E-2 0.95 279 E-2| 1.01
4.69 E-1 -0.31 1.80 E-2 1.04 1.42 E-2 | 0.98
6 5.11 E-1 -0.12 8.95 E-3 1.01 7.04 E-3| 1.01

Table 7.7. Error measures Ve,  for different initialization approaches and h = hy.

Ul W NS

discretization to the variational (momentum) equation (6.59a) results in a
surface tension functional of the form

frivy) =—71 / kvp -nds, vy € V. (7.51)
r

In many numerical simulations of two-phase flows, the discretization of the
curvature x is a very delicate problem. This is related to the fact that x
contains second derivatives. One way to express these second derivatives is
by means of the Laplace-Beltrami characterization of the mean curvature, cf.
(14.9):

— Aridr(z) = k(z)n(z), zel. (7.52)

In the variational formulation we have the possibility to lower the order of
differentiation by shifting one of the derivatives to the test function, as is
shown in Lemma 14.1.2. Using this, we see that (7.51) can be rewritten as
follows:

fp(Vh) = —7'/ Vridr -Vevy dS, vy € V. (7.53)
r

In this variational setting it is natural to use the expression on the right-hand
side in (7.53) as a starting point for the discretization. This idea is used in,
for example, [93, 23, 116, 126, 147, 177]. In this discretization we use the
approximation I, of I'. Given this approximate interface I,

the localized force term fr(vy,) is approximated by

th (Vh) = -7 th idph -thVh ds, vy € V. (7.54)
Iy

In Sect. 7.7 we will derive a bound for the error quantity

fr(va) — fr, (vn)
| fr = fr.llv;, = sup —,
vhEV) vall1

(7.55)

with fp, as in (7.54). Note that this quantity is essential in the analysis of
discretization errors in velocity and pressure, cf. Corollary 7.10.5 (Strang-
lemma).



7.6 Discretization of the surface tension functional 229

Remark 7.6.1 Assume that I is sufficiently smooth.Then
friv)=—-71 / kv -nds (7.56)
r

is a bounded linear functional on Vo = H}(§2)2. From Lemma 14.1.2 it follows
that for this functional we have the equivalent representation

fp: V — —T / Vp idp'VdeS. (7.57)
r

Such an equivalence, however, does not hold for fr,. Because I, is not suffi-
ciently smooth, a partial integration result as in Lemma 14.1.2 does not hold.
The linear functional

vV — —T Vr,idp, -V, vds
I
is not necessarily bounded on Vy. Due to this, in (7.54) and (7.55) we only
consider vy, € Vy,.

We also introduce a modified (improved) variant of the functional fr, .
Define the orthogonal projection

Py(z) ;=1 —ny(x)ny(z)" for x € I, x not on an edge,

where ny, is the unit normal on I}, (pointing outward from (2;). The tangential
derivative along I}y, can be written as V, g = P,Vg. Note that

Vr, idr, =P,Vidp, = (Prey, Prea, Pres)?,

with e; the i-th standard basis vector in R3. Thus the functional fr, can be
written as

fr.(va) = _T/ P,Vidp, -V, v ds
Iy,

3 (7.58)
= —TZ/ Phe¢ . VF,L’Ul' dS, V; = (Vh)i-
i=1"1h

The discrete interface I}, is constructed as the zero level of ¢y, where ¢y, is
a piecewise quadratic function, cf. Sect. 7.3. This piecewise quadratic function
contains better information about the curvature of I' than its piecewise lin-
ear interpolation I¢y that is used for the construction of I';. An improved
projection P, based on ¢, can be defined as follows:

_ Von(z)

= P, (z) :=1—1ny,(z)n,(z)’, =z . .
ny(z) == Non@l’ Pu(z) :=1—-nu(x)n,(z)", z€l} (7.59)

Hence an obvious modification is given by
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fl“h (Vh) = —T/ th id[‘h 'Vphvh ds
Iy

f’hei . Vphvi dS7 V; = (Vh)i (7.60)

I
—

In Sect. 7.7 it is shown that this discretization of the surface tension force is
(significantly) better than the one in (7.54), namely with an error bound O(h)
instead of O(v/h). This is confirmed by numerical experiments in Sect. 7.8.

7.6.1 Treatment of general surface tension tensors

In the previous section we restricted ourselves to the case of a constant surface
tension coefficient 7, i.e. with an interface condition of the form

[onr] = —7knp = divp(7P).
We now consider the more general case with an interface condition of the form
[O'Ilp] = din(O’p), (761)

and an interface stress tensor or such that o = opP holds. A variable
surface tension coefficient corresponds to o = 7P, resulting in divp (o) =
—7knp + V7, cf. Remark 1.1.3. In the Boussinesq-Scriven model treated in
Sect. 1.1.5 the interface stress tensor o is as in (1.36). In the weak formu-
lation, instead of the surface tension functional fr(v) = —7 [ kn-vds we
then have the generalization

fF(V)Z/FdiVF(O'r)-vds.

We can rewrite this using the partial integration identity (14.17), resulting in
the general surface tension functional

3
friv) = —/Ftr(aprv) ds = —Z/F(eiTap)vai ds, (7.62)

with v = (v1,v2,v3)”T. We consider the case of a variable surface tension
coefficient, i.e., o = 7P. For the discretization of the corresponding surface
tension functional, as in the previous section we approximate I" by I, and P
by P},. Thus we obtain the following generalization of (7.60):
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3
fr, (vi) = —/ Ttr(f’hvphv) ds = — Z/ Phe; - V,vids.  (7.63)

Comparing (7.60) (constant 7) and (7.63) (variable 7) we observe that the only
difference is that in case of a constant surface tension coefficient the term 7 can
be taken out of the integral. Below, in Sect. 7.7, we present an error analysis
only for the case that 7 is constant, in which the discretization (7.63) reduces
to (7.60). If 7 is a smooth function then an error analysis for the generalization
(7.63) can be derived along the same lines as for the constant coefficient case
presented in Sect.7.7. Results of numerical experiments with this discrete
variable surface tension functional are given in [184] and in Sect. 11.5.3.

7.7 Analysis of the Laplace-Beltrami discretization

In this section we derive a bound for

sup frva) — fr, (Vh)’ (7.64)

VREV) ”Vh”l

where f1, is the discretization of the surface tension force as in (7.54). We also
derive a bound for this error measure with fr, replaced by fr, as in (7.60).
For V), = V;3 we take the finite element space of piecewise quadratics:

Vi={veC(2): vyreP; forall T€T,}. (7.65)

The choice of this finite element space is not essential in our analysis. The
results also hold if for Vj, we take another conforming piecewise polynomial
finite element space.

7.7.1 Preliminaries

Properties of I' and of I}y,

We recall some notation and definitions from Sect. 7.3. The function d is the
signed distance function

d:U — R, |d(z)| := dist(x, ") forallz e U.

Thus I is the zero level set of d. We assume d < 0 on the interior of I" (that

is, in 21) and d > 0 on the exterior. Note that np = Vd on I'. We define

n(x) := Vd(x) forallz € U. Thusn =np on I" and ||n(z)|| =1 forallx € U.
The Hessian of d is denoted by H:

H(z) = V2d(x) € R¥*3 for all z € U. (7.66)
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The eigenvalues of H(z) are denoted by x1(z),k2(z) and 0. For x € I the
eigenvalues k,(x), i = 1,2, are the principal curvatures, and k(z) = k1 (z) +
kao(x) is the mean curvature, cf. Chap. 14.

In the analysis we always assume that the following (technical) assumption
is satisfied, namely that the neighborhood U of I' is sufficiently small in the
following sense. We assume that U is a strip of width § > 0 with

57 > mae i) | < (r)- (7.67)

We define the orthogonal projection:
P(z) =I—n(z)n(x)" for z € U. (7.68)

From V(n(z)"n(z)) = 0 it follows that (Vn(z))n(z) = V3d(z)n(z) = 0
holds for all € U. Hence we obtain the following:

P(z)H(z) = H(z)P(x) = H(z) forall z € U.

We introduce assumptions on the approximate interface I',. We emphasize,
that although we use the notation I}, this interface must not necessarily be
constructed using the method explained in Sect.7.3. Our analysis below is
presented in a more general setting. In Remark 7.7.3 we explain how the
concrete interface construction that is discussed in Sect. 7.3 fits in this more
general setting.

Let {Ih}r>o be a family of polygonal approximations of I'. We assume
that each I}, is contained in U and consists of a set Fy, of triangular faces:

L=\ F (7.69)
FeFy

For Fy, Fy € Fy, with Fy # F5 we assume that Fy N Fy is either empty or a
common edge or a common vertex. The parameter hp denotes the maximal
diameter of the triangles in Fp:

hr = max diam(F).
FeFy

By np(x) we denote the outward pointing unit normal on I},. This normal is
piecewise constant with possible discontinuities at the edges of the triangles
in Fj,. We recall the discrete analogon of the orthogonal projection P:

Py(z) ;=1 —ny(x)ny(z)" for x € I, x not on an edge.
The tangential derivative along I, can be written as V, g = P, Vg.

Assumption 7.7.1 We need assumptions which guarantee that I, is “suf-
ficiently close” to I'. Related to this we assume that I, C U and that the
following holds:
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|d(z)| < ch% for all x € I, (7.70a)
esssup,¢r, [n(z) — ny(z)|| < min{co,chr}, with ¢g < V2. (7.70b)

Here ¢, ¢y denote generic constants independent of hp.

Remark 7.7.2 For a given = € I}, let § be the angle between n(z) and
ny,(z). Then cosf = n(z) ny (), sinf = ||Pny(z)| and |n(z) — np(2)|)? =
2(1 — cos6). Elementary manipulations show that the condition (7.70b) holds
if and only if the following two conditions are satisfied:

essinfyep, n(z) ny,(z) > ¢ >0, (7.71a)
esssup,¢r, [|P(z)nn(z)|| < chr. (7.71b)

Remark 7.7.3 Related to these assumptions we note the following. In
Theorem 7.3.1 it is shown that under certain (reasonable) assumptions the
construction explained in Sect. 7.3 results in a family {I},} that satisfies the
conditions (7.70).

Extensions

We introduce extensions that will be used in the analysis below. The tech-
niques that we use are from the paper [83]. For proofs of certain results we
will refer to that paper.

As in Sect. 7.3 we define a locally (in a neighborhood of I') orthogonal
coordinate system by using the projection p: U — I:

p(z) =z —d(x)n(z) for all x € U.

We assume that the decomposition z = p(z) + d(z)n(z) is unique for all
x € U. Note that
n(z) =n(p(z)) forallzcU.

We use an extension operator defined as follows. For a (scalar) function v
defined on I' we define

vi(x) == v(z — d(z)n(z)) = v(p(z)) forallze U,

i.e., v is extended along normals on I". We will also need extensions of functions
defined on I},. This is done again by extending along normals n(z). For v
defined on I, we define, for x € I},

vp, (r +an(x)) :==v(x) foralla € R with x + an(z) € U. (7.72)

The projection p and the extensions vy, vf, are illustrated in Fig. 7.8.

In the following two lemmas some properties of these extensions are given.
Proofs are elementary and can be found in [83]. In the remainder we assume
that Assumption 7.7.1 is satisfied.
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Fig. 7.8. Example of projection p and construction of extension operators. n; and

ng are straight lines perpendicular to I'. For v defined on I" we have v§ = v(z1)

on np. For vs defined on I', we have vy, =vn (Z2) on na.

Lemma 7.7.4 Forv defined on I' and sufficiently smooth the following holds:
V,vp(@) = Py(z)(I - d(2)H(z))P(z)Vrv(p(z)) ae only.  (7.73)

Proof. Given in Sect. 2.3 in [83]. O

In (7.73) (and also below) we have results “a.e. on I},” because quantities
(derivatives, Py, etc.) are not well-defined on the edges of the triangulation IF,.

Lemma 7.7.5 For x € I, (not on an edge) define

i) = (112, (1 = d(e)rs (@) () " (@), (r74)
Aw) = —5P(@) 1~ d@)H(e)|Py(o)[1 - dle) H@)] Pl@).  (775)

Let A%, be the extension of A as in (7.72). The following identity holds for
functions v and 1 that are defined on I, and are sufficiently smooth:

VvV bds = / A% Vg, - Vs, ds. (7.76)
I r

Proof. Given in Sect. 2.3 in [83]. O

Due to the assumptions in (7.71a) and (7.67) we have essinf,er, pu(x) > 0 and
thus A(z) is well defined and symmetric positive semi-definite.

A trace estimate

In the analysis of the discretization error in the next section we will need a
bound for ||V, v||z2(r,) in terms of |v[|; for v € V), (piecewise quadratics).
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A possible approach is to apply an inverse inequality combined with a trace
theorem, resulting in:

IVrvllz2ry) < chpmllvllpzn) < chpillvlli - for all v € V. (7.77)

min min
This, however, turns out to be too crude. In order to be able to derive a better
bound than the one in (7.77) we have to introduce some further assumptions
which relate the approximations I'y, of I' to the outer tetrahedral triangulation
Ty, that is used in the definition of the space Vj,, cf. (7.65).

Assumption 7.7.6 Let {7} be the family of tetrahedral triangulations that
is used in the finite element space V;,. We assume that to each interface tri-
angulation Iy, = Upex, I there can be associated a set of tetrahedra S;, with
the following properties:

For each F' € F}, there is a corresponding Sp € Sy, with F' C Sp. )
For Fy, Fy € Fp, with Fy # F» we have meas3(Sgr, NSk,) = 0. )
The family {S)}n>0 is shape-regular. (7.78¢)
)
)

Note that the set of tetrahedra Sy, has to be defined only close to the approxi-
mate interface 'y, and that this set not necessarily forms a regular tetrahedral
triangulation of 2. Furthermore, it is not assumed that the family {I},}n>0
is shape-regular or quasi-uniform.

Remark 7.7.7 The construction in Sect. 7.3 is such that Assumption 7.7.6 is
satisfied. We briefly explain this. Let 7,/ be the collection of tetrahedra that
have a nonempty intersection with the zero level of the piecewise quadratic
level set function and assume that (7,1),~0 is quasi-uniform. Let 7, be the
triangulation obtained after one regular refinement of 7,/ Let I, be as defined
in (7.21). Al T € T, for which I'r = T N I}, is a quadrilateral are further
subdivided into two subtetrahedra such that for 7'N I}, is always a triangle.
The resulting triangulation is denoted by ’Z~',5 . With this I, and S, = ’Z?f? the
conditions formulated in Assumption 7.7.6 are satisfied.

In the following lemma we derive elementary properties of a standard affine
mapping between a tetrahedron Sg € Sp, and the reference unit tetrahedron,
which will be used in the proof of Theorem 7.7.9.

Lemma 7.7.8 Assume that the family {I'}n>o is such that Assumption 7.7.6
is satisfied. Take F € Fj, and the corresponding Sp € Sy. Let S be the ref-
erence unit tetrahedron and L(z) = Jx + b be an affine mapping such that
L(S) = Sp. Define F := L~Y(F). The following holds:

2 measg(.S)

] <ch™!, (7.79)

meass(Sg)
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ameasa(F) _ (7.80)

1371
measy (F')

with constants ¢ independent of F' and h.

Proof. Let p(Sr) be the diameter of the maximal ball contained in Sr and

similarly for p(S). From standard finite element theory we have

diam(SF) 1 diam(S)
1] < TG 370 < 08

Using (7.78¢) and (7.78d) we then get

measg(S) diam(SF)?
<c

meas3(Sr) ~  meass(SF)

and thus the result in (7.79) holds. R o

The vertices of F' = L=Y(F) are denoted by V;, i = 1,2,3. Let V1V3 be a

longest edge of F' and M the point on this edge such that M V3 is perpendicular

to V1Va. Define V; := L(V;), i =1,2,3, and M := L(M). Then V;, i = 1,2, 3,
are the vertices of F' and M lies on the edge V1 V5. We then have

]2 < cdiam(Sp)~t < ceh™l,

S T _
measy(F) = 2 [[Vi = Val[[[Vs = M| = S [37H (Vi = V) [ [3 71 (Vs — M|

p(S)?

1
> |32V = Ve[| Vs — M|| > ¢ ——2—
2SIV = Valllvs — M 2 e e

measy (F),

with a constant ¢ > 0. Thus we obtain
13- HQmeaSQ(IT) <. diam(S)? diam(ASF)2
measy(F) ~  p(Sr)? p(S)?

which completes the proof. O

<c

— )

Theorem 7.7.9 Assume that the family {I'h}r>o s such that Assump-
tion 7.7.6 is satisfied. The following holds:

IVr,vlle i,y < ch*%||v||1 for all v eV,

Proof. Note that

IVrolliey = D IVE0llizm)-
FeF,
TakeAF € Fp, and let Sg be the associated tetrabedron as explained above.
Let S be the reference unit tetrahedron and L : S — St as in Lemma 7.7.8.
Define ¢ := v o L. Using standard transformation rules and Lemma 7.7.8 we
get
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IVEolZer = IPaVOl T2y < IVOllT2gey = Y 1070l

lo]=1
<l TP DD 10%0) 0 LT Faqry
la]=1
meass F . N
<c|J” 1||2 Z [0%0]17 c Y llovol3,
| |=1 lo]=1
<c Z max‘@a ‘ Z magc’@o‘@(ac)IQ,
lal=1 zeF lal=1 zeS

with a constant ¢ independent of F. From (7.78e) it follows that ¥ is a poly-
nomial on S of maximal degree 2. On Pj := {p € P2 : p(0) =0} we have,
due to equivalence of norms:

Z max |9%0(x <o Z ||6a1§||iz(§) for all v € P;3.

jaj=1 *€9 lal=1

Because, for © € Py and |a] = 1, 9*0 is independent of ©(0), the same in-
equality holds for all © € P5. Thus we get

IVruliam < e D 10700130 < el IP D 110%0) o L7, )
la]=1 la]=1
5 measz (S o 1
= 3] m §|:1 1002255y < ch ™M V02205,
with a constant ¢ independent of F' and h. Using (7.78b) we finally obtain
IV oll7emy < ch™ > I1Vollags,
FeFy,

<ch™! /Q(Vv)2 de < ch |3,

which proves the result. O

Remark 7.7.10 The analysis above also applies if instead of piecewise
quadratics other piecewise polynomial finite element functions are used. Thus
Theorem 7.7.9 also holds if for V}, we take another piecewise polynomial finite
element space.

7.7.2 Error bounds for discrete surface tension functionals

In Sect. 7.6, for the surface tension functional

3
fp(Vh) = —T/ Vp id[* 'VFVh ds = —TZ/ Vp(idp)i . Vp(Vh)i ds
r i r
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we introduced the discretizations

fr, (Vi) = —TZ vph (idr, )i - Vi, (Va)s ds, (7.81)

fr,(vn) = —TZ / P,V (idr,)i - Vr, (vh)i ds. (7.82)

Iy,

In this section we derive error bounds for these discretizations. It suffices to
consider only one term in this sum, say the i-th. We write idp and v for the
scalar functions (idr); and (vy,),, respectively, and idp, for (idp, );. With this
notation we have

Vridr =PVidr =Pe; on T th, ith, = PhVith =Ppe; on I},
PhVidph = f’hei on Fh,

where e; denotes the i-th basis vector in R3. For the i-th term in these func-
tionals we introduce the notation (ignoring the scaling with —7):

= / Vp id[* -VF’U dS7
r

gn(v) := Vr,idp, -V,vds,
Iy

an(v) == / P,Vidp, -V, vds.
Iy
For the analysis it is convenient to introduce yet another functional:
gn(v) = Vr,id% -V, vds,
Iy

where id}. is the extension of idp. Note that due to the occurrence of idp
the functional gp,(v) can not be used in practice. For the error g(v) — gn(v)
we write g(v) — gn(v) = (9(v) — Grn(v)) + (gn(v) — gn(v)), derive bounds for
lg(v) — gn(v)| and |gn(v) — gn(v)| and then apply a triangle inequality. The
same is done for the error g(v) — gn(v).

We start with the term |g(v) — gn(v)|. A bound for this is derived, based
on the following splitting:

9(v) = gn(v)

:/ Vpidp-vads— th id?'VphUdS
r Fh

z/Vpidp-vads—/ A?thidp~VpUle—vh ds (cf. (7.76))
r r

:/VFldpVF(U—'U%L)dS—‘r/(I—A?h)vlﬂldpVFUZE—vh ds. (783)
r r

In the lemma below we give bounds for the two terms in (7.83).
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Lemma 7.7.11 Let Assumption 7.7.1 be satisfied. The following holds for all
v e Vy:

/ Vr idF'VF(U—U?h)dS <chr||v|1,v, (7.84)
r

/F(I — AG)Vridr Vg, ds| < chT |Vl pzin,)- (7.85)
Proof. (7.84)—(7.85) are proved in Lemmas 4.1 and 4.3 in [129]. O

Using this we obtain a bound for the error ||g — gnl|v;:

Theorem 7.7.12 Let the Assumptions 7.7.1 and 7.7.6 be satisfied. The fol-
lowing holds:
p 190) =30

< chr. (7.86)
vevi, vl

Proof. The result in Lemma 7.7.11 implies

lg(v) = gn(v)| < chr|vlliu + chF ||V r,vl 2,y for all v e V.

_1
From Theorem 7.7.9 we obtain ||Vp,v||z2p,) < chp?||lv][1. Furthermore,

[lv]l1,0 <||v|lx holds. Thus the result in (7.86) holds. O

We now derive a bound for | (v) — gn(v)].
Lemma 7.7.13 Let the Assumption 7.7.1 be satisfied. The following holds:

|9n(v) — gn(v)| < chr||Vr,vllz2r,)  for all v e V. (7.87)
Proof. From Lemma 7.7.4 we get, for € I}, (not on an edge),

Vi, id7(2) = Py(2) (I — d(2)H(z)) P(2)Vr idr (p(z))
=P (2)(I - d(z)H(z))P(z)e;.

We also have Vr, idr, =P, Vidp, = Ppe;. Hence,

/ (th id(;w—th idph) 'Vph'l}ds
Iy

(7.88)

/ (Pn(I—dH)Pe; — Ppe;) - Vi, vds
n

< e esssup,er, [|P4 (@) (I - d(2)H(2))P(2) — Pu(@)]| IV, vl 22,

< cesssup,ep, ([Pr(z)(I—P(x))|| (7.89)
+d(@)] [P (2)H(2)P(2)) IV 5,0l L2(r,)- (7.90)
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Note that |d(x)| < ch% for x € I}, and
esssup,er, [|[Pr(2)H(z)P(z)|| <esssup,ep, [H(z)| < c.
For the term in (7.89) we have (dropping « in the notation):
[P~ P)| = |[Prnon”| = [Prn| = |[Py(n —ny)|| < [n— 0| < chr.

In the last inequality we used Assumption 7.7.1. Using these results in (7.89)-
(7.90) and the definitions of gy, gn, we get

19n(v) — gn(v)| < chr |V, vllL2r,),
and thus the result is proved. O

This leads to a bound for the error ||gn — gn|lv;:

Theorem 7.7.14 Let the Assumptions 7.7.1 and 7.7.6 be satisfied. The fol-
lowing holds:
|9n(v) — gn(v)]

sup <ec+vhr. (7.91)
vEV) ||U||1
Proof. The result follows from Lemma 7.7.13 and Theorem 7.7.9. O

As a direct consequence we obtain a discretization error bound for fr,:

Corollary 7.7.15 Let the Assumptions 7.7.1 and 7.7.6 be satisfied. For
the surface tension force discretization fr, as defined in (7.81) the following

holds:
sup |fr(vi) = fr, (V)]

S TC hp.
VeV, [vally

Proof. Tt suffices to consider a bound for |lg — gnl|ly;. From Theorem 7.7.12
and Theorem 7.7.14 it follows that /

lg = gnllv; < llg = gnllv; +1lgn — gnllv; < chr +cv/hr < evVhr,
which implies the error bound for fr,. O

An upper bound O(v/hr) as in Corollary 7.7.15 for the error in the approx-
imation of the localized force term may seem rather pessimistic, because I},
is an O(h%) accurate approximation of I". Numerical experiments in Sect. 7.8
and results in [115], however, indicate that the bound is sharp.

Along the same lines as presented above for fr, we now derive an error bound
for fp,. It suffices to consider |g(v) — gn(v)|. We use the triangle inequality
l9(v) = gn(v)| < lg(v) = gn (V)] + |gn(v) — gn(v)].

The first term on the right-hand side is treated in Theorem 7.7.12. The next
lemma gives a bound for the second term. In (7.92) we use the generalized
normal ny, from (7.59).
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Lemma 7.7.16 Let Assumption 7.7.1 be satisfied. Furthermore, we assume
that there exists p > 0 such that

In(z) —np(x)|| < chl,  fora e Ih. (7.92)
Then the following holds:
|gn(v) — gn(v)] < chr;in{p’z}||Vphv||Lz(ph) for all ve V.

Proof. We apply similar arguments as used in the proof of Lemma 7.7.13. We
have
Vr, id7(z) = Pp(z) (I — d(z)H(z))P(2)e;

and f)hVid[‘h = f’hei on I},. Hence,

(7.93)

/ (Vph id? —f’hV id[*h ) . VF,L’U dS
Iy

/ (Py(I— dH)Pe; — P, Pre;) - Vpvds
Fh

< c esssup,er, [Pr(@) (I - d(@)H(z))P(x) — Pa(e)Pu(@)[| |V 5,0l 22(r)
< cesssup,ep, ([Pr(z)(P(z) — f’h(a:)) I (7.94)
+ |d(@)| |Pr(2)H(2)P(@)]) IV, vllc2(r,)- (7.95)

As in the proof of Lemma 7.7.13 we have ess sup, ¢ p, |d(2)|[|Pr(2)H(z)P(2)| <
ch%. For the term in (7.94) we get (dropping z in the notation):

[Pn(P —Pp)|| < |nn” — nyaf|
< (0 = np)n” || + [[An(n — 8y) ]| = 2[ln — ]| < chf.
Combination of these estimates proves the result. O

Remark 7.7.17 In Lemma 7.3.2 it is shown that for the approximate in-
terface construction explained in Sect. 7.3 the assumption in (7.92) holds for
p € (0,2] if ¢p is an O(hY.) accurate (w.r.t || - [|g1) approximation of ¢.
For a piecewise quadratic level set approximation the optimal approximation
quality is O(h%), ie., p= 2.

This leads to a bound for the error ||gn — gn|lv;:
Theorem 7.7.18 Let the Assumptions 7.7.1, 7.7.6 and the one in (7.92) with
p> 1% be satisfied. The following holds:

sup |gn(v) — gn(v)]

< chr. (7.96)
veEV), ||U||1
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Proof. The result follows from Lemma 7.7.16 and Theorem 7.7.9. O

As a direct consequence we obtain a discretization error bound for fr, :

Corollary 7.7.19 Let the assumptions as in Theorem 7.7.18 be satisfied.
For the surface tension force discretization fr, as defined in (7.82) the

following holds: )
sup |fr(vi) = fr.(va)l < rehp
VeV, Va1

Proof. Tt suffices to consider a bound for |lg — gnl|y;. From Theorem 7.7.12
and Theorem 7.7.18 it follows that

lg = anllv; < llg = gnllv; + llgn — gnllv; < chr,
which implies the error bound for f T U

This significant improvement (O(hr) compared to the O(v/hr) error bound
for the functional fr,) is confirmed by numerical experiments in the next
section.

7.8 Numerical experiments with the Laplace-Beltrami
discretization

In this section we present results of a numerical experiment which indicates
that the O(v/h) bound in Corollary 7.7.15 is sharp. Furthermore, for the
improved approximation fr, the O(h) bound will be confirmed numerically.

We consider the domain §2 := [—1,1]® with 2, :={z € 2: ||z <R}. In
our experiments we take R = %

For the discretization a uniform tetrahedral mesh 7, is used where the
vertices form a 6 x 6 x 6 lattice, hence hg = % This coarse mesh 7 is locally
refined in the vicinity of I' = 942;. This repeated refinement process yields the
gradually refined meshes 77, 7, . . . with local (i. e., close to the interface) mesh
sizes hp = h; = % -27% §=1,2,.... Part of the tetrahedral triangulation 7y is
shown in Fig. 7.9. The corresponding finite element spaces V; := V. = (V4,)?
consist of vector functions where each component is a continuous piecewise
quadratic function on 7;.

The interface I" = 92, is a sphere and thus the curvature x = % is
constant. If we discretize the flow problem using V; as discrete velocity space,
we have to approximate the surface tension force

2
friv) = ; nr-vds = —T/ Vridr-Vpvds, vev, (7.97)
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Fig. 7.9. Lower half part of the 4 times refined mesh 7;.

To simplify notation, we take a fixed ¢ > 0 and the corresponding local mesh
size parameter is denoted by h = h;. For the construction of an approximate
interface I'y, we use the approach described in Sect. 7.3, starting with ¢ equal
to the exact signed distance function to I'.

The discrete approximation of the surface tension force is

f['h(v) =T VFh ith 'VpthS, Ve Vi~
Iy

We are interested in, cf. Corollary 7.7.15,

”fl"_thHVQ = sup M

7.98
22T (7.98)

The evaluation of fr(v), for v € V;, requires the computation of integrals
on curved triangles or quadrilaterals I' N'T" where T is a tetrahedron from
the triangulation 7;. We are not able to compute these exactly. Therefore, we
introduce an artificial force term which, in this model problem with a known
constant curvature, is computable and sufficiently close to fr.

Lemma 7.8.1 For v € V = H} ()3 define

2T

th(v) = _E r

ny - vds,

where ny, is the piecewise constant outward unit normal on Iy,. Then the
following inequality holds:

Il fr = frllv: < ch. (7.99)

Proof. Let 21, C {2 be the domain enclosed by I, i.e., 01 = I}. We
define D;f =\, Dy = (1, \ (2 and Dy, := D;f UD, . Due to Stokes’
Theorem, for v € V we have
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27

/ divvdw—/ divvdx
R (251 21.n

|fr(v) = fr.(v)| =

2
:—T/ divvd:r—/ divvdz
R |Jpy Dy

2
< | div v| dz.

R Dh
Using the Cauchy-Schwarz inequality, we get the estimate

|fr(v) = fr, (V)| < ev/meass(Dp) |[v]: for all v eV,

which results in

|\ fr — th,”V’ < cy/measz(Dp,). (7.100)

Note that for the piecewise planar approximation I}, of the interface I" we
have measz(Dy) = O(h?) and thus (7.99) holds. O

From Lemma 7.8.1 we obtain || fr — fp, [v; < ch with a constant ¢ indepen-
dent of 7. Thus we have '

Hﬁm'_anVQ_%jLSHfF__fU|

The quantity || fr, — fr, |[v; can be determined as follows. Since I’ is piecewise

vi <\ fr. = frllv, +ch.  (7.101)

planar and v € V; is a piecewise quadratic function, both fr, (v) and fr, (v)
can be computed exactly (up to machine accuracy) using suitable quadrature
rules.

For the evaluation of the dual norm || - [[v; we proceed as follows. Let
{Sj}jzl,---,N (with N := dim V;) be the standard nodal basis in V; and Jy, :
RY — V; the isomorphism Jv,x = Zgzl i€, Let My be the mass matrix
and Aj the discrete Laplacian:

(Mp)i; 32/ € - §;dr,
2 1<4,j<N.

(An)ij == /()Vﬁi -VE; dx.

Define Cj, = A,+M,,. Note that for v = Jy,x € V; we have ||v||? = (Cpx, x).
Take e € V! and define e € RY by e; := e(§;),7=1,...,N. Due to

N
lellv: = sup el _ .. M

vev, IVIlL  xerw (Chx,x)

we obtain

X, e _ .
Iellv: = =8 ﬁ = [C; el = 1/(Cy e, o). (7.102)
h

xeRN s
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Thus for the computation of ||e||v; we proceed in the following way:

1. Compute e = (e(ﬁj))j.v:l
2. Solve the linear system Cj z = e up to machine accuracy.
3. Compute |[le|lv; = /(z, e).

We applied this strategy to e := f[‘h — fr,- The results are given in the second
column in Table 7.8. The numerical order of convergence in the third column
of this table clearly indicates an O(v/h) behavior. Due to (7.101) this implies
the same O(v/h) convergence behavior for || fr — fr, [v:. This indicates that
the O(v/h) bound in Corollary 7.7.15 is sharp.

The same procedure can be applied with fr, replaced by the modified
(improved) approximate surface tension force

fr(v ——TZ/ Phrei Vi, (v)id

as defined in (7.82). This yields the results in the fourth column in Table 7.8.
For this modification the numerical order of convergence is significantly better,
namely at least first order in h. From (7.101) it follows that for || fr — fr, v
we can expect O(hP) with p > 1.

Summarizing, we conclude that the results of these numerical experiments
confirm the theoretical O(v/h) error bound derived in the analysis in Sect. 7.7.2
and show that the modified approximation indeed leads to (much) better
results.

Results of numerical experiments for a Stokes two-phase flow problem
using both fr, and fph are presented in Sect. 7.10.3.

il Mfr, = frllvy | order || [Ifr, — fr,llv; | order
0 1.79 B-1 - 132 B-1 -

1 1.40 E-1 0.35 4.43 E-2 1.57
2 1.03 E-1 0.45 1.46 E-2 1.61
3 7.22 E-2 0.51 5.06 E-3 1.52
4 5.02 E-2 0.53 1.78 E-3 1.51

Table 7.8. Error norms and numerical order of convergence for different refinement
levels.

7.9 XFEM discretization of the pressure

If surface tension forces are present the pressure is discontinuous across the
interface I'. We show that standard finite element spaces have poor approx-
imation properties for such functions with a jump across I' and introduce
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a so-called extended finite element space that is much better suited for dis-
cretization of the pressure variable. Most of the results presented in this section
are from [128, 209].

In Sect.7.9.1 we show, by means of a simple example, that if one uses
standard finite element spaces for the discretization of a discontinuous func-
tion, then in general the approximation order (w.r.t. ||-||z2) is only O(v/h). In
Sect. 7.9.2 we introduce extended finite element spaces, which are much better
suited for the approximation of discontinuous functions. Some implementation
issues related to XFEM are treated in Sect. 7.9.3. In Sect. 7.9.4 we present an
analysis of the XFEM method. In Sect. 7.10 results of numerical experiments
with this method are presented.

7.9.1 Approximation error for standard FE spaces
In this section we consider the approximation error
inf —p* 2
qh€EQR ||Qh b ”L

for a few standard finite element spaces @Q;, and explain why in general for a
function p* that is discontinuous across Iy, one can expect no better bound
for this approximation error than ¢+v/h. This serves as a motivation for an
improved pressure finite element space as presented in Sect. 7.9.2. To explain
the effect underlying the v/A behavior of the error bound we analyze a concrete
two-dimensional example as illustrated in Fig. 7.10. We take £2 = (0,1)? C R?
and define

lez{xeﬂlegl—xg}, lezﬂ\ﬁl.
The interface I" separating both subdomains from each other is given by
I'={zef:z=1—a2}.

A family of 2D triangulations {75 }r>0 is constructed as follows. The start-
ing triangulation 7; consists of two triangles, namely the ones with vertices
{(0,0),(0,1),(1,1)} and {(0,0),(1,0),(1,1)}. Then a global regular refine-
ment strategy (connecting the midpoints of edges) is applied repeatedly. This
results in a nested sequence of triangulations 7y, , k = 1,2, ..., with mesh size
hi, = 27F. In Fig. 7.10 the triangulation 7y, is shown. The set of triangles that
contains the interface is given by (with h := hy)

TF = {T €T, : meas; (TNI)>0}.

In Fig. 7.10 the elements in ’Thl; are colored gray.
For h = hj, we consider the finite element spaces

QY = {p:2—=R:prePy foralTe7T,} (piecewise constants),
i’disc ={p:2—>R:prePy foralT€T,} (linear, discontinuous),

QrL={peC(): preP foralT€7,} (linear, continuous).
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mi

Ty ¢mo

ms m

Ty,

r ma 3

Fig. 7.10. Triangulation 73, and a triangle T' € Thl;

Note that 4 '
QI c Q™ for j=0,1. (7.103)

We take p* as follows: p*(z) = ¢, > 0 for all x € 21, p*(z) =0 for all x € (2.

. 1,dis 1,dis
We study infy, cq, lgn — p*||z2 for Qn € {QY%,Q,™, Q1 }. For Qp = Q"¢
the identity

inf lln = p"lZe = >0 min flg = plIZa)

1,disc
qn€ h TE'T,F
v

holds. Take T’ € 7,'. Using a quadrature rule on triangles that is exact for all
polynomials of degree two we get, cf. Fig. 7.10,

min ||g — p*||72(7) = min (/ (¢— cp)zdfvder/ 7’ dwdy)
TL TU

q€P1 q€P:
= % ;Ielgll ((Q(mg) — cp)2 + (q(my) — Cp)z + (g(m) — Cp)2
+a(m)? +q(m2)” + q(m)?)
> h_2 min ((q(m) —c )2 + q(m)z) _ iczhz
— 12 ¢ePy p og PV

Thus we have

. . 1 ro21 PR
inf lgn —p*[lr2 2 ( E —thQ) F = (5c2h?)? = —=c,Vh
an€Qy TeT;l 2

Due to (7.103) this yields

1 .
inf —p*llpe > —=c,Vh  for Qp, € {QY, Q¢ QLY.
Jnt lan =3l = e/ for @1 € (@1, Q1.a1)
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To derive an upper bound for the approximation error we choose a suitable
qn € Qp. First consider Qp, = QY and take ¢f) € QY as follows: (qg)‘T = ¢, for
all T with meas; (T N §21) > 0, ¢ = 0 otherwise. With this choice we get

R . H 11
o ="l = (3 10k =# ) = (3 eb3h)t = SV
TeT,l TeT,l

For Q) € {Ql disc Q:} we take g} := I;,(p*), where I, is the nodal interpola-
tion operator (note: p* = ¢, on I'). Elementary computations yield

1 541 1
—2h)* = —=c,Vh.
) = 550V

lah —p*llz2 = (

Combination of these results yields

disc
5 fcpf h< 3ngl||qh—p||m<7cpf for Qn € {Qh, Qy™™, Qi}-

If instead of piecewise constants or piecewise linears we consider polynomials
of higher degree, the approximation error still behaves like V.

Similar examples, which have a v/h approximation error behavior, can be
constructed using these finite element spaces on tetrahedral triangulations
in 3D.

7.9.2 Extended finite element method (XFEM)

The analysis in the previous section, which is confirmed by numerical ex-
periments in Sect.7.10, leads to the conclusion that there is a need for an
improved finite element space for the discretization of the pressure. In this
section we introduce such a space which is based on an idea presented in
[181, 30]. In these papers a so-called eztended finite element method (XFEM)
is introduced in the context of crack formations in structure mechanics which
has good approximation properties for interface type of problems. A recent
review on XFEM techniques is given in [113, 114]. XFEM belongs to the class
of partition of unity methods (PUM) [18, 19].

Here we apply the XFEM method to two-phase flow problems by con-
structing a suitable extended pressure finite element space. In this section we
explain the method. For k > 1 fixed we introduce the standard finite element
space

Qn=QF={qeC(): qlreP, foral TeT,}.

We explain the construction of the XFEM space for £ = 1. This technique
can easily be generalized to k > 1. Define the index set J = {1,...,n}, where
n = dim @y, is the number of degrees of freedom. Let B := {g;};jes be the
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nodal basis of Qp, i.e. gj(z;) = §;; for i,j € J where z; € R? denotes the
vector of spatial coordinates of the i-th degree of freedom.

The idea of the XFEM method is to enrich the original finite element space
Qn by additional functions qJX for j € J' where J' C J is a given index set.
An additional function q]X is constructed by multiplying the original nodal
basis function g; by a so called enrichment function ®;:

q]X(x) = qj(x) Dj(x). (7.104)
This enrichment yields the extended finite element space
Q¥ =Quespan{q : jeJ }.

This idea was introduced in [181] and further developed in [30] for different
kinds of discontinuities (kinks, jumps), which may also intersect or branch.
The choice of the enrichment function depends on the type of discontinuity.
For representing jumps the Heaviside function is proposed to construct ap-
propriate enrichment functions. Basis functions with kinks can be obtained
by using the distance function as enrichment function [180].

Fig. 7.11. Enrichment of P finite elements in a 2D example. Dots represent degrees
of freedom of original basis functions, circles indicate where additional functions are
added in the vicinity of the interface I.

The index set of basis functions “close to the interface” is given by
Jr:={j € J : measy(I' Nsuppg;) >0},

cf. Fig.7.11 for a 2D example.

Let ¢ : 2 — R be an indicator function such that ¢ is negative in 2; and
positive in {25. For example the level set function could be used for ¢. Let H
be the Heaviside function and

0 zefh,

Hr(x) = (o) = {1 o
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Since we are interested in functions with a jump across the interface we define
the enrichment function

@f(f) = Hp(x) — Hp(x;), j€Jr, (7.105)
and a corresponding function

q]X = qj@]H, jeJr.
The second term in the definition of @f is constant and may be omitted
(as it doesn’t introduce new functions in the function space), but ensures
the nice property q]X (z;) = 0 for all 7, i.e., q]X vanishes in all degrees of
freedom. As a consequence, we have qJX = 0in all T with T ¢ T, :=
{T €T}, : measo(TNI)>0}. In the following we will use the notation
qf =qj sﬁfl and the XFEM space is denoted by

QI = Qh@span{qf 2 ejp}. (7.106)

We emphasize that the extended finite element space Q! depends on the
location of the interface I". In particular the dimension of QI may change if
the interface moves. The shape of the extended basis functions for the 1D case
is sketched in Fig. 7.12.

1
qi qj

7,

0 >
4
4
. q
2 2
Z; T Ty

Fig. 7.12. Extended finite element basis functions ¢;, ¢/ (dashed) and g;, qf (solid)
for 1D case.

Remark 7.9.1 In [30] the XFEM is applied to problems from linear elasticity
demonstrating the ability of the method to capture jumps and kinks. These
discontinuities also branch or intersect in some of the examples, in this case
more elaborate constructions of the enrichment functions are used.

In [66] the XFEM is also applied to a two-phase flow problem. In that
paper discontinuous material properties p and p, but no surface tension forces
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are taken into account. Thus there is no jump in pressure, but the velocity
solution exhibits a kink (i.e., a discontinuity in the derivative) at the interface.
For the pressure and the level set function standard finite element spaces are
used. The velocity field is discretized with an extended finite element space
enriched by v (x) = v;(z) |d(x)| to capture the kinks at the interface. The
location of the interface is captured by a level set approach. The level set
function is used as an approximate signed distance function.

A similar idea of space enrichment in the context of two-phase flow simu-
lations is also suggested in [177].

The same finite element space Q7 is also used in the “unfitted finite ele-
ment method” that is introduced in [24] for a class of elliptic interface prob-
lems.

7.9.3 Modifications and implementation issues

In this section we discuss a few practical issues related to the application of
XFEM to non-stationary Navier-Stokes two-phase flow problems.

As Q£ depends on the location of the interface I', the space Q}; changes if
the interface moves. Thus the discretization of b(-,-) has to be updated each
time when the level set function has changed. In a Navier-Stokes code solving
non-stationary two-phase flow problems this is nothing special since the mass
and stiffness matrices depend on discontinuous material properties like density
and viscosity and thus have to be updated as well. What is special about the
extended pressure finite element space is the fact that the dimension of Q};
may vary, i.e., some extended pressure unknowns may appear or disappear
when the interface is moving. This has to be taken into account by a suitable
interpolation procedure for the extended pressure unknowns.

Let I, be a piecewise planar approximation of the interface I' as described
in Sect. 7.3. For practical reasons we do not consider Q{ but the space Qﬁh,
which is the extended pressure finite element space described above but with
I' replaced by its approximation I',. We discuss how in the discretization of
a two-phase flow problem the construction of the discrete problem changes
if instead of (Vj,Qy) the pair (Vy, Qgh’) is used. For the velocity space V,
we use the standard space of piecewise quadratics. The use of another finite
element space Q;;’L (instead of standard piecewise linears) influences only the
evaluation of b(-,-).
For a basis function &, € Vj, and j € Jr the evaluation of

IINHIEEEDY /,qfhdiV&dx

T'eT,

requires the computation of integrals with discontinuous integrands, as the
extended pressure basis function qf " has a jump across the interface. We sum
over T' € Ty (and not T' € 7,) because I}, is defined as in (7.21), i.e., I}
is piecewise planar corresponding to the refinement 75, of 7p,. Let T € Tp
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be a tetrahedron with 7" N supp quh’ # () and T" € Ty, with 7" C T a child
tetrahedron created by regular refinement of T'. Define

T =T Ny, i=1,2

Using the definition of qf’l, cf. (7.104), (7.105), we get

/qfhdivéid:c:/ qjdivﬁidx—Hp(xj)/ qj div €, dx
’ Tz/ T/

_ {ng q; div 52 dx ?f zj € 4, (7.107)
- le, gjdivg;de if xj € (2.

The integrands in the right-hand side of (7.107) are polynomial on the poly-

hedral subdomains T7,Tj. For the computation of the integral over T; we

distinguish two cases. The face T' N I, is either a triangle or a quadrilateral.

In the first case one of the sets T, T4 is tetrahedral; without loss of generality

let T} be tetrahedral. Then integration over T4 can be computed by

G(z)dx = G(z)dx — G(z) dx.

T} T/ T

In the second case both T, T4 are non-tetrahedral, but can each be subdivided
into three sub-tetrahedra, cf. Fig. 7.13. In all cases the integration over T/ can
be reduced to integration on tetrahedra, for which standard quadrature rules
can be applied.

Fig. 7.13. Left: Parts of tetrahedron 7" are non-tetrahedral, iff cutting face 7N 17},
is a quadrilateral. Right: Triangulation of the lower part into three tetrahedra.

Regarding stability, one has to treat carefully the situation where some ex-
tended basis functions qu have a (very) “small” support. In such situations
the resulting linear systems may become very ill-conditioned and the LBB-
stability of the (Vj, QL") pair is questionable, cf. the numerical experiment
in Sect. 7.10.3. One obvious possibility to deal with this instability problem
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is to skip the extended basis functions with relatively “small” contributions.
What is meant by “small” will be specified now. In Sect. 7.9.4 we investigate
which elements from the “added” space span { qf e dr } can be deleted
without loosing the optimal approximation quality of the extended finite ele-
ment space. This leads to the following criterion, in which parameters ¢ > 0
and « > 0 are used. For 5 € Jr we consider the following condition for the
corresponding extended basis function qf :

g} e < éhgllgillr forall T € T,/ (7.108)

Here [ € {0,1} is the order of the Sobolev norm. We introduce the reduced
index set Jp C Jr by

JIr = {j € Jr: (7.108) does not hold for qf }

and the reduced extended finite element space Qf

(:2;1; = QhGBSpan{qu 2 g Gjp}. (7.109)

In other words, only ertended basis functions qf are taken into account, for
which (7.108) does not hold. The criterion (7.108) quantifies what is meant
by “small contributions”. In this modified space (:2,1; basis functions with very
small supports are avoided and an approximation property of the following
form can be shown to hold (Sect. 7.9.4):

in~f Hp - Q||1791U92 < C(h’m_l + ha_l)”p”m,91U92
q€Qf;

for all p € H™({ U {2) and integers I,m with 0 < I < m < 2. Thus we
maintain an optimal approximation error bound if in the criterion (7.108)
we take &« = m. The choice of [ and m depends on the norms in which the
discretization error in the (pressure) variable p is measured. In our applications
we use [ = 0, m = 2, resulting in an optimal error bound O(h?) for piecewise
linear finite elements.

Numerical experiments, cf. Sect. 7.10.3, indicate that this reduction of the
extended finite element has a significant influence on the LBB-stability of the
(Vh, QF) finite element pair.

3
Remark 7.9.2 Because ||g;|li,7 ~ ch? Yfor 1 = 0,1, the condition (7.108)
can be replaced by

(x—&-%—l

g [|ir < éhy for all T € 7,7 (7.110)

The constant ¢ may differ from ¢ used in (7.108).
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7.9.4 Analysis of XFEM

In this section we derive some properties of the XFEM method. We discuss the
following topics: approximation quality, conditioning of a basis in the XFEM
space and LBB-stability of the (Vj, QF) pair.

Approximation error bounds

For the approximation error bounds we consider the XFEM space QI with
a given h-independent interface I'. Note that in practice the space Qil;h is
used; we do not consider this in the analysis, since it would lead to additional
technical complications induced by the h-dependence of the interface.

For an integer k > 0 we define the space

HY (2 U ) = {pe L*(Q): po, € H* (), i=1,2},

with the norm |[pl|7 o, 00, = IPll7 o, +PI7, o, We need restriction operators
R;: L*(2) - L?(2),i=1,2
. 0,
R =14 o o8 (7.111)
0 on 2\

(in L? sense). The extended finite element space QI can also be characterized
by the following property: v € Q7 if and only if there exist functions v, ve €
Q@ such that v|g, = v;|o,, i = 1,2. In other words:

"= RiQpn ® RaQp. (7.112)

We present an approximation error bound for the XFEM space:

Theorem 7.9.3 For integers [, m with 0 <1 < m < 2 the following holds:

inf |p— qlli2u0, < ch™ H|pllm,2, 00 (7.113)
q€Qf;

h

for all p € H™ (2, U £2).

Proof. We use extension operators E™ : H™({2;) — H™(2), i = 1,2, with
(E'w) |0, = w and ||E"W|lm < c||lw||m,q;, cf. [256]. For m = 1,2, let I;* :
H™(£2) — Qp be a (quasi-)interpolation operator such that [jw — I}"w||; <
ch™=Yw||,, for all w € H™(£2), 0 <1 < m < 2 (for example, nodal inter-
polation if m = 2). Let m € {1,2} and p € H™({21 U {23) be given. Define
q* € Qf by

q* = R1I;Ln<€{nR1p+ Rz[ﬁlgglep. (7.114)
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For this approximation we obtain
* 112
1P = a*[Ii, 2,02

2 2
=Y lp—alie, =D llp— I Rplli o,

i=1 i=1

2 2
=Y & Rip = I'E Ripl7 o, < Y€ Rip — I E" Rip||}
=1

i=1

2 2
< RN EM Rip|7, < 2D Rl 0,
i=1 =1

-1
= Ch2(m )||p||’%n,91U.Qz7

which proves the result. O

Hence, the XFEM space has optimal approximation quality for piecewise
smooth functions p, for example infthQE llan — pllz2 < ch? if P2 € H?($2;),
i = 1,2. Similar approximation results are given in [135]. In [209] also a result
for the reduced XFEM space Q}; is derived. In the analysis a global inverse in-
equality is used and therefore in the following theorem we use the assumption
that the family of triangulations is quasi-uniform.

Theorem 7.9.4 Assume that the family {7}s>0 is quasi-uniform. For in-
tegers [, m with 0 < [ < m < 2 the following holds, with QI defined as in
(7.109):

irgr ”p - Q||1791U92 <c (hmil + h'ail) ||p||m,(21u92 (7'115)
qeqQ),

for all p e H™ ({21 U £22).
Proof. Theorem 4 in [209]. O

Properties of a basis in the XFEM space

In this section we derive properties of a basis in the space Q,I:h. Note that now
we consider Qil;h (instead of QF). We first introduce some further notation.
The restriction R;, ¢ = 1,2, is as in (7.111), but with (2; replaced by 2;
(recall: I', defines the interface between (21, and (25 5,). The nodal basis in
@, is denoted by {g;}jes, J = {1,...,n}. We introduce subsets of J for
which the corresponding basis functions have a nonzero intersection with I'y:

Jlrh ={keJ: xpe ) and supp(qe) NIH #0}
JQF’L ={keJ:ape 1, and supp(qe) NIH #0}.
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Corresponding spaces are defined by

V»Fh::span{ ik kEJF’L}, i=1,2.

7

To avoid technical difficulties in the analysis, we make the (reasonable) as-
sumption that meass(I, N OT) = 0 for all T, i.e., the interface I}, does not
contain faces of the tetrahedra T’ € 7j,. The extended finite element space Q7
can be represented as

=QnoVirp Vi (7.116)
We will analyze the stability of the basis
{qk}lgkgn U {quk}kejlph U {quk}kejjh N (7'117)

We prove, cf. Theorem 7.9.7, that the diagonally scaled mass matriz is uni-
formly (w.r.t. h) well-conditioned. This holds independent of the size and the
shape of the support of the basis functions R; qk This immediately implies a
similar result for the reduced XFEM space Qh .

We first derive a strengthened Cauchy-Schwarz inequality between the
spaces Qp, and V" @ V", The collection of all vertices in the triangu-
lation 7, is denoted by V := {zp: k€ J}. For each vertex z € V let
T (z) be the set of all tetrahedra in 7; that have x as a vertex. Define
Tr={T€T,: TNI,=0}. We introduce the assumption

Tx)NTpr#0 forall zeV. (7.118)

For h sufficiently small this assumption is satisfied.
Lemma 7.9.5 Assume that (7.118) holds. There exists a constant ccs < 1
independent of h such that

(v,w) 2 < cesllvllpe|lwlz  for all ve Qn, we Vi@V

Proof. We use the notation W = V' @ Vj/*. Let Py : L?(2) — W be
the L?-orthogonal projection on W. Let V(T') denote the set of vertices of T.
Transformation to a unit tetrahedron yields the norm equivalence

allvlaay ITI Y v(@)? < collvlliar (7.119)
zeV(T)

for all T € 7y, v € Qp, with constants ¢; > 0 and ce independent of h.
Due to (7.118) we have that for each € V(T') there exists a tetrahedron
T € T(z) N T with € V(T). Let T be as defined above and 7,/ := T;, \ Tx
the set of all tetrahedra that have a nonzero intersection with I7,. We obtain
for v € Qp andTeTF:

[ollFaery < clT] Y v()

zeV(T)

<c > T Y e

s€V(T) PeT (0)nTe  yeV(T)

<c Z ||U||2L2(7(z)mTR)-
zeV(T)
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Hence,
||U||2LZ(T,f) = Z ||U||%2(T) = C||U||%2(TR)a v € Qn,
TeTk
holds with a constant ¢ independent of k. This yields |v||7, = ”UHQLZ(T{) +

vl||2, < cllv||?, with ¢ independent of A. Using this and (Pyv)y7, =0
L2(Tg) L2(TR) |Tr
we get, for v € Qp,

lo = Pwollre 2 lv—PwollL2(zm) = [0llL2(7m) = €llvllee,
with a constant ¢ > 0 independent of h. Thus we get
[Pwolzs = [[vllfe = llv — Pwollfz < (1 &)lvl|7e =: cZsllv]Za
for all v € Q. Hence, for v € Qp, w e W,

(v,w)rz = (v, Pww)rz = (Pwo,w)r2 < ||Pwollrzl|wl e
< ceslvlle2llw]| L2,
which completes the proof. O

The spaces V1F“ and VQFh are (due to disjoint supports of functions from these
spaces) L2-orthogonal. Thus we conclude that in the decomposition

}I:h :Qh@vlph @Vzph’

we have a strengthened Cauchy-Schwarz inequality between @, and V1F’L GBVQF"
and even orthogonality between V' and V;/".
For v =w+w; +ws € Qﬁh’, with w € Qp, w; € Viph, we have

[vl1Z2 < 2([[wlZe + lwi +wllF2) = 2(|lwll7z + [lwill7z + [lwa]|72)
and
0122 = lwl|Ze + [lwy + wall7z + 2(w, wy + w2) 2
> [[wl|Ze + lwy + w7z — 2ces|w]| p2]lwi + w2l 2
> (1= cos)([wlZz + lwill72 + [[wa72).
Hence we obtain

(1 = cos)(lwlZe + lhwall7z + lw2Z2)

(7.120)
< [lolize < 2(wllfe + lwilZe + Jwall72)-

We now turn to the conditioning of the mass matrix. A function v € Qf:“ is

represented in the basis {qx }1<k<n U {R1 qk}kejlrh U {quk}kejzrh as
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U—Zaqu+z Z ﬁ,(c)qu— w + wy + ws, (7.121)

=1 pegn

where w € Qp, w; € V", i =1,2. Tt is well-known (cf. also (7.119)) that for
w =Y p_, arq we have

n n
1) apllallie < llwllfs < ey adllanlze, (7.122)
k=1 k=1

with constants ¢; > 0 and ¢; independent of h, i.e., the nodal basis {gx }1<k<n
of @y, is uniformly in h well-conditioned (w.r.t. || - ||L2). We prove a similar
result for the basis {Riqx}, ,n. of Vi,

Lemma 7.9.6 For w; = Zkejrh 5,(:)Riqk, 1 =1,2, the following holds:

5 f Z )| Riasll3e < flwillfz <3 > ) I Riall3z. (7.123)

T ke

Proof. Tt suffices to consider : = 1. We write w;, = Zkejph Ok R1q. For each
1

T € ThF = Tp, \ T there are at most 3 k-values in jlph with (Riqx)jr # 0
and thus

fale= 3 | E amal, < ¥ (X BullRialem)

TeT,l kejph TeTl kEleh
<3 > 1B PIRalZry =3 Y 1Bl RuarllZe,
TeT kegn kegin

which proves the upper bound in (7.123). A proof of the lower bound is given
in Lemma 3 in [209)]. O

Using the norm equivalences in (7.120), (7.122) and (7.123) we derive a spec-
tral result for the mass matrix using standard arguments. Let m = my :=
n+ |7 " + |75 "| be the dimension of Q" and J : R™ — Qr* the isomor-
phism defined by (7.121):

Jz = J(a& 60, 0®) =0
The mass matrix M € R™*™ is given by
(Mz,z) = (Jz,Jz)2 for all ze R™.

Here (-,-) denotes the Euclidean scalar product.
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Define diag(M) =: D, with

D 0
Dy=| D , Dig =gl 1<k <n,
0 D,

(Di),, = IRigell32, ke ™.

Theorem 7.9.7 There are constants ¢c; > 0 and co independent of h such
that
c1(Dyz,z) < (Mz,2z) < co(Dypz,z)  for all z € R™.

Proof. From (7.120), (7.122) and (7.123) we get
(Mz,2) = [[v]|7 < 2(wlZ> + [willZ2 + [w272)

<20 afllali +3 Y (B IRialza +3 Y (B2) I Rearll3s)
k=1

keg keJ;
c((D@,d@) + (D1 4D, f1) 4+ (D27, f?)) = c(Dysz, 2),
with a constant ¢ independent of h. Similarly, due to
(Mz,2) = |[v]7: = (1 - ces)([wlze + [wil|Ze + [[we]|72),

and using the lower bounds in (7.122) and (7.123), we obtain (Mz,z) >
c¢(Dz,z) with a constant ¢ > 0 independent of h. O

The result in this theorem proves that the matrix D]_WlM has a spectral con-
dition number that is uniformly (w.r.t. h) bounded. Note that the constants
in the spectral condition number bounds are also independent of the sup-
ports of the basis functions R;qx, k € Jiph. In other words, a simple scaling
is sufficient to control the stability (in L?) of the basis functions with “very
small” supports. Furthermore, we note that in the analysis we did not assume
quasi-uniformity of the family of triangulations.

Corollary 7.9.8 Since the reduced extended finite element space Qg” is
spanned by a subset of the basis functions in (7.117), a similar L2-stability
result trivially holds for the basis in the space Qﬁh.

Remark 7.9.9 There are two canonical splittings of the XFEM space Q}I;’U
namely the ones in (7.116) and in (7.112):

QF" Qno Vi eVl F" = R1Qnr ® R2Qp,

where R; is the restriction operator as in (7.111), but now with respect to £2; j.
In the analysis above we used the basis corresponding to the first splitting,
cf. (7.117):

{qrt1<k<n U {quk}kejlrh U {R2qk}kej2rh' (7.124)
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Let J; be the index set of all k such that supp(gx) N $2;, # 0 and define
V; :=span{q; : k € J; }. Note that V; C @) and R;Qp = R;V; holds. The
linear mapping J : V4 x Vo — Qh

J(vi,v2) = Rivy + Rovo (7.125)
is bijective. The second splitting induces the basis

{Rigr tkeq, U{R2ak ke, - (7.126)

Related to the representations in these two bases we note the following. Take
v E Qf:“ and let v; € V; be such that v = Ryv1 + Rovs. For the representation
in the basis (7.124) we have

v = Zaqu + Z Z Bk)RZka

=1 pegln
with
ap =v(xg), €V, k=1,...,n

,(:) =vi(zk) —v(xg), k€ jiph’.
For the representation in the basis (7.126) we have

2

Z ST e Rigr,  with &) = vi(an), ke T

=1 keT;

LBB-stability

If the XFEM method is used for the discretization of the pressure variable
in a two-phase flow problem, then the space Q,I:h is combined with a finite
element space for the velocity discretization. In this context the question of
LBB-stability of the pair of spaces arises. As far as we know, this topic has not
been investigated in the literature, yet. In our applications, for the velocity
discretization we use the space V}, of piecewise quadratics. The Hood-Taylor
pair (Vi,Qpr) is LBB-stable. If instead of Qh we use the extended space

™ it is not known, whether the pair (Vj,Qf") is LBB-stable. Related to
thlb we comment on results of a numerical experiment that are presented
in Sect. 7.10.3. In this experiment it is observed that for the reduced XFEM
space Qil;h the pair (Vh7(,:2}1;’1) has a (much) better LBB-stability property
than the pair (Vp, Q?‘) Hence, at least in the model problem considered in
Sect. 7.10.3, the concept of reduction of the original XFEM space appears to
be important in view of LBB-stability. There is no theoretical analysis that
explains this effect.
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7.9.5 Numerical experiment with XFEM

In this experiment, for a given piecewise smooth function we compute best
approximation errors for the spaces Qp, Q{ and Q}; . The behavior of these
approximation errors confirms the results of the theoretical analyses treated
above.

We take 2 = (—1,1)3 and a planar interface I' = {(z,9,2) € 21y + 2z =
0.05} and 2 = {(z,y,2) € 2: y+2<0.05}, 22 = 2\ 1. Let u be given
by

{x2+y2+22 in (2
u =
32 +y? + 22242 in (.

We use a uniform triangulation of {2 with tetrahedra, resulting in a fam-
ily {7p,}i>0 with mesh size parameter h = h; = 2771 i = 0,1,2,.... The
interface I' and the triangulations are such that I is not aligned with the
triangulation. Let @5, be the space of continuous piecewise linear functions
on 75 and Q,I; , (:2,1; the corresponding XFEM and reduced XFEM spaces,
respectively. In the criterion (7.110) that is used in the construction of the
space Qf the parameters [, « and ¢ have to be chosen. We consider approx-
imation errors in the L2-norm and therefore we take [ = 0 and o = 2. We
present results for different values of the cut-off parameter ¢. Note that for
¢ = 0 we have Q,I; = Q,I; (all discontinuous basis functions are kept) and for
a sufficiently large ¢ we have Q{ = @y, (all discontinuous basis functions are
deleted). For W), € {Qn, QL Qf; } we compute the best approximation of v in
Wy, i.e. up € Wy, such that

o= unlle> = inf - u— w1

Results for the approximation error e := ||u — up|z2 are given in Table 7.9,
Table 7.10. In the latter table we use the construction of the reduced space
QF based on the criterion (7.110) (I = 0, o = 2) with different constants
¢ =10, 1, 0.1. One-dimensional profiles of u, € Qp and u; € QL are shown
in Fig. 7.14.

# ref| Wy, =Qp | order ||Wy = QF| order

0 1.60 E+0 - 1.44 E-1 -
1 1.20 E+0 | 0.41 || 3.71 E-2 | 1.96
2 8.88 E-1 0.43 || 937 E-3 | 1.99
3 6.27 E-1 | 0.50 || 2.35 E-3 | 1.99
4 4.52 E-1 | 0.47 || 5.89 E-4 | 2.00

Table 7.9. Approximation errors e; for Q, and QZ.

The observed numerical order of convergence is consistent with the theo-
retically predicted improvement from p = 0.5 to p = 2. Furthermore, a good
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ref# ¢ =10 | order c=1 order| ¢ =0.1 | order

0 1.60 E+0 - 1.60 E+0 - 1.77 E-1 -

1.20 E40 | 041 | 2.69 E-1 | 2,57 | 4.01 E-2 | 2.14
8.88 E-1 | 043 | 472 E-2 | 2.51 | 9.37 E-3 | 2.10
1.37 E-2 | 6.01 | 898 E-3 | 2.39 | 2.35 E-3 | 1.99
2.60 E-3 | 2.40 | 5.89 E-4 | 3.93 | 5.89 E-4 | 2.00

Table 7.10. Approximation errors ep, for Q% .

=W N =

approximation quality appears to be not very sensitive with respect to the
choice of the parameter ¢.

3 4 u— uhf;,», 3 4 U — Uhf(;(u
ﬂ(«" W,,/r’
T fiffwfﬁ 2T cc(,’#’séf
1 1 4 1+
Cog | Sog, .
0+ Jooo“‘*@,\:ﬁﬁl, 0+ J\b&\(\)’&\"om
-1 % t % w -1 % % % w
-1 —05 0 05 10 -1 =05 0 05 10

Fig. 7.14. 1D-profile of uj, € Qp, (left), up € QF (right) at x =y =0, h = 27%

The dimension of the space Qﬁ depends on the value for ¢. These dimen-
sions corresponding to the spaces used in Tables 7.9 and 7.10 are given in
Table 7.11.

#ref|| ¢=00|¢c=10| ¢=1 |¢=01| ¢=0

0 125 125 125 186 205

729 729 872 954 1017

4913 4913 5730 6001 6001
35937 | 39008 | 39103 | 40161 | 40161
274625 (290878 | 291005 | 291005 | 291005

Table 7.11. Dimension of the space Qﬁ

=W N =

Note that for not too small refinement levels ¢ the dimension of the (modified)
XFEM space is only slightly larger than that of the standard finite element
space.
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7.10 Numerical experiments for a Stokes problem

Due to the Laplace-Young law, typically the pressure has a jump across the
interface, when surface tension forces are present (7 # 0), cf. Remark 1.1.5
and Remark 7.10.1 below. In numerical simulations, this discontinuity and
inadequate approximation of the localized surface force term often lead to
strong unphysical oscillations of the velocity uy at the interface, so called
spurious velocities or spurious currents, cf. | e.g., [163, 111]. In this section
we consider the relatively simple, but nevertheless interesting, test problem
of a two-phase stationary Stokes problem (with @1 = pe = p in £2) and
investigate the discretization quality of the Laplace-Beltrami surface tension
force approximation (Sect. 7.6) and of the extended finite element method for
approximation of the pressure variable (Sect. 7.9.2). We will see that using the
modified Laplace-Beltrami discretization fph and the XFEM space results in a
significant reduction of the spurious velocities compared to the case where one
uses fr, and the standard FEM space @},. We emphasize that these improved
methods are not restricted to this simplified problem but apply to the general
Navier-Stokes model as well.

7.10.1 A stationary Stokes test problem

For a given sufficiently smooth interface I', we introduce the following Stokes
problem. For Vg := H}(2)3, Q := L%(£2), find (u,p) € Vi x Q such that

(pg,v)rz + fr(v) for all v € Vy,

q) =0 for all ¢ € Q, ’

b(u, q)

where
a(u,v) ::/ uVu - Vvdx, b(v,q) :—/ g div v dx,
Q Q
friv):= —T/ kn-vds = —7'/ Vridp-Vpvds,
r r

with a viscosity p > 0 that is constant in §2. Recall that fr € V(. Well-
posedness of this variational problem follows from the same arguments as used
for the one-phase stationary Stokes problem in Sect. 2.2.2. Theorem 15.3.1 can
be applied and yields well-posedness of the variational problem (7.127). The
unique solution of this problem is denoted by (u*,p*) € Vo x Q.

Remark 7.10.1 Assume that the domain (2 is convex. Then the problem
(7.127) has a smooth velocity solution u* € Vo N H2(2)® and a piece-
wise smooth pressure solution p with pjp, € HY(£2;),i = 1,2, which has a
jump across I'. These smoothness properties can be derived as follows. The
curvature  is assumed to be a smooth function (on I'). Thus there exist
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p1 € H'(£21) such that (p1);r = & (in the sense of traces). Define p € L*(£2)
by p=p1 in 21, p =0 on (25. Note that for all v € Vj,

fr(v) :—T/ /inF'VdS:—T/ﬁlnp'VdS
r r

:—T/ prdivvdx — 7 Vp1 - vdx
Ql -Ql

:—T/ﬁdivvdx+7'/ g - vdx,
Q Q

with g € L2(£2)3 given by g = —Vp; in §21, & = 0 on (2. Thus if (u*, p*) is the
solution of (7.127) then (u*,p* — 7p) satisfies the standard Stokes equations

a(u*,v) + b(v,p* —7p) = (pg + 78,v)z for all v e Vg,

7.128
b(u*,q) =0 forall g€ Q. ( )

From regularity results on Stokes equations and the fact that (2 is convex
we conclude that u* € H?(2)3 N H}(2) and p* — 7p € H'(2). Thus
[p* — 7p]r = 0 (a.e. on I') holds, which implies

[p*lr = 7[plr = 7k,
i.e., p* has a jump across I" of the size k.

Example 7.10.2 (Static Droplet) A simple example that is used in the
numerical experiments in Sect. 7.10.3 is the following. Let 2 := (—1,1)3 and
{2, a sphere with center at the origin and radius » < 1. We take g = 0. In this
case the curvature is constant, x = %7 and the solution of the Stokes problem
(7.127) is given by u* =0, p* = T% +¢p on {21, p* = ¢ on 25 with a constant
co such that [, p* da = 0.

Discretization error bounds

We assume that a piecewise planar surface I}, is known, which is close to the
interface I' in the sense of (7.70). The induced polyhedral approximations of
the subdomains are £2; ,, = int(I}) (region in the interior of I'},) and 25 ), =
2\ 021 1,. Furthermore, we define the piecewise constant approximation of the
density by pp = p; on (2; ;. We assume that for v, € V, the integrals in

(P8, Vh)L2 = Pl/

g-vhdﬂc+p2/ g - vpdr
21n

225

can be computed with high accuracy. This can be realized efficiently in our
implementation because if one applies the standard finite element assembling
strategy by using a loop over all tetrahedra T € T, then T' N £2; 5, is either
empty or T or a relatively simple polygonal subdomain (due to the construc-
tion of I',). For more details we refer to Sect. 7.9.3.
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The discretization of (7.127) is as follows: determine (up,pn) € Vi X Qn
such that

a(up, vi) +0(vi,pn) = (png, vi)r2 + fr, (Vi) for all v, € Vy,

7.129
b(up,qn) =0 for all g5, € Q4. ( )

We do not restrict to a concrete pair of spaces (Vj, Q). For these spaces
we (only) assume conformity Vj,, C Vo, Qn C @, and LBB-stability of the
pair (V,Qr). Approximations fr, (vp) of fr(vy) are discussed in Sect. 7.6.
Using standard finite element error analysis based on the Strang-lemma, cf.
Sect. 15.4, we obtain the following discretization error bound.

Theorem 7.10.3 Let (u*,p*), (up,pn) be the solution of (7.127) and
(7.129), respectively. Then the error bound

u, —u* —p* <c( inf ||vy —u* inf —p*
plhan =+l — 97l < e ing v —wls+ okl — 12

|(pg, V)2 — (pPn8, Vi) 2|

+ sup (7.130)
vheVy ”Vh”l

+ sup |fF(Vh)—th,(Vh)|)
vpLEV ||Vh||1

holds with a constant ¢ independent of h, u and p.

Remark 7.10.4 Assume (2 to be convex. Then the problem (7.128) is H?>-
regular and from a standard duality argument (and a scaling argument) it
follows that

* * 1 *
Ju =l < ch (" =l + 21" ol
holds, with a constant ¢ independent of p and h.
Corollary 7.10.5 Let (u*,p*), (un,pn) be as in Theorem 7.10.3 and define
|(pg, Vi) 2 — (pn8; vi)r2|

TR = sup + sup |fr(vh)_frh(vh)|.
viEV), vl VhEV) [vall

The following holds:

vREVH

[, — w1 < c( inf va—u*li+ = inf [gn—p ||L2+—rh),
M an€Qn o

IN

1 1
u, —u* ch( inf ||vp —u*|l;1 + — inf — p* 4+ 7 )7
e P o O O I PR

_*<('f —u*||1 + inf —*+),
lon p||L2_cuv;th||Vh ll1 ththHQh P2+

with constants c¢ independent of h, p and p. We observe that if y < 1 then
in the velocity error we have an error amplification effect proportional to %
This effect does not occur in the discretization error for the pressure.
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We comment on the terms occurring in the bound in (7.130). We start with the
velocity approximation error term pinfy, cv, ||[vh — u*||1. Assume a situation
in which the solution u* of (7.127) is smooth: u* € H?(2)3. With standard
finite element spaces V}, for the velocity (e.g., P; or P») we then obtain

inf |lvp —u*|1 < ch.
VhEV)
If u* € H3(£2)3, then with quadratic finite elements the upper bound can be
improved to ch?.

Remark 7.10.6 Note that in Remark 7.10.1 the smoothness of u* was shown
under the assumption of equal viscosity in both phases, i.e., p1 = po. If p is
discontinuous across I, then the normal derivative of u* has a jump across
I', which means that the velocity field u* has a kink at I'. If the grid is not
aligned to the interface, then the approximation of such functions in standard
finite element spaces Vy, yields

inf |lvi, —u*[]; < eV
vVREV),

In the case of large viscosity ratios max;—1 2 p;/ min;—1 2 p; (e.g., liquid-gas
systems) the construction of specially adapted finite element spaces enabling
first order convergence w.r.t. the H'-norm is required, cf. [66, 166]. However,
for liquid-liquid systems with small viscosity ratios the influence of this error
source turns out to be rather small compared to the pressure approximation
error (second term in (7.130)).

Related to the third term in (7.130) we note the following. Due to (7.70a) we
get | measz(£2;) — measz(£2; )| < ch%, i = 1,2, and using this we obtain

/ g-vhda:—/ g vpdx
2; 2in

k3

2
|(pg, vi)rL2 — (png, vi)r2| < Zpi
=1

< c(p1+ p2) hr|val1,

and thus an O(hr) bound for the third term in (7.130).

The remaining two terms in (7.130) are less easy to handle. In Sect.7.7
we treated the fourth term. It is shown that the approximation method based
on the modified Laplace-Beltrami discretization fp,ﬂ cf. (7.60), results in a
O(hr) bound for this term whereas the Laplace-Beltrami approximation with
fr,, cf. (7.54), only yields O(v/hr).

The second term in (7.130) is treated in Sect. 7.9. It is shown that standard
finite element spaces (e.g., Py or P;) lead to a pressure discretization error
infy, cq, lgn — p*|lL2 ~ Vhr, and that for the extended finite element space

(or its reduced variant) one has an L%-error bound proportional to h%.



7.10 Numerical experiments for a Stokes problem 267

Remark 7.10.7 Consider the problem as in Example 7.10.2. Then u* = 0,
g = 0 and the bound in (7.130) simplifies to

pllanlly + llpn = p*lz2

< C( inf gy —p*llz2 + sup Frivn) = /r, (va)
heQn VhEV, Va1

). (7.131)

In the following sections we consider the Galerkin discretization (7.129) of
the Stokes problem with g = 0 in the cube 2 = (—1,1)3. We assume constant
viscosity u = 1. We will consider different interfaces I'. The discrete problem
is as follows: determine vy, € Vy, pp € Qp such that

a(uh,vh) + b(Vh,ph) = fSF,h(Vh) for all v, € Vy,

7.132
b(up,gn) =0 for all g, € Qp, ( )

where fsp, € V), are different approximations of fr. We choose a uniform
initial triangulation 7y of {2 where the vertices form a 5 x 5 x 5 lattice and
apply an adaptive refinement algorithm. Local refinement of the coarse mesh
Ty in the vicinity of I" yields the gradually refined meshes 77, 75, 73, 74 with
local mesh sizes hr = h; = 2771, i = 0,...,4, at the interface. For the dis-
cretization of velocity we choose the standard finite element space of piecewise
quadratics:

\' ::{VEC(Q)35 VlTEPQ forallTE'];“ V\@Q:O}'

We consider different choices for the pressure finite element space, namely
piecewise constant or continuous piecewise linear elements, i. e., the spaces Q?”
Q1 respectively, and the extended pressure space Q,I:h introduced in Sect. 7.9.2.
The discretization quality is quantified by computing norms of the errors

ew:=u"—up,=—u, and e,:=p* —pp.

7.10.2 Test case A: Pressure jump at a planar interface

This simple test case is designed to examine interpolation errors of finite
element spaces for the approximation of a discontinuous pressure variable.
We consider two different interfaces Iy and I», which are both planes. I is
defined by

nN={ze:23=0}.

In this case the two subdomains are given by (1 := {z € 2: 23 <0} and
£y := 2\ 21, cf. Fig. 7.15. Interface I is defined by

F2:{£E€QI$2+$3:1}7

and the corresponding subdomains are 2 := {x € 2: 29+ 23 <0} and
QQ = Q\ﬁl, cf. Flg 7.17.
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Since for these planar interfaces I, I the curvature is zero we introduce an
artificial surface force fasp given by

fasr(v) = —0/ v-nds, veEV,
r

with a constant o > 0. Note that fasr € V’. The unique solution of (7.127),
with fr = fasr, is given by

at =0 . C+o il’l.Ql,
- b= C il’l.QQ.

Here C' is a constant such that [ oP*dr = 0. In the experiments below we
use 0 = 1. For both interfaces the interface approzimation I}, is exact, i.e.,
I', = I', allowing an exact discretization of the interfacial force, i.e., fasr,n =
fAsF.

Due to g = 0, u* € Vj, and the fact that || fasp,n — fASF”V;L = 0 the error
bound (7.130) simplifies to

dlleall + lleplls < it llp* — aull (713)
qh€EQR

Thus the errors in velocity and pressure are solely controlled by the approxi-
mation quality of the finite element space Qp,.

The number of velocity and pressure unknowns for the grids 7y, ..., 7
with different refinement levels are shown in Table 7.12. Note that dim Qil;h >
dim Q}, due to the extended basis functions and that dim QY is even (much)
larger.

interface |# ref.|dim V;, dim Q} dim Q1" dim QY
0 1029 125 150 384
1 6801 455 536 1984
'=Iy| 2 | 31197 1657 1946 8384
3 131433 6235 7324 33984
4 | 537717 24093 28318 136384
0 1029 125 190 384
1 7749 543 768 2304
I'=I,| 2 | 42633 2313 3146 11556
3200469 9607 12808 52088
4 |871881 39229 51774 221796

Table 7.12. Dimensions of the finite element spaces for test case A.

We discuss the results obtained for the two cases I' =11 and I' =15 .

Interface at I' = I}

For I = I, the interface I' is located at the element boundaries of tetrahedra
intersected by I, i.e., for each tetrahedron T intersecting I" we have that
I'NT is equal to a face of T.
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In this special situation, the discontinuous pressure p* can be represented
exactly in the finite element space Q9 of piecewise constants, thus the finite
element solution (uy, pr) € Vi, x QY is equal to (u*,p*). This is confirmed by
the numerical results: the exact solution (u*, p*) fulfills the discrete equations

(uIL) to rounding errors). The same holds for the extended finite element space
h
PRl

For the space of continuous piecewise linear finite elements we have

p* ¢ Q. The grid 73 and the corresponding pressure solution are shown

in Figs.7.15 and 7.16. The error norms for different grid refinement levels

are shown in Table 7.13. The LZ?-error of the pressure shows a decay of

O(h'/?). This confirms the theoretical results for the approximation error

mingeqr [|p* — gnllr2, of. Sect. 7.9.1 and (7.133). The velocity error in the H-

norm shows the same O(h'/?) behavior, whereas in the L?-norm the error
behaves like O(h3/?).

z

Fig. 7.16. 1D-profile of pressure

Fig. 7.15. Slice of grid at x1 = 0 after jump at z1 = 2 = 0 for pp € Q},.
3 refinements for I = I7. 3 refinements, I' = I.
# ref.|| |leul|z2 | order lleullr | order || |lep|lz2 | order
0 4.26 E-2 4.26 E-1 - 5.32 E-1 -

1 1.85 E-2 | 1.2 341 E-1 | 0.32 || 3.78 E-1 | 0.49
2 709 E-3| 1.38 || 255 E-1| 042 || 268 E-1| 0.5
3 2.60E-3| 145 || 1.85 E-1 | 0.46 || 1.90 E-1 | 0.5
4 937 E-4 | 147 ||1.33E-1| 048 ||1.34 E-1| 0.5

Table 7.13. Errors for the (V5,, Q7) finite element pair, I' = I7.
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Interface at I' = I,

We now consider the case I' = I';. This problem corresponds to the 2D prob-
lem discussed in Sect.7.9.1, cf. Fig.7.10. I' is chosen such that ' N F # F
for all faces of the triangulations 7o, 77,72, 73. As a consequence, p* ¢ QY
and p* ¢ Q}, but p* € Qﬁh. We checked that the finite element solution
(up,pn) € Vi, X Q;:’l is indeed equal to (u*,p*) (up to machine accuracy).

We first discuss results for P; finite elements. The grid 73, obtained af-
ter 3 times refinement, and the corresponding pressure solution for P; finite
elements are shown in Figs.7.17 and 7.18. The error norms for different grid
refinement levels are shown in Table 7.14. The same convergence orders as for
the case I' = I} are obtained, cf. Table 7.13.

1
05 I\v
=0
—05 A\l
R 00 05 10
z

Fig. 7.18. 1D-profile of pressure

Fig. 7.17. Slice of grid at z1 = 0 after jump at x1 = z2 = 0 for py, € Q}.
3 refinements for I" = I5. 3 refinements, I" = I5.
# ref.|| |leul|r2 | order lleull1 | order || |lepllr2 | order
0 2.53 E-2 — 2.56 E-1 — 5.44 E-1

1 1.24 E-2 | 1.02 || 225 E-1 | 0.18 || 3.99 E-1 | 0.45
2 5.03 E-3| 1.31 || 1.75 E-1 | 0.36 || 2.88 E-1 | 0.47
3 1.89 E-3 | 141 || 129 E-1| 0.44 || 2.06 E-1 | 0.48
4 6.88 E-4 | 1.46 || 9.35 E-2 | 0.47 || 1.46 E-1 | 0.49

Table 7.14. Errors for the (Vy, Q}) finite element pair, I' = Ib.

Results for the P finite elements are shown in Table 7.15. Compared to P;
finite elements, the errors are slightly larger but show similar convergence or-
ders, i.e., O(h'/?) for the pressure L?-error and velocity H'-error, and O(h®/?)
for the velocity L2-error.
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# ref.|| |leul|r2 | order lleu]l1 | order || |lepllz2 | order

0 3.98 E-2 - 3.49 E-1 - 7.30 E-1 -
1 1.64 E-2 | 1.28 || 2.75 E-1 | 0.35 || 4.89 E-1 | 0.58
2 6.14 E-3 | 141 || 2.04 E-1 | 0.43 || 3.35 E-1 | 0.54
3 222E-3| 147 || 148 E-1 | 0.46 || 2.34 E-1 | 0.52
4 792 E-4| 149 || 1.06 E-1 | 0.48 || 1.65 E-1 | 0.51

Table 7.15. Errors for the (V5,, Q)) finite element pair, I = Ib.

7.10.3 Test case B: Static droplet

In this test case (cf. Example 7.10.2) we consider a static droplet 2y =
{zeR3: [|z]| <r} in the cube 2 = (—1,1)% with r = 2/3. We assume
that surface tension is present, i.e., fsp = fr with 7 = 1. This problem has
the unique solution
0, o= {Co-i—/i in {2,

Co in QQ.
Since k = 2/r, the pressure jump is equal to [p*]r = 3. A 2D variant of this
test case is presented in [111, 115, 226].

In this problem the errors in velocity and pressure are influenced by two
error sources, namely the approximation error of the discontinuous pressure
p* in @y (as in test case A) and errors induced by the discretization of the
surface force fp, cf. (7.131).

The number of velocity and pressure unknowns for the grids 7y, ..., 74
with different refinement levels are shown in Table 7.16. Note that dim Qgh is
significantly larger than dim Q}, but that dim Qf;’l < dim Vy,.

# test case B

ref.|dim V, dim Q}, dim Q"
0 1029 125 176
1 5523 337 533
2| 30297 1475 2295
31139029 6127 9413
4 | 569787 24373 37355

Table 7.16. Dimensions of the finite element spaces for test case B.

We consider test case B for two different approximations of the surface tension
functional fr, namely the Laplace-Beltrami discretization fr, asin (7.54) and
the modified Laplace-Beltrami discretization fp, asin (7.60). For the pressure
space we choose Q, = @}, and Q), = Q?‘. We do not present results for the
space Y because these are similar to those for Q}. Table 7.17 shows the decay
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of the pressure L?-norm for the four different experiments. We observe poor
O(h'/?) convergence in the cases where p;, € Q}, or when the surface tension
force fr is discretized by fr,. For the L? and H'-norm of the velocity error
the convergence orders are O(h3/2) and O(h'/?), respectively, which is similar
to the results in test case A.

We emphasize that only for the combination of the extended pressure finite
element space Q,I:h with the improved approximation fr, we achieve O(h®)
convergence with o > 1 for the pressure L2-error. The velocity error in the
H'-norm shows a similar behavior (at least first order convergence), in the
L?-norm we even have second order convergence, cf. Table 7.18.

For the improved Laplace-Beltrami discretization fph the corresponding
pressure solutions p, € @}, and p;, € Q,I:h are shown in Fig. 7.19. For the stan-
dard pressure space Q} we observe oscillations of the pressure at the interface
inducing large spurious velocities in that region as shown in Fig.7.20. For
the XFEM pressure space Qﬁ‘ the pressure jump can be accurately resolved
leading to a very large reduction of spurious velocities. In Fig. 7.21, on the left
we illustrate these spurious velocities on the same scale as in Fig. 7.20 and on
the right multiplied by a factor 20.

# llepllz2 for pn € Q3 lepllze for pn € Qp"
ref. fr, order fph order fr. order fph order
1.60 E40 1.60 E40 3.12 E-1 — 1.64 E-1 —

1.07 E4+0 | 0.57 || 1.07 E+0 | 0.57 || 1.00 E-1 | 1.64 || 4.97 E-2 | 1.73
8.23 E-1 | 0.38 823 E-1 | 0.38 || 6.24 E-2 | 0.68 || 1.66 E-2 | 1.58
5.80 E-1 | 0.51 5.80 E-1 | 0.51 || 428 E-2 | 0.54 || 7.16 E-3 | 1.22
4 || 413 E-1 | 049 413 E-1 | 049 || 295 E-2| 0.54 || 283 E-3 | 1.34

Table 7.17. Pressure errors for the (V5,, Q) and (V,, QF) finite element pair and
different discretizations of fr.

w N = o

# ref.|| |leul|r2 | order |leu]l1 | order
0 7.16 E-3 - 1.10 E-1 -
1 1.57 E-3 | 2.19 || 4.26 E-2 | 1.37
2 3.25 E-4 | 228 || 1.70 E-2 | 1.33
3 857 E-5| 192 || 743 E-3 | 1.19
4 1.75 E-5 | 2.29 || 2.40 E-3 | 1.63

Table 7.18. Errors and numerical order of convergence for the (Vi, QL) finite
element pair and improved Laplace-Beltrami discretization fr, .
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Fig. 7.19. Finite element pressure solution p, € Q7. (left) and pj, € Qi’t (right),
visualized on slice at 3 = 0.

Fig. 7.20. Velocity uy, for the case p, € Q3, visualized on slice at x3 = 0.

p-dependence of the errors

We repeated the computations of (up,pp) € Vp x Qi" for the improved

Laplace-Beltrami discretization fr, on the fixed grid 73 varying the vis-
cosity p. The errors are given in Table 7.19. We clearly observe that the
velocity errors are proportional to ! whereas the pressure error is indepen-
dent of p. This confirms the bound in (7.131).
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Fig. 7.21. Velocity uy, for the case py, € Qi:h’ (left) and magnified by a factor 20

(right), visualized on slice at x3 = 0.

po || lleallzz | llealls | llepllz2
10 |[8.62E-6 |7.51 E-4|8.71 E-3
1 || 857 E-5 |7.43 E-3| 7.16 E-3
0.1 || 858 E-4|7.44 E-2|6.87 E-3
0.01 || 8.57 E-3 | 7.44 E-1 | 6.88 E-3
0.001 || 8.57 E-2 [7.43 E+0| 7.16 E-3

Table 7.19. Errors for the (Vi,QF) finite element pair and improved Laplace-
Beltrami discretization fr, on 73 for different viscosities p.

Condition numbers of scaled mass matrix

We consider the XFEM space Qﬁh’, h hi = 271 0,...,4, used
in the static droplet example from above. For this space we determined the
mass matrix Mj. With Dy, := diag(M},) we computed the spectral condition
number of D;th7 ie., cond(Dgth) = )\maX(Dgth)/)\min(Dgth). For
h=h;, 1=0,...,4, the results are given in Table 7.20.

Table 7.20. Spectral condition number of the scaled XFEM mass matrix.

i || cond(D; '"My)
0 16.16
1 11.24
2 12.08
3 12.93
4 12.98
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These results clearly show the uniform boundedness of the spectral condition
number of the scaled mass matrix, as proved in Theorem 7.9.7.

LBB-stability

In the theoretical analysis, in particular in Theorem 7.10.3, we assume that
the pair of spaces that is used is LBB-stable. The standard P»-P; Hood-
Taylor pair (V,, Q1) is known to be LBB-stable. An obvious question is what
happens with stability if for the pressure instead of @} we take the (larger)
space Q}; . We do not have a satisfactory theoretical analysis of this stability
issue, yet. Here we present results of a numerical experiment for the static
droplet example from above. We consider this problem with the discretization
pair (Vp, (:25*‘) The matrix representation of this discrete problem leads to a
symmetric saddle point problem of the form

_ (An B}
K, = (Bh ).
Recall that h = h; = 277!, i = 0,...,4. The Schur complement matrix is

given by S; = BhA,:IB,T:. The LBB-constant for the (Vh,Qgh) pair with
h = h; is given by

N
Copp(i)= inf  sup — 9V VRPh)I2
pned o vevy, [IVVhllr2[pnll 2

where QF”’ contains all functions from Qﬁ” that are L2-orthogonal to the
constant. Let My, be the mass matrix in Q1" and m = m; = dim(Q}").
Define R™* = {y € R™ : (y,Mpe) =0}, with e := (1,1,...,1)T. The LBB

constant can also be represented as follows, cf. (5.106),

C%BB(Z) — inf <ShY7Y>

: 7.134
yell . My, y) (7.134)

and thus C? ; (i) is the smallest nonzero eigenvalue of M, 'Sj,. Due to the fact
that My, is uniformly spectrally equivalent to its dlagonal D;, we can instead

1 _1
consider the smallest nonzero eigenvalue of D, *S;D, * which is denoted
by )\mm(Dflsh) This eigenvalue can be approximated accurately using, for
example, an inverse power 1terat10n In each iteration of this method the

linear systems with matrix D, ShD can be solved using a CG method.
We implemented this and computed (with sufficiently high accuracy) this
smallest eigenvalue for several mesh sizes and for different values of the “cut-

off” parameter ¢ used in the definition of QF’L f. (7.110). The resulting values
are presented in Table 7.21. Note that ¢ = oo corresponds to the space Qp =
Q4. The rather irregular behavior in the columns in Table 7.21 may be caused
by the fact that we compute the smallest nonzero eigenvalue of D,:ls r and not
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of M,:lsh. We observe that for the full extended space Q,I:h, which coincides
with Qil;h for ¢ = 107*, the LBB quantity C% 5 (i) strongly deteriorates if i
is increased. Hence, we conclude that with respect to LBB-stability it seems
to be important (at least in this experiment) to use the reduced XFEM space
AT, . .
@}" with a not too small parameter ¢.

1 t=o00 | ¢=10 c=1 ¢=0.1 | ¢=0.01 | ¢=0.0001

01[953E-2|953E-2|953E-2|465E-2|143E-2| 143 E-2
11253 E-2]|253E-2]|253E-2]|253E-2]|153E-2]| 6.49 E-3
21 322E-2|322E-2|322E-2 297 E-2|1.07 E-2 | 197 E4
31| 258 E-2 | 258 E-2 | 2.58 E-2 | 2.16 E-2 | 3.17 E-3 | 3.37 E-5
41917 E-2 917 E-2 | 591 E-2 | 1.12 E-3 | 1.60 E-3 | 1.32 E-5

Table 7.21. Estimates of smallest nonzero eigenvalue of preconditioned Schur com-
plement D, 1S,,.

7.11 Finite element discretization of two-phase
flow problem

7.11.1 Spatial finite element discretization

In this section we combine the methods described in the previous sections to
obtain a semi-discretization of a two-phase flow model. We recall the model
given in (6.59): Find u(t) = u(-,t) € Vp, p(t) = p(-,t) € Q, ¢(t) = &(-,t) €
Wy, p such that for almost all ¢ € [0, T

Ou
i
+c(uyu,v) + b(v,p) = (pg,v)rz + fr(v) for all v € V,

b(u,q) =0 forall ¢ € Q,

m( ) + a(u,v)

(7.135)

(%7U)L2 +(u-V¢,v)2 =0 forall ve L*(02),

together with initial conditions u(0) = ug, ¢(0) = ¢ in 2. The notation is as
in Sect. 6.3:
V= H'Y(02)3,
Vo:={veV:v=00ndp},
Vp:={veV:v=upondp},

Q:=L3(9)={q€L2((2):/qd:czo},
2
Wap ={weL*2): u-Vwe L*(2), wpog,, =¢p},
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and

miuv) = [ puvds
a(uv)i= 3 [ i (D@DE)) de.
b(v,q) = —/quivvdx,
clurvw)i= [ plu-Vv)was,

fr(v) = —7'/ kn - vds.
r

For the spatial discretization of this model we use the following methods:

We construct nested tetrahedral triangulations {7} in the same way as
for the one-phase flow problem, cf. Sect. 3.1.

We apply streamline diffusion discretization of the level set equation, cf.
Sect. 7.2.2, with piecewise quadratic finite elements. The space of piecewise
quadratics is denoted by Vj,.

A polyhedral approximation I} of I' is constructed, as described in
Sect. 7.3.

For discretization of the velocity variable u we use the standard FE space
of piecewise quadratics. The spaces are denoted by Vj, (v, = 0 on 9£2p)
and Vp j (vp, =interpolation of up on 0(2p).

Discretization of fp by fr, as explained in Sect. 7.6.

For the discretization of the pressure variable p we use the extended finite
element space Q;;’L, cf. Sect. 7.9.2. Default we use the variant in which new
basis functions with “very small” support are deleted from the extended
space (Sect. 7.9.3).

For the Galerkin discretization of the problem in (7.135) we proceed in the
same way as for the one-phase Navier-Stokes equation. The semi-discretization
reads as follows: Find uy(t) € Vpp, pu(t) € Q1" and ¢u(t) € Vi(¢p) such
that for ¢t € [0,T):

m(—(t), vi) + a(un(t), vi) + c(un(t); un(t), vi)

gun
ot

+0(vh,pu(t) = m(g, vi) + fr,(vi) ¥V vi € Vi,

b(un(t),qn) =0 ¥ an € Q" (7.136)

)
> (%(t) +un(t) - Vou(t), vn + 0run(t) - Vor)p2ry = 0 ¥ vp € Vi
Teﬁl
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Clearly, this is a method of lines approach. The finite element spaces Vj,
and V}j, used for discretization of the velocity and of the level set function
can be considered to be independent of t. The level set function trial space
Vi(¢p) depends on t if the inflow boundary data ¢p depend on t. If at a
certain time ¢ = Ty > 0 the triangulation is adapted (local refinement and/or
coarsening), the computed discrete solutions at ¢ = Ty are interpolated on the
new triangulations. Then the next time interval [Ty, T1] can be treated by the
method of lines with fixed discretization spaces Vj, and V},, that differ from
those used on the previous interval [0, Tp]. If in the two-phase flow problem the
interface is stationary then the pressure discretization space Qh can also be
considered to be independent of t. In the more interesting case in which there
is an evolving interface there is a strong dependence of Qg” on t. In that case
a method of lines discretization as in (7.136) induces difficulties regarding
the time discretization and it is more natural to use a Rothe approach, cf.
Remark 4.2.2. We come back to this issue in Sect.8.1.2.

Let {€;}1<j<n, {¥jh1<j<rx and {{;}1<j<r be (nodal) bases of Vi, Q" and
V3, respectively. We emphasize again, that in case of an evolving interface
we have QF’L = N?‘ (t) and thus in particular K = K(t). The bases induce
corresponding representations of the finite element functions in vector form.

Functions uy(t) € Vi, pp(t) € Qn and ¢p(t) € Vi, can be represented as:
N
)= w(tg;, t)=(umlt)...,un(t)),
=1
JK
=Y pit)y,  Bt) = (pa(t),- -, pxc(1)),
j=1

L
t) =Y &) +bi(t), Bt) = (61(t)...., oL (1)),

j=1

with by (t) € Vi(¢p) such that by (t)(x) = ¢p(z,t) for all x € V(992,) and
br(t)(z) = 0 for all other vertices z, cf. (7.15). For ¢p, € Vi (¢p) and up, € Vy,
(or Vp ;) we introduce the following (mass and stiffness) matrices:
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M(on) € RYY, M(on)y; = [ plon)€-¢; o
M) €RYN, Aoy = 5 [ () tr (DEID(E,)) da,
B(gn) € RN B(gy)iy = —/Q%' divg; dz,

N(¢p,up) € RVN - N(gp, up)i5 = /QP(%) (up - V§;) - &, du,

E(u,) € R"**, E(up)i; = / §i(&i + oruy, - V&) d,
TeT,

H(uh) S RLXL7 H uh ij = Z / up - ng (gz +6Tuh vfz)
TeT),

We also need the following vectors:

E(on) ERN,  E(dn)i = / p(on) g - €, dr.
N

fr, (6n) € RN, £, (¢n)i = fr, (€

8b
b(uh) S RL, uh Z —h +uy, - Vbh)(fz + druy, - V&)
TeTy,

Below we write M((t)) := M(¢y), and similarly for other matrices and
vectors. Using these notations we obtain the following equivalent formulation
of the coupled system of ordinary differential equations (7.136), where for
simplicity we assumed up = 0: Find d(t) € RY, p(t) € RX and ¢(t) € RE
such that for all ¢ € [0, T

(D)=~ () + A(S(1))ii(t) + N((1), (t))i(t) + B((t)"B(1)
= &(P(t)) + fr, (o(1)), (7.137a)
B(())i(t) =0, (7.137b)
E(ﬁ(t))%(t) +H(t(t))#(t) = —b(t(t)) (7.137¢)

In addition we have initial conditions for @ and d_;

7.11.2 Numerical experiment with a two-phase flow problem

In Sect.1.3.1 we presented simulation results of a rising butanol droplet
in water, which is a system with a rather small surface tension coefficient
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7 =1.63-1073 N/m. In this section we consider a similar rising droplet exam-
ple, but now for a toluene-water system, where the surface tension coefficient
is about 20 times larger. Hence, compared to the butanol-water system the
numerical simulation of the fluid dynamics in the toluene-water system is
(much) more challenging for the applied numerical methods. Below we com-
pare the numerical results obtained by applying the reduced XFEM pressure
space Q,I:h and the standard FEM pressure space @} of piecewise linears.

We use the standard two-phase model described in (7.135). Consider a
single toluene droplet with an initial spherical shape with radius r = 1073 m
inside a rectangular tank 2 = [0,12-1073] x [0,30 - 107%] x [0,12 - 103 m?
filled with water, cf. Fig. 1.8. The material properties of this two-phase system
are given in Table 7.22. Note that the properties of water slightly differ from
those in Table 1.1 which is due to the fact that in the real experiment the
water was saturated with toluene at an equilibrium state to avoid any mass
transfer between the droplet and the ambient phase. Gravitation acts in neg-
ative zo-direction, i.e., g = (0,—9.81,0) m/s?. Initially at rest (up = 0m/s)
the bubble starts to rise in zo-direction due to buoyancy effects.

[quantity (unit)|| toluene |  water |

p  (kg/m?) 867.5 998.8

p (kg/ms) [|5.96-107*(1.029 - 1073

T (N/m) 34.31-1073

Table 7.22. Material properties of the system toluene/water.

For the initial triangulation 7y the domain {2 is subdivided into 4 x 10 x 4
sub-cubes each consisting of 6 tetrahedra. Then the grid is refined four times
in the vicinity of the interface I'. As time evolves the grid is adapted to the
moving interface. The velocity space V}, consists of piecewise quadratics and
the pressure is either discretized using the reduced XFEM space Qil;h with
¢ = 1 or the standard finite element space @} consisting of piecewise lin-
ears. The surface tension force term is discretized using the modified Laplace-
Beltrami discretization f 1, asin (7.60). The level set function is discretized by
piecewise quadratics and streamline-diffusion stabilization. A re-initialization
Relnit(¢p) is performed as defined in (7.44) with ¢ = 10. Mass conservation
is forced in each time step as described in Sect. 7.4.2. For time discretization
the decoupled implicit Euler scheme is applied with At =5-107%, cf. (8.23).

Figure 7.22 shows the initial shape of the droplet and the droplet shapes af-
ter 10 time steps for the cases Q}, = (:25*‘ and Qp, = Q},, respectively. While the
interface is smooth using the extended pressure finite element space, it shows
many “spikes” in the case of the standard pressure space. These spikes are of
course non-physical and only caused by numerical oscillations at the interface,
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Fig. 7.22. Initial droplet shape (left) and after
(middle) and the standard FEM case (right).

Fig. 7.23. Velocity field at interface for ~ Fig. 7.24. Velocity field at interface for
the XFEM case. the standard FEM case.

so-called spurious wvelocities, which are shown in Fig.7.24. The velocity field
for the XFEM case Q) = Qﬁh is smooth showing the characteristic vortices,
cf. Fig. 7.23. Note that the scaling of the color coding in both figures is very
different, with a maximum velocity of 5- 1073 m for the extended pressure
space compared to 5 - 10~ m for the standard pressure space. These results
clearly show, that for this realistic two-phase flow example the standard pres-
sure space Q,lL is not suitable, whereas the (reduced) extended pressure space
~£" yields satisfactory results.
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Time integration

For the two-phase flow problem, the time discretization is based on a general-
ization of the #-scheme given in Sect. 4.2 for the one-phase flow Navier-Stokes
equations. This generalized method is not found in the literature and there-
fore we describe its derivation in detail. The need for a generalization has two
reasons. Firstly, opposite to the one-phase flow problem the mass matrix M is
no longer constant but may vary in time. Secondly, if in the discretization the
XFEM space is used then the matrix B is in general also time dependent (due
to the dynamics of the interface). In Sect. 8.1 below we present the derivation
of a generalized #-schema. In Sect. 8.2 we give a variant of an implicit Euler
method in which there is in each time step a decoupling of the the unknowns

(4,p) and d_;

8.1 A generalized 6-scheme

In this section we derive a generalized 6-scheme for the two-phase flow discrete
problem in (7.137). We distinguish two cases: In the first case we allow M to
be time dependent but assume that B does not depend on t¢. In the second
case we allow both M and B to be time dependent. The resulting schemes
turn out to be very similar.

8.1.1 Case I: B independent of time

We first consider the Navier-Stokes part in (7.137) and assume that the matrix
B does not depend on t. This holds if the pressure discretization space does
not depend on ¢, e.g. if we use @}, instead of Q{ or if the interface is stationary.
For the derivation of a generalized 6-scheme we use the same approach as in
Sect. 4.2. We introduce the notation

G(i. d.& fr,) = &(B(t) + I, (1) — A(S(1))i(t) — N(S(1), t(t))u(t).
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Then the Navier-Stokes equations can be written as

—

M(30) 2 (1) + BT 5(1) = G(i, 6., Tr,)

(8.1)
or, equivalently,
%1( )+ M($(1) ' BTB() =M(@(1)'G(E. .8 fn) (g
Bu(t) =0

To obtain a system of ODEs we use the same approach as in Sect.4.2 and
eliminate the algebraic equation Bu(t) = 0 and the (Lagrange multiplier)
Pp(t). In the notation we suppress the dependence on ¢, g and f['h and write
M(t) = M((t)), G(i,t) = G(d, ¢, &, fr, ). From Bi‘;( ) = 0 (here we used
that B does not depend on t) and substitution of i—?(t) from the first equation
we obtain

S(t)p(t) = BM(t)"'G(d,t), S(t):= BM(t)"'BT. (8.3)

The matrix B” has full rank and thus S(#) is invertible (on the subspace of
FE pressure functions with (py,1)z2 = 0). Using (8.3) we can eliminate p(t)
from the first equation in (8.2) resulting in

du

— () = [I-M(t)"'BTS(t) " 'B]M(t) " 'G(d,1)

dt (8.4)

= P()M()"'G(i, ).

The projection P(t) = I — M(¢t)"'B7'S(t)"'B satisfies BP(t) = 0. Hence, if
Bi(0) = 0 then the solution G(¢) of the ordinary differential equation (8.4)
remains in the subspace Ker(B). To this system of ODEs the 6-scheme is
applied, resulting in the discretization

ﬁn+1 ﬁn

o = 0Pt )Mt g1) T G(E )

+ (1= 0)P(t,)M(t,) "' G(d", tn).

(8.5)

We assume that for each n this system has a unique solution @"*! (which
is the case for At sufficiently small). If Bi’ = 0 then Bid" = 0 for all
n > 1. For the implementation of this method it is convenient to elimi-
nate the projection P by introducing a suitable Lagrange multiplier. Define
p* = S(tx) 'BM(t) 1 G(i*, t). Then (8.5) takes the form

ﬁn+1 ﬁn

At = QM(tn+1)_1 (G(ﬁn+1’ tn+1) - BTﬁTH_l)

(8.6)
+ (1= O)M(t,) " (G(d", t,) — BTp").
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Assume that u° is such that Bd® = 0. The sequence (@"),>o defined by the
f-scheme (8.5) satisfies (8.6) and also Bi"™ = 0 for all n. We use p* as a
Lagrange multiplier to enforce Bi* = 0 as follows. Given @° with B = 0
let p° be given by

p% = S(to) 'BM(to) ' G (i’ to), (8.7)

and for n > 0 let @', p**! be such that

ﬁ'nJrl _ ﬁn

o = Mltas) T (G(E 1) — BTE")

+ (1 - 0)M(t,) H(G(E", t,) - BTp") (8.8)

Bi" =0

holds. Note that in this saddle point type system the projection P is not used.
Due to (8.6) this system has a solution. If we assume that for each n the saddle
point problem (8.8) has a unique solution (which is true for At sufficiently
small) then this yields the solution of the f-scheme in (8.5).

For 6 = 0 the method in (8.8) corresponds to the explicit Euler method
applied to (8.4), which is not very useful due to its poor stability properties.
We consider 6 # 0. In this case, in (8.8) inverses of both M(ty,+1) and M(t,,)
occur. The latter can be avoided by introducing an additional variable, leading
to a more convenient (but equivalent) formulation of (8.8). This is done as
follows. Define

Z° .= M(ty) " (G(T*, 1) — BTBY), k>0,
ie.,

M(ty)z" = G(ui’, to) - BB’
ﬁk+1 _ =k

u
sz-&-l — =k
At

- (1-6)Z", k>0.

Using this, (8.8) can be reformulated as

l—l'nJrl _ ﬁn . .
M(thrl) At + GBTpn+1 = GG(unJrlatTrH) + (1 - G)M(tn+1)im
Bi"t! =0
=n+l _ =n
pzrtt =2 1 1)z,

At

for n > 0 and a starting value z° as defined above. Besides the fact that in
this reformulated version the matrix M(t,,) is avoided it also has further ad-
vantages in view of implementation. The operator G(d",t,,) in (8.8) contains
matrices (e.g. A) and vectors (e.g. £r;,) that have to be computed or stored
from the previous time step. This is not needed in the reformulated version.
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Application of the 6-scheme to the level set equation (7.137¢) results in
the discretization given in (7.17).

Combining these results and inserting the notation for G we obtain,
for & # 0, the following coupled nonlinear system for (1‘1’”7;_)’”7&)”) —
(ﬁn+17p’n+1’ $n+1)

Given i, ¢Y, determine p°, Z° and w? as follows:

G, ¢° & fr,) = &(¢°) + 11, (6°) — A(¢ ")’ - N($°, )i’
BM(&O)leTﬁO _ BM(J)O)flG(ﬁO’ 5507 —»7 th,)

M($%)Z° = G(d°, ¢°, &, 1, ) — BTp°

E@")w’ = —H(i%)é° — b(d®).

(8.9)

For n > 0:
"1‘_1%Jrl 7 n+1 Zn+l =ntly\jantl T =n+1
M(op"* )T +0[A(¢" ) + N(p" @ "t + 6B pm+
7 ﬁn —/7n ry 7 n 7n =n
= M(qﬁ”“)Zt +O[E(@" ) +fr (@™ + (1 — O)M(p ")z,
Bi" ™! =0, (8.10)
$n+1 .
E(l—in+1) r + 9(H(ﬁn+l)¢ n+1 + b(ﬁn+1))
- E(ﬁ"“)% + (1 - 0OE@E" " Hw",
=n+l _ =n
gzt =2 "N 1 gz,

At

In+l _ In
fwntl = % — (1 - 6w

Remark 8.1.1 The derivation above shows that the scheme in (8.9)-(8.10) is
a reformulation of the 6-scheme applied to the system of ODEs in (8.4). The
latter is A-stable and first order accurate for 6 € (0, 1] and second order accu-
rate for @ = 3. This 6-scheme (8.9)-(8.10) can be used to derive a fractional-
step #-scheme, similar to the method for the one-phase Navier-Stokes problem
in Sect. 4.3, cf. Remark 4.3.1.

Special case: implicit Euler method

For the case § = 1 the scheme takes a much simpler form. In particular the
sequences for Z'* and w"™ are avoided and one does not need a starting value
for the pressure p°, cf. (8.9). The resulting method is as follows:
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Given i, q_507 determine for n > 0:
- Than - -
M(¢ n+1)uAt n [A(¢n+1) + N(¢ n+1 ﬁn—i—l)} gnt! + BTﬁn+1
:M_'nJrl ﬁ_n_‘r_—'_'nJrl _’_F _'nJrl’
@S g ¢ B () -
Bi"t! =0,
E(ﬁn+1)¢n+1 + H(ﬁn+l)$ n+l 4 b(l—inJrl) _ E(ﬁrﬂrl)ﬂ.
At At

A variant of the 0-scheme

The #-scheme presented above has many variants. We consider one particular
variant that is of interest for the following two reasons. Firstly, in this method
we will not need the sequence z" and secondly, this method can be generalized
to the case with a time dependent B, cf. Sect. 8.1.2. Instead of the f-scheme
in (8.5) we now use the variant:

ﬁn+1 —4n

= = Pt )M(tyy 1) (OGE™ T tnr1) + (1 = 0)G(T", 1,)).

(8.12)
This method has the same consistency order and stability properties as the
one in (8.5). We assume that for each n this system has a unique solution
"1 (which is the case for At sufficiently small). If B4’ = 0 then Bi” = 0
for all n > 1. Again we introduce a suitable Lagrange multiplier, which is
slightly different from the one used above:

PF! =S (1) T BM(tyy 1) T (OG(EMT thgn) + (1 — 0)G(E", 1)), k> 0.

If M does not depend on t, then this multiplier is the same as the one used in
the f-scheme for a one-phase Navier-Stokes equation, as described in Sect. 4.2.
Using this, (8.12) can be reformulated in the following equivalent form. Given
G0 with Bd° = 0, for n > 0 let @"*+!, p"*+! be such that

l—l'nJrl —an o
M(tn—&-%)T = QG(U +17tn+1)
T (1 _ H)G(ﬁn, tn) _ BTf)'n+1 (813)
Bi" ' =0.

Note that this is slightly different from the method in (8.8). In particular the
pressure is needed only at the new time level n 4+ 1. Furthermore, only one
mass matrix M(tm-%) occurs. Due to this we can avoid the variable Z*. In

principle, the same idea can be applied to avoid the help sequence w* in the
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discretization of the level set equation. This is left to the reader. In practice
it may be more convenient to use

M(t, 1) = 5 (M(tns1) +M(tn))

1
2
instead of M(t,, 1 ). The derivation above then still applies, provided in
P(t, 1) the matrix M(f,,, 1) is replaced by M(tn+%). Thus, instead of (8.9)-
(8.10) we obtain, for 6 # 0, the following method:

Given J)O, determine w9 as follows:
E(i%)w’ = —H(ii®)¢° — b(@i). (8.14)

Given @, WY, for n > 0:

40 [A((?ﬁ n+1) + N((;ﬁ nJrl7 ﬁn+1)]l—in+1 + BTf)’TrH

M(¢ "+ )——( O)[A($") + N($", a")]d"
HO[E(@ ™) + I, (")) + (1= O)[E(S™) + I, (7)),

Bi"t =0,

¢n+1
At

(8.15)

E(l—in+1) + Q(H(ﬁn+1)$n+l +b(ﬁn+1))

_ E(ﬁ'”“)% + (1 - O)E@E")w",

-
gt - 2 ="

— (1 -0)w".
gy (1-0)w

We use the notation M(¢p"t2) = %(M((E”‘H) + M((E”)) Compared to
the scheme (8.9)-(8.10), in (8.14)-(8.15) we do not use the variable Z* and
we do not have to determine p°: the scheme is of the form (4", ", w") —
(@, pntL, g+ Wwn ). For 6 = 1 this method is very similar to the im-
plicit Euler scheme in (8.11). The only difference lies in the use of M(¢p™*2)
instead of M(¢"*1).

8.1.2 Case II: B may depend on time

In this section we allow both M and B to be time dependent. In our appli-
cation this time dependence occurs if we use XFEM finite element spaces for
pressure discretization. Then the function ¢t — B(t) is in general not smooth.
It can even happen that for certain ¢y the dimension of B(ty) is different from
the dimension of B(tg + €) with e > 0, arbitrarily small. Due to this, it is not
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clear how to derive a space-time discrete problem, based on the method of
lines. As already indicated in Remark 4.2.2, a Rothe approach may be more
appropriate in this situation. In this section, for the general case in which both
M and B may be time dependent, we derive a fully discrete problem based
on the Rothe technique. For the special case that B does not depend on ¢ the
resulting method will turn out to be the same as the one in (8.14)-(8.15).

In the Rothe method, starting from the variational problem in (7.135) we
first apply a time discretization followed by a space discretization. It suffices to
consider the Navier-Stokes part in (7.135). For simplicity we only consider the
case with homogeneous Dirichlet boundary conditions for velocity, i.e., Vp =
V. Recall that Vi, :={v € Vo : divv =0}. We introduce the notation

7(u7v7t) = fY(u7V7 ¢7g7 fF) = (pga V)Lz + f['(V) - a(u’ V) - C(ll; u, V)a

which is the continuous analogon of the vector G(u, q_g, g, th) used above.
The projected version of the Navier-Stokes equations in (7.135) is as follows,
cf. Sect. 2.2.3: find u(t) = u(-,t) € Vgiy such that

m(aa—ltl,v) =7(u,v,t) forall ve Vgy. (8.16)

For the time discretization of this problem we consider the following variant

of the f-scheme: Given u® = ug € Vgiy, for n > 0, u”*t! € Vgi, is determined
by

) un+1 0
/Qp(tm%)TV du

= Oy(u" T v t1) + (1 — 0)y(u”,v,t,) forall v € Vg,

(8.17)

with
pltns) = %[p(<z>(tn)) + p(B(tns1))]-

Instead of p(t, 1) we could also use p(¢(tn+%)). We introduce a pressure

variable p € L({2), i.e. instead of (8.17) we consider the following problem:
determine u"*! € Vg, p € LZ(£2) such that

. un+1 _ un
| it v da - blvn)
= Oy(u" ™ v, thy1) + (1= 0)y(u™, v,t,) forall v € Vg,
b(u"™ q) =0 forall qc LE(N).

(8.18)

This is a nonlinear Oseen type of problem, which, for At sufficiently small,
has a unique solution (u"*!, p). The velocity solution u™*! solves (8.17), too.
The method in (8.18) defines the time-discretization of the Navier-Stokes part
in (7.135). To obtain a fully discrete problem the saddle point problem can be
discretized by a Galerkin method in space. For this we use, for example, the
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pair (Vp, Q}; ), i.e., piecewise quadratics for velocity and the (reduced) XFEM
space for pressure. For the latter we use the space at the time ¢t = ¢,,;1, denoted
by QF = QF (t,+1). Given an approximation u} (not necessarily in V) of

u”, the time step tn — tn41 in (8.18) is then discretized in space as follows:
determme uh+ €V, pn € Qh( n+1) such that

N
/p(tn+ )thdac—f-b(v;“ph)
Q

=0y (u T Vi, thsr) + (1= 0)y(uf, v, t,) forall vy, € Vy,
b ™ qn) =0 forall g, € QF (tny1).

Again, in practice we use I'},(¢) instead of I'(t). Note that in the construction
of (:25*‘ (tn+1) we need Iy (t,+1) and thus this space is defined implicitly only.
In the numerical realization of this fully discrete problem we need an iterative
decoupling strategy between the level set equation (evolution of I'(¢)) and the
Navier-Stokes problem (8.19).

If we represent this fully discrete problem using the standard bases in Vy,
QL7 (tn11) we obtain the following method:

(8.19)

Given ¢°, determine W as follows:
E(d”)w’ = —~H(i%)¢ " — b(id’). (8.20)

Given 1@, w9, for n > 0:

1/ 1 n+i u ! n n —n —n n —n,
MG T 0[AG ) + NG L BT
~ % ]__i

= NG~ (1= )[AB") + NG, i)
(1—-0)[&(¢") +r ("),
B(¢" it =0, (8.21)
¢n+1 .
E(ﬁn+1) +9(H(ﬁ”+1)¢”+1 +b(ﬁn+1))

= E(ﬁ”“)% + (1 - OE@")w",

_'n+1 _ Zn
fwn ! = % — (1 - 6w

Note that this is a generalization of the method in (8.14)-(8.15): the only
difference is that we use B((E n+1) instead of B. In the derivation above, there
is some freedom concerning the choice of the pressure discretization space. The
pressure p in (8.18) is an approximation of Op(t,+1)+(1—8)p(ts), cf. Sect. 4.2.
Therefore, in the discretization, instead of replacing p by pn € QF (tns1),
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as is done ~in (8.19), it may be better to replace p by GpZH + (1 — 9)py,
with pi* € QI'(¢,) the pressure discretization from the previous time step and

pptte QF (tn+1) the unknown Lagrange multiplier. In the formulation (8.21),

instead of B(¢"™1)TB" ! one then obtains
OB(™ )5+ (1-0)B($") B"

In this method one needs a starting value for the pressure p°, which can be
determined as in (8.9). For 6§ = % another option is to use, instead of the
two spaces QL (t,) and QF (t,41), the space Q{(tm_%), which is the XFEM
space corresponding to the zero level of ¢(t,,) + ¢(t,+1). This variant leads to

-

a method as (8.21) in which the matrices B(¢™*1) are replaced by B(¢""2),
with ¢tz = %(JS” + (,‘l_é”Jrl).

The 6-schemes treated above can be used to derive a fractional-step
f-scheme, similar to the method for the one-phase Navier-Stokes problem in
Sect. 4.3, cf. Remark 4.3.1.

Concerning (error) analyses of the time discretization methods treated in
this section we note the following. For the (less interesting) case of a station-
ary interface the method of lines approach can be applied and the resulting
method (8.9)-(8.10) is a reformulation of the #-scheme applied to a system of
ODEs. Therefore one may expect this method to have accuracy and stability
properties as discussed in Sect. 4.1 for the 6-scheme. For problems with an
evolving interface we derived, based on a Rothe approach, the method (8.20)-
(8.21). Its (accuracy and stability) properties concerning time discretization
are not clear. In Sect. 8.3 we present results of a numerical experiment with
this scheme. To our knowledge a systematic analysis of time discretization
methods for two-phase incompressible flow problems has not been performed,
yet.

For the case of an evolving interface it is natural to use space-time finite
elements for the discretization of the two-phase Navier-Stokes equations. In
such a setting a space-time XFEM space for the discretization of the pressure
can be used which avoids the problems caused the fact that the XFEM pres-
sure space Q{ (t) used above is time dependent. We explain this space-time
XFEM space in Sect.11.5.2. The application of this space-time approach to
the two-phase flow problem is not treated here.

8.2 An implicit Euler method with decoupling

We present a variant of an implicit Euler method which is particularly at-
tractive due to its simplicity. We present this method for the general case, i.e.
both M and B may be time dependent. We consider a semi-implicit variant
of the method in (8.17), in the sense that the u part is treated implicitly but
other time dependent parts are treated explicitly. More precisely, we propose
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the following variant: Given u® = ug € Vg, for n > 0, u"™' € Vg, is
determined by

un+1 —u®
/Q p(tn)Tv dz

= Oy(u" T v t,) + (1 — 0)y(u™,v,t,) forall v E V.

(8.22)

As above we can introduce a pressure variable p € LZ(2), resulting in the
Oseen problem: determine u"** € Vg, p € L3(2) such that

un+1 0
| oty vde +bv.n)

= Oy(u" v, t,) + (1 — 0)y(u™,v,t,) forall v e Vg,
b(u™ q) =0 forall ¢€ Li(R).

We discretize this saddle point problem using a Galerkin approach with spaces
Vi, QF(t,) (and not QL (tny1)). The same semi-implicit treatment can be
applied to the level set equation and thus we get the following time integration
scheme for the coupled problem:

Given i, ¢9, determine for n > 0:

ﬁn+1

ot [A@") + N@" a [ + B(6") B

_ M(J)”)Z—T; +EG™) +Fr (@),
B(¢™)i" ! =0,

—n d_;n+1 —n\ 7 n+1 —ny\ —ny Y
E(d") AL +H@@")¢" +b(u") =EU")——.

M(é")

(8.23)

This scheme is similar to the one in (8.11), but now the mass matrices M and
E are treated explicitly (i.e. evaluated at ¢, instead of t,11). In the Navier-
Stokes equations the level set function is evaluated at t,,, and in the level set
equation the velocity is evaluated at t,. Due to this, per time step there is a
decoupling between the Navier-Stokes and level set equation. Of course this
strong gain in simplicity is accompanied by a loss of accuracy.

8.3 Numerical experiments
In this section we present results of a numerical experiment with different

time integration schemes for a two-phase Stokes problem. As a test case we
consider a rising droplet (2;(¢) inside a cuboid domain 2 = (0,1)% x (0, 2).
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For ¢ = 0 the droplet is spherical with center point z. = (0.5,0.5,0.5) and
radius 0.25, i.e., £1(0) = {z € 2: ||z — z.|| < 0.25}. The initial conditions
are given by u(0) = 0 and ¢(0) equal to the signed distance function for
£2:(0). Homogeneous Dirichlet boundary conditions u = 0 are prescribed on
the whole boundary 9f2. The material parameters are chosen as follows: den-
sities p1 = 1, p2 = 10, dynamic viscosities 1 = 2, ue = 1 and surface tension
coefficient 7 = 0.1. The gravitational force g = (0,0, —10) acts in negative
x3-direction, hence the droplet is rising in positive x3-direction due to buoy-
ancy effects. Figure 8.1 shows the position of the rising droplet for t = 0, 0.5, 1,
respectively.

Fig. 8.1. Rising droplet for ¢ = 0, 0.5, 1 (from left to right). Shown is the is the
interface I'(t) and the velocity u on a cut plane zz = 0.5.

We used a time-independent triangulation (no adaptivity) obtained by a
uniform subdivision of {2 in 12 x 12 x 24 subcubes, each of which is subdivided
into 6 tetrahedra. For spatial discretization we use piecewise quadratics for
velocity and a reduced XFEM space for pressure, i.e. the pair Vj, x Qﬁ . Note
that the XFEM space Qﬁ depends on time since the interface evolves in time.

We consider three time integration schemes, namely the decoupled implicit
Euler scheme in (8.23) and the Rothe #-scheme (8.20)—(8.21) for # = 1 and
0 = %, respectively. The different schemes are applied for time step sizes
At = n% with n; = 10,20,40,80,160. The mass conservation strategy de-
scribed in Sect. 7.4.2 is applied in each time step, but no reparametrization of
the level set function is performed, cf. Sect.7.4.1. The computed approxima-

tions @™ of u(1) are compared to a reference solution G which is computed
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by the scheme (8.20)—(8.21) with § = I and time step size At = 1072, The
barycenter and the rise velocity of the droplet (21 () are defined by

£(t) = |2 ()] /

xdz, u(t)= |(21(t)|71/ udz.
Ql(t)

(P21 (t)

The third (=vertical) component of these quantities is plotted in Fig. 8.2 as a
function of time ¢. The results of the three time discretization schemes with
At = 0.1 are shown, as well as the results for the reference solution.

vertical position of barycenter vs. time vertical rise velocity of bubble vs. ti
0.85 " g " g 7 0.4 —=&— —— oo~ -
o 1 0.35
5 0.75 > 03
T 07 8 025
o 2 02
> 0.65 ) > 015
< B 3 0. .
2 06 impl. Euler - = 04 impl. Euler @
0.55 Rothe theta=1 - | 065 Rothe theta=1 @
65 Rothe theta=0.5 - : 0 Rothe theta=0.5 -
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

t t

Fig. 8.2. Vertical position of barycenter Z3 (left) and vertical rise velocity ug (right)
as a function of time. Shown are the reference solution (solid line) and solutions
obtained by the decoupled implicit Euler scheme (squares), Rothe @-scheme for

1

6 =1 (circles) and Rothe theta-scheme for § = 5 (crosses) for n; = 10 time steps.

Comparing the three methods we see that the best results are obtained
using the Rothe #-scheme for = % The implicit Euler scheme appears to
have a time lag for the position of the barycenter. Further experiments show
that this time lag is of the order of magnitude of A¢. This time lag effect
is probably due to the (too) strong decoupling that is used in this scheme.
Comparing the results for the rise velocity of the droplet, the Euler scheme
leads to an under-estimation whereas the Rothe 6-scheme for § = 1 over-
estimates this value. Again the Rothe #-scheme for 6 = % shows a very good
match with the reference solution.

Tables 8.1-8.3 show the convergence rates for the the three time discretization
schemes.

The results show first order convergence, both in the L2- and H'-norm, for
the decoupled implicit Euler scheme and the Rothe #-scheme with § = 1. For
the Rothe 6-scheme with 6§ = % the observed order fluctuates between first
and second order. The reason for this behavior is not understood, yet, but
is probably related to the pressure XFEM space. When using the standard
piecewise linear finite element space for the pressure, second order convergence
is observed.
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ng |G — @™ || 2| order [|||@™f — @™ ||;| order

10 1.57 E-2 — 2.48 E-1 —
20 7.65 E-3 1.04 1.27 E-1 0.96
40 3.79 E-3 1.01 6.67 E-2 0.93
80 1.88 E-3 1.01 3.23 E-2 1.05
160 9.34 E-4 1.01 1.66 E-2 0.96

Table 8.1. Convergence behavior of the decoupled implicit Euler scheme (8.23)
w.r.t. time step size.

ng |G — @™ || 2| order [|||@™f — @™ ||, | order

10 1.33 E-2 — 1.77 E-1 —
20 6.90 E-3 0.95 9.59 E-2 0.88
40 3.53 E-3 0.96 5.02 E-2 0.93
80 1.81 E-3 0.97 2.61 E-2 0.94
160 9.19 E-4 0.98 1.34 E-2 0.97

Table 8.2. Convergence behavior of the Rothe #-scheme (8.20)—(8.21) for § = 1
w.r.t. time step size.

ne | ||@f — @™||p2| order ||||@"" — @™t|),| order

10 2.24 E-3 — 7.57 E-2 —
20 6.53 E-4 1.78 3.81 E-2 0.99
40 2.63 E-4 1.31 2.05 E-2 0.89
80 9.21 E-5 1.52 8.00 E-3 1.36
160 2.42 E-5 1.93 2.41 E-3 1.73

Table 8.3. Convergence behavior of the Rothe ¢-scheme (8.20)~(8.21) for § = %
w.r.t. time step size.
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Iterative solvers

In this chapter we address the issue of iterative solvers for the coupled non-
linear system of equations that arises in each time step of the implicit time
integration methods treated in Chap. 8.

9.1 Decoupling and linearization

In a two-phase flow problem, besides the nonlinear system for the unknowns
i, p, we also have, in each time step, the nonlinear coupling between the
flow variable 4 and the level set function J) One usually applies an iterative
strategy in which per iteration the unknown u is decoupled from E) To explain
this in more detail we consider a time step in the #-scheme (8.10). Other time
integration methods can be treated in a very similar manner. The nonlinear
system for @, B, ™+ in (8.10) is of the form

[ﬁM + HA](J) n+1)l—in+1 + GN((E n—&-l7 l_lm+1)l_lm+1 + GBTI—)WL-‘,-l
= 0lg+ Fr )3 ") + M@ (g + (- 07)

Bittl =0

[ﬁE + QH](ﬁ”Jrl)(;ﬁ n+1l _ E(—’n+1)( + (1 _ 9) ) _ gb(—'n+1)

If one uses the XFEM approach for pressure discretization then the matriz B
—n+1
depends on the position of the interface and has to be replaced by B(d)n ),

cf. (8.20)-(8.21). The nonlinear coupling between @"*! and ¢™*! can be
treated by several decoupling strategies. We treat a few methods. For this

we first introduce some notation that simplifies the presentation. At t = ¢,
the values of 4", w", Z" and ¢ " are known. The unknowns G"+!, p"*! and
¢”+1 are denoted by x, y and ¢, respectively. We also define

qn J)n o
L0z, Bi= S -0,

f1 = At



298 9 Iterative solvers
Using this notation the nonlinear system can be written as follows:

[A7M + 0A)(9)x + ON(9.x)x + 0By = 0[g + T, )(9) + M(9)1:
Bx=0 (9.1)
[ E + 6H](x)$ = E(x)f; — 0b(x).

The (x,y) unknowns can be decoupled from the level set unknown ¢ by a
simple block Gauss-Seidel approach in which the level set equation is solved
for the level set unknowns and the Navier-Stokes equations for the velocity
and pressure unknowns:

Decoupling by a block Gauss-Seidel iteration

This method is as follows: Initialize x and ¢ with the values from the previous
time step, i.e., x0 = 4", ¢° = ¢ ™. Tterate for k=0, 1,. ..

e Compute the level set vector d)kH from the linear system
[LE + 0H] (x")¢" ™ = E(x")f> — 0b(x"). (9.2)

e Solve the following equations for (x¥*1, y*+1):

[ﬁM + 9A] (¢k+1)Xk+1 + 9N(d)k+17 Xk+1)Xk+1 + QBTyk+1
= 0[g + f1, | (") + M(¢")fy (9.3)
Bxk+1 — 0

The nonlinear system (9.3) is very similar to the discrete Navier-Stokes equa-
tions of a one-phase flow problem. Note, however, that the matrices M, A, N
in (9.3) depend on the viscosity and density, which in case of a two-phase
problem are not constant in the whole domain. Furthermore, the matrix B is
different from the one-phase flow case if for the two-phase flow problem we use
the extended finite element space for pressure discretization. This nonlinear
system has, after rescaling of the first equation by a factor %, the form

(AL M+ A)x+Nx)x+BTy —b

At (9.4)

Bx =c,

and can be solved using the defect correction method explained in Sect. 5.1.

In the level set method one applies re-initialization after each or a few time
step(s). In our approach we also apply a volume correction technique, cf.
Sect. 7.4.2. Such corrections of the level set function may lead to inconsisten-
cies. To explain this more precisely, we introduce some notation related to the
re-initialization and volume correction methods. Given a (piecewise quadratic)
finite element function ¢y, we assume that we have a re-initialization operator
on — Relnit(¢y), cf. Remark 7.4.4. Let R be the vector representation of this



9.1 Decoupling and linearization 299

operator, i.e. if ¢ is the vector representation of ¢y, then R(¢) is the vector
representation of Relnit(¢yp ). Similarly, the vector representation of the mass
correction method in Sect. 7.4.2 is denoted by V(¢). The block Gauss-Seidel
method, based on the subproblems (9.2)-(9.3), is represented in a compact

form as follows: Take x° = @", ¢0 = E)n; iterate for k =0,1,...

Determine ¢! such that F1(¢>k+1 xF) = (9.5a)
Determine x**1 such that Fy(x"1, " ) (9.5b)

In (9.5b) the (pressure) variable y**! from (9.3) is part of the operator
F5, since it plays no role in the coupling between the level set and Navier-
Stokes equations. Based on a stopping criterion this iteration is terminated

and as approximations for velocity and level set vectors at ¢t = t,41 one
+1 . o
takes: ("L, ¢ )= (x"+1,¢*t1). If after completion of this time step one

. . . ->n+ . -n+1 .
applies a re-initialization R(¢p ) and/or volume correction V(¢ ) this

. . . -n+1 -n+1 . o -n+1 . .
results in a modification %+ ¢ and the pair (@"*!,¢ ) will in
general not satisfy the discrete Navier-Stokes equations in (9.5b). This incon-
sistency can be eliminated by solving (9.5b) once more with ¢k+1 replaced

—n+t1
by dzn , resulting in a new velocity vector G"*!. This, however, requires an
additional solve of the problem (9.5b) (which is expensive) and the corrected

pair (d"*1, 1;n+1) may now have a large residual Fl(lz;n+1, d"*1) in the level
set equation (9.5a). Since the equation in (9.5a) describes the discrete evolu-
tion of the level set function and the re-initialization and volume corrections
result in modifications of the level set function, a natural alternative is to
incorporate the correction operators into the block Gauss-Seidel iteration. We
describe one particular strategy that is used in our simulations. After solving
the discrete level set equation in (9.5a) we first apply a re-initialization step
R(¢""™), then a volume correction V(R(¢>k+1))) and then use this level set
vector (instead of ¢**1) in (9.5b). Hence, the block Gauss-Seidel iteration
now takes the following form:

Determine ¢" ™! such that F;(¢* x*) =0, (9.6a)
Determine x"* such that Fa(x*™', V(R(¢"*!))) =0.  (9.6b)

This method is consistent in the sense that the pair (Xk“,V(R(d)kH)))
satisfies the discrete Navier-Stokes equations for all k. Furthermore, error
control is relatively easy since it can be based on the size of the residuals of
the equations (9.6). For k + 1 sufficiently large, such that a stopping criterion

is satisfied, we take as approximations for velocity and the level set function at
nt1
t =ty (@™ é" ) = (xk‘*‘l,V(R(d)kH)). The method in (9.6) is feasible

in practice, since the volume correction operator V is inexpensive (compared
to other operations in the evaluation of Fs) and for the re-initialization R one
“often” has R(¢k+1) = @™, as the Fast Marching Method is applied only
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if the size of the gradient of the level set function represented by d)kH is too

small or too large, cf. Remark 7.4.4. The iterations in (9.6a) and (9.6b) define
solution operators:

P = Si(x), X = 8y(¢" ), (9.7)
and the method (9.6) can be rewritten as
xk+l — SQ(Sl(Xk)), x0 = 4. (98)

Let x* be a fixed point, i.e. x* = S5(S;(x*)) and define ¢* := S;(x*). Due
to the perturbations introduced by the re-initialization R and volume correc-
tion V, the pair (x*,¢") in general does not solve the coupled system (9.1).
However, (x*, ¢") is a solution of the level set equation in (9.1) and the Navier-
Stokes equations in (9.1) are solved by the pair (x,¢) = (x*, V(R(¢"))).
Due to the fact that the operators F; and Fs are highly nonlinear, the fixed
point method (9.8) can have a (very) slow convergence and acceleration is de-
sirable. Many convergence acceleration techniques are known, cf. [86]. Below
we discuss two strategies. The first one, treated in detail below, uses a special
structure in our coupled problem. It is based on a linearization of the surface
tension force term. This results in a modified nonlinear operator F, instead
of Fy in (9.6b), with corresponding solution operator S,. Instead of the fixed
point method (9.8) we get a modified iteration

xFL = S,(8, (xF)), x° =", (9.9)

which, due to the choice of F has better contraction properties. The modifi-
cation is such that (9.9) has the same fixed point as (9.8).

The second convergence acceleration strategy is an application of the gen-
eral Broyden acceleration method for nonlinear problems.

Convergence acceleration by linearization of the surface
tension force

There is a strong coupling between the Navier-Stokes and level set equations
through the surface tension force term fr, (¢) in (9.1). A modification of the
block Gauss-Seidel method (9.6), which has better convergence properties,
can be obtained by a suitable linearization of this term. We explain the basic
idea behind this approach by restricting to a strongly simplified problem,
in which, however, the (coupling through the) surface tension force still has
essentially the same form as for the general class of two-phase flow problems
considered above. We take a non-stationary Stokes flow with constant viscosity
and density in the whole domain: p3 = p2 =1, p1 = p2 = 1. For the surface
tension force discretization we use, instead of fr,, the simpler functional in
(7.54):

th (Vh) = -7 th, idph ~Vpth dS, vy € V.
Iy
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Discretization in time is done by the implicit Euler method. Since in this
simplified case the mass and stiffness matrices do not depend on ¢ and the
convection term N(¢, x) vanishes, the Navier-Stokes part of the coupled prob-
lem (9.1) simplifies to

AX"'BTy:FFh(d))_"ba
Bx =0, (9.10)
L1
with b=g+Mfi, A= _TM+A.

Note that A is symmetric positive definite. In (9.10) the coupling with the
level set function is only through the surface tension force term fr, (¢p). The
solution pair (x, ¢) yields the velocity and level set functions at time ¢ = ¢,,41:

- +1 . .
x=u"t, ¢ = ¢n . The i-th component of the surface tension force vector
is given by

FF’L (¢)2 = _T/ th,(tn+1) ith,(tn+1) 'th,(tn+1)£i dS, (9'11)
T (tny1)

with &, the i-th nodal basis function in V}, and I, (¢,+1) the interface ap-

proximation corresponding to ¢ = (_ﬁmﬂ. The latter is obtained through an
implicit Euler time discretization of the level set equation, which is the third
equation in (9.1) with = 1. We assume that there is no re-initialization or
volume correction. Denoting by P, : R™ — Vj the finite element isomor-
phism Pp,v = Z:il v;€;, we have

Th(tnsr) ~ {2+ AUPE ) (2) : @ € Th(ty) } = Th(@™) = Dy (x).

Note that the notation I (x) differs from I'(t,,41). The former denotes the
approximation of I'(¢,11) that is obtained by transporting the known in-
terface approximation I'(¢,) over a time At in the direction of the velocity
field x. Using the result in (9.11) and the approximation I}, (t,+1) = Ih(%x)
we can eliminate ¢ from (9.10) and instead consider the following very similar
problem

Ax+ BTy = f(x) +b,

9.12
Bx =0, ( )

with

f(X)i = —7'/ th(x) idl"h(x) 'vfh(X)‘Si ds, 1<i<m. (9.13)
Fh(x)
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The problem (9.12) is nonlinear due to the nonlinearity of f. An obvious
iterative method for solving this problem is given by: x° := d", for k > 0
solve

Axk-‘rl + BTyk-‘,-l — f(Xk) + b,

Byl — 0. (9.14)

A better method is obtained if we replace idp, (x) in (9.13) by a better approx-
imation than idp, (xry, namely idp, (xk+1). For a description of this modified
method we introduce some further notation. For v € R™ we define the velocity
field

idr, (v): 2 —= 2+ A(Ppv)(z), €52

The restriction of this velocity field to Iy, (¢,) results in a shifted interface
Iy(v):= {idph(v)(x) cx € Tp(tn) } ,

which is consistent with the notation I, (x) introduced above. For v, w € R™
we have
idph (v) = idph (w) + APy, (V — W)7

ie., v.— idp,(v) is an affine mapping. We introduce the generalization of
(9.13) given by

F(v,w); := —T/ Vr.v) idph(w) 'th,(v)gi ds, 1<i<m,
Fh(v)

which is well-defined since idp, (vy, v € R™, is a velocity field on 2. The affine
mapping w — F(v, w) satisfies

F(v,wi) = F(v,w2) — At Ly(w1 — wa),

. 9.15
(Lv)ij = T/F “ Vph(v)éj . th(v)gi ds, 1<i,5<m. ( )
(v

The matrix L is symmetric positive semi-definite. As mentioned above, in-
stead of idp, (xxy we use idp, (xr+1) in the surface tension force term. This
results in the iterative method

Axk+1 + BTyk+1 _ F(Xk, Xk+1) + b7
Bx*tl = 0.

Using (9.15) we reformulate this method and thus obtain the following alter-
native iterative method for solving (9.12): take x° := @™, for k > 0 solve

(A + Athk)XkJrl + BTy = £(x*) + AtL.x* + b,

BxH — 0 (9.16)

In the following theorem we give convergence results for the two methods in
(9.14) and (9.16). We use the Euclidean norm || - || on R™.
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Theorem 9.1.1 Let x be solution of (9.12). Assume that on the neighborhood
B={xeR™: |x—x| <r}, with a given r > 0, we have

|IF(x1,2) — F(x2,2)|| < Li||x1 — x2|| for all x1,%2,2 € B,
|ILg|| < Ly for all x € B.

Define et =x —x*,1=0,1,2,.... If x* € B then the following holds:

"] < (Ly + AtLo) [ATM|[|€¥]|  for the method in (9.14),  (9.17)
| ") < Lill(A + AtLo) "Ml for the method in (9.16).  (9.18)

Proof. First we consider a saddle point problem of the form

Ce+Bly=d
Be =0,

with a symmetric positive definite matrix C. A straightforward computation
yields ) o R ) R )
e=C 2(I-B"(BB")"'B)C 2d, B:=BC=.

Hence, using ||[I — BT (BBT)"!'B|| = 1, we get
lel < lC™ldll-
We use the identity

f(x) — f(x*) = F(x,x) — F(x*,x) + F(x",x) — F(x*,x") (9.19)
= F(x,x) — F(x" x) — AtLyx (x — x%). .
For the method in (9.14) we obtain
At + B (y —y*) = £(x) - £(x"),
Be" ! = 0.
Thus [le* 1| < |A~1|||f(x) — £(x*)]|| holds. Using (9.19) we get
1£() = £(x*) | < (L1 + AtLy)|lx — x|
and thus the result (9.17) holds. For the method (9.16) we obtain

(A + AL, )eb T + BT (y — y* 1) = f(x) — £(x*) + AtL, (x — x¥),

Be" ™! = 0.
From (9.19) it follows that

f(x) — f(x*) + AtLy (x — x*) = F(x, x) — F(x*,x).
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Thus we get

1"+ < (A + AtLo) M [1f(x) — £(x*) + AtLyr (x — x"))|
= [I(A + AtLye) " H[|F(x, %) — F(x",x)|
< Lafl(A + AtLy ) flx — %"

Hence, the result (9.17) holds. O

From the result in this theorem we see that the linearization of the surface
tension force applied in the method (9.16) has two positive effects. Firstly,
the matrix A is further “stabilized” by adding the symmetric positive semi-
definite matrix At Lyx. Secondly, instead of the sum of the Lipschitz constants
L1 + AtLs, only the constant L; occurs in the error reduction bound. From
(9.15) it can be seen that the matrix Ly« corresponds to a discrete diffusion
type operator (which is ill conditioned). The error term Lyx (x —x*) is treated
explicitly (x replaced by x*) in the method (9.14), whereas it is treated im-
plicitly (x replaced by x*1) in the method (9.16). Furthermore, from

< _ < 1 -1 -
1A + AtLye) 71| < ATH] = (M +A) || < AtMT|

it follows that for At sufficiently small both methods converge.

Remark 9.1.2 The approach used in the iterative method (9.16) is very
similar to the semi-implicit time discretization of the curvature used in [23].
In that paper a space-time finite element discretization of the Navier-Stokes
equations with a free capillary surface I'(t) is analyzed. An accurate and stable
method is obtained by a Laplace-Beltrami variational approximation of the
curvature, in which the tangential derivatives are evaluated on the surface
parametrization X"*! at the new time level t = t,,, 1, whereas the domain of
integration is I, (¢,), cf. Remark 3 in [23]. A similar semi-implicit method is
often used in the discretization of mean curvature flows, cf. [78].

We now address how the surface tension linearization approach, explained
and analyzed for the simplified Stokes problem (9.12), can be applied to the
general Navier-Stokes case. For discretization of the surface tension force we
use the improved functional in (7.60):

ffh (vn) = _7'/ 1?)hVidF,L -V, v ds.
Iy,

Let ¢ be a given level set vector and I, (¢) the corresponding interface ap-
proximation. For linearization of the surface tension, instead of the matrix Ly
in (9.15) we now use

L(¢)i; = T/ PLVE; - Vi, (4 ds.
I ()
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Note that due to P, the matrix L(¢) is in general non-symmetric. Instead of
(9.3) we use the following iteration, which is a generalization of (9.16). Solve

for (xF+1, yk+1y:
[ M + 0A + 0AIL] (¢ 1) xF T + ON(¢F T x 1 )xh Tt 4 gBTyk+!
—0[g + 1, ] (#"FY) + 0AIL (%" + M(¢" 1) (9.20)

Bx**t! = 0.

The coupling of this with the level set iteration in (9.2) and with re-
initialization and volume correction results in a method of the form (cf. (9.6)):

Determine ¢* ™! such that F;(¢"™, x*) = 0. (9.21a)
Determine x"* such that Fa(x*™', V(R(¢"*!))) =0. (9.21b)

Here F (Xk+17V(R((,‘bk+1))) = 0 is a compact representation of the iteration
in (9.20), with ¢*™' replaced by V(R(¢"T)). The iterations in (9.21) define
solution operators:

¢k+1 —. Sl(xk)7 Xk:Jrl = g2(¢k+1)7
and the method (9.21) can be represented as
xFH = §,(S, (x%)). (9.22)

For a fixed point of this iteration, say x*, we have x**! = x¥ = x* and the
terms L(¢"™)x**1 and L(¢*)x* in (9.20) cancel. Hence, at the fixed point
F2 = F5 holds and x* is a fixed point of (9.8), too.

Remark 9.1.3 The method (9.6) and its improved version (9.21) are decou-
pling iterations for the scheme in (8.10). It is straightforward to derive similar
methods for other schemes treated in Chap. 8.

Convergence acceleration by a Broyden method

We apply the Broyden method, which is very easy to implement and turns out
to result in a significant improvement of efficiency. We explain this method
for the fixed point method in (9.22). The same approach can be applied to
(9.6) or other fixed point iterations. .

A fixed point x*, i.e. x* = So(S1(x*)) is a zero of S : =1 — Sz 0 S;:

S(x*) = 0. (9.23)

Note that an evaluation of S(x) requires (only) one evaluation of Sy 0 Sy, i.c.,
one iteration of the method in (9.21). The method (9.22) is the fixed point
iteration for solving (I —S)(x*) = x*. One may expect faster convergence if a
Newton type of method is applied for solving the problem (9.23). Jacobians
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of S, however, are not available and therefore we consider a Broyden method,
which requires only evaluations of S(x). We briefly explain the so-called con-
travariant version of this method. For an extensive treatment and convergence
analysis we refer to [86]. Let x° be given and Jg a given approximation of the
Jacobian %(XO) such that the system Joy = b can be solved with low costs.
In applications one often takes Jy = I. The Broyden method for computing

an approximate solution of (9.23) is defined as follows:

xF =xP —J18(xM), k=0,1,2,...,

_ _ S(x*)AST
=3 (1- =5k ), k=12,
k ]4;71( ||ASk||2 )7 1<y )
with || - || the Euclidean norm and AS; := S(x*) — S(x*~!). We assume

ASy; # 0. The approximate Jacobian Jy is such that, for k& > 1,

J,;lz = J,;llz for all z with z” AS;, = 0,

JI;IAS;C =xF - xk1,

The latter is the secant property S(x) — S(x_1) = Jp(x* — xF71) of the
approximate Jacobian Jj. For the implementation of this method we introduce
the help sequence

S(x)AST

Vk,k =S Xk ; Vk,f—l — (1—
&5 (- a5

)vk’é, C=kk—1,...,1. (9.24)

The update J; 'S(x*) needed in the Broyden method satisfies
JIS(xF) = I vRE =30t v = L= 3RO

Hence, for computing this update one has to determine S(x*) and recursively
the vectors vF*=1 .. vFO The latter can be realized with low costs if the
vectors S(x%), AS,, 1 < ¢ <k, are stored, cf. (9.24). Finally a system Joy =
vF0 has to be solved. In [86] it is shown that, under certain assumptions,
the rate of convergence of this method is superlinear. In our applications we
observed that (with Jo = I) this method leads to a significant convergence
acceleration of the fixed point iteration (9.22), with low additional arithmetic
costs.

9.1.1 Numerical experiment

In this section we consider the Stokes model of a curvature-driven flow and
use it as a starting point to compare the different convergence acceleration
schemes described in Sect.9.1. A similar curvature-driven flow problem is
presented in [22].

Consider an initially ellipsoidal droplet §2; C 2 = (—1,1)% with center
point (0,0,0) and diameter 1.2 in x;-direction and diameter 0.8 in - and
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t=0 t=0.75 t=1.25 t=1.75

Fig. 9.1. Curvature-driven flow: droplet shape and velocity field for different times.

xz-direction, respectively. The droplet is initially at rest (up = 0). The ma-
terial properties are chosen as pu; = 0.1, uo = 0.01, p; = 10, po = 1. We
assume surface tension with 7 = 1 and no gravity, i. e., g = 0. Due to its ellip-
soidal shape the droplet has a non-constant curvature and the droplet starts
to deform due to surface tension. The tips with relatively large curvature are
moving towards the center whereas the regions with small curvature are mov-
ing outwards, leading to an oscillation of the droplet shape, cf. Fig.9.1. This
oscillation has a certain damping, leading to a spherical shape for ¢t — co.

Taking the discrete solution for ¢ = 0.75 as initial condition for x and
¢, i.e., (x°,¢°) = (4, $)|t:0,75, one time step of the (coupled) implicit Euler
scheme is performed. The coupled system of equations is solved using the
block Gauss-Seidel iteration (9.5), reducing the residual below a tolerance of
1078, The number of fixed point iterations and the total number of Stokes
solver iterations are reported in Table 9.1 for different time step sizes At
and for the case with or without convergence acceleration by the linearization
of the surface tension force (LinST) and/or the Broyden method. For small
time steps At < 1072 all methods perform equally well. This is due to the
good starting values provided by the discrete solution for ¢ = 0.75 which are
very close to the solution (x*,¢*) = (U, ¢)|t=0.75+a¢ of the coupled system.
For ¢t > 1072 the method without acceleration fails to converge within 250
fixed point iterations which was the maximum iteration number chosen in this
experiment. The accelerated methods increase the robustness of the solver. In
particular, for large time steps the linearization of the surface tension force
turns out to be essential.
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At |no acceleration|Broyden| LinST [LinST+Broyden

1072 4 (18) 4 (20) | 4 (20) 4 (17)
2.1073 5 (23) 5(23) | 5(28) 5 (29)
5.1073 9 (48) 8 (42) | 9 (45) 8 (41)

1072 > 250 14 (79) | 17 (70) 11 (56)
2.1072 > 250 92 (352)| 35 (140) 62 (150)
5.1072 > 250 > 250 | 95 (471) 120 (481)

107! > 250 > 250 (214 (1578) 66 (656)

Table 9.1. Number of fixed point iterations (and total number of Stokes solver
iterations) for different time step sizes and combination of convergence acceleration
schemes.

9.2 Iterative solvers for linear saddle point problems

The decoupling strategies result in saddle point problems of the form

()G 6) () Amaemenean o

that have a very similar structure as the ones in Sect.5.3. We can apply
iterative solvers as explained in Chap.5. If N = 0 then this saddle point
problem is symmetric and methods like preconditioned MINRES or inexact
Uzawa, cf. Sect. 5.2, are applicable. For the general discrete Oseen problem
some iterative methods (e.g., preconditioned GCR) are treated in Sect.5.3.
A key issue in all these iterative solvers is an appropriate preconditioning
of A and of the Schur complement S = BA~'B7. The matrix A can be
preconditioned by a multigrid solver or by a preconditioned Krylov subspace
method. The problem of how to precondition the Schur complement can be
very difficult, in particular if in the two-phase flow problem we have (very)
large jumps in the viscosity and/or density values across the interface. Below
we discuss a few Schur complement preconditioning methods.

9.2.1 Schur complement preconditioners

In Sect. 5.4.3 we treated Schur complement preconditioners for one-phase flow
problems. We considered three problem classes: stationary Stokes-, generalized
Stokes and Oseen problems. For the first two classes “optimal” (i.e. robust
w.r.t. variation in the mesh size and in the time step) Schur complement
preconditioners are known, namely the mass matrix preconditioner in Theo-
rem 5.4.27 and the Cahouet-Chabard preconditioner in (5.108), respectively.
Fairly complete theoretical analyses are available which show the optimality
of these preconditioners. These analyses are essentially applications of the ab-
stract results in Sect. 15.5. For the case of the Oseen problem an “optimal”
(i.e. robust with respect to variation in the mesh size, the time step and in the
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convection/diffusion ratio) is not known, yet. We briefly addressed two pos-
sible preconditioners: if the Oseen problem is diffusion-dominated it makes
sense to use the same Cahouet-Chabard preconditioner as for the generalized
Stokes case, otherwise the so-called BF Bt preconditioner might be a good
option.

In this section we treat the issue of Schur complement preconditioning for
the case of a two-phase flow problem. If the jumps in viscosity and density are
small, as is the case in many liquid-liquid systems, then the linear systems that
arise in the discrete linearized (Navier-)Stokes equations are similar to those
that occur in a one-phase flow problem. Hence, in that case the preconditioners
discussed above for the one-phase flow problem can be expected to perform
well. If on the other hand the jumps in density and/or viscosity are large (e.g.
in liquid-gas systems) then one needs suitably modified preconditioners. In
that case the problem of finding “optimal” Schur complement preconditioners
is largely unsolved. This problem is hard, since one then wants to have a
feasible preconditioner such that the preconditioned Schur complement is well-
conditioned independent of many parameters, namely the mesh size, the time
step, the convection/diffusion ratio, the density ratio and the viscosity ratio.
Below we present some first results on Schur complement preconditioning for
two-phase flow problems. As for the one-phase flow problem in Sect.5.4.3
we consider three classes of problems with increasing complexity: stationary
Stokes- ((9.25) with N = 0 and 8 = 0), generalized Stokes ((9.25) with N = 0)
and Oseen problems (general case (9.25)).

Stationary Stokes problem

For the derivation of an appropriate Schur complete preconditioner for the dis-
crete stationary Stokes problem we first derive a preconditioner for the con-
tinuous Schur complement operator, cf. also Sect.15.5.3. We consider the
following model problem of a stationary Stokes problem with a discontinu-
ous piecewise constant viscosity coefficient u = p; in £2;, ¢ = 1,2. We consider
the three-dimensional case, i.e. £2 C R3. Without loss of generality we can
assume that (2 is the subdomain with the larger viscosity coefficient and by
suitable rescaling we can assume p; = 1, i.e we take

o 1 in .Ql
H U2 in ..(227 Mo € (O, 1].

The model Stokes problem that we consider reads: determine u and p such
that

—div(p(x)Vu) + Vp=g in £2,
divu=0 in {2,
[ul] =0, [(—pI+pVu)n] =g on I =09 NI,
u=0 on0f2.
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The function g is assumed to be given and is used to model a localized surface
tension force. For the variational formulation of this problem it turns out to
be convenient to use the space

M = {p € L*(N): /prlp(x) dr =0 } (9.26)

instead of the standard pressure space L3({2). Note that p € M iff p+ ¢ €

,11.2—1

L3(£2) with a constant ¢ = ¢(p) given by ¢ = I fn2 p(z) dz. For the velocity
we use V = H}(£2)? and on V we introduce the bilinear form

3
a,(u,v) = (pVu,Vv) 2 = Z/ uVu; - Vo dz.
i=171
The variational problem is as follows: given f € V' find (u,p) € V x M such
that

au,(u,v) +b(v,p) =£f(v) for vevV,

b(u,q) =0 for ¢q € M. (9-27)

The functional f(v) := (g,v)r2 + [ & - vds takes both the (exterior) force
g and the localized force g into account. The bilinear form a,(-,-) defines a
scalar product on V. We use the norm induced by this scalar product:

[ully == au(u,w)2  for ueV. (9.28)

On L?(£2) (and thus also on M), besides the L? scalar product we will also
use a weighted L2 scalar product:

(ps @) :=/ ptpgdr=(p'p,q)re  for p,ge M, (9.29)
(93

1
and [|p|las := (p,p)3;- The norms || - ||y and || - |[ar, which both depend on x,
are such that continuity and an inf-sup property can be shown to hold, with
constants independent of the value of the viscosity coeflicient pu:

Theorem 9.2.1 The following holds:
b(u,p)| < V3|[ullvpllar  for all weV, pe M.
There exists a constant v, > 0 independent of p such that

b(u,p)
wev |lully

> wlpllam for all p e M.

Proof. A proof of these results is given in [193]. O
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Using standard arguments, cf. Sect.15.5, one obtains the following robust
(i.e. uniformly w.r.t. variation in p) preconditioner of the Schur comple-
ment. We identify L?({2) with its dual, i.e. in particular for g € M’ we have
g(p) = (g,p) 2 for all p € M. The Schur complement mapping S : M — M
corresponding to the problem (9.27) and its induced norm on M are given by

3 b(v,p)
plls = (Sp,p)}. = sup ———.
Il ( )iz vev |[Vlv

Corollary 9.2.2 Define I, : L*(£2) — L*(2) by (Iu,p,q)r> = (p,q)m-
Then the following holds:

Y2 (Lup,p)re < (Sp,p)r2 < 3(Iup,p)r2 for all p e M. (9.30)

Proof. Follows with the same arguments as in Remark 15.5.1. O

Hence, the (simple) operator I,,, which is the scaled identity given by I,p =
1~ p, can be used as a preconditioner for the Schur complement S, and on
M the spectral condition number of I, 1S is bounded by 3, 2 which is inde-
pendent of y. In this sense I, is a robust preconditioner of S.

In [193] it is shown, that an analogon holds for the discrete case. We
briefly explain this discrete Schur complement preconditioner, more details
can be found in [193]. Assume that we use finite element subspaces Vj, C 'V,
M, C M. We consider the Galerkin discretization of the Stokes problem
(9.27): find (up, pr) € Vi, x M}, such that

au(un, vy) +b(vi,pp) (vp) for vp, € Vy,

=f
b(up, qn) =0 for gn € Mp,. (9:31)

The matrix representation of this discrete problem has a form as in (9.25), with
N = 0 and 3 = 0. The Schur complement matrix is given by S = BA~'B”. In
practice the finite element space M}, is constructed by taking a finite element
space, denoted by M, (e.g. M, = Xf;l or the P;-XFEM space), and then
adding the orthogonality condition:

My ={pne M : (pn, )y =0}.

Let (1;)1<i<k be the standard (nodal) basis in M," and M, the mass matrix
corresponding to (-, ) s:

(ML)s; = (W5, ;)01 = /Q Wb de, 1<ij<K. (9.32)

Hence, compared to the standard mass matrix in the pressure finite element
space, there is a scaling with u~!. The vector representation of the subspace
My, C Mh+ of functions pp € M,j that satisfy the orthogonality condition
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(ph, 1)ap = 0 is given by (M“(l, e 1))L. On that space the Schur comple-
ment matrix S is nonsingular. In [193] it is proved that if the pair (V},, My)
is LBB stable then the following holds:

1
ﬁ2<M“y,y> <(Sy,y) <3(M,y,y) forall ye (M“(l7 . 1)) , (9.33)

which is a discrete analogon of the result in (9.30). The constant B> 0is
the LBB constant for the pair (V},, My). In the analysis (cf. Theorem 6 in
[193]), apart from the LBB-stability assumption we need a further technical
assumption, which is satisfied for standard finite element spaces, and we need
that the triangulations used in the finite element spaces are fitted to the
interface. For our applications the latter assumption is not realistic. It turns
out, however, that for our applications the scaled mass matrix M,, yields a
good preconditioner for the Schur complement (in case of a Stokes problem)
even if this assumption is not satisfied.

Remark 9.2.3 In [192] it is shown that similar results hold if instead of M
one uses the standard pressure space L3(£2) with norm || - || -

Generalized Stokes problem

We now treat the issue of Schur complement preconditioning of a problem
as in in (9.25), with N = 0. For the case of “small” jumps in viscosity and
density it makes sense to use the same preconditioners as in the one-phase
flow problem, thus in particular for the generalized Stokes problem this is the
Cahouet-Chabard preconditioner in (5.108). We introduce a generalization of
that preconditioner for the case of a generalized Stokes problem with discon-
tinuous viscosity and density coefficients. This preconditioner has a certain
robustness property with respect to the size of the jumps in the viscosity
and density coefficients. The results that we present are from [193, 189]. We
apply the general abstract analysis presented in Sect. 15.5. As for the station-
ary Stokes problem treated above we first derive the preconditioner for the
continuous Schur complement operator and then briefly address a discrete
analogon. We consider the following simplified generalized Stokes interface
problem: Find u and p such that

—div(u(x)D(u)) + p(x)u+ Vp =g in §2;, (9.34a)
divu=0 in %, i=1,2  (9.34b)

[ul=0, [on] =g onI' =0 NIy, (9.34c)

u=0 on 9. (9.34d)

We use standard notations: o = —pI + pD(u), D(u) = Vu + Vu®.

The function g is given and models surface tension effects. We assume
piecewise constant viscosity and density. Suitable scaling can be used to ensure
that viscosity and density are equal to one in (2;. Hence, we assume
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_ 1 in .Qh _ 1 in .Qh
NJ_{,U,2>011’1927 p_{p2>0i1’192. (935)

The weak formulation leads to a saddle point problem of generalized Stokes
type: determine u € V.= H}(2)3, p € L3(£2) such that

ap(u,v) +&c,(u,v) +b(v,p) =f(v) forall veV,

v
) (9.36)
b(u,q) =0 for all ¢ € Lj(£2),
with
1
a,(u,v) := 5/ ptr(D)D(v)) dz ,  c,(u,v) = (pu,v) e,
2
bvop) = ~(pudive)pe, E3) = (g v)ie + [ g-vis
r
We introduce the following Hilbert spaces:
1
Hy ={v eV, with |v[|}, = 5/ ptr((D(v)?) dz },
o)
Hy = {v € L*(2)*, with ||v]m, == [p?v] > }.
Due to Korn’s inequality | - ||z, defines a norm on V. Related to this norm

we need the following uniform (w.r.t. u) equivalence result. Assume that one
of the following conditions is satisfied:

meas(02; N02) >0 for i=1,2, (9.37a)
meas(022NIN2) >0 and ps > C >0. (9.37b)

Then there exists a constant ¢ > 0 independent of p (but depending on C
from (9.37b)) such that

2 Vvre < |Vilg, < |p?Vv|e forall v e H. (9.38)

This result follows from Lemma 5 in [193] (there, instead of condition (9.37b)
the condition “meas(02; NIf2) >0 and pe < C” is used; the arguments in
the proof, however, still apply if the condition (9.37b) is used). Note that in
view of our applications (stationary droplet problem) the condition (9.37b) is
reasonable.

We use the same pressure space M as in the stationary Stokes problem treated
above:

M={peL*2): (p,1)s =0, with |[p|3; = (" 'p,p)r2 }

The scalar product corresponding to |||/ as is denoted by (-, <) as. These bilinear
forms and spaces satisfy the Assumptions (15.27a)-(15.27d) that are the basis
of the general analysis presented in Sect. 15.5.
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Lemma 9.2.4 Assume that (9.37a) or (9.37b) is satisfied. The following
holds with constants Iy, vy, > 0 independent of p and p:

ullf, = au(w ), au(w,v) < ulm|via, wveH, (9.392)

lullf, = cp(u,u),  cp(u,v) < ullm,|vlim, wve Hs, (9.39b)

b(u,p)| < Lillallmllpllar, w€ Hi, pe M, (9-39¢)
b(u,

Yo|lpll i < sup (2, p) pE M. (9.39d)

b
we, |[ullm,

Proof. The results in (9.39a)-(9.39b) are direct consequences of [lul[3;, =
au(u,u) and [lull3, = c,(u,u). The results in (9.39¢)-(9.39d) follow from
(9.38) and Theorem 9.2.1. O

We apply the general abstract results derived in Sect. 15.5 with the spaces
Hy, Hy, M defined above, with a(-,-) = a,(-,-), é(--) = ¢, (), b(-,-) = b(-, ")
and with 7 = £ The application is along the same lines as treated for
the generalized Stokes problem (without jumps in viscosity and density) in
Sect. 15.5.3.
We identify L2(£2) with its dual and then have
f(v)

Hy = {feV', with ]z = sup —— },
vev |[vllm,

. _1
Hy = { v e L*(2)°,with [|v]lmy = [p72v]2 },
. 1
M’ ={peM, with |[pllar = [n2pl > }.

The norm || - ||z, is equivalent to the standard L2-norm. Hence, the space
W ={pe M: Bp=Vpe Hj}is, apart from the different orthogonalization
condition (p, 1), that is used in M, the same as the one for the generalized
Stokes problem in Sect. 15.5.3:

W =H'(2)NM, withnorm ||p|lw = |lp~2 Vp||1:. (9.40)

The Schur complement operator S, , : M — M corresponding to the gener-
alized Stokes interface problem (9.36) is characterized by

1 di
(Su,ppap)f; = sup (p, divv),2 , p€E M. (9.41)

VEV (au(v,v) + Eep(v, V))%

We take the preconditioner given in Theorem 15.5.10:
~ 1 ) _ 1 1
(Suops )2 = IPlarserw = inf (Ilp —allar + €7 M2 Val72) . (942)

This preconditioner can be characterized using a Neumann solution operator
by applying a similar approach as in Theorem 15.5.14. We can apply the
general analysis of Sect. 15.5 to derive a uniform spectral bound S,, , < cS’M’p.
This is summarized in the following theorem.
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Theorem 9.2.5 Assume that one of the conditions (9.37a) or (9.37b) is
satisfied. Denote by —A7' : M — H'(£2) N M the solution operator of the
following Neumann interface problem: Given f € M, find p = —A;lf €
HY ()N M such that

(P~ 'V, Va2 = (f.q)r2, for all g€ H'(2)N M.

The scaled identity I, : L*(£2) — L*($2) is defined by (I,p,q)r2 = (p,q)m
for all p,q € L*(£2). Then

G— -1 -1
Soy=1"1—-¢A (9.43)

holds, and for allp € M

(S/L,ppa p)L2 < C(S,u,pp7 p)L2

holds, with a constant c¢ independent of &, p and p.

Proof. The proof is based on applying Theorem 15.5.6. A complete analysis
is given in [189). O

The preconditioner gu,p in (9.43) is a natural generalization of the Cahouet-
Chabard preconditioner derived in Sect. 15.5.3. In the case of jumps in viscos-
ity and/or density we now have a scaling (with p~!) in the identity operator
I, and a scaling (with p~') in the Neumann operator A,.

In Theorem 9.2.5 we have a spectral inequality S, , < ¢S, , that is uni-
form with respect to both the parameter £ (~ ﬁ) and the jumps in the
coefficients p, p without using any regularity assumptions. To derive a spectral
inequality S p < ¢Sy, we need (at least in our analysis) regularity results for

a stationary Stokes interface problem of the form

—div (u(z)D(u)) + Vp =g in £2;,
divu=0 in 2, i=12,
[ul =0, [on]=g on I, (9.44c
u=0 on {2 (9.44d

Similarly to the Stokes case in Sect.15.5.3, verifying Assumption 15.5.7 is
based on regularity properties of this problem. This important issue is largely
unsolved. The following result is found in the literature (see [223]): If the
interface I' = 9§21 N 92, is sufficiently smooth and has no common points
with 902 and g € L?(£2)3 then a solution (u,p) of (9.44a)—(9.44d) belongs to
H?($2;)® x HY(£2;), i = 1,2. However, in these results and in other analyses
known in the literature the dependence of constants in the a-priori estimates
on p is not known. Due to this we are not able to prove a result S, , < ¢S, ,
that is uniform both with respect to & and the jumps in u, p. Below we present
a result in which the spectral inequality is uniform with respect to & only.
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Theorem 9.2.6 Assume that one of the conditions (9.37a) or (9.37b) is
satisfied and that the domain 2 C R3 is such that the Stokes problem
(15.53) is H?-regular. Let S,,, be the preconditioner from (9.43). There
exists a constant ¢ independent of & such that for allp € M

(S,u,ppv p)L2 < C(S/L,ppa p)L2

holds.

Proof. We refer to [189]. O

We briefly address a discrete analogon of the preconditioner Su, p- Assume
that we use finite element subspaces V; C V, M; C M. We consider the
Galerkin discretization of the Stokes problem (9.36): find (up,pn) € Vi x My,
such that

ay(p, vi) +&cp(un, vi) +b(va, pr) = f(v) for v, € Vy,

b(up,qn) =0 for g, € Mj,. (9.45)

The matrix representation of this discrete problem has a form as in (9.25),
with A = A + M. The Schur complement matrix is given by S = BA~!B”.
Let M,, be the scaled mass matrix in the discrete pressure space as in (9.32),
ie.

(My)ij = (i hj)m = /(Zu*1¢i1/zj de, 1<i,j<K.

We now distinguish two cases: My, C H'(2) (e.g. M;, = X}) and M), ¢
H' () (e.g. XFEM pressure space). In the former case we can discretize the
Neumann problem used in Theorem 9.2.5 in the space My, resulting in a
discrete approximation of A;l. Let —A;}l : My — My, —A;}lfh = pp, be the
solution operator of the following discrete Neumann problem: Find p;, € Mj,
such that

(P 'Vpr,Van)rz = (fr.qn)r2  for all g, € My,

Let A;l be the matrix representation of this solution operator. Then the

discrete analogon of 5’;}) in (9.43) is given by

Qs' =S, =M, +¢A " (9.46)

In [189] this preconditioner is used in numerical experiments with a Hood-
Taylor P»-P; finite element pair and turns out to have very good robustness
properties w.r.t. variation in h, £, and the jumps in u, p.

We now address the case M;, ¢ H'(£2). Due to this nonconformity, a
Galerkin discretization of the Neumann problem in the space Mj, is not pos-
sible. Instead one can use the form of the Schur complement preconditioner
as in (15.50). The discrete analogon is given by

Qs' =S, =M, +¢{BM 'BT) (9.47)
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Analogous to A, for the operator BM~'B” there is a weighting with the
density, namely through the weighted velocity mass matrix M, cf. the defini-
tion of M in Sect.7.11.1.

Remark 9.2.7 In [189] it is shown that similar results hold if instead of M
one uses the standard pressure space L3(£2) with norm || - || as-

Oseen problem

We briefly address Schur complement preconditioning for the general Oseen
problem (9.25). If the Oseen problem is diffusion dominated, the modified
Cahouet-Chabard preconditioner treated above, cf. (9.46) or (9.47), is an ob-
vious possibility. For stronger convection the following alternative may be
better. In Sect.5.4.3 we explained the BF Bt Schur complement precondi-
tioner for a one-phase Oseen problem. Its definition is completely algebraic
(i.e., based on the given mass and stiffness matrices) and can immediately be
extended to the case of a two-phase Oseen problem. We recall the definition of
this preconditioner. Let M* be the velocity mass matrix (without a weighting
with p) and M; := diag(M*). The BF Bt preconditioner, cf. (5.109), is given
by

Qs'=BM;'BT)'BM; ' AM;'BY (BM'BY)"". (9.48)

It turns out, that in the case of discretization with the XFEM method the
matrix BM;'B” is in general extremely ill-conditioned due to large dif-
ferences in scaling of the basis functions. Hence, systems with this matrix
are very hard to solve. It is much better to use this preconditioner in a
different form, in which this poor scaling is avoided. For this we introduce

~ —1 _1
B =M, {BM, ?, with M, the mass matrix in the pressure space (without

scaling) and M, ; := diag(M,). Thus B is a rescaled version of the discrete
divergence matrix B. The BF Bt Schur complement preconditioner le can
also be represented as

Qs' =M, ?(BB”)'BM; 2 AM, *B" (BB")'M, . (9.49)

In this representation we have to solve linear systems with the matrix BBT
instead of with BM;IBT. Due to better scaling, systems with B B” are much
easier to solve than those with BM 'BT.

9.3 Numerical experiments

We reconsider the static droplet test case described in Sect.7.10.3, where
a static droplet 2, = {2z € R3: ||z <r} is located inside the cube 2 =
(—1,1)® with » = 2/3. Assuming g = 0 and 7 = 1, i.e., no gravitational
force but only surface tension is acting, the solution of the stationary two-
phase Stokes problem is analytically known: the velocity vanishes in the whole
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domain, i.e., u* = 0, and the pressure is piecewise constant in the two phases
with a jump [p]r = 7k = 3 across the interface I, cf. Fig.7.19.

For spatial discretization a coarse grid 7y consisting of 4 x 4 x 4 subcubes
each consisting of 6 tetrahedra is created. This coarse grid is successively
refined in the vicinity of the interface yielding a sequence of tetrahedral grids
Ti, i = 0,...,3 with grid sizes h; = 2771, i = 0,...,3. See Fig.7.9 for an
illustration of a very similar adaptive mesh. We use piecewise quadratic finite
elements for the velocity space V, and either piecewise linears (Qp = Q}) or
the reduced XFEM discretization (Qp = ~}I;’17 cf. Sect.7.9) for the pressure
space Qp,.

The discretization leads to an algebraic saddle point system of the form

K (;) — (é BOT> (;) _ (E) . A=AteM (9.50)

In the following sections we will analyze the iterative solution of this system for
the stationary Stokes case (£ = 0) and the generalized Stokes case (£ > 0), cf.
Sects. 9.3.1 and 9.3.2, respectively. The inexact Uzawa method is used in both
cases for the iterative solution of (9.50) applying appropriate preconditioners
Q4 and Qg. The starting vector is chosen as (tp, 7o) = (0,0). The iteration is
stopped if a reduction of the Euclidean norm of the starting residual by a factor
of 108 is achieved, i.e., |[r*|| < 1076||r?||. To measure the arithmetic costs
which are dominated by the application of the preconditioners, the number
of evaluations of Qzl are counted. Note that the number of le and Qzl
evaluations are almost the same, cf. Remark 5.2.11, so we will not report the
numbers of le evaluations in the following.

9.3.1 Stationary Stokes case

We first consider the stationary Stokes case where A = A in (9.50). The
preconditioners are chosen as follows. The Schur complement is preconditioned
by le = M;l. For Q4 we compared a Krylov-based approach to a multigrid
approach, i. e., for Q;ll we use an SSOR-preconditioned CG method with zero
initial guess reducing the Euclidean norm of the residual by a factor of 100
or, alternatively, apply 5 multigrid V-cycle iterations to A. Computations are
performed for different refinement levels and for fixed po = 1, varying the
viscosity pp of the droplet. The number of Q;‘l evaluations are reported in
Table 9.2 for the standard FEM space Qj, = Q} and in Tables 9.3 and 9.4 for
the reduced XFEM space Qp = Q 5*‘.

We first discuss the results for the standard pressure space Q, = Qr
given in Table 9.2. For the Krylov-based preconditioner Q4 the results are
robust w.r.t. variation in the grid size h. Furthermore, robustness w.r.t. the
viscosity ratio u1/pe is observed for moderate ratios up to 1 : 100. There is
a slight increase of the number of Q' evaluations for the “extreme” case
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Qn=0Q; Krylov-based Qzl multigrid-based Qzl
h=1/4 h=1/8 h=1/16 | h=1/4 h=1/8 h=1/16
p1/pe =1 36 34 36 42 38 36
ui/pe =107 40 41 46 44 51 46
w1/ = 1072 40 40 47 77 79 97
pi/p2 =1073| 68 64 69 294 413 480

Table 9.2. Stationary Stokes case, standard FEM pressure space: number of Q;‘l
evaluations for different grid sizes h and viscosity ratios u1/p2, using a multigrid or
Krylov-based preconditioner Qzl.

Qn = Qﬁh, Krylov-based Qzl multigrid-based Qzl
c=1 h=1/4 h=1/8 h=1/16 | h=1/4 h=1/8 h=1/16
pi/pe =1 36 34 36 42 39 37
w1/ =107 40 35 48 44 46 55
p1/pe = 1072 40 48 71 77 81 139
pi/pe = 1073 68 68 184 294 459 860

Table 9.3. Stationary Stokes case, XFEM pressure space, ¢ = 1: number of Q;‘l
evaluations for different grid sizes h and viscosity ratios u1/p2, using a multigrid or
Krylov-based preconditioner Qzl.

Qn=Qi", Krylov-based Q" multigrid-based Q*
¢=0.1 h=1/4 h=1/8 h=1/16 | h=1/4 h=1/8 h=1/16
p1/pe =1 38 34 37 43 42 43
wi/pe =107 41 46 64 45 56 79
pi/pe = 1072 51 80 131 100 144 197
pwi/pe =1073 119 206 266 351 511 1338

Table 9.4. Stationary Stokes case, XFEM pressure space, ¢ = 0.1: number of Q;l
evaluations for different grid sizes h and viscosity ratios u1/p2, using a multigrid or
Krylov-based preconditioner Q:ll.

p1/p2 = 1073, but compared to the case py/u2 = 1072 the numbers are less
than doubled.

Analyzing the results for the multigrid-based preconditioner Q 4 we again
observe a moderate robustness w.r. t. variation in h, but a strong dependence
on f1/pz, especially for the “extreme” case pi/pu2 = 1073, which will be
discussed below.

We now turn to the XFEM case, i.e., Qn = Qf The results for the
reduced XFEM space with ¢ = 1, cf. (7.108), are given in Table 9.3. For
h = 1/4,1/8 the results are comparable to the standard FEM case, but for
h = 1/16 the effect of the smaller LBB constant becomes visible in terms of
larger iteration numbers. For smaller ¢ the LBB constant deteriorates even
more, which is confirmed by numerical experiments using a reduced XFEM



320 9 Iterative solvers

space with ¢ = 0.1, cf. Table 9.4. For this case there is a strong dependence
of the number of Qzl iterations on the viscosity ratio uq/ps.

We draw the following conclusions:

e The results show that for large viscosity ratios the standard multigrid
method does not yield a satisfactory preconditioner Q 4. This can be traced
back to the fact that for discrete diffusion problems the multigrid method
is known to be robust w.r.t. variation in h, but not w.r.t. the size of the
jumps in the diffusion coefficient. The deterioration in the rate of conver-
gence for problems with large jumps is known from numerical experiments
in the literature but also reflected in theoretical analyses. For example, in
[258] it is shown that using a multigrid V-cycle as preconditioner Q4 for
the diffusion matrix A the condition number of the preconditioned system
can be bounded by

cond(Q;'A) < C'min {h_l, w}

min p;

with a constant C' independent of h, . This bound predicts a worse precon-
ditioning quality for an increasing viscosity ratio, in particular for small h.
A significant improvement can be obtained if modified multigrid solvers are
used, for example, an algebraic multigrid method or a multigrid method
with so-called matriz dependent prolongation and restriction operators.

e From the reasonably constant Q;‘l—evaluation counts in Table 9.2, in case
of a Krylov-based Qzl, we conclude that le = M;l is a robust Schur
complement preconditioner if in the discretization we use the standard
FEM pressure space Q.

e Consider the discretization with the XFEM pressure space Qﬁ” The re-
sults in Table 9.3 and Table 9.4, for the case with a Krylov-based le,
indicate that the Schur complement preconditioner M;l is still fairly ro-
bust, provided one does not take the value of the cut-off parameter ¢ too
small. A theoretical analysis that explains the dependence of the quality
of the Schur complement preconditioner on ¢ is not known.

Hence, even for this relatively simple stationary Stokes problem with a dis-
continuous viscosity coefficient, discretized with XFEM, the issue of robust
Schur complement preconditioning needs further analysis.

9.3.2 Generalized Stokes case

In this section we treat the generalized Stokes case with A = A+ &M, € > 0,
in (9.50), stemming from some time discretization where ¢ ~ (At)~!. The
preconditioners are chosen as follows. The Schur complement is precondi-
tioned by Qg given in (9.47), but replacing the velocity mass matrix M in
the Schur complement by its diagonal diag(M). For Q;ll we use an SSOR-
preconditioned CG method with zero initial guess reducing the Euclidean
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norm of the residual by a factor of 100. Computations are performed for dif-
ferent refinement levels, different values of £ and for fixed material properties
p2 = pz = 1 of the ambient phase, varying the viscosity p; and density p; of
the droplet. The parameter ranges considered in the numerical experiments
are chosen as follows:

spatial discretization: h=2"" for i = 2, 3,4,

temporal discretization: ¢ = (At)~! =107 for j =0,1,2,3,
droplet density: p1=10"%p, for k=0,1,2,3,
droplet viscosity: w1 = 10" o for 1 =0,1,2,3.

We first consider the standard FEM case, i.e., Qn, = Q}. For fixed dis-
cretization parameters h = 1/8 & = 100 and varying material parameters
1 =10"uy, i =0,1,2,3 and p; = 1077 py, j = 0,1,2,3, the number of Qzl
evaluations are reported in Table 9.5. The obtained results indicate robust-
ness w.r.t. viscosity and density ratios in the whole range considered in the
experiments. Now we fix the droplet material properties 1 = 10~ 2us and
p1 = 1073py, varying the discretization parameters h = 1/4,1/8,1/16 and
& =107, j = 0,1,2,3. The corresponding numbers of Qzl evaluations can
be found in the left part of Table 9.7. We observe only a mild dependence
of the iteration numbers on the values of h and &, where the iteration num-
bers increase for smaller grid sizes h and larger time step sizes At. Varying
all four parameters, the maximal iteration number observed was 72 for the
case h = 1/16, £ = 1, p1 = 107 pa, 1 = 1073 py. Overall, for the considered
parameter range of h, &, p1, p1 the iterative method turns out to be quite
robust.

h=1/8,£=10% | pi/p2=1 pi/p2=10"" pi/p2=10"" pi/ps=10"°
Ml/uz =1 19 19 19 19
p1/pe = 1071 19 20 23 23
wi/pe = 1072 29 25 26 26
w1/ pe = 1073 39 43 42 39

Table 9.5. Generalized Stokes case, standard FEM pressure space: number of Q;l
evaluations for different density ratios pi/p2 and viscosity ratios pi /2.

The experiments were repeated for the XFEM case, i.e., taking the re-
duced XFEM space @y = Q}; with ¢ = 1 as pressure space. Table 9.6 shows
the number of Qzl iterations for fixed discretization parameters h = 1/8,
& = 100, varying the material parameters p1, u1 of the droplet. The results
are comparable to those obtained for the standard FEM pressure space, cf.
Table 9.5. Fixing p1 = 107 3py, u1 = 102, and varying the discretization
parameters h, &, the obtained iteration numbers are reported in the right
part of Table 9.7. For the grid sizes h = 1/4,1/8 the results are comparable
to the standard FEM case, cf. left part of Table 9.7. As in the stationary
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Stokes case, for the finest mesh with grid size h = 1/16 we see larger iteration
numbers which can again be explained by the deteriorating LBB constant of
the Vj, x Qf finite element pair. Varying all four parameters, the maximal
iteration number observed was 163 for the “extreme” case h = 1/16, £ = 1,
p1 = 1072py, 1 = 103 py. The result gets worse when we take a smaller ¢ in
the cut-off criterion (7.108).

h=1/8,£=10% | pi/p2=1 pi/p2=10"" pi/p2=10"" pi/ps=10"°
p/pe =1 19 22 19 19
p1/pe = 1071 24 22 26 26
pi/pe = 1072 29 30 32 32
p1/pe = 1073 41 42 41 48

Table 9.6. Generalized Stokes case, XFEM pressure space, ¢ = 1: number of Q;‘l
evaluations for different density ratios p1/p2 and viscosity ratios pi /2.

p/p2 = 1072, Qn=Q Qn=Q," ¢=1
pi/p2=10"% | h=1/4 h=1/8 h=1/16 |h=1/4 h=1/8 h=1/16
£=1 34 39 41 34 48 66

£ =10 28 34 44 28 39 64
£=10° 27 26 33 27 32 55
£=10° 27 33 29 27 35 37

Table 9.7. Generalized Stokes case: number of Q;‘l evaluations for different grid
sizes h and values of £, applying a standard FEM or reduced XFEM discretization
for the pressure.

We repeated the experiments for the case that the material properties of
the ambient phase are chosen as pp = 1073, p = 103, which are roughly
the material properties of water, allowing for a more realistic scenario than
o = p2 = 1. It turns out that in this case we have a very robust behavior.
This is due to the fact that A = A + ¢M is strongly dominated by the
p-independent term €M because of the large ratio p/u of density to dynamic
viscosity. We illustrate the robustness by considering an important concrete
example. For fixed material properties 1 = 1072z, p1 = 1073y (i. e., an air-
like fluid) the discretization parameters h, £ are varied. This is in an interesting
case from the practical point of view, since the considered two-phase system is
close to that of an air bubble in water, where the jumps of density and dynamic
viscosity are rather large. The results are reported in Table 9.8 for the standard
FEM case (Qn = Q}) and the XFEM case (Q), = Q+", & = 1). For both cases
the preconditioner shows robustness w.r. t. the discretization parameters h, €.
Comparing the FEM and XFEM case one observes an increase of the iteration
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numbers for small h. As before, this effect becomes stronger the smaller the
cut-off parameter ¢ is chosen.

“water-air” Qn = Qs Qn = Qﬁh, c=1
h=1/4 h=1/8 h=1/16 | h=1/4 h=1/8 h=1/16
£=1 28 31 30 28 35 48
£=10" 23 27 26 23 30 42
¢£=102 23 27 26 23 30 42
£=10° 23 27 26 23 30 42

Table 9.8. Generalized Stokes case, “water-air” system: number of Q;l evaluations
for different grid sizes h and values of £, applying a standard FEM or reduced XFEM
discretization for the pressure.
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Mass transport
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Mathematical model

10.1 Introduction

We consider the model for transport of a dissolved species as given in (1.24).
In (1.24) the unknown quantity (concentration) is denoted by ¢ = ¢(z,t), the
velocity field by u and the diffusion coefficient by D. In this and the next
chapter we use a different notation for these quantities: the unknown function
(concentration) is denoted by u(z,t) (instead of ¢), the velocity field by w
(instead of u) and the diffusion coefficient by «. In this notation the mass
transport equation, in strong formulation, is as follows:

% +w-Vu—div(aVu) = f in 2;(¢), i=1,2, t €[0,T], (10.1a)
[@Vu-n]p =0, (10.1b)

[Bu]r =0, (10.1c)

u(+,0) =up in 2(t), i=1,2, (10.1d)

u(,t)=0 on 992, t€[0,T]. (10.1e)

We assume that 27 = 24 (t), t € [0,T], is given, with 82, sufficiently smooth
and 021 N 92 = (), i.e. one phase is completely surrounded by the other one.
A typical example is a droplet surrounded by another fluid. n denotes the unit
normal at I" pointing from (2; into {25. In (10.1a) we have standard parabolic
convection-diffusion equations, which are coupled by the interface conditions
n (10.1b) and (10.1c). The diffusion coefficient o = «(x,t) is assumed to be
piecewise constant:
a=a; >0 in ().

In general we have a; # «as. The interface condition in (10.1b) results from the
conservation of mass principle. The condition in (10.1c) is the so-called Henry
condition. In this condition the coefficient § = B(x,t) is strictly positive and
piecewise constant:

B=0>0 in Q).



328 10 Mathematical model

In general we have 31 # (2, in which case the solution u is discontinuous
across the interface. We assume that for the function ug in the initial condition
(10.1d) the conditions in (10.1b), (10.1c) are satisfied. For simplicity we only
consider homogeneous Dirichlet boundary conditions in (10.1e).

As noted above, the interface I' = I'(t) is assumed to be given and to be
sufficiently smooth. Also w = w(x,t) is assumed to be a given sufficiently
smooth velocity field. Clearly, in the setting of a two-phase flow problem
the interface and the velocity field result from the Navier-Stokes equations
which model the fluid dynamics. If in the two-phase flow system there is no
significant influence of the concentration u on fluid dynamics, it is reasonable
to assume that in the transport problem (10.1) the interface I" and velocity
field w are given quantities. In certain other cases, for example if there is a
strong dependence of the surface tension coefficient 7 on the concentration u,
this assumption can be unrealistic.

In this chapter we present suitable weak formulations of the mass trans-
port model (10.1). These formulations are used in the derivation of Galerkin
finite element discretizations in Chap. 11. Although the mass transport model
(10.1) consists of (relatively simple) convection-diffusion equations in the sub-
domains, its numerical treatment requires special finite element techniques,
since the diffusion coefficient is discontinuous across the interface (which is
not aligned with the triangulation) and the solution u has to satisfy a jump
condition across the interface.

In this chapter we distinguish the following two cases:

e Firstly, in Sect. 10.2 we treat the special case in which both the interface
and the velocity field are assumed to be stationary, i.e., independent of ¢.
A model example is a droplet at a stationary position is a stationary flow
field. For this case a weak formulation easily follows from results known
in the literature.

e The second, more general, and from a practical point point of view more
interesting, case of a non-stationary interface and a time-dependent veloc-
ity field is treated in Sect. 10.3. This general case requires a more elaborate
analysis.

The distinction of these two cases is also useful for the analysis of the finite
element methods treated in Chap. 11.

Remark 10.1.1 The discontinuity of u across the interface can be avoided
by introducing transformed quantities @ := fu, & := «/f, w := w/3. Then
(10.1a)-(10.1c) can be reformulated as

g1 90 +W-Vi—div(aVa) = f in 2, i=1,2,t€[0,T], (10.2a)

ot
(Vi - n|p =0, (10.2b)
[ = 0. (10.2¢)
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In this formulation we have continuity of @ across I" but, compared to (10.1a),
a discontinuous subdomain dependent scaling factor 3! in front of the time
derivative, which causes difficulties.

We will consider the model in the formulation (10.1a)-(10.1e), which com-
pared to (10.2) is closer to physics.

10.2 Weak formulation: stationary interface

In this section, based on results known in the literature on parabolic equations,
we derive a weak formulation for the transport problem in (10.1). For this
known theory to be applicable we have to assume that the interface and
the velocity field are stationary, i.e., I" and w do not depend on t, cf. also
Remark 10.2.5. Due to the fact that the underlying problem is a two-phase
flow with two incompressible immiscible phases it is reasonable to make the
following assumptions about the velocity field w = w(x):

divw =0 in £, i=1,2, wn=0 on I, [[W]pe) <c<oo. (10.3)

In the remainder of this section we assume that (10.3) holds.

For a weak formulation we introduce suitable Hilbert spaces. First we
define the space of functions for which all weak first derivatives exist on both
21 and (2 and which in addition are zero (in trace sense) on 9f2. In the
literature this space is usually denoted by H} (21 U §25):

H&(Ql U .QQ) = {U S LQ(.Q) U, € Hl(.QZ‘), 1=1,2, Vion = 0 } .
For v € HE (21 U §25) we write v; := v|o,, @ =1,2. Furthermore
H:=1%2), V:={veH)(1U): Bv]r=0}. (10.4)

Note:
veV & Bve HiN). (10.5)

On H we use the scalar product
(u,v)o := (Bu,v)p2 = / Buv dx,
Q

which clearly is equivalent to the standard scalar product on L2?(2). The
corresponding norm is denoted by | - |lo. For u,v € H'(£;) we define
(u,v)1,0, =B fn Vu; - Vv; de and furthermore

(uﬁv)1791U92 = (uav)LQl + (uvv)LQQv u,v € V.

The corresponding norm is denoted by | - |1,0,u,. This norm is equivalent to

1
-8+ 11 2ue.)* = 1 2sus,-
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We emphasize that the norms || - ||o and || - ||1,02,u0, depend on 5. The space
(V, (-,)1,.0,u2.) is a Hilbert space. We obtain a Gelfand triple V «— H =
H' — V', with dense and continuous embeddings —. In the following the
same spaces L2(0,T;V), C([0,T]; H) as in Sect.2.2.3 are used, cf. Sect.2.2.1
for a definition.

The bilinear form

a(u,v) = (ou,v)1, 0,00, + (W-Vu,v)y, u,veV, (10.6)

is continuous on V' and using (10.3) we get, for u € V,

(w - Vu,u)g
= Z ﬂi/ w - Vu; u; da
i=1,2
(10.7)
= / w - n[Bu?|r ds — Z ﬁi/ divw u? dz — (w - Vu,u)o
r i=1,2 Y
= —(w - Vu,u)o.
Hence, (w - Vu,u)p = 0 holds. This yields ellipticity of a(-,-):
a(u,u) > zril%nz o |ulf g,u0, forall ueV. (10.8)

Now consider the following weak formulation of (10.1a)-(10.1e). Given f € V|
ug € H, determine u € W(0,T;V) := {v e L*(0,T;V): v' € L*(0,T; V' }
such that

i(u(t), v)o + a(u,v) = f(v) forall veV. (10.9)

u(0) = uyg, 7

Here 4 (u(t),v)o = u'(v) corresponds to a weak derivative v’ € L(0,T;V")
as explained in Lemma 2.2.6. Hence, due to (2.28) u € C([0,T]; H) holds and
thus the initial condition u = ug is well-defined. From Theorem 2.2.7 it follows
that the weak formulation (10.9) has a unique solution.

Remark 10.2.1 This existence and uniqueness result still holds (cf. [238,
106] and Remark 2.2.8) if instead of ellipticity of the bilinear form af(,-), cf.
(10.8), one has the weaker property

a(u,u) > co|u|iglug2 —ci|lul|z forall uweV,

with constants ¢g > 0 and ¢; independent of u. Using |[(w - Vu,u)p| <
clul1, 0,0, ||ullo it easily follows that this property holds without using the
first two assumptions in (10.3). We introduce these assumptions because they
simplify the presentation of the analysis for the continuous problem and we
need them in our analysis of the Nitsche-XFEM method in Sect. 11.2.
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The weak derivative v/ € L2?(0,7;V’) in (10.9), which satisfies u/(v) =
%(u(t), v)p for v € V, can be replaced by a more regular one if we assume
some regularity of the data f and wug. Related to this regularity issue we first

consider the stationary problem: for f € H,
find w €V such that a(u,v) = (f,v)g forall veV. (10.10)

We assume that the unique solution u of this problem satisfies u; € H?(2;),
i=1,2 and

1
lull2, 200, = (lull} g,ue, + ul3.0,00,)* < cllfllo (10.11)

holds, with a constant ¢ independent of f. For the stationary problem it is no
restriction to assume 31 = s, since the general case can be reduced to that by
a transformation as in (10.2). For the symmetric case w = 0, this regularity
result is given in [65]. For the general case such regularity results are derived
in Chap. 3 of [162] (cf. also [161]). Using this regularity assumption it follows
from Theorem I1.3.2 in [236] that the following holds:

Theorem 10.2.2 Assume that (10.11) is satisfied. Take
fEH, ug€Vigg:={veV:veH (), i=12}. (10.12)

Then the unique solution u € W?Y(0,T;V) of (10.9) satisfies u €
C([0,T); Vieg) and its weak derivative u' =: %% has the regularity property

ili—tt‘ € L*(0,T;V)nC([0,T); H). (10.13)

Hence u satisfies, for almost allt € (0,T):

(%’U)O +a(u,v) = (f,v)o forall velV. (10.14)

We now show that the variational problem (10.14) is indeed a correct weak
formulation of the problem (10.1a)-(10.1e).

Lemma 10.2.3 Toke f € H, ug € Vieg. Assume that (10.1a)-(10.1e) has a
solution u(x,t) which is sufficiently smooth such that for u : t — wu(-,t) we
have w € C([0,T); Vieg) and % € L2(0,T; H). This u solves the variational
problem (10.14).

Conversely, if u € C([0,T]; Vieg) with u(0) = ug solves the variational problem
(10.14) then u satisfies (10.1a) in a weak L%(£2;) sense and (10.1b), (10.1c),
(10.1e) in trace sense.

Proof. Take u € C([0,T]; Vieg) with 2% € L2(0,T;H), and v € V. Using
[Bu]r = 0 and the notation {w}r := & ((w1)r + (w2),r) for the average of a
function w € H(£2; U §25) we get
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[aVu -nfv|r = [aVu-n]r {fv}r + {aVu-n}r [Bo]p = [aVu-n]p {v}r.

Using this we obtain

du du
(E’ U)O + CL(U,’U) - (E7

— Z/ div(a; Vu;)Biv; da:—|—/[aVu npvlr ds

i=1,2

Z / dul +w - Vu; — div(oziVui))ﬂwl' dx

1=1,2

—s—/r[onu-n]r {Bv}rds.

v)o + (W - Vu,v)g

(10.15)

If u satisfies (10.1a), (10.1b) we thus obtain

du
(E7U)

i.e., (10.14) holds. Conversely, if u € C([0, T]; Vseg) with u(0) = ug solves the
variational problem (10.14) we obtain for u;(t, z) := u(t)()|q,

o+ a(u,v)=(f,v)g forall veV,

Z / auz +w - Vu; — div(e;Vu;) — f)ﬂﬂ}z dx

1=1,2

—|—/F[onu-n]p{ﬂv}pds:O

for all v € V. This implies that 2% + w - Vu; — div(a;Vu,) = f in L2(£2;)
sense and [@Vu-n]p = 0 in trace senbe The properties in (10.1c) and (10.1e)
hold due tou € V. O

For the result in (10.15) it is essential that we multiply the equation (10.1a)
by Bv and not by wv. This explains why in the scalar products (-,-)o and
(,)1,02,un, We use the weighting with the (piecewise constant) function 3.

Remark 10.2.4 Using (10.5) the weighting with 3 in the scalar products
in (10.14) can be eliminated, resulting in the following equivalent variational
equation:

du
(dt V)2 + (@Vu, Vo) e + (W - Vu,v) 2 = (f,v)2 Vo€ Hy(2). (10.16)
In the finite element discretization in Chap. 11 we prefer the formulation in
(10.14), since it uses the same space V both as solution space and as test space.
In (10.16) we have V and H}(£2) as solution and test space, respectively.

Remark 10.2.5 With additional technical manipulations, the analysis pre-
sented in this section can be generalized such that it also covers the case of
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a time dependent (sufficiently smooth) velocity field w = w(z,t). Then the
bilinear form a(-,-) in (10.6) depends on ¢, i.e., we have a(t; u,v). This bilinear
form is continuous and elliptic uniformly in ¢ € [0,7] and an analysis as in
e.g. [256], Sect. 26, can be applied. This analysis does not apply to the case
of a non-stationary interface.

10.3 Weak formulation: non-stationary interface

In this section we derive a weak formulation of the transport problem (10.1)
for the general case that I' = I'(t) is time-dependent and the velocity field
w = w(z,t) may depend on ¢t. We assume that I'(¢) is sufficiently smooth for
all ¢ € [0,7]. In the analysis presented in the previous section it is essential
for the formulation of the parabolic mass transport problem in the space
L?(0,T;V) that the space V does not depend on t. If, however, the interface
is non-stationary, then HJ (£2; U2), and thus also V, is time dependent. Due
to this, the analysis of the previous section is not applicable in case I' = I'(t).
Instead, a space-time variational formulation should be used. Although the
transport problem (10.1) is relatively simple, since it consists of two coupled
parabolic problems, we are not aware of any literature in which a rigorous
analysis of an appropriate weak formulation of this problem for the case of a
non-stationary interface is given. Below we present such an analysis.

For the velocity field we assume that for almost all ¢ € [0, T:
w(t) € HY(2)?, |w(,t)|re) <c<oo, divw=0 in £

Furthermore, we assume that the interface I'(¢t) is transported by the velocity
field w.

We consider the 3D case, i.e. 2 C R3. The analysis applies, with only
minor modifications to the general case 2 C R?. For simplicity we assume
that (21 (t) is connected and completely contained in £2. i.e., 921 () N 002 = (),
I'(t) = 0421(t). In the subsections below we first introduce suitable space-time
Sobolev spaces and derive some properties of these spaces (Sect. 10.3.1), then
we introduce a space-time weak formulation (Sect.10.3.2) and finally prove
well-posedness of this weak formulation (Sect. 10.3.3).

10.3.1 Preliminaries

The spaces and techniques treated in this section can be found in papers on
parabolic problems in so-called noncylindrical domains, which means that the
spatial domain in which the problem is formulated depends on t. The first
extensive treatment of this topic is given in [167]. Below we use some results
from this paper.

The remainder of this section is somewhat technical. For the readers conve-
nience we outline the main results. We first introduce spaces on the space-time
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domain Q1 := 2x(0,T). The spaces V3 and W introduced in (10.18), (10.22)
are generalizations of the spaces L2(0,T; V) and W!(0,T; V) used for the sta-
tionary interface case in the previous section. These spaces V3, Wy are used
in the space-time weak formulation presented in Sect. 10.3.2. Dense subspaces
of piecewise smooth functions Vg C V3, cf. (10.20), and W C Wp, cf. (10.21),
are introduced. An important difference between these two subspaces is that
functions from Vg are zero on the whole boundary of 7, whereas functions
from Ws are in general zero only on 92 x [0,T]. An alternative definition of
the space Wpg, which is useful for the analysis of well-posedness in Sect. 10.3.3,
is derived in Proposition 10.3.2. For initial conditions to be well-defined we can
use the embedding property Wz — C([0, T]; L?(£2)) proved in Lemma 10.3.4.
In the analysis of well-posedness we need two partial integration identities
that hold in the space Wj3, namely the ones derived in Corollary 10.3.5 and
Lemma 10.3.6.

The (open) space-time cylinder is denoted by Q7 := 2 x (0,7) C R%, and the
space-time interface is given by I, := {(x,t) € Qr: z € I'(t), t € (0,T) }.
The space-time cylinder is split in subdomains

Qi={(e.t) €Qr:zet), te(0,T)}, i=1,2

For v € L*(Qr) we define v; := vjq,. We introduce a scalar product in which,
on ;, we take first derivatives with respect to all spatial variables, but no
derivative with respect to t:

8u _
[ullFi0q Z| ooy + el weC'@).  (1017)

The induced Hilbert space is given by

% 6L2(Q1)7 .]:172’3}

Zj

HYO(Q)) =01y e = {“ AR

From [167] it follows that under mild assumptions on I, there exist bounded
linear trace operators

vi: HY(Qy) — L*(I), i=1,2,
o : HY(Q2) — L2002 x (0,T)).

In the remainder we assume that such bounded linear trace operators exist.
Then for v € L*(Qr) with u; € H(Q;), i = 1,2, the operators u|pg = You
and [u] = [u]r, = mu — yu are well-defined. The first space that plays
an important role in the space-time weak formulation of the mass transport
equation is the following analogon of the space V' in (10.4):

Vi i={ue L*Qr): ui € HY(Q:),i=1,2, ujpe =0, [Bulr. =0}.
(10.18)
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This space is equipped with the norm
2
2 2
lull =Y lluillzoq,y, € Vs
i=1
This space can also be characterized as follows. Let
—T g0
Hy’(Qr) = C§(Qr) ",

with || || g1.0(Q,) as in (10.17) but with @Q; replaced by Qr, be the space-time
analogon of H}(£2) (i.e., no derivatives w.r.t. t). Then

veVy < foe Hy'(Qr) (10.19)

holds. Using this we obtain as alternative characterization of Vj:

Ve=V5"" with V= {51 o€ CLQr)}. (10.20)

We introduce a subspace of Vg of functions for which a suitable weak time
derivative is well-defined. This space is an analogon for the noncylindrical case
of the space W(0,T; V) introduced in Sect.2.2.3. We need the dual space of
Hy°(Qr), denoted by

H™'(Qr) = Hy*(Qr)'.

For u € V3 the distributional time derivative %—;‘ is the linear functional given
by

ou o % 1
E((ﬁ) = /QT U dedt, ¢ € Cy(Qr).
Define Wg - Vg by
Ws={B7": ¥ eC(Qr), Yan=0}. (10.21)

Note that opposite to Vg in (10.20), a function from Ws is not necessarily
equal to zero on all of Q.

Lemma 10.3.1 For ¢y € Ws we have %—‘f € H-10(Qr).
Proof. Take ¢ € Wg, ¢ € C}(Qr). Then ¢; € C1(Q,), i = 1,2, and

o _ 6_¢
== | vgded

2
:; (_/r %1/}i¢n4d8dt+/cgi a(;iiédxdt> ,
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where ny = ny is the fourth component (i. e., the temporal direction) of the
unit normal 1 at I',. Using the bounds for the trace operators v; and Cauchy-
Schwarz inequalities we obtain

1S < ellgllmoqan

Using a density argument it follows that 2 8t € Hy'(Qr) = H~°(Qr) holds.
g

We introduce the closure of Wg in V3 w.r.t. the topology induced by | - |3 +
é) .
||§ ’ ”%I*LO(QT)'

Il : v
W = W', with ol = ol + 1 5 B ogony (10:22)

The space W is contained in Wps := {veVs: & e H1(Qr) }. We claim
that Wy = Wg holds. This claim is formulated in the following proposition,
for which we only give a sketch of a proof, based on [7]. In the remainder we
use this proposition only in Lemma 10.3.10 and Theorem 10.3.11.

Proposition 10.3.2 Assume that for i = 1,2, there are bounded C' bijec-
tions ®; : §2;(0) x (0,T) — @ such that £2;(t) = {P;(Z,t): T € £2;(0) },
0<t<T. For Wg as in (10.22) the following holds:

Wg = {U € Vg ? e H™ (QT) } . (10.23)

Proof. First we consider the case of a stationary interface, i.e., I'(t) does not
depend on t and thus 8(x,t) = B(x) (the subdomains @; are cylindrical). We
write H = H}(02). The spaces L?(0,T;H) and L?(0,T;H') = L?(0,T; H)' can
be identified with H,°(Qr) and H~1°(Qr), respectively. Define

(B~ u)

X = L%(0,T:H) :
{ue o) 10

€ L?(0,T;H) } , (10.24)

with % = w' the weak time derivative as in Sect.2.2.3. On X we use the

norm (6 )
u
lJull% = ||U||2L2(0,T;H) + ||d—||L2(0 TiH')-

The space on the right-hand side in (10.23) is denoted by Wg The equlvalence
veWs e fveX hOldb and || - |lw and ||8- || x are equivalent norms on Wj.
The scaling with 87! in (10.24) is not essential for properties of the space X,
since it can be incorporated as a weighting factor in the L?(2) scalar product.
From the literature, e.g. [256], it follows that C*°(0,T; H) is dense in X . Using
the density of C§°(£2) in H it follows that W := {4 € CY(Qr) : ¥jpo =0}
is dense in X. Take v € Ws. Then fv € X and there is a sequence (¢),,,) in
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W with lim, s ||t0m — Bv||x = 0. This implies lim,, oo |37 %m — v|lw = 0
for the sequence (6~ '4,,) from Ws. Thus Wy is dense in Wp, ie. W5 =
WBH'HW = Wg holds, which proves the claim for the case of a stationary
interface.

We now treat the general case. Define the cylindrical subdomain Q; =
£2;(0) x (0,T), i =1,2. A function v € V3 can be represented in transformed
variables (Z,t) by o(&,t) := v(®;(Z,1),t), (&,t) € Q;. Due to the smooth-
ness assumption on the bijection @;, the Sobolev norm of the transformed
function ||o]|3 = 2?21 10ill zr1.0(3,) is equivalent to lollZ, cf. [8] Sect.3.34.
Furthermore, ”%HH*LO(QT) is equivalent to ||%||H71’O(QT)' Using these norm
equivalences and the density result for the special case of a stationary inter-
face (cylindrical subdomains) the density result for the general case can be
proved. O

In the variational formulation of the transport problem presented in
Sect. 10.3.2 below the spaces Vg and Wj3 play an important role. For the
analysis in Sect. 10.3.3 we need some further properties, which are derived in
the remainder of this section.

As mentioned above, we assume that the interface I'(¢) is transported by
the velocity field w(z,t). From this it follows that

f - (Vlv) =0 (10.25)

holds, with i € R* the unit normal at I, pointing outward from @,. For this
normal the identity

ﬁ:V( nr > W S (10.26)

—wW-nr 1+ (w-np)?

holds, where nr € R3 is the unit normal at I".

Lemma 10.3.3 For all ¢ € Ws the identity

D00)— [ vw- V() dra
Qr

1 1 (10.27)
= §||ﬂ¢('aT)||2L2(Q) - 5”51#('70)”%2(9)
holds.

Proof. Take 1) € Wg, ¢ € Vs. Then ¢ € C§(Qr) holds. From partial inte-

gration and using (10.25) we obtain, with the notation n =: (21)
4



338 10 Mathematical model

¢ (ﬁcﬁ)

(5@ Yw - V(8¢) drdt = — Y——
Qr Qr

:Z/_( v +W'V¢i)5¢d$dt—/ []Bo(ny + iy - w)dsdt (10.28)

—Z/ ‘M +w - V) B da dt.

+pw - V(B¢) da dt

From a continuity argument it follows that

0 2 o,
—zf(ﬁv)—/QT ¢W~V(5v)dxdt:;/i ( aqi +w - V) Bvdrdt (10.29)

holds for all v € V3. In particular it holds for v = 1 € W3 C V3. Taking v = ¢
in (10.29) and applying partial integration again we get

Z/ o +W-V¢i)51/1da:dt

S
= [ e [ poeopar =3 [ (G v Voo dra

since the boundary integral [, vanishes, cf. (10.28). Using this in (10.29),
with v = 1, the result is proved. O

In the next lemma we derive a generalization of the embedding property
W1(0,T;V) — C([0,T]; H) given in (2.28).

Lemma 10.3.4 There is a continuous embedding Wz — C([0,T]; L*(£2)).

Proof. 1t suffices to prove

sup [[9(,8)lL2(0) < cll¢llw  for all ¢ € Wp.

te[0,T]

Take ¢ € Wg. From Lemma 10.3.3 we have

oY
——(BY) — Yw - V(BY) dz dt
ot /QT (10.30)

1 1
= 518U Dlliaa) = 5186020,

We take to € [37,T]. Let W5(Qy,) be as in (10.21), but with T replaced
by to. Note that ¥ € Wz = Wg(Qr) implies ¢ € Wg(Q4,). The identity
(10.30) holds with Q1 replaced by Qy,. For the time derivative we then have
%;ﬁ € H19(Q,) and
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H HH LO(Qy) H HH L0(Qr) (10.31)

holds. Let 6 = 6(t) be a smooth function with (¢) € [0, 1] for all ¢, 6(0) =0
0(t) = 1 for all ¢t € [3T,T]. The result (10.30) holds with Qr replaced by
Q1+, and, since ¢ € Wg, with 1 replaced by 6. Using this and 6(t9) = 1,
0(0) = 0 we get, with co := 2max{0; 2, B3 >},

1 1
(s to) 12 () < Co-||ﬂ9(to)¢(wto)||%2(g> - Co§||ﬂ9(0)¢(-70)lliz(m
(9¢)

= (BOY) — 02w - V() dx dt.
Q1

For the second term on the right-hand side we have

| /Q 0*yw - V() dx dt| < c||¢llL2(q,) IV (B L2(qu) < cll¥llf-

For the first term we get

0
1209 () < | 200 HH*IO 088600y,
H HH L.0(Qy, )”1:/]”‘/ (1032)
We consider the term ||2 n (10.32). For ¢ € C4(Qy,) we have
M(d)) =— 91/J—¢ da dt = — 1/1@ dx dt + 0" dx dt.
ot Qg ot Qo Q1

Hence, using 0¢ € C& (Qto) we obtain
(0)| < H HH o 108l 0@y + ellllv Il o)

< (122 -rnony + 600 00
Using (10.31) this yields

o(6v) o
1 =50 -0 < €55 la-s0gm + 191v).
Using this in (10.32) we obtain

(%) 51/1 2
5 B90)] < clll 57 1000 + 1#17),
and combing these results yields

sup || (-, 1)l 22y < elldllw.
te[1T,T]

The same bound can be derived for ¢y € [0, %T] by replacing tg by T'—tg and
applying the same arguments. O
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Corollary 10.3.5 The identity (10.27) holds for all ¢ € Wp.
Proof. This follows from the density of Ws in Wp with respect to || - ||w,

continuity of the bilinear forms on the left-hand side in (10.27) w.r.t. || - [|w
and the inequality ||Bv(-,t)||12(0) < c||¢|lw for all ¥ € Wp. O
Lemma 10.3.6 For all u,v € W the following holds:

ou v

E(Bv) + E(ﬂu) = /Q (ﬂuv)‘t:T dox — /Q (ﬂuv)‘tzo dx — /F [Buv]ng ds dt,

with ng = Ny the fourth component of the unit normal at I's.

Proof. Take 1) € Wg. Define

0
ly(v) := o %U dx dt — /F [Byvlngds, v € V.

From the definition of the distributional derivative and a density argument it
follows that %(Bv) = ly(v) for all v € V3. For ¢ € Wg we have

19(6) = o)+ [ (300) g o [ (300),,_y da = [ (Bvolna ds.

This yields

o 99
= = (B) = /Q (BY¢) - dz — /Q (8Y9),_q do = /F [Biodlna ds

for all ¢, » € Ws. By a density argument this even holds for ¢, ¢ € Wg. O

(Bo) +

10.3.2 Space-time weak formulation

In this section we introduce a weak formulation of the mass transport problem
(10.1). We restrict to the case with an initial condition up = 0. The case ug # 0
can be treated by a shift argument.

For u € Wjg, due to the result in Lemma 10.3.4 the function u(-,0) € L?(2)
is well-defined. We introduce the subspace of Wj of functions with initial data

equal to zero:
Wgo:={ueWs:u(-,00=0 in 2}.

The space (W30, || - ||w) is a Hilbert space. We introduce the following space-
time weak formulation of the mass transport equation:

Determine u € Wg g such that

ou

2
E(U)—/QT uw-Vu da:dt—|—;/i a;Vu;-Vudr dt = fvdxdt (10.33)

Qr

for all v € Hy°(Qr).
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Remark 10.3.7 The formulation in (10.33) generalizes the one for the sta-
tionary interface case given in (10.16). Due to the property (10.19) the test
space H&’O(QT) can be replaced by Vj. For the trial and test space we then
have the nice embedding relation Wy o C Vjz. Using the test space V3 the
variational equation (10.33) takes the form

2
@(Bv) — / uw - V(6v) dx dt + Z/ ;B Vu; - Vv, dr dt = Bfvdxdt
ot Qr — i Qr

for all v € V. This generalizes the problem in (10.14).
We show that this problem is consistent with the strong formulation in (10.1):

Lemma 10.3.8 Assume that the weak formulation (10.33) has a solution u €
Wpgo that is sufficiently smooth, namely v € H*(Q;), aaTuj € HY(Q,), for

j=1,2,3 and i = 1,2. Then u satisfies (10.1a)—(10.1e) (in L%-sense), with
Uug = 0.

Proof. Due to u € Wg the properties (10.1¢)—(10.1e), with uy = 0, hold
for u. In (10.33) we take v = ¢ € C}(Q7). Using (10.19), partial integration
on the subdomains @; and the property (10.25) we get

%(d))_/c? uw - Vodr dt = Z/

auz +w- Vui)q{) dx dt,
and

2
Z/ a;Vu; - Vodrdt = Z le 041Vuz)d)da:dt—|—/ v[aVu-n]re¢ds,
=17 Qi

*

with n € R? the unit normal at I'(t) and v a suitable scaling parameter.
Hence, we obtain

Z/ (6% +w - Vu; — div(e;Vu,) — f) odx dt—|—/ viaVu-n|rédsdt=0
for all ¢ € C¢(Qr). Thus (10.1a) and (10.1b) are satisfied. O

10.3.3 Well-posedness of the space-time weak formulation

In this section we prove that the space-time variational problem (10.33) has
a unique solution. We assume that the right-hand side f € L?(Q7). For the
analysis we apply Theorem 15.1.1. As Hilbert spaces we use H; = Wy,
Hy, = H)°(Qr). For notational convenience we write H = Hy°(Qr), and



342 10 Mathematical model

thus || - ”Hé’O(QT) = |- llgro(@r) = |l - l|lz- For the bilinear form on the left-

hand side in (10.33) we use the notation a : W0 x H — R, and this bilinear
is split into two parts:

2
a(u,v) = %(U) - /Q uw - Vodz dt + Z/ o;Vu; - Vodz dt
T i=1 i

= CL1(U7 U) + a2(ua U)a

with the elliptic part

2
as(u,v) = Z/ a;Vu; - Vo dx dt.
i=1 7@
Introduce f(v) := fQT fvdzdt. Using this notation the weak formulation
takes the form:
determine u € W3 o such that a(u,v) = f(v) forall ve H. (10.34)

The bilinear form a(-,-) is continuous on Ws g x H. The problem (10.34) is
well-posed iff the following two conditions are satisfied, cf. Theorem 15.1.1:

Je>0: inf sup _oalwv) >e (”inf-sup condition”), (10.35a)
ueWsover [lullwllvlla
[a(u,v) =0 for all u € Wgp] implies v = 0. (10.35b)

Lemma 10.3.9 The inf-sup condition (10.35a) is fulfilled.

Proof. Take u € Wg . Note that Wz o C Wz C V3 and thus fu € H, cf.
(10.19). Define g, := 2%(-) € H'. Recall that |lull?, = [[ull? + [|gull%. For
v,w € H we have as(v,w) = fQT aVv - Vwdz dt, hence using a Friedrichs
inequality we conclude that t he bilinear form as (-, ) is continuous and elliptic
on H x H:

36>0: §|v|} < az(v,v) forall ve H.
Let z € H be such that
az(z,v) = gy (v) forall ve H.

Using
as(z,v)
[[v]

gull 7 = sup <cllzlla
veEH
it follows that there is a constant £ > 0 independent of u such that

Elgull < ollzllf < gu(2) < llgullmr 2] a- (10.36)
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Take v := z + pfu € H, with a fixed, sufficiently large p > 0. Using (10.36)
we obtain

1
lolla < lzlla + pliBulla < culllgulla + llullv) < Seullullw. (10.37)

Substitution of this v € H in the bilinear form yields

ou

a(u,v) = 5

(z + pPu) — / uw - V(z + pfu) dedt + az(u, z + pfu)

T

= gu(2) + {%(ﬂu)—/ uw - V(fu) dz dt

T

— / uw - Vzdr dt + as(u, z) + paz(u, fu)
> gu(z) — / uw - Vz dadt + az(u, z) + paz(u, fu),

where in the last inequality we used Corollary 10.3.5 and u(z,0) = 0, since
u € Wg,0. Now note that

| uw-Vzda:dt+a2(u,Z)| < éllullv]zlla
Qr

holds with ¢ independent of w. For the term as(u, Su) we have

as(u, Bu) > min{B; ", B3 '} az(Bu, fu) > min{B; ', B3 "} 8| Bull3;

> dmin{fy ", By '} min{57, B3} [[ull} =: éllull?-

Hence, for p sufficiently large, independent of u, we get

(10.38)

a(u,v) > gu(2) — (@ % ||ullv) (8% ||2] i) + pellul?

1 JU ST
> gu(z) — 5612l + (e — 582671 Jully

V

1 I ST
> Sgu(e) + (e — 5867 Jully

1 1
& Ulgullze + llull¥) = S€lully-

Y

Combining this with (10.37) we obtain
a(u,v) = € [ullwllv] &,
with € > 0 independent of u, which proves the inf-sup property. O

We now consider the second condition (10.35b). In the proof of the next lemma
we use Proposition 10.3.2.

Lemma 10.3.10 Condition (10.35b) is fulfilled.
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Proof. Let v € H be such that a(u,v) = 0 for all u € Ws . Define 0 :=
V. Introduce, for u,v € H'9(Q1 U Q2),

Ve

=

2
d(u,v) := Z/ —u;w - Vu; + o; Vg - Vo do dt,
i=1 i

hence, 2%(39) + d(u, 30) = 0 for all u € W o. For arbitrary u € V5 C W o
we have

%(ﬂ’[)) = /QT 6(£U)1}dx dt — /F* [ﬂu’[)]n4 ds = —%(ﬂu) — /p* [ﬂu@]m ds,

and thus

%(ﬁu) - _%(5@) B /F* [But|ny ds = d(u, 50) — /F* [But]ny ds

= d(Bu,d) —/F [Bud|ngds.

The linear functional w — d(w,?) — [}, [wd]ny ds is bounded on H. Thus it

follows that %(-) € H',i.e., v € W and, by a density argument,

2 (u) — d(u, 50) + / [Putlngds =0 forall ueVs  (1039)

*

Using —d(u, 00) = ‘g—'t‘(ﬂf)) for all w € W9 and Lemma 10.3.6 we get

_@ ou

0 p (Bu) + a(ﬁﬁ) + /F* [But|ngds = /Q (Bud),_, dz for all ue Wpsp.

This implies 0(-,7) = 0. In equation (10.39) we take v = 0 € Wpg, apply
partial integration and use Corollary 10.3.5, resulting in

0= %(ﬂ@) — d(0, 50) + / B0 ds
_ %(5@) - |, piw- Vodvdt+ / [39]na ds — ax(d, 30)

1
= =5 1800, 0)l[72(q) — a2 (v, 50).

Using ellipticity of as (-, 8-), cf. (10.38), this implies ¥ = 0 and thus v = 0. OJ.

Theorem 10.3.11 For each f € L*(Qr) the space-time variational prob-
lem (10.33) has a unique solution u € Wp o and ||ullw < c||f||r2(@.) holds
with a constant ¢ independent of f.

Proof. This follows from Theorem 15.1.1 and the Lemmas 10.3.9 and 10.3.10.
O
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Finite element discretization

In this chapter we discuss a finite element discretization method for the mass
transport problem in (10.1). Compared to the usual convection-diffusion prob-
lems there are two issues that make this problem more complicated. Firstly,
one has to deal with the Henry interface condition in (10.1c¢) and secondly,
due to this condition the solution wu is discontinuous across the interface. In
our applications, due to the level set technique for capturing the interface, the
triangulation is not fitted to I'.

As in Chap. 10 we distinguish two cases. In the Sects. 11.1-11.4 we restrict
ourselves to the case of a stationary interface and velocity field, as in Sect. 10.2.
In Sect.11.5 we address the finite element discretization for the general case
of the mass transport problem with a non-stationary interface and velocity
field.

We restrict ourselves to the diffusion dominated case. If the mass transport
problem is convection dominated one needs additional stabilization of the
finite element methods treated in this chapter. One possibility would be to
use the streamline-diffusion stabilization approach as explained in Sect. 7.2.2.
However, we do not treat such stabilized versions.

11.1 Nitsche-XFEM method

In this section we derive a special finite element method that is very suitable
for the discretization of the mass transport problem (10.1). For this derivation
and the error analysis (in the Sects. 11.2 and 11.3) we restrict ourselves to the
case in which both the interface I" and the velocity filed w are assumed to be
independent of t. Generalization of this method to the case of a non-stationary
I'" and w is discussed in Sect. 11.5.

For a conforming finite element discretization of the variational problem
(10.14) one needs finite element functions ¢ that satisfy the interface condition
[B¢] = 0, which is very inconvenient, in particular if the interface I" crosses the
elements. An alternative approach is to use a technique, due to Nitsche [186],
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in which the XFEM space is used and the interface condition [fu] = 0 is
enforced, in a weak sense, by modifying the bilinear form. An overview of
applications of Nitsche’s method to interface problems is given in [137].

We present the Nitsche-XFEM method for the 3D case, along the same lines
as in [135, 136]. Let {75, }r>0 be a regular family of tetrahedral triangulations
of £2. A triangulation 7, consists of tetrahedra T, with Ay := diam(T") and
h := max{hr: T € T, }. For any tetrahedron T' € 7}, let T; := T N §2; be
the part of T in §2;. For any T with T NI # () we define I'r := T N IT. We
introduce the finite element space

Qr ={veHj(21U): vy, is linear for all T € T,, i=1,2}. (11.1)

In the variational formulation of the continuous problem (10.14) the space
V:={ve Hj(f21U %) : [Bv]r =0} is used. Note that Qf C H}(£1 U (),
but Q;, ¢ V, since the Henry interface condition [Bvy,] = 0 does not necessarily
hold for v;, € Q.

Remark 11.1.1 The space Q! defined above is almost the same as the ex-
tended finite element space (XFEM) treated in Sect.7.9.2, cf. (7.106) and
(7.116). The only difference is that in (11.1) we restrict to finite element
functions with homogeneous Dirichlet boundary conditions on 02, whereas
in Sect. 7.9.2 there are no essential boundary conditions in the XFEM space.
For implementation issues we refer to Sects.7.9.2 and 7.9.3. In practice we
use this space with a (piecewise planar) approximation I}, of I'. It follows
from Theorem 7.9.3 that this finite element space has optimal approximation
properties for functions uw € H™ (2, U {23), m = 1, 2.

Define
_ |7

Ty
hence, k1 + k2 = 1. For v sufficiently smooth such that (v;)p, i = 1,2, are
well-defined, we define the weighted average

(ki) TeT,, i=1,2,

{v} = k1 (v1)r + K2(v2) - (11.2)

For the average and jump operators the following identity holds for all f, g
such that these operators are well-defined:

[f9] = {/}al + [Fig} — (k1 — w2)[f]lg]. (11.3)

Let (f,9)r := [ fgds be the L?(I) scalar product. We introduce the bilinear
form

ah(uvv) = (au, U)LQlUQz + (W - Vu, U)O - ([Bu]a {avv ) Il})p

’ (11.4)
= ({aVu-n}, [Bo])r + AT ([Bu], [Bo]) 1
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with A > 0 a parameter. This bilinear form is well-defined on the space Q};
but also on

Wreg = {UEH&(QlLJQQ)I V; EHQ(.QZ')7 1= 172}

The space Wi is larger than the space Vieg in (10.12). The interface condition
[Bv] = 0 is fulfilled for all v € Vieg but not necessarily for v € Wieg. Using
this bilinear form we define a method of lines discretization of (10.14).

Let 49 € Q" be an approximation of ug. For t € [0,T] let ux(t) € QF be
such that uy(0) = 4o and

duh

(W,Uh)o + an(un,vn) = (f,vn)o for all v, € QF. (11.5)

In practice one uses I}, instead of I". Using the (nodal) basis (qj)jeju(qf)jejr
in QF, cf. (7.106), the function u; = uy(t) can be represented as

h>»
un(t) = Y ui(t)g; + Y uf (t)af

JET JjE€Ir

and the problem (11.5) can be written as a system of coupled ordinary dif-
ferential equations for the time dependent coefficients u;(t), j € J, and
uf(t)7 J € Jr. Note that since we assumed I" to be stationary, m := |J|+|Jr|
is independent of ¢. In general this does not hold for a non-stationary I". For
the matrix-vector representation of the system of ordinary differential equa-
tions we introduce some notation. Without loss of generality we assume that
Jr = {1,...,|Jr|} Denoting the extended basis functions qﬁ j € Jr by
AQT|+5 = qf and the corresponding coefficients by u) 74, = u% the mass
and stiffness matrix are given by

M;; = (ij%')Oa A= ah(qj,qi), 1<4,7<m.

Furthermore, b; = (f,¢)o, 1 < i < m, and @y denotes the vector represen-
tation of the initial condition . For simplicity we assume f, and hence also
B, to be independent of ¢. Then the system of ordinary differential equations
takes the form

di

—(t) + Ai(t) = b
g () T AUD =b, (11.6)
u(0) = up.
As an example, for the time discretization we consider the #-scheme:
d’ = o,
(11.7)

1 _
ZtM(ﬁ”+1 — ") + AT + (1-0)Ad" =b, n=0,1,....
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Below we analyze the errors in these space and time discretization methods.
In Sect. 11.2 we analyze the spatial discretization error in the Nitsche method
(11.5). In Sect. 11.3 we analyze the error after space and time discretization. In
Sect. 11.4 we present results of a few numerical experiments with the Nitsche-
XFEM method.

Remark 11.1.2 We discuss an alternative equivalent representation of the
Nitsche-XFEM discretization in (11.5) which is better suitable for a general-
ization of the Nitsche-XFEM method to a space-time discretization, as dis-
cussed in Sect. 11.5.2. This formulation uses the subspaces V; C Qp, i = 1,2,
and the isomorphism between V; x V5 and Q5 (or Q?‘) as explained in
Remark 7.9.9. We introduce some notation. In the bilinear form ap(-,-) in
(11.4) the first two terms correspond to the bilinear form a(-, ) of the contin-
uous problem, cf. (10.6), and the three interface terms come from the Nitsche
method. The bilinear form af(-,-) is split according to the subdomains:

a;(u,v) ::/Q ﬁiaiVu-Vvdx—k/Q Biw - Vuvdr, u,v€ H' (), i=1,2.

Note that (;, a; are constant on {2;. For a pair of functions (wy, ws) the jump
and average are given by
(w1, ws)] :== (w1 —w2)r, {(w1,w2)} == (k1w + Kowa)|p.

We define the Nitsche interface functional

Nr((u1,uz), (vi,v2)) == — / [(Bru1, Bouz)|[{e1 Vi - n, aaVos - n} ds
r

- / {a1Vuy - n, aVug - n}[(B1v1, Bovz)] ds
r

+>\h_1/[(ﬂ1u1752u2)][(ﬂ10175202)]7 U, v; € Vi
r

The Nitsche-XFEM method can be reformulated in the space V3 x V5 as
follows. Take (u1,u2) € Vi x Va such that Ry + Raty is an approxima-
tion of the initial condition ug. Determine (u1(t),u2(t)) € Vi X Vo such that
(u1(0),u2(0)) = (41, 42) and for t € [0, T):

2
Z [(51%7U¢)L2(m) + a;(us,vi)| + Np((u1, u2), (v1,v2))

=1

, (11.8)
= (Bif.vi)12(n,) forall (v1,v2) € Vi x Va.
=1

In this formulation instead of the XFEM space Q! we use the subspaces
Vi C Q) of the standard space @}, of linear finite elements. In (11.8) we do
not use integrals over (2 but only over (2;, ¢ = 1,2. For the implementation
of this formulation in the space V; x V5 it is natural to use the basis as in
(7.126).
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11.2 Analysis of the Nitsche-XFEM method

In this section we present an error analysis of the method of lines discretization
given in (11.5), which is based on the analyses presented in [135, 136]. We
assume that the velocity field w is such that the conditions in (10.3) are
satisfied. Related to the regular family of triangulations {75} we formulate
the same assumptions as in [135, 136]:

Assumption 11.2.1 Consider a T' € 75, with T NI # (). We assume that
the intersection of the interface I with 0T is either a connected curve or a
face of T. For the first case, take a plane through three of the points of the
intersection of I" and the edges of T" and let I'r, be the intersection of 7" and
this plane. We assume that, in suitable local coordinates (§,7,6), I = I'NT
can be parametrized by a function on I :

FT:{(fﬂlve)i (5777’0) eZﬁT,ln 0:.9(5’77)}'

The assumptions formulated in 11.2.1 are satisfied on sufficiently fine meshes.
We start the analysis with a consistency result:

Lemma 11.2.2 Let v = u(t) € Vieg be the solution defined in Theo-
rem 10.2.2. Then u(t) satisfies

(%,vh)o +an(u,vn) = (f,vn)o  forall vy, €QL, te0,T]. (11.9)

Proof. From Lemma 10.2.3 we have that v = u(t) satisfies [aVu - n] =
0, [Bu] = 0. Using this and (11.3) we obtain, for v, € Q1

— Z / div(a; Vu;) By dx + (w - Vu, vp)o

i=1,27

= - / [aVu - nfuy)ds + (au,vp)1,0,00, + (W - Vu,vp)o
r

= —({aVu-n}, [Bop])r + (aw, va)1,0,00, + (W Vu,vp)o = an(u, vn).

Furthermore, u solves (10.1a) (in the sense as in Lemma 10.2.3). Multiplication
of (10.1a) by Bvp, and integration over {2 results in

du .

(f,vn)o = (—,vn)o + (W- Vu,vp)o — E / div(c; Vu;)Buy, dx
dt i=1,27 %%
du

= (Ewh)o + an(u,vp),

and thus the consistency result holds. O
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For the error analysis we introduce suitable norms, as in [135]. Let 7,1 denote
the set of all tetrahedra that are intersected by I'. We define

10113 o= hptllvlZarm (11.10)
TeTF

121 nr =Y brllvlzy, (11.11)
TeTF

Pl = o oo + 190 0H20 g+ 118001200 e (11.12)

Different from [135] we have a scaling with § in the terms |v|1,0,un, and
I[Bv]|l1/2,n,r- The bilinear form ap (-, -) has the following continuity and ellip-
ticity properties with respect to the norm || - ||.

Lemma 11.2.3 There exist constants c1, ca > 0 such that for A sufficiently
large (independent of h) the following holds:

lan(u,0)] < crllull loll -~ for all u,v € Qf + Wieg, (11.13)
an(vn,vn) > callonl|®  for all vy, € QF. (11.14)

Proof. First note that |(f,g)r| < ||fll1/2,n,rll9ll=1/2,n,r holds. Take u,v €
QL + Wieg. Using the Cauchy-Schwarz inequality and the definitions of the
norms we obtain

|an(u,v)]
<c |u|1,91U92 |U|1,Q1U92 +c |u|1,91U92 ”U”()
+11Bulll1j2,n,rl{aVv -0} 1200 + {aVu -0} Z1 250, [B]|l1 /2,8, 0
+ AlBullly2,n,r I8Vl 20,0 < cllullllvl,
which proves the continuity. Using the assumptions (10.3) we obtain for vy, €

QF, cf. (10.7), (w - Vop,vp)0 = 0. Hence, using hy < h we get, with ¢ =
min;—1 2 a;,

an(vp,vp)
1
> Jazonlf 0,00, — 2l({aVon -}, [Bua)) rl + A[Bonll13 9.5, r
> colonl? 0,00, — 2l{aVon - 0} Z1 o0, r | [Buallyj2.n,r + AlBRII1T 2.5 1

> colonl? g0, — 014V on -} 1%y o p + = 5" [1B0nll o (11.15)

for arbitrary 6 > 0. The term |[{aVuvy - n}||_1/25,r can be estimated as
follows. For a given tetrahedron T' and v, € QF, ||V (vp)i(2)|| (where | - || is
the Euclidean norm on R3) is constant for o € T}, say equal to ¢;. Hence,
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hrk||aV (vp); - n||L2 (rr) < hri?|Dpla2é? < chrk? ||TT|| ||62V(vh) ||L2(T)

Tl Iz, o4
= chr |T|2 ||522V(Uh)z”%2(’f7)

1
< ellB? V(wn)illEacr,),

and thus

2
[{aVoy, - n}||2—1/2,h,r < 22 ’%‘2||aiv(uh)i ) n||2—1/2,h,r
i=1

2
=23 > herfeiV(vn)i - nlFery,

i=1 TeTT

2
<ed > BV (n)illiar,

=L Ter]
2 1
< CZ ||5i2v(vh)i||2/;2(m) = C|Uh|%,91u92~
i=1

With this constant ¢ and for A > 7%= + 1+2c , taking 6 = 19 in (11.15) we
get

an(vh, vn)
1+ 2¢

> CO|Uh|?,Qlu(22 1 _|_ 2 ——[{aVuy, - n}”—l/Q hor T (A — )||[5Uh]||?/2,h,r
260

ZCO|Uh|§ QU2 T T o0 - {aVon -0}, 5 + 5= I{aVor -n}2, o p

1+2
t 075 1+2 ——|I[Bv h]||1/2hr

2 1+—2|Uh|1 200, T 7 +2 —— [{aVuy, - n}||—1/2h1"+ 1 +2 H[ﬂvh]H%/zh,F
1 + 2c
and thus the ellipticity result in (11.14). O

Below, in Theorem 11.2.4, we derive an approximation error bound for the
XFEM space QF with respect to the norm | - ||. The analysis is essentially the
same as in [135, 136]. In Sect. 7.9.4, Theorem 7.9.3, we derived such a bound
in the (more standard) norms || - ||z2 and || - ||1. As in (7.114) we can define
an interpolation operator I : Wieg — QL of the form:

Iiv = Ry IFEIR1v + RoIFE3 Ry,

with R; restriction operators, R;jv := v, 7 : H?(£2;) — H?(£2) bounded ex-
tension operators (that preserve homogeneous Dirichlet boundary conditions
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on 9f2) and I? the standard nodal interpolation operator on H?(£2) N H} (£2).
For these operators the following error bounds hold:

|E2v — IREP|| p2(ry < chP||ERV| | grmery, M =1,2, v € Wieg,

: : (11.16)
|E7v — IRE v || () < chrllEPv| (), v € Wieg,

with a constant ¢ independent of v and of T' € 7j,. Furthermore, we will
use in the analysis below the following trace inequality that is known in the
literature:

[wlZeor) < c(hz' lwllieey + hrllwlf ), forall we HY(T), (11.17)

with a constant ¢ independent of w and of T € 7),. This result can be obtained
by using an affine transformation of 7" to the unit tetrahedron 7" and applying
||w||L2 o) < cllwll g2y lwl g2 gy for all w € HY(T), cf. e.g. Theorem 1.6.6 in

[53].

Theorem 11.2.4 Let I} : Wieg — Q{ be the interpolation operator defined
above. There exists a constant ¢ such that

lv—Iiv| < ch|lv|2,0un,  for all v € Wieg (11.18)

holds.

Proof. Take T € T,I', i.e., Ir := TN T # (. Due to Assumption 11.2.1
the intersection of It with 9T is either a connected curve or a face. In the
latter case it is trivial, that the estimate (11.17) also holds with 9T replaced
by I'r. We now show that also in the former case, the result (11.17) with 0T
replaced by I'r holds. We use the local coordinates z := (§,7,0) as defined
in Assumption 11.2.1. Define the level set function ¢(£,n,0) = 0 — g(&,n).
From Assumption 11.2.1 it follows that I is the zero level of ¢. Take a fixed
i€ {1,2} and T; := 2, NT. Let n(z) = (n1(2),n2(2),n3(2))T be the unit
outward pointing normal on 9T;. Note that I'r C 9T;. For w € HY(T) the
following holds:

0
2/ dw dz-/ div, | 0 dz:/ n-|0 ds:/ n3(s)w?(s) ds
Yoo T, 2 ot 2 ot

w w

o

:/ n3(s)w(s) ds—|—/ n3(s)w?(s) ds. (11.19)
I'r OT;\I'r

For z € I'r we have n(z) = il\g f;gg” and from V, ¢(z) = <_v(§’”1)g(€’n)>

it follows that

1

ns(z) = (|Viema& > +1)"2, zelr.
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From smoothness properties of I" it follows that 1 < n3(z)~! < ¢ with ¢
independent of T'. Using this and the identity in (11.19) we get, for arbitrary
w e HY(T):

/ w? ds < c/ nzw? ds < cllwllzry|lwl gy + ¢ / w? ds
FT FT ajji\[‘T

< clwlmllelme +c [ w*ds
or
< Ch?”“’”%%q“) + hT”w”%-Il(T)a
where in the last inequality we used (11.17). Thus we have shown that

w72y < e(hz wllZoy + hollwl3 ) forall we HY(T) (11.20)

holds, with ¢ independent of w, T' and of Ir.
We take v € Wiee and write ey, := v — Ijv. We have

lenl? = lenli a,ua, + I1{Ven - 0312 o5 p + [BenllIT o0, - (11.21)
For the first term it easily follows, as in the proof of Theorem 7.9.3, that

|eh|i()1u92 S Ch2||“||%,(hu(22

holds. We now consider the third term on the right-hand side in (11.21):

MBenlllf jonr = Y hz'llBenllEacry)-

TeT,r

For T € ThF we have (with v; = Rjv = v|g,)

2 2
he'lBenlllZacryy < €Y hztlRienlfary = ¢ ) bt lvi = Riliolgary,

i=1 =1
2

S e - e
=1

2
<ey (h52||5¢2“z‘ — L& vill T2y + 1€ v — I}%gjzvi”i[l(j’))v
=1

where in the last inequality we used (11.20). Using the local error bounds for
the standard nodal interpolation operator I? given in (11.16) and summing
over T € T," we obtain

2
1Benlll} jon,r < ¢ Z Zh%”gizvi”%ﬂ(T)

TeT! i=1

2
< ch® ) |Evill ey < ch?[0]3 a0,
i=1
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We finally apply similar arguments to derive a bound for the second term on
the right-hand side in (11.21):

{Ven 0}y jnpr= > hrl{Ven -n}Za,).

=

For T € T, we have, with w; := V(£2v; — I[3E2v;) - n:

2

hol{Ven - n}3zrpy < D hrlV(0i = RiGE ) -1l 2y
i=1

2 2
= hrlwillBary < €3 (luilZacr + W lwilidne )
=1 =1

2

<Y (12 — 2Rl oy + W3 1ER 0 e )
i=1

2
<Y h7lEMi G-
i=1
Summing over T' € 7,]" we obtain

2
{Ven -0} o r <c Z Zh%’H&QUi”%p(T) < ch?||v13,0,u0,»
Terr i=1

which completes the proof. O

In the error analysis we use the elliptic projection Ry : Wieg + Q,I; — Q,I;7
defined by
an(Rpv,wp) = ap(v,wy)  for all wy, € QL.

In the following two lemmas we derive error bounds for this projection.

Lemma 11.2.5 The following holds:

IRhv —v|| < ch|v]2,0,u0, for all v € Wieg.

Proof. For v € W, define xp, := Rpv — Ijv € Q;:. Using Lemma 11.2.3 and
Theorem 11.2.4 we get, with co > 0:

callxnll® < an(xn, xn) = an(Rpv — Ijv, xp)
=an(v —Iyv,xn) < cllo = Lvllixall < chllvll2,e,u, Ixall-

Hence, ||xn|l < ch|v||2,2,un, holds and thus
[ Bro —ofl < Ixall + llo = Il < ehllvlle,eue,

holds. O
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In the next lemma we derive an L2-norm error bound based on a standard du-
ality argument. For this we need an H?2-regularity property for the stationary
problem.

Lemma 11.2.6 Assume that the H?-regularity property (10.11) is valid.
The following holds:

|Rrv —vllo < Ch2||1)||2791u92 for all v € Wieg.

Proof. For v € Wyeg define ey, := Rpyv—v € Q;IZ + Wheg. Introduce the bilinear
form

a(u,v) = (au,v)1 200, — (W-Vu,v)o, u,v€ Hy(2,U ).

Using w-n = 0 on I' and divw = 0 we obtain by partial integration on the
subdomains §2;, —(w - Vu,v)y = (w - Vu,u)o and thus a(u,v) = a(v,u) for
u,v € Hi(1 U ). Let 4 € V = {1} € Hi (21U 2): [Bu]r :O} be the
unique solution of
a(u,v) = (ep,v)o forall veV.
This dual problem has the same regularity properties as the one in (10.10),
i.e., u e Hz(Ql U QQ) and
l[ll2,2,00, < cllenllo,

with a constant ¢ independent of e;,. Using this regularity property, combined
with [8d] = 0 (since @ € V') it follows that @ solves the following problem:

—div(aVa) —w-Vi=e, in § i=1,2, (in L?sense),  (11.22a)
[aVi -n]p =0, (11.22b)
[Ba]r = 0. (11.22¢)

Multiplication of (11.22a) with (Bey,, integration over {2 and applying partial
integration on the subdomains {2; we obtain, using (11.22b),(11.22¢):

(en,en)o = (ad, en)1,2,u0, — (W - Vi, ep)o — / [aVa - nfey] ds
r

= (aep, W)1,0,u0, + (W Vep, @) — ([Ben], {aVi -n})pr
— ({aVey, - n}, [Ba])r + Ab™ ([Ben], [Ba])r
= ap(en, ).
Using this in combination with Lemma 11.2.5 and Theorem 11.2.4 we get
(ensen)o = anlen, @) = anlen, @ — Ia) < ciflen||a — Inal
< ch?|vll2, 0 |8l2,2,00, < ch?|vll2,2,00enllo,

which completes the proof. O
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We now derive an error bound for the semi-discretization by the Nitsche-

XFEM method in (11.5). We require that the solution u = u(t) € Vieg
as defined in Theorem 10.2.2 has sufficient regularity, in particular % €

L' (0, T'; Wieg). The analysis uses standard arguments as in, for example, [238]
or the proof of Theorem 3.2.14.

Theorem 11.2.7 Assume that the regularity property (10.11) is valid. Let
u = u(t) € Vieg be the solution as in Theorem 10.2.2 and uj, = up(t) € QF
the solution of (11.5) with up(0) = Gg. The following holds for t € [0,T):

du

t
[lun () = u(®)llo < lldo — Ruuollo +ch*{[luoll2,2, ue, +/ T
0

dT}.

2,021U82

Proof. Introduce the splitting up(t) — u(t) = 6(t) + p(t), with 6 := up — Rpu,
p = Rpu — u. From Lemma 11.2.6 we have

lp(®)llo < ch?®[[u(®)]l2.2,u0.

Hl du 11.23
é Chz(”uO”Q’Qlugz +/ E dT) ( )
0 2,021U822
For 6 = 0(t) € QF we have, using Lemma 11.2.2:
d 1d, . do do
- _ - Y ed < (2
6110516110 = 51013 = (55005 < (55-6)g + an(6.0)
duh dRhu
= (E’G)O + ah(uh,G) — (779)0 — ah(Rhuﬁ)
dRpu
= (fv 9)0 - ah(uvg) - (d_:’G)O
du dRpu
= (Ev )0_( dt 70)0:(w_Rhw79)07

with w = %. We assumed sufficient regularity, in particular w € W;eg. Using
Lemma 11.2.6 we get

d
(w — Ryw, ), < ch? || [
2,021U822
Thus we have J J
—llollo < eh? || = .
dt dt 2.0,U0s
Integration over [0,¢] and using [|0(0)|lo = ||t — Rruollo proves the desired

result. O
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Related to the error term ||ig — Rpugl|o in Theorem 11.2.7 we note the follow-
ing. If we assume ug € W, and for the approximation of this initial condition
we take g := I;ug € QF, then we get

Go — Ruuollo = || 15 u0 — Rruollo
[ llo =l Z | 2 (11.24)
< [Ijuo — uollo + [[Rruo — uollo < ch®||uoll2,2,u50,-

Hence, we conclude that for the semi-discretization of the mass transport prob-
lem with the Nitsche-XFEM method we obtain an optimal L?-error bound,
namely of the form ch?.

11.3 Time discretization

The semi-discretization (11.5), resulting from the Nitsche-XFEM method, can
be combined with standard time discretization methods. For example, the
f-scheme takes the following form. For n = 0,1,..., N — 1, with NAt =T,
set u) =iy € QF, and determine u}™! € QF such that for all v, € Qf

n+l _ n
(Uh Up, Uh) + gah(uz+l70h) + (1 _ g)ah(u'z’ 'Uh) = (f’ 'Uh)o (1125)
0

holds. For simplicity we assume that f does not depend on ¢t. The matrix
representation of this problem is given in (11.7). In practice very often either
0 = 0.5 (Crank-Nicolson) or § = 1 (implicit Euler) is used. The error analysis
of this full (i.e. space and time) discretization method can be performed using
standard arguments, as in [238]. For completeness we derive an error bound
for the implicit Euler method. Again we require that the solution v = u(t) €
Vieg as defined in Theorem 10.2.2 has sufficient regularity, in particular % €
Lt (0, T; Wreg) and % cL! (0, T; LQ(.Q)). Furthermore, we again assume that
the stationary problem (10.10) has the regularity property (10.11).

Theorem 11.3.1 Let u = u(t) € Vieg be the solution defined in Theo-
rem 10.2.2 and uj € Qf, n = 0,1,...,N the solution of the 6-scheme
(11.25) for @ = 1. The following holds:

[Jug, = u(tn)llo < lldo — Rnuollo

t
™l du
hQ{ / au
+c ||U0||2,Qlu92 + ; 7

d?u
W dr.

0

tn
dT} + At/o

2,021U822

Proof. We use the splitting u}l —u(t,) = (uf — Ryu(tn))+ (Rpu(tn) —u(ts)) =:
0" +p". For |[p" [lo = [|p(tn)[lo we have a bound as in (11.23). For the backward
difference quotient we introduce the notation dw™ := (w™ — w"~')/At. Using



358 11 Finite element discretization

the definition of u} in (11.25), the definition of the semi-discretization in (11.5)
and the consistency result in Lemma 11.2.2 we obtain
(90", vp)o + an (0™, vp) = —— (uf — uf ™" vp)o + an(ul, vp)

— (5Rhu(tn),vh)o — ah(Rhu(tn),vh)
= (f,vn)o — an(u(ts),vn) — (ORpu(ty), vh)o

du tn 3 n
= ( Cgt )7Uh)o - (Rhau(tn)avh)o = (w avh)()a
with
du(t, = = = du(t,
W = ) R Buta) = [T — Ra)du(tn)] - [8u<tn> _ dul )} -
dt dt
Taking v, = 0" € Q" and using a,,(6™,0") > 0 we get
1713 — (677", 6™) < Atfjw" o]0 lo-
Hence,
1™l < 116" [lo + Atflw™[lo,
and
167110 < 116°ll0 + At > [l o
S . (11.26)
< [l — Ruuollo + At Y [lwlllo + At > [|lw]lo.
j=1 j=1
For ||w!|jo we obtain with Lemma 11.2.6
Jwillo = || (1 — R )/tj & o <i/tj (71— R 2|
o= \At M, dt LA, S
B2 [t
< C—/ du dr,
At tjfl dt Q,Qlugz
and thus .
n . n du
AtZIIw{Ilo < ch2/0 ‘E o dr. (11.27)
j:l 3941 2

For w} we have

j du(t; ti 92
Atws = u(t;) —u(tj-1) — At ucgt]) :_/t (r—t;_1) u(7) ir,

and thus
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n ] n t; tn
Athwanoszf (r—tj-1) dTgAt/
j=1 j=17ti—1 0 0

Using the results from (11.27), (11.28) in (11.26) in combination with the
bound for ||p™||o from (11.23) we obtain the result. O

0%u

ot?

0%u

0

If in the initial condition we take iy = I;uo we can use the error bound in
(11.24) and thus for the full Nitsche-XFEM-Euler discretization we obtain an
optimal error bound of the form c(h? + At).

Remark 11.3.2 We comment on the iterative solution of the linear system
that arises in each time step of the fully discrete problem (11.7). This system
is of the form

Ax=b, A= AitM + 0A. (11.29)

In Sect.7.9.4 properties of the XFEM mass matrix M are derived, in par-
ticular the result in Theorem 7.9.7 implies that the diagonally scaled mass
matrix is well-conditioned. Hence, for “small” At (At < h?) a Krylov sub-
space method with a simple (e.g. Gauss-Seidel or ILU) preconditioner can be
expected to be an efficient iterative solver for the system (11.29). For “large”
time steps At one needs a solver that can deal efficiently with the poorly
conditioned matrix A. This topic has not been studied in the literature, yet.
For problems in which the mass transport problem is diffusion dominated,
an efficient preconditioner of A may be developed based on the following ob-
servation. Since diffusion is assumed to be dominant, instead of A we can
consider its symmetric part %(A + AT). From the results in Lemma 11.2.3 it
follows that it suffices to develop a preconditioner that is spectrally equivalent
to the symmetric positive definite matrix that represents the (energy) scalar
product given in (11.12).

11.4 Numerical experiments

In Subsection 11.4.1 we present two three-dimensional test problems of the
form (10.1a)-(10.1e) on 2 = (0,1)® with different interfaces I'. In the first
problem we take a simple planar interface. Thus we avoid errors due to numer-
ical interface approximation. In the second experiment we consider a cylin-
drical interface, which has to be approximated on the unfitted tetrahedral
meshes that we use. In both cases, the exact solution u is smooth, known and
satisfies the interface conditions (10.1b)-(10.1c). The velocity field w does not
depend on t and satisfies the assumptions (10.3).

11.4.1 Test problems
Case 1: Planar interface

The domain 2 = (0,1)3 is subdivided into the two subdomains (2, :=
{(z,y,2) € 2: 2<0.34113 } and 25 := 2\ 27, which are separated by the
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interface I' := {(x,y,2) € £2: z=0.34113 }. The position of the interface is
chosen to avoid grid matching.

We choose the coefficients (a1, a2) = (1,2), (61, 62) = (2,1) and a station-
ary velocity w := (y(1 — 2),2,0)”. Note that divw = 0in 2 and w-n = 0
on I'. The right-hand side f is taken such that the exact solution is given by

e ! cos(mz) cos(2my)az(z +b)  for xin 2,

u(x7 y? Z7t) = { t

B ) (11.30)
et cos(mx) cos(2my)z(z — 1) for z in 25,

where the parameters a and b are determined from the interface conditions

(10.1b)-(10.1c). We take homogeneous Dirichlet boundary conditions on the

boundary parts z = 0 and z = 1 and homogeneous Neumann boundary con-

ditions on the remaining part of the boundary.

Case 2: Cylindrical interface
In this experiment, the domain 2 = (-1, 1)? is subdivided into
) = {(a:,y,z) €N: x2+y2<R2}, 2o =02\ (24,

with R = 0.1. We take a constant velocity field w = (0,0, 1) and coefficients
(o1, a2) = (1,5), (B1,02) = (2,1). The velocity field satisfies divw = 0 in 2
and w-n = 0 on I'. The exact solution is given by

e (az(@®* +y?* — R*) + ) in 2,

11.31
e’t(al(mQ +y? — R?) + 51) in $2. ( )

u(z,y,z,t) = {

We take homogeneous Neumann conditions on the boundary parts z = 0 and
z = 1. On the remaining part of the boundary the values of u are used as
inhomogeneous Dirichlet conditions.

11.4.2 Numerical results

We start with a brief discussion of some implementation issues related to the
Nitsche-XFEM discretization as in (11.5) (semi-discretization), (11.7) (full
discretization). For the finite element spaces and the bilinear form ay(-, ) we
need an accurate approximation of the interface I'. For the first test problem
this is easy. For the second one we use the approach discussed in Sect. 7.3,
which we briefly recall. Let d be the signed distance function to I", for which
it is easy to give an explicit formula using cylindrical coordinates. A piecewise
planar approximation Iy, of I' is determined by computing an approximation
of the zero level of d as follows. Corresponding to the given triangulation 7p,
we introduce one further regular refinement, denoted by 7,/. Let I(d) be the
continuous piecewise linear function on 7,/ which interpolates d at the vertices
of each tetrahedron in 7. Then I}, is defined as
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Iy:={xze€:1(d)(x)=0}. (11.32)

Thus we obtain polygonal subdomains (21, and {2, ; as approximations for
1 and 2. For a tetrahedron T' € 7;, with TNI}, # 0, let T” € 7, be one of the
8 regular children of T. We introduce the notations T} :=T' N {2, i = 1,2,
and Iy, = T’ N I}, the restrictions of the subdomains and interface to T".
Then T} is either a tetrahedron or a prism, which can be subdivided into 3
subtetrahedra, cf. Fig 7.13. The planar segment [}, 7+ is either a triangle or
a quadrilateral, which can be subdivided into 2 triangles. Thus integrals over
T/ or I}, 7+ of smooth functions can be easily determined with high accuracy
using standard (Gauss) quadrature.

In the implementation of (11.7) the basis ¢;, j € J, qf“, j e Jrof Qf:“, as
explained in Sect. 7.9.2 is used. Due to the discontinuity of the basis functions
ti b across Iy, one has to be careful in computing quantities like (qlp " n)o
and (qfhﬂ/zh)l,glugw with ¢y, € {qg;, qf“} using quadrature. The calculation
of these integrals is done elementwise by summing the contributions from all
tetrahedra in 7. Let z;,x; be two vertices of a tetrahedron 7' that inter-
sects the approximate interface, i.e., TN I}, # 0; assume that z; € 4. A
local integral on T is assembled over all 8 children T of T as follows. Using

supp(gl") N T' = T} we obtain

B} "ndr = / B2 q) " Yndr = / B2 G Yndx. (11.33)
T v v

Since 2 is constant on Ty and ¢; and 1y, are linear functions on T3 the latter
integral is easy to determine. The other volume integrals in ay (g, ) can be
computed in a similar way. In our test problems a Gauss quadrature rule of
degree three on a tetrahedron is sufficient to compute the volume integrals in
the bilinear form ay (-, -), with I" replaced by I}, exactly. The scalar product
(f,%n)o in the right-hand side of (11.5) is approximated with high accuracy
(using the same assembling process as described above) by a Gauss quadrature
rule of degree five on tetrahedra. The interfacial integrals over I, (instead of
I') in ay, (qlr h 1) are approximated by summing the local integrals on each
planar segment I, v of I}, using a Gauss quadrature rule of degree five on a
triangle. Below we present results for the two test problems.

Case 1: Planar interface

For the spatial discretization, we first create a uniform grid with mesh size
h=h; =271 with s = 2, 3, 4. Starting from this uniform grid the elements
near the interface are refined two times further, i. e., the local mesh size close
to the interface is hp; = ihi. For the case ¢ = 4 this results in a problem
with 1293754 tetrahedra and 226 087 unknowns. The approximation of the
initial value 4 is chosen as I} (u(-,0)), with I} the interpolation operator as
in Theorem 11.2.4. For the parameter A in the bilinear form ay(-,-) we take
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the value A = 100. This choice is based on numerical experiments. It turns out
that the error behavior is not very sensitive with respect to the choice of the
parameter value. The results are essentially the same for all 10! < A < 103,

Fig. 11.1. Test 1: A slice of the tetrahedral mesh at = = 0.25, for the case i = 3.

The semi-discretization up(t) is not known. We computed an accurate ap-
proximation of wy(t) using the implicit Euler time-stepping scheme with a
time step size At which is sufficiently small (in our experiments: At = 107%)
such that the error due to the time discretization is negligible compared to
the space discretization error. The resulting reference solution is denoted by
uj(t). In Table 11.1, the errors ||u}(T) — u(T)|/z2 at T = 0.15 are displayed.
These results are consistent with the theoretical bound O(h?) given in Theo-
rem 11.2.7.

i | |up(T) —w(T)|| 2 | order

2 7.39 E-3 -
3 2.02 E-3 1.87
4 5.23 E-4 1.95

Table 11.1. Case 1: Spatial discretization error at T' = 0.15.

The exact solution satisfies [fu]r = 0. In the Nitsche discretization this inter-
face condition is satisfied only approximately. For a stationary elliptic problem
it is shown in [135] that for the discretization uj the error in this interface
condition is bounded by ||[Bun]||r2(ry < ch? ||ul|2,0,u0,. For the parabolic
case a theoretical bound for this error quantity is not known. We computed
the errors ||[Buj]||z2(ry for our problem; the results are given in Table 11.2.
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As expected, the interface condition (10.1c) is satisfied only approximately.
The error [|[Bu}]| z2(r) seems to behave like O(h).

.

I[Bur, (T)] ||L2(r) order

2 1.57 E-4 -
3 7.98 E-5 0.97
4 3.90 E-5 1.03

Table 11.2. Case 1: Error in the Henry interface condition at 7" = 0.15.

The numerical solution for ¢ = 3 at T' = 0.15 on the cross section x = 0.25 is
shown in Fig. 11.2.
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Fig. 11.2. Case 1: Numerical solution at 7' = 0.15 on the cross section x = 0.25.

Now we study the time discretization error bound for the implicit Euler
method in Theorem 11.3.1. We use the fixed mesh size h = hy = % as
described above and compute a reference solution with At = 10~% in the time
interval [0, 7], T = 0.2, which is denoted by u} (¢). The Euler discretization,
i.e. (11.7) (or, equivalently, (11.25)) with § = 1 and time step At = L results
in approximations uj(T") of uy(T). For the cases n = 5,10, 20 the temporal
errors in the L%-norm, i.e. ||uf(0.2) — u}(0.2)| 12, are given in Table 11.3. We

observe the expected first order of convergence in At.

Case 2: Cylindrical interface

For the spatial discretization we proceed as in case 1. A difference is that we
now have an approximation I, of I'; cf. the explanation given above. We use
uniform grids with mesh size h = h; = %2*17 i = 1,2, 3, and refine the elements
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n | ||lup —up(0.2)||p2 | order

5 1.25 E-5 -
10 6.09 E-6 1.04
20 3.01 E-6 1.02

Table 11.3. Case 1: Time discretization error at T' = 0.2.

near the interface (only) one time further, due to memory limitation. For the
case ¢ = 3, the grid already contains 1043040 tetrahedra which leads to a
problem with 166 059 unknowns. The implicit Euler method with At = 10~4
is used to compute the reference solution uj(t) for ¢t € [0,0.1]. The error
lup (T) — w(T)||r2 at T = 0.1 is given in Table 11.4. The error reduction is
in good agreement with the O(h?) error bound derived in Theorem 11.2.7.
The L?(I},)-norm of the jump [Bu}] at the approximated interface I}, again
appears to have a numerical convergence order 1, cf. Table 11.5.

i | |lup(T) — w(T)||2 | order

1 3.27 E-3 -
2 8.07 E-4 2.02
3 2.06 E-4 1.97

Table 11.4. Case 2: Spatial discretization error at 7' = 0.1.

i | [I[BuplllL2(ry,) | order

1 1.03 E-3 -
2 5.01 E-4 1.04
3 2.20 E-4 1.19

Table 11.5. Case 2: Error in the Henry interface condition at 7' = 0.1.

Figure 11.3 shows the numerical solution on the cross section z = 0.5 at
T=0.1.

11.5 Discretization in case of a non-stationary interface

In this section we treat the discretization of the mass transport problem with
a nmon-stationary interface. A first possibility, that is explained in Sect. 11.5.1,
is to apply a Rothe approach to the strong formulation in (10.1) and combine
this with a Nitsche-XFEM space discretization. This works well if one uses
the implicit Euler time discretization. It is, however, not clear how in this
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Fig. 11.3. Test 2: Numerical solution at 7" = 0.1 on the cross section z = 0.

Rothe approach one can obtain a (Crank-Nicolson type) higher order time
discretization. It is more natural to base the discretization on the space-time
weak formulation derived in Sect. 10.3. This leads to space-time finite element

methods that are treated in Sect. 11.5.2.

11.5.1 Rothe’s method combined with Nitsche-XFEM

Assume that I' = I'(t) is known for ¢t € [0,7] and an initialization u°(z) :=
uop(z), = € {2, is given. An implicit Euler time discretization applied to the
transport problem (10.1) results in the following sequence of stationary prob-
lems: For n > 0, determine u"™ = u"*(z), 2 € 21 (tp11) U 22(tpy1) such

that, for i = 1,2,

”Zl W Vet div(aVa"t) = f o+ Z—Z in Qi(tns1),(11.342)
V™ ], ) =0, (11.34b)

Bu" r(t,00) = 0, (11.34c)

u"tt =0 on 9. (11.34d)

We used the notation w"*! := w(-,t,,1). For a fixed n we write £2;(t,11) =:

i, D(tper) = Tyt = u, w'l = w and 0 = ﬁ. Thus in each time

step we have a stationary problem of the form
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ou+w-Vu—div(aVu) =g in 2, i=1,2,
[aVu-n]p =0,
[Bu]r =0,
u=0 on 0.

For the discretization of the weak formulation of this problem one can use the
Nitsche-XFEM method, which now reads: Find uy, € Q{ such that

an(un,vn) = (g,vn)o  for all v, € QF (11.35)
with, cf. (11.4):

ap(u,v) = o(u,v)o + (au,v)1,0,u0, + (W - Vu,v)o — ([Bu], {aVv-n})r
- ({avu . n}v [ﬁU])p + )‘hil([ﬁu]v [ﬁv])Fv u,v € Q}I:

An analysis of the spatial discretization in (11.35) is given in [184]. There, in
the problem related norm || - ||, cf. (11.12), an error bound of the form

|||u - Uhl” < Ch||u||2791U92

is proved. The constant c¢ in this error bound depends on ¢ = ﬁ. An error
analysis of the full, i.e. space and time, discretization is not known. In numer-
ical experiments on test problems this method has discretization errors in the
L?-norm that are of order h? w.r.t. space discretization, cf. the results in the

following remark.

Remark 11.5.1 We present results of a numerical experiment with the
Rothe-Nitsche-XFEM method explained above. We consider the non-
stationary transport problem (10.1) in the unit cube 2 = (0,1)® and with
£21(0) a sphere of radius R = 0.2 centered at the barycenter of {2. This sphere
is moving with a constant velocity w = (0,1,0)7, i.e. £21(t) = 2:(0) +tw. Let
d(z,t) be the distance from the point = € §2 to the center of §2;(t). We take
the piecewise quadratic solution

11.36
(6751 (d((E,t)Q - RQ) + Olﬁl in QQ, ( )

w(at) i {a2 (d(z,t)2 — R?) +0.18, in £,
with coefficients (a1, a2) = (1,5), (61, 02) := (2,1). The values of u on 012
are used as inhomogeneous Dirichlet conditions. For a discussion of imple-
mentation aspects, in particular of the piecewise planar approximation I, (t)
of I'(t) we refer to Sect. 11.4.2. We discretize the problem first in time using
the implicit Euler method with the time step size At = 10~%. The resulting
convection-diffusion-reaction problem of the form (11.34) is discretized with
the Nitsche method (11.35). We first create a uniform grid with mesh size
h = h; =27%1 i =2 3,4, then locally refine the elements near the interface

two times further. After 1000 time steps, we obtain the approximation u;%° of
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u(0.1). The errors ||u}?%° —u(0.1)||z2 for i = 2,3, 4 are displayed in Table 11.6.
The results show second order convergence. Note that [|u}?%° —u(0.1)|| 2 con-
tains both time and spatial discretization errors, but the time step is suffi-
ciently small such that the spatial discretization error is dominant.

i [Jup®® — u(0.1)]| 2 | order
2 7.90 E-3 -

3 2.00 E-3 1.98
4 5.00 E-4 2.00

Table 11.6. Discretization error at 7' = 0.1.

@
TN
DD
A
A,
i
N0

S~
S ——

Fig. 11.4. Numerical solution for h = 1/16 at T' = 0.1 on the cross section = = 0.5.

Since the interface evolves the XFEM space Q)" (t) is in general time-
dependent. Hence a reference solution is not available and we cannot compute
the order of convergence for the time discretization.

It is not clear how the Euler time discretization (11.34) can be improved
based on a Crank-Nicolson time discretization, because in that case both
div(aVu"t!) and div(aVu™) occur in the differential equation. The func-
tion u"*1! is discontinuous across I'(, 1), whereas ™ is discontinuous across
I'(t,). It is not clear how to treat this discrepancy. This difficulty does not
occur if instead of the Rothe approach a space-time discretization method is
applied. This topic is discussed in the next section.
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11.5.2 Nitsche-XFEM space-time discretization

We first introduce the basic idea of a space-time finite element method for a
parabolic problem, cf. for example [153, 105, 238]. We then combine this ap-
proach with the Nitsche technique for handling the Henry interface condition
in case of a non-stationary interface.

We consider the model parabolic problem

E_Au:f in Q,tE[OaTL

u(-,0) =uy in £, (11.37)
u(,t)=0 on 0f2.

For simplicity we assume f to be independent of ¢t. We use a partitioning of
the time domain 0 = ¢y < t; < ... < ty = T, with a fixed time step size
At = T/N, ie. t; = jAt. This assumption of a fixed time step is made to
simplify the presentation, but is not essential for the method. Corresponding
to each time interval I,, := (¢,—_1,t,) we have a consistent triangulation 7,
of the domain (2. This triangulation may vary with n. Let V,, be a finite
element space of continuous piecewise polynomial functions corresponding to
the triangulation 7,,, with boundary values equal to zero. For 1 <n < N and
a nonnegative integer k we define, on each time slab {2 x I, a space-time
finite element space as follows:

k
Vin =1 v:v(a,t) =Y t¢;(x), ¢; € Va, (x,t) €2 x 1, p, (11.38)
j=0

for 1 < mn < N. The corresponding space-time discretization of (11.37) reads:
Determine uy, such that for all n =1,2,..., N, (un)|ox1, € Vin and

t

n au N

/ (a_tthh)m + (Van, Vop) g2 dt + (fup)” L op ™51 e
tn—1

tn (11.39)
:/ (f,vp)rzdt for all vy, € Vi,

tnfl
where (-, )2 = (-, ')LZ(Q)a

n,+

fon]" = wpt —wp T, wp T =

i -t
| Jim wp (-, tn + 5),

and ug’_ € (o an approximation of the initial data ug. For an analysis of this
discretization method we refer to the literature, e.g. [238].

We consider two important special cases, namely k =0, k = 1. If £k =0
then v, € Vi, does not depend on t. Define u}(x) := up(z,t), t € I,. The
method (11.39) for determining u}! € V,, reduces to the implicit Euler scheme:
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1 _

Zt(uz —uf op) e 4+ (Vull, Vop) e = (f,on) e for all vy, € V.

We now consider £ = 1. Then on {2 x I, the function uj can be represented
as ull(z,t) = 4 (x) + 47 (t — tn—1)up(x), with @}, @} € V,. These unknown
functions are determined by the coupled system

-n . 1__., n—1.—
(aﬁ + uh,vh)L2 + At(Vuh + §Vuh,Vvh)L2 = (uh L ,’Uh)L2 + At(f, ’Uh)L27

1, ., 1_ . 1__., 1
§(uh,vh)L2 + At(§Vuh + §Vuh, Vvh)L2 = §At(f, UR) 12,

for all vy, € V,,, cf. [238].

Remark 11.5.2 Let " and @" be the vector representations of 4} and uj,
respectively, and u” = 4" + 4" the vector representation of u}(-,¢,). The
mass and stiffness matrices in V,, are denoted by M and A. Then the scheme
for £ = 1 can be rewritten in matrix-vector form as follows:

1
M(a" +a") + AtA(Q" + iﬁ”) =Mu""! +b,
(11.40)

1 1, 1., 1

W =

For a fized triangulation, 7,, = 7 for all n, this is a time discretization scheme
for the semi-discrete problem (in vector notation)

du B . du 1 N
ME+Au_b’ i.e. E—i—M Au=M""b,

and u" is an approximation of u(t,). The spectrum of M~!A is contained
in (0,00). Using a transformation to the eigenvector basis of M~! A, for the
analysis of accuracy and stability of the scheme (11.40) we consider the simple
scalar model problem ‘fi—lj — A = 0, with an arbitrary A € (—o00,0). The
solution is given by u(t) = u(0)e*. This model test problem is the same as
the one considered in Sect. 4.1, cf. (4.10). The scheme (11.40) applied to this
test problem is given by

n—1

"+ a" — AtA(0" +

1 ~n

a"):u

"+ -u") =0, u"=da"+a"

Wl N

1
2
This can be rewritten as
141z
u" = ger(At U, with gsr(z) = —5—3 .
1 — 22+ 522

The stability function gsr(z) (cf. Sect. 4.1) is a so-called Padé approximation
of €. From Taylor expansion it follows that e* = ggr(z) + O(z%), (z — 0),
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hence the method has consistency order 3. The method has the optimal
smoothing property lim,_, _, gs7(z) = 0 and the stability property

lgsT(2)| <1 forall z € (—o0,0].

This is an optimal stability property if one considers only real eigenvalues
A € (=00, 0] in the test problem. For general complez z € C, with Re(z) < 0,
the inequality |g(z)] < 1 does not necessarily hold, i.e., the method is not
A-stable.

In the finite element method introduced above both the trial and test functions
are continuous in space and discontinuous in time. This discontinuity is at the
interface between time slabs. Alternatively one can use trial functions that are
continuous in space and time combined with test functions that are continuous
in space and discontinuous in time. Another variant has been developed in
which trial and test functions are discontinuous in space and time. We do
not treat such alternative methods here. We only consider the continuous in
space and discontinuous in time variant explained above and show how an
XFEM space-time version can be derived. An XFEM space-time technique
for a class of spatially one-dimensional hyperbolic problems is presented in
[67, 68]. We combine the space-time method described above with the Nitsche
approach for handling the Henry interface condition, resulting in a rather
general finite element discretization technique applicable to the space-time
weak formulation of the mass transport problem given in Sect. 10.3.2.

We use notations as in Sect. 10.3 and introduce the XFEM method along
the same lines as in Sect.7.9.2 but now with the space-time subdomains
Q; C R* instead of the spatial subdomains £2; C R3. We take a fixed time
slab £2 x I,. Let V,, be the (simplicial) finite element space introduced above
and {g;}jcs the nodal basis in this space. For k > 1, let &, ...,&; be the
Lagrange basis in ’Pk([tn,l,tn])7 corresponding to equidistant node points,
which include the interval end points ¢, _1,t,. For kK = 0 we choose the basis
function & := 1 of Po([tn_l, tn]) In practice one typically uses small values
of k (k < 2), in which case the Lagrange basis is well-conditioned. To each g;,
j € J, there correspond k + 1 space-time functions

gje(z,t) == q;(2)&(t), £=0,....k, (x,t) € 2x1I,,
and g; ¢ = 0 otherwise. These form a basis of Vjy,:
Vin =span{q;r: j€J, 0<£<k}.
For example, for k = 0 we have
gjo(z,t) = q;(z), (x,t) € 2 x I,

and for k£ = 1:

G0 0) = 5t = 0(@), 4ia00) = 50— a0, (20) € 2 L

At
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Using supp(§r) = [tn—1,tn], we obtain supp(gje) = supp(g;) X [tn-1,tnl;
independent of £. The index set of basis functions “close to the interface”
is given by

Jr. = {j € J : meass (F* N supp(qjvo)) >0 } ,

cf. Fig. 11.5 for a 1D example. Let Hp, be the Heaviside function correspond-

|2 ® ® o o

lhol — o @ ® ® O ———

T

Fig. 11.5. Enrichment index set for 1D example. Dots represent degrees of freedom
of original basis functions, circles indicate where additional functions are added in
the vicinity of the interface I'.

ing to Qa:
0 if ((E,t) € Qq,

Hr, (3,1) = {1 it (x,1) € Qo

For each space-time node index (4,¢), j € Jr., 0 < £ < k, a corresponding
enrichment function is given by

S (2,1) = Hr, (%) if k=0 (11.41)
3D Hr, (z,t) — Hr, (zj,10) if k>0,

with £, € I,, the Lagrange node for which & (#,) = 1 holds. The additional
basis functions are defined as follows:

0y =P, jE€Tn, 0<L<E

The term Hr, (z;,%¢) in the definition of (Pf is constant and may be omitted
(as it doesn’t introduce new functions in the function space), but ensures
that qﬁz(a:j,tg) = 0 holds in all space-time grid points (z;,t;) if k& > 0. The
space-time XFEM space on the time slab (2 x I, is given by

v ::anesspan{qu;:jejp*, ogegk}. (11.42)

Note that for v € @3_,V,'* we have v; := v|q, € H*(Q;) for i = 1,2, and
vjan = 0. We use @nNlek% for a space-time discretization of the variational
formulation (10.33). Similar to (11.39) the jumps between time slabs 2 x I,,_1
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and {2 x I,, are controlled by a term of the form ([up]"~!,-);2 and as in
Sect. 11.1 the Henry interface condition [Su]r, = 0 is satisfied in a weak sense
by adding suitable interface jump terms to the bilinear form. We use the weak
formulation of the continuous problem as explained in Remark 10.3.7 and, for
the derivation of the method, assume that the solution u has the smoothness
property u; € HY(Q;), i = 1,2, which implies that the weak derivative aa';i is
well-defined in the usual sense on @;. Using partial integration, cf. (10.29), it

follows that the weak solution v € W o C V3 satisfies

2
Z/ (6;; +w- Vui)ﬂwi + a; B;Vu; - Vu; dx dt = Bfvdxdt (11.43)
i=1 7 Qi Qr
for all v € V3. In this problem formulation the Henry interface condition is
incorporated as an essential condition in the space V3. As in Sect.11.1, in
the discrete problem we “eliminate” this condition from the trial and test
space and instead add interface terms to the bilinear form. We introduce the
notation QF :=Q;N(N2x L) ={(z,t) e Q;: tel, },i=1,2 Q% :=02x1I,
and I := { (x,t) € [.: t € I,, }. For a test function v € V;'* (extended by
zero outside of 2 x I,,) the integrals fQi and fQT in (11.43) can be replaced by
integrals fQ? and | Qn respectively. Taking such a test function and applying

partial integration results in

2 2
Z/ aiBiVui . VUZ‘ drdt = — Z/ div(aiVui)ﬁivi dx dt
i=1" Q7 i=1" Q7
+/ viaVu - nppu)ds,
r»

with np € R? the unit normal at I" and v = (1 +w-np)~2. We introduce an
averaging operator across Iy given by {v} := L(v1)r, + 2 (v2) ..

Remark 11.5.3 Note that in the averaging we do not use a weighting. The
weighting used in the average introduced in (11.2) is essential for the analysis
presented in Sect. 11.2. In numerical experiments, however, we observe that in
general the results do not deteriorate significantly if instead of the weighted
average the standard unweighted one is used. For the introduction of the space-
time Nitsche method we restrict, for simplicity, to an unweighted average.

For u with [aVu - np] = 0 we have [aVu - nppv] = {aVu - np}[Bv]. Thus
in view of consistency the interface term — frg v{aVu - nr}[fv]ds is added
to the space-time bilinear form. For symmetry reasons (not essential) we also
add — [, v[Bul{aVv -nr}ds, and for stability we add Ah™! [}, [Bu][Bv] ds,
with a pa*rameter A > 0. In order to present the discrete problem ina compact
form we introduce some further notation:
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a?(um) = /Qn (% +w- Vui)ﬂivi + o;6;Vu; - Vo dxdt, i=1,2,

N7 (u,v) == — /rn v{aVu - -nr}[pv]ds — / v[pul{aVv -nr}ds

n
Fx

+ ARt [Bu][Bv] ds.

The resulting space-time Nitsche-XFEM discretization reads as follows:

Determine uj, such that for all n =1,..., N, (un)|ox1, € Vkl;* and
2 t”L
> al (un,vn) + ([un]" 1, Bop )2 + NP (up,vp) = / (f, Bun) > dt
i=1 tn—1
(11.44)
for all vy, € Vkl;*.

Remark 11.5.4 Note that in this discretization the same space Vkl;* is used
for the trial and test functions. This is similar to the space-time discretization
of the heat equation in (11.39), where one space Vi, is used both as trial
and test space on the time slab 2 x I,. As discussed above, for the heat
equation there are alternative possibilities for the finite element spaces. One
popular choice is to use trial functions that are globally continuous in time.
An advantage of this choice is that the jump term [up]"~! vanishes, due to
continuity of up. A well-posed discretization of the heat equation is obtained if
for k > 1 we take trial functions uj, € C(§2 x [0, T]) with (un)jox1, € Vin and
test functions v, € V(j_1),. Note that in this variant the trial functions are
polynomials of degree k w.r.t. time whereas the test functions are polynomials
of degree k — 1 w.r.t. time. One easily verifies that the number of degrees of
freedom for such a trial function wu, (on the time slab 2 x I,,) equals the
dimension of the test space V(j_1)p-

The reason for using a “discontinuous in time” trial and test space in the
XFEM method (11.44) is that it is not obvious how a well-posed variant with
a continuous in time trial space can be defined. We indicate which difficulty
arises. Consider £k = 1 and a situation as in Fig.11.5. The XFEM extension
yields 8 additional degrees of freedom in the trial function u; on the time slab
2 x I, corresponding to the basis functions qjl.jz, j € Jr., £ =0,1. These
additional XFEM basis function are by construction continuous on )7 and
on 2. Therefore a continuity condition for w, at t = t,,_1 is automatically
satisfied by these additional basis functions. The XFEM test space, with k = 0,
ie. V(LF;L7 contains (only) 4 additional XFEM basis functions. Therefore there
is a mismatch between the degrees of freedom in the trial space and the
dimension of the test space.

The term ([us]*~1, Bv) ™" L2 controls the discontinuity at ¢ = t,_; and thus
one should take 8 = B(-,t,—1). The initial condition wug is approximated by



374 11 Finite element discretization
?L— € QF (XFEM space corresponding to I'(0)). An important difference
between this variational problem and the one in Sect.11.1 is that for a non-
stationary interface the XFEM space Qf used in Sect. 11.1 varies with ¢, due to
I' = I'(t), whereas the space V;'* used on the time slab £ x I,, in (11.44) does
not depend on ¢ € I,,. The formulation in (11.44) yields a general framework
for the development of concrete feasible methods. One issue is that in the
specification of the space Vkl;* one has to choose a finite element space V,, (for
discretization of the spatial variable) and a value for k. Another important
numerical aspect, hidden in the general formulation in (11.44), is that one
needs space-time quadrature for computing mass and stiffness matrices. For
this quadrature one needs an approximation of I'?, i.e. of I'(t) for t € I,,. The
accuracy of the quadrature depends on the quality of this approximation.
From the general formulation in (11.44) we derive a concrete feasible
method. For the approximation of I'(t), t € I,,, we take I'(t) ~ I'(t,) =: I},
and thus )" is approximated by I, x I,. This results in a cylindrical ap-
proximation (2;(t,) x I, of the space-time subdomain Q7. In addition we
choose k = 0, i.e. the functions up, vy do not depend on t € I,. Define
up(x) = up(z,t), t € I,. On the time slab 2 x I,, the space-time XFEM
space Vol;* is replaced by the time-independent XFEM space Qi". The approx-
imate interface I, is stationary in I, and thus we take v = 1. Furthermore,
w(xz,t) and f(x,t) are replaced by w(z,t,) =: w"(z) and f(z,t,) = f™(x),
respectively. Then the scheme (11.44) reads: Determine u}} € Q,l:" such that

1
v — (u}f —u}™ ", Bup) L2(o) + Z/ Giw™ - Vuy vy, + a;3;Vuy - Vop, do
2;(tn)

- ({avuh ’ nFn}’ [ﬁvh])Lz(p - ([ﬂum’ {avvh ’ nFn})LZ([‘ ) (11.45)
+ AR ([ﬁuh] [ﬂvh])L2 = (f" ﬁvh)w ) for all vy, € QF"

This scheme is (almost) the same as the one resulting from the Rothe method
treated in Sect.11.5.1, cf. (11.35). Since in our applications I3, = I'(t,) is
usually not known, we replace it by a (piecewise planar) approximation.
The implementation of this method requires similar (quadrature) routines
as the ones used in the Nitsche-XFEM method, cf. Sect.11.4.2. Related to
this quadrature we note the following. In the numerical evaluation of the term
(uﬁ—uZA?th)Lz(g) = (B(-,tn,l)uﬁ—ﬂ(-,tn,l)uzflmh)]dz(g) discontinuities
both across I',—1 (of B(-, t,—1) and u} ') and across I, (of u} and vy,) have to
be taken into account. In the quadrature for the term (3(-, tn,l)uz_l7 VR)L2(0)
it may be reasonable to neglect the discontinuity across I',_1, since, due to
the Henry condition, the jump [B(-, t,—1)u} |r, , is relatively small.

Along the same lines a more accurate, and from an implementational point
of view (even) more challenging, method can be derived if we keep the interface
approximation I'(t) ~ I,, t € I,,, but instead of k = 0 use k = 1, resulting in
a space-time XFEM finite element space V.
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The discretization accuracy is also improved if a better approximation of
I'? is used. Essentially this boils down to “interpolating” between the inter-
faces I'(tn—1) and I'(t,) (or their approximations). For the spatially 1D case
this is simple, because the interface is a point. In two- or three dimensions
it is not obvious how to obtain an accurate interpolation in an efficient way.
A relatively simple (but not very accurate) strategy is to use the piecewise
constant (in time) approximation I'(t,_1) for t € [tp_1,tn—1 + %At], I'(tn)
for t € (ty—1 + $At, 1]

A systematic investigation of these or other variants of the space-time
Nitsche-XFEM discretization is not available in the literature, yet.

11.5.3 Numerical experiment: mass transport coupled with fluid
dynamics

The three dimensional numerical simulation of two-phase fluid-dynamics cou-
pled with mass transport is a very challenging task. Only in the recent liter-
ature one can find a few publications in which results of such simulations are
presented, e.g. [44, 43, 197, 249, 200].

Combining the numerical methods for discretization of the mass transport
problem with the numerical methods for the simulation of the fluid dynamics
treated in Part II, one has all ingredients for the numerical simulation of a two-
phase flow problem in which fluid-dynamics is coupled with mass transport.
In [184] these methods are combined. In this section we present a few results
from [184] to illustrate the effects that mass transport and Marangoni effects
can have on the fluid dynamics.

For the fluid-dynamics we use the model (1.19)—(1.21), with a variable
surface tension coefficient 7:

Ju
i =7 ‘ =divo; + p; . )
p(8t+(u V)u) Vot pig in 2, i=1,2,
divu=0
lonp] = —tknp + V7, [u] =0 on I,

VP=u-npr on I.

This is coupled with the level set equation

% +u-Vé=0 in 2
for capturing the interface and with the model (1.24) for mass transport:
Oc . . )
E—&—u-Vc:dlv(ach) in §2;, i=1,2,

[@Ve-n]p=0 on T,
[Belr =0 on I.
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We use homogeneous Dirichlet and Neumann boundary conditions on 942 for
u and c¢, respectively. Suitable initial conditions for u, ¢ and ¢ are given be-
low. For the numerical simulation of the fluid dynamics model we use the
methods discussed in Part II. We summarize a few key components. For dis-
cretization of velocity and pressure we use the Po-XFEM pair. The level set
equation is discretized using quadratic finite elements and streamline diffu-
sion stabilization. For the approximation of the interface we use the method
explained in Sect. 7.3. The variable surface tension force is discretized using
the discrete Laplace-Beltrami functional fpw as explained in Sect.7.6.1. For
time discretization the simple (but less accurate) implicit Euler method given
in Sect.8.2 is applied. The mass transport equation is spatially discretized
using the Nitsche-XFEM method explained in this chapter. We use the Rothe
approach presented in Sect. 11.5.1.

In the experiment described below we consider a dependence of the sur-
face tension coefficient on the concentration ¢, i.e. 7 = 7(¢). Due to this, a
concentration gradient along the interface leads to a variable surface tension,
which induces so-called Marangoni convection. Hence, there is a strong cou-
pling between the fluid-dynamics and mass transport models. In the numerical
simulation we used, in each time step, a simple fixed point iterative strategy.
For given ¢ the fluid dynamics part is solved and then the computed veloc-
ity field u is used in the mass transport problem, resulting in an update of
the concentration c. This is repeated until the update is smaller than a given
tolerance.

We performed simulations with the n-butanol - water - succinic acid sys-
tem, in which an n-butanol droplet is rising in water due to gravity. The
computational domain is 2 = [0,0.02] x [0, 0.04] x [0, 0.02] m3. The dispersed
phase (droplet) and continuous phase are contained in the subdomains 2; and
{25, respectively. At t = 0, the droplet is at rest and has a spherical shape,
with a diameter of 2- 1073 m and centered at (0.01,0.01,0.01) m. This defines
the initial conditions for u and ¢.

The size and the initial position of the droplet are chosen such that its
dynamics can be considered to be independent of wall effects. The right-hand
side function g is taken as g = (0, —g,0), with ¢ = 9.81 m/s?. The viscosity u
and density p for each phase at 20°C are given in Table 11.7.

butanol-water

plPa-s] | plkg/m]

|| 3.28 E-3 845
2 || 1.39 E-3 987

Table 11.7. Material properties.
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The concentrations in {27 and (2 are denoted by c¢; and co, respectively.
At t = 0, the water phase contains a solute of succinic acid with initial con-
centration ¢5(0) > 0 while the dispersed phase is clean. The initial condition

for the concentration is
0 in (29,
¢(z,0) = .
c2(0) in (2.

In general, this initial condition doesn’t satisfy the Henry condition.

The Henry interface condition for the system at 20°C corresponds to the
weighting with 8 = (1,1.2143). The diffusion coefficients for this system are
given by a, = (2.29 - 1071° 583 - 10719 m? /s, which are extremely small
values. For typical flow fields the mass transport equation is strongly convec-
tion dominated. On the meshes we use, the cell Peclet number is of the order
of magnitude 108. For such a case the Nitsche-XFEM space discretization
explained in Sects. 11.1, 11.5.1 is not stable. A suitable stabilization for the
Nitsche-XFEM method is not available, yet. Moreover, the very thin concen-
tration boundary layers require a very high resolution close to the interface,
which leads to high computational costs. As a first step towards an efficient
numerical simulation of this very demanding two-phase flow problem, we con-
sider a simplified case in which the instability and high boundary layer reso-
lution is avoided by taking artificial much larger diffusion coefficients, namely
ar = 10°q,.

In [178], based on the experimental data for different systems, the surface
tension coefficient 7 for the system that we consider is modeled by

7= Co+ Crzc + Cox,  [107*N/ml, (11.46)

with Cp := 1.625, C; = —28.08, Cy = 222.8, and x¢ = co|r is the restriction
to the interface of the concentration of the solute in the continuous phase.
Due to the limited solubility of succinic acid in water, which is 5.8% at 20°C,
the model (11.46) for the surface tension coeflicient 7 is valid only for z¢ in
the interval [0, 0.058], cf. Fig.11.6. In simulations with a constant 7, we take
7=Cp=1.625-10"3N/m.

A multilevel tetrahedral triangulation is used for the spatial discretization.
For the initial triangulation, we partition the domain into 10 x 20 x 10 cubes
and then each of them is subdivided into six tetrahedra. The grid is then
refined three times further near the interface, which results in a smallest mesh
size of 2.5 - 10~*m. When the interface moves, the grid is adaptively refined
and coarsened. In Fig. 11.7 the grid is illustrated on the cross section x = 0.01
att=0and t=0.4s.

In the simulations, we consider different initial concentrations, namely
c2(0) = 1%,2.5% and 5%. We illustrate the following effects: occurrence of
concentration boundary layers and a significant influence of a variable surface
tension coefficient on both the rise velocity and the shape of the droplet.
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18 Surface tension coefficient

1.6

1.4

1.2

0.8

Surface tension coefficient © (10 N/m)

0.6 1 1 I 1 1
0 0.01 0.02 0.03 0.04 0.05

weight fraction x; ( x 100%)

Fig. 11.6. Surface tension coefficient 7 vs. z¢; model (11.46).

/JM/W;A;JL/WWWA/VW #]

P
P A A A

P P P P P PV P PV W W VP O W P

P P P P P P W P P T
) P Y
Vi P P e Vot W W Pt

s
<
P g P P o 5

|z R — | e FRRRRRR—

Fig. 11.7. Part of the grid on the cross section z = 0.01 at ¢t = 0 (left) and ¢t = 0.4
(right).

Concentration boundary layers

We take ¢2(0) = 1% and a variable 7 as in (11.46). The concentrations inside
and outside the droplet at different times are displayed on the cross section
x = 0.01 in Fig.11.8.

Due to 81 < 2, the Henry condition requires ¢1(x,t) > co(x,t) for x € I’
and t > 0. For t = 0 we have 0 = ¢1(2,0) < ¢c2(z,0) for z € I', and thus the
initial condition does not satisfy the Henry condition. This inconsistency in
the initial condition causes a very small relaxation time in which there is a
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Fig. 11.8. Concentration distribution in the droplet region on the cross section
x = 0.01 for c2(0) = 1%.

rapid change in the solution, cf. the result at ¢ = 0.005 in Fig. 11.8. At the
initial stage, the velocity in the droplet is very low and the mass transport is
mainly due to diffusion. At the interface the concentration satisfies the Henry
condition instantaneously, but in the middle of the droplet, the concentration
is still very low due to the small diffusivity. After a short time (¢ = 0.05s), as
the droplet is accelerated, the role of the convection becomes larger. Then the
concentration profile in the droplet is almost linear, cf. Fig. 11.9. The maximal
and minimal values are attained at the lower and upper part of the droplet,
respectively. At the interface boundary layers appear. In the left picture in
Fig. 11.9 one observes the concentration boundary layers in the water phase,
which can also be seen (less clearly) in Fig. 11.8. Due to the interface condition
[@Ve - n]r = 0 the normal derivative at I" must have the same sign in the
water phase and in the droplet. This explains the nonmonotonic concentration
profile in the droplet close to the interface, as can be observed in the right
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picture in Fig. 11.9. With the grids used in these experiments these boundary
layers in the droplet are not resolved sufficiently accurate.

0.01074 0.0131,
0.0127
0.01021
0.0122
0.0098+
0.0118
0.0093 v v ) 0.0113 T y y T
0.0200 0.0250 0.0300 0.0350 0.0268 0.0272 0.0276 0.0280 0.0284

y-coordinate y-coordinate

Fig. 11.9. Concentration profile in the vicinity of the droplet along the symmetry
axis at t = 0.4 in the water phase (left) and in the droplet (right) for c2(0) = 1%.
Note that different scales are used for each picture and each axis.

The boundary layers become steeper, if for the diffusion coefficients one
takes smaller, i.e. more realistic values. The concentration difference becomes
larger until an almost constant vertical velocity is reached. The concentra-
tion in the water phase far away from the droplet remains almost constant
with a value approximately equal to c2(0). For the cases with larger initial
concentrations, c2(0) = 2.5% and ¢2(0) = 5%, we obtain similar behavior of
the concentration. However, the larger the initial concentration c2(0) is, the
steeper the slope of the steady state droplet concentration profile becomes.
Furthermore, the concentration profiles are very similar if instead of the vari-
able surface tension coefficient we use the constant value 7 = Cj.

Influence of variable surface tension coefficient on rise velocity

Although the variable surface tension coefficient appears to have little effect on
the concentration profile in the droplet it does have a significant effect on the
dynamics of the droplet. In Fig. 11.10, the vertical velocity of the droplet with
respect to different initial concentrations is plotted over time. Note that for
constant 7, the dynamics of the droplet are independent of the mass transport.
After the same initial phase, the droplet rise velocity with variable 7 is lower
than the one with constant 7 due to Marangoni effects. Note that the variable
surface tension ¢ — 7(c) is monotonically decreasing for ¢ € [0,5.8%]. At the
lower part of the interface, the higher concentration results in a lower value
of the surface tension coefficient. Marangoni convection occurs, which retards
the motion of the droplet. The larger the initial concentration c3(0) is, the
stronger the Marangoni convection becomes. As a consequence, a lower value
of the terminal droplet velocity is obtained. This effect is also observed in
other literature, e.g. [200, 250].
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Fig. 11.10. Rise velocity of the droplet.

Influence of variable surface tension coefficient on shape
of the droplet

In case of a variable surface tension coefficient the droplet becomes flatter for
higher initial concentrations, which induces a lower rise velocity. In Fig. 11.11
we show, for a constant and for a variable surface tension coefficient, the shape
of the droplet and vector fields of the relative velocity v, := v — vgeq with
respect to the barycenter of the droplet (i. e., velocity in a Lagrangian reference
system attached to the droplet) at ¢t = 0.4 s for the case c2(0) = 5%. Inspection
of the results shows that, for c3(0) = 5%, the vertical diameter changes from
1.57 mm (constant surface tension) to 1.30 mm (variable surface tension).

Fig. 11.11. Velocity field in Lagrangian reference system at steady state: constant
7 (left) and variable 7 (right), c2(0) = 5%.
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Surfactant transport
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Mathematical model

We recall the model for transport of surfactants, derived in Sect.1.1.4. In
Sect. 1.1.4 the concentration of the surfactant is denoted by S(z,t), the ve-
locity field by u and the diffusion coefficient by D . For simplicity we assume
Dr to be constant. By a rescaling we can take Dp = 1. In this and the next
chapter we use a different notation for the unknown concentration and for the
velocity field, namely v = u(x,t) and w = w(x, t), respectively. With this no-
tation the convection-diffusion equation for the unknown concentration takes
the following form, cf. (1.25):

o+ u divpw = divpVru, (12.1)

where @ denotes the material derivative of u(z,t). Using the definitions of the
material derivative and of the Laplace-Beltrami operator this equation can be
written as

0

8—1; +w - Vu+u divew — Apu = 0. (12.2)
Remark 12.0.5 In (12.2) we do not model ad- or desorption effects. These
would lead to a source term f of the form f = f(ug), where ug denotes the
concentration of w in §2; (i = 1 or ¢ = 2) evaluated at the interface I". Suitable
models for f are hard to derive. In the remainder we restrict ourselves to

(12.2), i.e., we do not treat models that include ad- or desorption effects.

In this chapter we consider weak formulations of the convection-diffusion prob-
lem (12.2). These weak formulations form the basis for the finite element
methods treated in Chap.13. We distinguish two cases, namely surfactant
transport on a stationary or on a non-stationary interface.

12.1 Surfactant transport on a stationary interface

In this section we assume that the interface I' is stationary, sufficiently
smooth, bounded and dI' = (), i.e. I" does not have a boundary. Before we
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turn to the weak formulation of the convection-diffusion problem (12.2) we
first consider the so-called Laplace-Beltrami equation, which is an important
model problem that is often used in the literature. This equation models a
pure diffusion process on a given sufficiently smooth surface (in our case,
interface) I'. It reads as follows: For a given f determine w such that

—Aru=f on I.

Since — [ Aruds = [, Vru-Vrplds = 0 we introduce the assump-
tion [, fds = 0. A well-posed weak formulation is as follows: For given
f e L3I = {vel*I): [pvds=0}, determine v € H}(I'), with
HNI):={veHYI): [pvds=0},such that

/ Vru-Vrvds= / fuvds for all v € HL(I). (12.3)
r r

The bilinear form (u,v) — [ VuV v ds is continuous and elliptic on H}(I")
and thus, using the Lax-Milgram lemma, it follows that this weak formulation
has a unique solution u. Furthermore, it can be shown that this solution has
the regularity property u € H*(I') and ||u| g2(ry < ¢[|f||L2(r), with a constant
¢ independent of f, cf. [92].

We now consider a weak formulation of the convection-diffusion problem in
(12.2). We use the results presented in the abstract Hilbert space setting in
Sect. 2.2.3, in particular Theorem 2.2.7. We apply the abstract results with
the Hilbert spaces V = HY(I"), H = L3(I'). In case of a stationary interface
we have w - n = 0 and thus w - Vu = w - Vpu. Using this we can rewrite
(12.2) as

% +divp(wu) — Apu = 0. (12.4)

We introduce the bilinear form

&(U,U):/V[‘U'V["U“r‘diV[‘(Wu)Ud& umeHi(F).
r

A sufficiently smooth solution u of (12.4), if it exists, satisfies [, ‘?3—;‘ vds +
a(u,v) = 0 for all v € HX(I'). We introduce the following weak formulation
of (12.4), cf. (2.29) in Sect.2.2.3:

Find w € W(0,T; H}(I")) such that

d

E(U(t),U)LZ([‘) +a(u(t),v) =0 forall ve HXI), t € (0,T),

(12.5)
u(0) = up.
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The space WL(0,T; HL(I')) is as defined in Sect. 2.2.3, i.e. W1(0,T; HX(I')) =
{veL?(0,T;HNI)) : v/ € L*(0,T; HY(I')') exists }, where v’ denotes the
weak time derivative of v. This space has the following continuous embedding
property, cf. (2.28),

WH0,T; Hy(I) < C((0, T]; L§(I)). (12.6)

Based on Theorem 2.2.7 and Remark 2.2.7 we derive the following well-
posedness result:

Theorem 12.1.1 Assume w € H'(I')® and || divw]|| =) < c. For each
ug € L3(I") there exists a unique solution u of (12.5) and the linear mapping
up — u s continuous from LE(I") into W1(0,T; HL(I')).

Proof. We apply Theorem 2.2.7 with the ellipticity condition replaced by the
Garding inequality, cf. Remark 2.2.8. Using the smoothness assumption on
the velocity field w it follows that a(-,-) is continuous on H}(I') x HL(I').
Using the Green formula (14.15) and w - n = 0 we get

/din(Wu)uds:—/ uw-Vpuds:—/ din(Wu)uds—l—/ divrwu? ds,
r r r r

and thus [ divp(wu)uds = % [, divp wu?ds. Using this we obtain with
suitable constants vy > 0 and vpy:

1
a(u,u) = ||Vpu||2Lz(p) + —/ divpwu? ds
2Jr
> wllullin ry = valluliagry  forall we HI(D).
Hence a(-, -) satisfies the Garding condition. O

In Chap. 13 we treat finite element discretizations of the variational problems
in (12.3) and (12.5).

12.2 Surfactant transport on a non-stationary interface

We now consider the case in which the interface may vary in time. We as-
sume that for all ¢ € [0,7] the interface I'(t) is sufficiently smooth. Precise
sufficient smoothness conditions on I'(¢) are formulated in Sect. 2 in [94]. Be-
low we consider two weak formulations of the convection-diffusion equation
(12.2). The first one, which is introduced in [94], is a variational problem in
space only, in which the test space depends on time. The second one is a
space-time variational problem. We introduce both, because as we will see in
Chap. 13, these two formulations induce different finite element discretization
approaches with their own merits.



388 12 Mathematical model

The first weak formulation is taken from [94]. The smoothness assumptions
on I'(t) are such that the space-time interface

F*:—UtEOT () {t}

is a three-dimensional hypersurface in R*. On this hypersurface one can de-
fine the corresponding Sobolev space of all functions for which all weak first
derivatives exist. As usual, this space is denoted by H'(I.). On H'(I) the
norm equivalence

lullzr iy ~ ullZer) + IV rulZer,) + lalZer,),  we HY(I),

holds, with o = a“ +w - Vu the material derivative. In the analysis below we
need a smoothnebb property of the velocity field w. In the remainder of this
section we assume

W € Hl(F*)37 ||diVFW||Loc(['*) < 0.

We introduce the following weak formulation of (12.2):

Find u € H'(I) such that for almost all ¢ € (0,T):

/ i+ wdivpw + Vru-Vevds =0 Vo(,t) € H (I'(t)),
() (12.7)

u(+,0) = uo.

Clearly, a strong solution of (12.2) is a solution of (12.7). The following result
is proved in [94].

Theorem 12.2.1 Assume ug € H*(I'(0)). Then there exists a unique solu-
tion of the variational problem (12.7).

Proof. For a proof we refer to [94]. O

In the variational formulation (12.7) we use different trial and test spaces,
namely H!(I,) and H* (F (t)), respectively. Note, however, that for any v €
HY(I',) we have v(-,t) € H*(I'(t)) for almost all ¢ € [0,T]. This is due to the
fact that from fOT f[‘(t) Vrv-Vrv+v?dsdt < oo it follows (Fubini’s theorem)
that fl"(t) Vrv-Vrv+v?ds < oo for almost all ¢t € [0,T].

For a space-time variational formulation we introduce a test space consist-
ing of functions in L?(I%) for which the weak spatial first derivatives exist,
ie.

Hlo( = {UELz( W) 2 IV rollzen) <OO}

which is a Hilbert space w.r.t. the norm

||U||%1110(r*) = ”UH%Z(F*) + ”vFUH%Z(F*)‘

The weak formulation is as follows:
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Find v € H*(I) such that:

T
/ / wv +uvdivpw + Vyeu - Vivdsdt =0 VUEHI’O(F*), (12.8)

u(+,0) = uo.

This formulation is a well-posed problem:

Theorem 12.2.2 Assume ug € H*(I'(0)). Then there exists a unique solu-
tion of the variational problem (12.8).

Proof. On HY(I',) x HY(I,) we introduce the bilinear form
T
a(u,v) = / / w +uwvdivpw + Viu - Vo ds dt,
which is continuous. Let u € H'(I,) be the solution of (12.7). Integration of
the identity in (12.7) over ¢ € [0, T] results in
a(u,v) =0 for all v € C®(Gr).

Since C°(G'r) is dense in H0(T",) is follows that u is a solution of (12.8). We
now prove uniqueness, using a Gronwall argument. A corollary of the Gronwall

lemma is as follows (cf. lemma 29.3 in [256]): if f € C(]0,T1]), f(¢t) > 0 for all
t € [0,T], and there exists a constant C such that

flir) < C’/OTf(t)dt for all 7€ [0,T],

this implies that f(t) = 0 for all ¢ € [0, T] Let w € Hl( ) be a solution
of (12.8) with w(-,0) = ug = 0. Define f(t) fF(t . A variant of
the embedding property (12.6) yields that f is contlnuoub on [O,T]. Clearly
f(0) =0, f > 0on [0,T]. Take a 7 € (0,7]. By the differentiation rule
(14.21b) we obtain

T d
=i -0 = [ 5[ utdsa
o dt Jrw
:// 2w + widivpw ds dt.
o Jre

We use (12.8) with a test function v given by v(-,t) = w(-,t) for t < 7,
v(+,t) = 0 otherwise. Then we obtain

// wwdsdt = // 2d1VdeSdt—// Vrw-V9pwdsdt
It
—// w?divyw ds dt.
o Jrue
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Hence, we get
) < ldivrwl ey [ 10
0

Application of the Gronwall corollary yields f(t) = [ I w(z,t)?ds = 0 for
all t € [0,T]. Hence w = 0 a.e. on I, which implies uniqueness. O

We compare the weak formulations in (12.7) and (12.8). In both formulations
we use the same trial space H'(I). In (12.7) we have, for each t € (0,7, a
variational formulation and a corresponding test space on the interface I'(t).
In (12.8) the variational formulation and the corresponding test space are on
the space-time domain I'y. This difference in the variational problems leads
to (very) different finite element discretization methods, treated in Chap. 13.
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Finite element methods for surfactant
transport equations

In this chapter we treat different finite element approaches for interfacial trans-
port problems as in (12.2). We first present a short overview of important
classes of methods and then, in the following sections, treat some of these
methods in more detail.

Recall that for the (numerical) treatment of the interface in Sect.6.2 we
distinguished between Lagrangian interface tracking and FEulerian interface
capturing approaches. In the former the interface is explicitly represented (or
approximated using an interface triangulation) and then tracked along char-
acteristics. In the latter approach, instead of the interface, one tracks some
phase indicator function. In numerics this leads to, for example, the VOF
and level set techniques. These different (numerical) interface representation
methods induce different finite element approaches for solving partial differ-
ential equations on the interface. In the literature, for discretization of partial
differential equations on a surface (or interface) one can find finite element
methods based on Lagrangian interface tracking and methods based on Eu-
lerian interface capturing. The Lagrangian methods use finite element spaces
on regular (triangular) triangulations I}, that approximate the interface I'.
These methods were first developed and analyzed for the case of a stationary
interface and only recently Lagrangian finite element methods for the case
of a non-stationary interface have been investigated. In Sect. 13.1 we discuss
these methods in more detail. Fulerian interface capturing methods use an
indicator function (e.g., level set function) to represent the interface and for
discretization of a partial differential equation on the interface one uses fi-
nite element spaces corresponding to the (tetrahedral) triangulation on which
this indicator function is discretized. Note that in general this triangulation is
independent of the location of the interface. As for the Lagrangian case, these
FEulerian methods were first developed for a stationary interface and after-
wards extended to problems with a non-stationary interface. Finite element
methods based on Eulerian interface capturing are treated in Sect. 13.2.
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13.1 Finite element methods based on Lagrangian
interface tracking

In this section we first discuss methods for the case of a stationary interface
I' and then treat methods for non-stationary I".

Stationary interface

The paper [92] contains the first analysis of a finite element method for dis-
cretizing an elliptic equation (Laplace-Beltrami equation) on a stationary sur-
face. We outline the main ideas of this method and its analysis. To simplify
the presentation, we only consider the 3D case. Let I" be a sufficiently smooth
two-dimensional surface without boundary, embedded in R3. We consider the
Laplace-Beltrami equation (12.3) on I'. The surface I" is approximated by
a regular family {I},} of triangulations. Each triangulation I}, is consistent
(no hanging nodes) and it is assumed that all vertices in the triangulation lie
on I'. The space of scalar functions that are continuous on I}, and linear on
each triangle in the triangulation I, is denoted by Vj. The discretization of
the Laplace-Beltrami equation is as follows:

determine uy, € V; N H}(I},) such that

Vr,un-Vp,vn ds =/ frnon ds for all vy, € VhﬁHi(Fh). (13.1)
Iy I

Here H(I},) = { ve HY(Iy): th vds =0 }7 Vr, is the tangential derivative
corresponding to I, and fj is a suitable extension of f, as explained below.
For the definition of this extension and the discretization error analysis we
need a suitable local coordinate system, which is the same as the one used
in the Sects.7.3.1, 7.7.1. On a neighborhood U of I we introduce the signed
distance function d : U — R, |d(x)| := dist(z, I') for all z € U. Thus I is the
zero level set of d. We assume d < 0 on the interior of I" and d > 0 on the
exterior. Note that np = Vd on I'. We define n(x) := Vd(z) for all x € U.
Thus n =nr on I" and ||n(z)|| =1 for all x € U. We assume I}, C U for all
I'y, € {I',}. We introduce a locally orthogonal coordinate system by using the
projection p: U — I™:

p(z) =2 —d(z)n(z) forall zeU.

We assume that the decomposition z = p(z) + d(z)n(z) is unique for all
x € U. Note that
n(z) =n(p(z)) forall zeU.

Using these ingredients one can define “suitable” extensions. For f € L?(I)
we define its extension f¢ as follows:
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fé(z) .= f(p(x)) for zeU.

For an illustration of the projection p and the construction of the extension
f¢ we refer to Fig.7.8.

Analogous to the right-hand side f in (12.3) its lifted version f, € L?(I},)
in (13.1) should have zero mean value. Therefore we define:

foi=fe— O™t [ fods (13.2)
I'n
with [I},| := [, 1ds. Using the Lax-Milgram lemma it follows that the dis-
crete problem (13.1) with fj, as defined in (13.2) has a unique solution uy,. For
the discretization error analysis one has to compare the discrete solution uy,
which is defined on I,, with the solution u of the Laplace-Beltrami equation,
which is defined on I'. This can be done by introducing a lift U}, of up:

Un(p(z)) :==up(z), x € I}. (13.3)

The following result is from [92].

Theorem 13.1.1 Let u be the solution of the Laplace-Beltrami equation
(12.3) and uy, its discrete approzimation as in (13.1), with fr as in (13.2).
Let Uy, be the lift of up, given in (13.3). Then

lw = Unll2(ry + hllu = Unllarry < ch®
holds, with a constant ¢ independent of h.
Proof. A proof is given in Lemma 6, Lemma 7 in [92]. O

Given the interface triangulation I, the discretization (13.1) is easy to im-
plement. The signed distance function d plays an important role in the error
analysis but is of minor importance for the implementation of the method. In
(13.1) it is used only in constructing the extension f of f and thus it can be
avoided if a sufficiently accurate approximation f; of f can be constructed
using another technique.

The method described above has recently been extended from [linear to
higher order finite elements in [82]. To obtain higher-order convergence it is
generally necessary to approximate I" to higher order in addition to employing
higher-order finite element spaces. In the implementation of the higher-order
finite element method explicit knowledge of the signed distance function is
essential, cf. [82].

An adaptive finite element discretization method for the Laplace-Beltrami
equation, based on linear finite elements and suitable a-posteriori error esti-
mators is treated in [83].

In [95] the linear finite element method for the elliptic Laplace-Beltrami
equation on a stationary interface as described above is extended to a parabolic
problem, on a stationary interface I', of the form
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ou 1
avau- Vrvds=0 forall ve H(I'), te (0,T],
r

with initial condition w(-,0) = ug on I'. This problem can be discretized us-
ing a standard method of lines technique as follows. Let V}, be the space of
continuous linear finite elements on the triangulation I}, as used in the dis-
cretization of the Laplace-Beltrami equation described above. Let {¢z‘}1§z‘g N
be the standard nodal basis in this space. For approximating the solution
u = u(x,t), (z,t) € I' x [0,T], of the parabolic problem we use the ansatz
up(z,t) = Zjvzl w;(t) ¥;(x), with (z,t) € I, x [0,T]. As test functions we use

T

v=1;,i=1,...,N.If we write d = u(t) = (u1,...,un)" we thus obtain the

semi-discrete problem

du

SO +SEO =0, te(0,7), 6(0) =, (13.4)

with @ the vector representation of an approximation ug , € Vj, of the initial
data ug. The mass and stiffness matrices are given by

Iy, Iy

The matrices M and S are symmetric positive definite and symmetric positive
semidefinite, respectively. Optimal error bounds for the semi-discrete problem
(13.4) are proved in [95]. A full space and time discrete problem is obtained by
combining the semi-discretization with standard time discretization methods.
Extensions of this method to other types of parabolic problems and to surfaces
with boundary (OI" # (}) are presented in [95].

Non-stationary interface

In [94] the Lagrangian finite element technique explained above is general-
ized to problems with a non-stationary (or “evolving”) interface. A similar
technique was first introduced for the special case of the mean curvature flow
problem in [93]. We explain the main ideas from [94].

The interface (or surface) I'(t), with OI'(t) = 0, is assumed to be smoothly
evolving, with normal velocity w - np. Starting point is the weak formulation
of the transport problem in (12.7). Let {I},} be a regular family of consistent
triangulations of I'(0). Define I, (0) := I',. The vertices of I',(0) are denoted
by X,;(0), 5 = 1,...,N. We assume that I}(0) interpolates I'(0), i.e., all
vertices X;(0) lie on I'(0). A crucial point in this finite element method is
that it is purely Lagrangian, in the sense that the wvertices are transported
with the flow field w, i.e., X;(t) = w(X,(t),t) for all j and ¢ € [0,T]. This
grid movement induces corresponding interpolating triangulations I} (t) of
I'(t). Note that depending on the velocity field w and the deformation of
I'(t), for t > 0 the triangulations I}, (t) may become (strongly) distorted. A
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possible remedy then is to retriangulate the interface I'(¢g) for a suitable tg.
This requires interpolation operations between I}, (tg) and this retriangulation.
Below we assume that T is sufficiently small such that for ¢ € [0,T] the
triangulations I}, (t) remain sufficiently shape regular.

Corresponding to each vertex X;(t) of I, (t) there is a nodal basis function
¥;i(-,t) « I'n(t) — R such that (-, ¢) is continuous on I,(t), linear on each
triangle in I}, (t) and ¢;(X;(¢),t) equals one if ¢ = j and zero otherwise. By
construction these nodal basis functions have the property

;=0 on I(t), j=1,...,N. (13.5)
The space of continuous piecewise linears is given by
Vi(t) :=span{¢;(-,t): 1<j<N}.

Let ug,, € V,(0) be an approximation of the initial data ug. The following is
a discretization of the problem (12.7):

Find up(-,t) = Zjvzl u;j(t)y;(-,t) € Vi (t) such that for all t € (0,7):

/ upvp, + upvp dive, w+ Vpup - Vponds =0 Voo, € Vh(t),
T (t) (13.6)

uh(~7 0) = uo,h.

In [94] an error analysis of this semi-discretization is presented. We outline a
main result. For uy(-,t) € V3 (t), which is defined on I}, (t), let Up(-,t) be its
lift to I'(t), as in (13.3),

Un(p(z),t) == up(z,t), x € IL(t). (13.7)

Theorem 13.1.2 Let u be the solution of (12.7), which is assumed to be
sufficiently smooth, and uy, the discrete solution from (13.6) with ugp the
nodal interpolation of ug. Let Uy, be the lift of up as in (13.7). Then

T
tSEé%] ||U(7t) — Uh(ﬂf)”%z([v(t)) +A ||VF(U(7t) — Uh(,t)) ||%2(F(t)) dt S Ch2
€10,

holds.

Proof. A proof is given in Theorem 6.2 in [94]. O

The error bound is optimal with respect to the norm (fOT V- ||%2(F(t)) dt)%
but suboptimal with respect to the norm sup,cpo 77 [u(-,t) — Un(-s )| 22(r(1))-
Results of numerical experiments in [94] indicate an (optimal) error behavior
supyeo,7) (- t) = Un(, t)llL2(r(r)) ~ ch®. This optimal error bound is proved
in the paper [98].



396 13 Finite element methods for surfactant transport equations

We now show that using the property (13.5) the discretization of the time
variable can be realized by a simple method. In (13.6) it suffices to restrict
the trial space to the set of basis functions vy, = v;, i = 1,..., N. For these
basis functions we have ¢i = 0 and thus, using the Reynolds formula (14.21b)
we get

/ Upth; + uptp; divp, wds = / (uh.wi) + uptp; divp, wds
Fh(t) Fh(t)

i)
= — upY; ds.
dt Fh,(t)

Hence, instead of (13.6) we can determine up (-, t) = Zjvzl ui(t)Y;(-,t) € Vi(t)
such that up(-,0) = ug and

d
— upY; ds + Vrun-Vr,ids=0, for i=1,...,N.
dt Jr @) ()
Define G = 1(t) = (u1,...,un)? and the time-dependent mass and stiffness

matrices M(t), S(t) by

M(t)ij = ¢j(8,t)¢i(s,t) dS, S(t)ij = V[)ﬂﬁj(S,?f) . V[‘hlbi(s,t) ds.
Iy (t) Iy (t)

For the unknown coefficient vector u(¢) we then obtain the system of ordinary
differential equations
d
dt
For all ¢t € [0,7] the matrices M(t) and S(¢) are symmetric positive defi-

nite and symmetric positive semidefinite, respectively. A time discretization
is straightforward. The implicit Euler method, for example, leads to

M(tp41) 0"+ AtS(ty )W = M(t,)W", n=0,1,...,

(M(t)d(t)) + S(t)i(t) =0, telo,T).

with @° the vector representation of uy, o. This method has a very simple struc-
ture. The main difficulty is hidden in the Lagrangian movement of the grid
points X;(t) of I,(t). As noted above, retriangulation procedures and corre-
sponding interpolation operators may be required if the triangulation I (t)
becomes too distorted. Clearly, this method is based on an interface track-
ing approach and thus it encounters severe difficulties in case of topological
singularities (e.g., droplet collision).

13.2 Finite element methods based on Eulerian interface
capturing

A general framework for the numerical treatment of partial differential equa-
tions on implicit surfaces based on finite difference methods was proposed
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in [36]. In that paper finite difference approximations on rectangular grids
independent of an implicit static surface are considered. In [259] these Eule-
rian finite difference techniques are extended to problems with moving inter-
faces. We do not treat these finite difference methods, but restrict ourselves
to Eulerian finite element discretizations.

13.2.1 An extension-based Eulerian finite element method

In [79] an Eulerian finite element method for discretizing the Laplace-Beltrami
equation on a stationary surface I is presented. We outline the main idea
of this method. Let the two-dimensional surface I' be contained in a three-
dimensional domain {2 and ¢ : {2 — R be a level set function whose zero level
set is I'. Assume that V¢ # 0 on (2. Define the tangential derivative V4 as
follows:

Vo

n:=_-——,
Vol

Note that on I" this tangential derivative equals V. Below, to avoid technical
difficulties due to the fact that Are = 0 for a function ¢ that is constant on
I', we consider the variant of the Laplace-Beltrami equation in which a zero
order term is added, i.e.: determine u € H*(I") such that

P:=1-nn”, Vyu:=PVu.

/Vpu~VpU+uvd5:/fvds for all v € HY(I). (13.8)
r r

Based on the level set function there is a natural extension of this Laplace-
Beltrami equation to the domain 2. Instead of this variational problem on I
one considers the variational problem to find v € H, é(()) such that

/Q (Vou-Vgv+uv)||Ve| da = /Q [Vl dz  for all v e Hy(£2), (13.9)

with f¢ an extension of the data f and a suitable Sobolev space Hé(()), cf.
below.

Remark 13.2.1 The derivation of the extended equation (13.9) from (13.8)
is essentially an application of the following co-area formula. Assume that
the level set function ¢ : 2 — R is Lipschitz continuous. Define ¢min =
min{ ¢(z) : © € 2}, max 1= max{$(x): € 2} and let the level sets in
N ie. I :={ze€R: ¢(x) =r} with 7 € [Pmin, Pmax), be two-dimensional
hypersurfaces in R?. Then the co-area formula

o0 ¢’max
/ g|IVo| dx = / / gdsdr = / / g dsdr
(9] — 00 ¢71(7') min s

holds for functions g that are integrable on (2. Using a suitable extension
of f the problem (13.8) is not only considered on I" = Iy but on all I,
T € [dmin, Pmax]- Integration over the level set values r then yields
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¢max ¢max
/ / Vu - Vv + uv dsdr = / / fevdsdr,
s I

min min

for suitable test functions v (e.g. v € C'(£2)). Application of the co-area
formula results in the extended problem (13.9).

Note that due to the tangential derivative the problem (13.9) is degenerated
in the sense that there is no diffusion in the normal direction. This is also
reflected in the strong formulation of the equation corresponding to (13.9),
given by

—div (|[Vo[|PVu) + [Vo[u= Ve[ in £,

and which has, due to Pn = 0, a singular diffusion tensor ||V¢|/P. Therefore,
instead of the standard Sobolev space H'(f2) one has to use other function
spaces, which are ¢-dependent, e.g. H}(£2) := {v € L*(2) : Vgu € L*(22) }.
If the level sets of ¢ intersect the boundary 92 one has to formulate appro-
priate artificial boundary conditions for w to make the problem well-posed.
Natural boundary conditions (leading to well-posedness) are automatically
satisfied if one uses a domain 2 of the form

R={zeR’: cx<d(z) <c}, with ¢g<0<ci. (13.10)

Appropriate function spaces, well-posedness and regularity properties are
studied in [79]. In [79, 58] it is proved that the restriction u|p of the solu-
tion u of (13.9) solves the Laplace-Beltrami problem (13.8) on I

For the finite element discretization one starts with a triangulation of {2, de-
noted by 7;,. A banded computational domain Dj, is defined as follows. Let
1(¢) be the piecewise linear nodal interpolation of ¢ on the triangulation 7j,.
Define

Dy ={ze2:|I(¢)(z)] <coh},

with a sufficiently large constant ¢g such that T' C Dy, for all tetrahedra T € 7j,
that have a nonzero intersection with I". A local triangulation is defined by

5 ={TeT,: TNDL,#0}.

Let Vhp be the space of continuous piecewise linear finite elements on the
local triangulation 7,/". The discrete problem is formulated on the h-banded
computational domain Dj:

determine uj, € VhF such that for all vy, € VhF

/ (V¢huh~V¢hvh+uhvh)||VI(¢>)||d:c:/ Feon|VI(@)| de (13.11)
Dy, Dy,

holds.
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Here Vg, up == PpVuy, with P, = I —n,nl, n, = VI(¢)/||VI(4)|. Note
that in this discretization one needs a suitable extension f€¢ of the data f. An
optimal discretization error bound is given in the following theorem.

Theorem 13.2.2 Assume that the right-hand side f and the solution u of
(13.9) are sufficiently smooth. Let uy, be the solution of (13.11). Then

lu —unlgiry < ch

holds.

Proof. A proof is given in Theorem 4.2 in [79]. There the smoothness assump-
tions for f and u are specified. O
Discretization error bounds in the || - || 2y norm are not known. Numerical

experiments in [79] suggest a close to second order convergence in this norm.

Related to the implementation of the discrete problem (13.11) we note the
following. The boundary of the computational domain D}, is piecewise planar
(triangles or quadrilaterals), similar to the approximate interface I, treated
in Sect.7.3. This boundary cuts tetrahedra T' € 7,/ and thus for computing
the entries of the stiffness matrix special quadrature techniques are needed,
which are very similar to those used in the implementation of the XFEM
method as discussed in Sect. 7.9.3, cf. Fig.7.13.

The Eulerian finite element method (13.11) for the elliptic Laplace-Beltrami
equation on a stationary surface I" has a canonical analogon (based on the
method of lines) for parabolic problems on a stationary surface. This method
is presented in [96]. In that paper for the computational domain, instead of
the h-narrow band Dj, defined above, the whole domain {2 is used. For this
Eulerian finite element method for parabolic problems, no theoretical bounds
for the (semi-)discretization error are known.

A further generalization of this method to transport problems on non-
stationary interfaces (evolving surfaces) is given in [97]. We outline the main
idea. Consider the surfactant transport problem (12.2), or its weak formula-
tion in (12.7) and assume that the smooth interface I'(t) is evolving with a
smooth velocity w. A first step is a suitable extension of this transport prob-
lem to a fixed domain 2 C R® which contains I'(t), 0 < ¢ < T. Assuming
w - ngg = 0, this leads to a variational problem:

4 uv||V¢>||dx+/ Veu- V||V de = / ut||Vo| dx (13.12)
dt Jo 17) n

for all v from a suitable set of test functions. This parabolic problem in (2
can be shown to be a consistent extension of the surfactant transport problem
(12.2) on I'. For an Eulerian discretization we introduce a time-independent
triangulation 7 of 2. Let V}, be the corresponding finite element space of
continuous piecewise linears. For v, € V3, we have 0, = w - Vv,. We obtain
the following semi-discretization of (13.12):
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determine up,(-,t) € V}, such that

d
P upvp ||Vl dx + / Voun - Veur||Vo| dz
2 @ (13.13)

= / upw - Vo ||Vl dz, for all v, €V, t €0,T].
19,

Of course, this has to be supplemented by a suitable initial condition for
up(+,0). A discretization error analysis of this method is not known.

For the matrix-vector representation of this semi-discrete problem we
introduce the standard nodal basis in V},, denoted by %’ i = 1,...,N.
The semi-discrete solution is written as up(-,t) = Z _, u;(t)j. Define
i =1(t) = (u,...,un)’ and the time-dependent matrices

4= /Q b3 (2)(@) |V, 1)) d,
- / Vg (2) - Votbs ()| V(1) da,
o = [ w@wie.0) - Vo @)Vo ) do

For the unknown coefficient vector G(¢) we then obtain the system of ordinary
differential equations

%(M(t)ﬁ(t)) +S()it) = C()d(t), te][0,T]. (13.14)

Note that in this spatial semi-discretization we have unknowns u;(t) corre-
sponding to all grid points in 2 and not (as in (13.11)) in a small h-banded
domain around I'. The Eulerian nature of this method is reflected in the fact
that the domain of integration f2 and the basis functions 1;, v; used in the
definition of the matrices M(t), S(¢) and C(t) do not depend on t. Applica-
tion of a time discretization to (13.14) is straightforward. After an implicit
time-discretization one obtains, in each time step, a linear system. In the de-
velopment of an efficient iterative solver for this linear system one has to take
into account that the extended problem (13.12) has a strongly anisotropic
diffusion.

The Eulerian finite element methods treated above, cf. (13.11) and (13.13),
are based on an extension of the partial differential equation given on the
interface I" to a larger three-dimensional domain {2 that contains I'. For the
discretization one uses finite element spaces on a given time independent tri-
angulation 7, of 2 (or a local triangulation 7,/'). In the subsections below
we treat an alternative Eulerian approach in which the extension procedure is
avoided. The main idea is to use the finite element spaces corresponding to 7j
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and restrict these to the interface I' (or its approximation Iy,). For the case
of a stationary interface the method is explained in detail in Sect. 13.2.2. This
approach turns out to be extremely easy to implement if finite element meth-
ods for two-phase flow problems as treated in Chap.7 are already available,
cf. Remark 13.2.6. Results of numerical experiments and a discretization error
analysis of this method are given in the Sects. 13.2.3 and 13.2.4, respectively.
The generalization of this Eulerian approach to the case of a non-stationary
interface is treated in Sect. 13.2.5 and results of numerical experiments with
this method are presented in Sect. 13.2.6.

13.2.2 Eulerian surface finite element method for a stationary
interface

In this section we present an Eulerian finite element discretization of the
Laplace-Beltrami problem (12.3) on a stationary interface I, with oI = 0.
This method is introduced in [195]. The method, which we explain using the
Laplace-Beltrami problem, has a straightforward extension to the surfactant
transport equation, cf. Remark 13.2.8 below.

Let {7n}r>0 be a regular family of tetrahedral triangulations of a fized
domain 2 C R3 that contains I". Take 7;, € {7, }r>0. We need an approxima-
tion I, of I' and assume that this approximate interface (or surface) has the
following properties. We assume that I}, is a C%! surface without boundary
and that I, can be partitioned in planar segments, triangles or quadrilaterals,
consistent with the outer triangulation 7;,. This can be formally defined as
follows. For any tetrahedron Sgp € 7}, such that meass(Sp N I}) > 0 define
F = Sp NIy We assume that each F' is planar, i.e., either a triangle or a
quadrilateral. Thus, ', can be decomposed as

L= F (13.15)
FeFy,

where F, is the set of all triangles or quadrilaterals F' such that F' = SpNI}, for
some tetrahedron S € 7;,. Note that if F' coincides with a face of an element
in 75, then the corresponding Sg is not unique. In this case, we choose one
arbitrary but fixed tetrahedron S, which has F' as a face.

Remark 13.2.3 The construction of I}, as described in Sect. 7.3 satisfies the
assumptions made above, cf. Fig. 7.5.

For discretization of the problem (12.3) we use a finite element space induced
by the continuous linear finite elements on 7Tp. This is done as follows. We
define a subdomain that contains I}:

wh = J Sr, (13.16)

FeFn

and introduce the finite element space
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V), = {Uh € Clwyp) : Vs, € P1 forall FeF, } (13.17)
This space induces the following space on I}:

Vi i={pp € HY(Ih) : 3vp € Vi s ¥ = walp, }- (13.18)

The spaces V;, and VhFh are called outer and surface finite element space,
respectively. The surface space is used for a Galerkin discretization of (12.3):

determine uj, € VhFh with fF’ up, ds = 0 such that

Vrun-Ven ds = | fatbn ds  forall ¢, € VI (13.19)
Iy I'n

with fj, a suitable extension of f such that th frnds = 0, cf. (13.2). Due
to the Lax-Milgram lemma this problem has a unique solution uj. In the
discretization method (13.19) we restricted to linear finite elements. This
restriction is not essential; the method has a straightforward extension to
higher order finite elements.

In Sect.13.2.3 we present results of numerical experiments that indicate
that the discretization method has optimal convergence rates. In Sect. 13.2.4
we present a discretization error analysis of this method showing that under
reasonable assumptions we indeed have optimal error bounds.

In the remarks below we give some comments related to this approach.

Remark 13.2.4 (Shape irregularity) The family {7;},>0 of tetrahedral
triangulations of 2 is shape-regular but the family {F,}n~o of interface tri-
angulations is in general not shape-regular. In our numerical experiments, cf.
Sect. 13.2.3, Fj, contains a significant number of strongly deteriorated trian-
gles that have very small angles. Moreover, neighboring triangles can have very
different areas, cf. Fig. 13.4 for an illustration. As we will prove in Sect. 13.2.4,
optimal discretization bounds hold if {7} }r>0 is shape-regular; for {Fp,}n>0
shape-regularity is not required.

Remark 13.2.5 (Related finite element space) Each quadrilateral in F,
can be subdivided into two triangles. Let Fj be the induced set consisting of
only triangles and such that Up,z F = I';. Define

Wl = {% € C(Ih): YnlpePy forall Fel, } (13.20)

The space W,f " is the space of continuous functions that are piecewise linear
on the triangles of I',. This space, on a shape-regular interface triangulation, is
used in the Lagrangian finite element method discussed in Sect. 13.1. Clearly
Vhph’ - Whp " holds. In general, however, VhFh #* W{ " holds. This follows, for
example, from the fact that corresponding to a quadrilateral segment F' one
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Fig. 13.1. Example with Vhph #* W{h.

has 3 degrees of freedom (representation of a linear function) in Vhrh and
4 degrees of freedom (linear functions on the two triangles in which F' is
subdivided) in W}fh. A 2D example with Vhph’ #* Whp”’ is given in Fig. 13.1.
In this example wy, consists of 10 triangles (shaded). The nodal basis func-
tions corresponding to these triangles are denoted by {%;}1<i<10. The line
segments of the interface I, (represented by dashed lines) intersect midpoints
of edges of the triangles. The space W{ " consists of piecewise linears on [},
and is spanned by the 1D nodal basis functions at the intersection points

labeled by boldface 1,...,10. Clearly dim(WhFh’) = 10. In this example we

have dim(V,/*) = 9. For the piecewise linear function vj, = Zgl a;; with

a;=—1fori=1,2,3and o; = 1 for i = 4,...,10 we have (vs)|r, = 0.

Remark 13.2.6 (Implementation) Let (v;)1<i<m be the collection of all
vertices of all tetrahedra in wp and ; the nodal linear finite element basis
function in the outer finite element space V}, corresponding to v;. Then VhFh is
spanned by the functions ¥;|,, 1 < i < m. These functions are not necessarily
linear independent, cf. Remark 13.2.5. In the implementation of this method
one has to compute integrals of the form

/ V[‘,LT/)]' -V, ds, / fr; ds for F € Fp. (13.21)
' '

The domain F is either a triangle or a quadrilateral. The first integral can be
computed exactly. For the second one standard quadrature rules can be ap-
plied. The algorithmic components for computing these quantities are almost
exactly the same as the ones used in the computation of the discrete sur-
face tension functional fr, (or fr,) treated in Sect.7.6. In other words, once
the implementation of this surface tension force discretization is available,
the quantities in (13.21) can be determined with only very little additional
implementation effort.

Remark 13.2.7 (Linear system) Let ¢;, i = 1,...,m, be the nodal basis
functions of V}, as in Remark 13.2.6. In general, the set {¢;|p, : 1 <i<m}is
not a basis, but only a generating system of the finite element space Vhrh. This

follows already from the example v}, = Zgl a;1; at the end of Remark 13.2.5.
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Let up =Y 0 ui i, be the unique solution of the discrete problem (13.19)

and denote the vector of unknown coefficients by @ = (ug, ..., um,)? . In general
the unique solution uj can have different representations u. The discretization
results in a linear system of the form

St = b, Sij = Vi Vs ds, b; = fnti ds,
Iy I'n

with the additional constraint (due to [, upds = 0) (Md,e) = 0, where M

the mass matrix and e = (1,1,...,1)”. The stiffness matrix S is symmetric
positive semidefinite. Every solution u of this linear system yields the desired
unique discrete solution uy. Due to the fact that a nonstandard generating
system is used the question of conditioning of the stiffness and mass matrix
arises. This topic is studied in [194]. We consider an introductory example,
which illustrates some interesting properties and then briefly address some
general conditioning results. We consider a strongly simplified situation of a
one-dimensional interface I = [0, 1] embedded in R?. The outer finite element
space is based on a uniform triangulation 7; as illustrated in Fig.13.2. The
number of vertices is denoted by m (m = 11 in Fig.13.2) and h := —2= is
a measure for the mesh size of the triangulation. The interface I' = [0,1] is
located in the middle between the upper and lower line of the outer triangu-

lation.

mi mio

m2 M4 me msg
0 U2 U4 Ve g v

Fig. 13.2. Example with a uniform triangulation.

Uy 10

The nodal basis function corresponding to wv; is denoted by v, i =
0,1,...,m — 1. We represent up, € V;I' as up = Z;’;Bl u;Y; . The vector
representation is given by @ = (ug,u1, ..., Un_1)7 € R™. The mass and stiff-
ness matrix are defined by

1 1
(Md, d) = / up(z)*dz, (SH,d) = / ul (2)? d.
0 0

Let m; = vi%w €rl',i=1,...,m — 2 denote the mid-vertices of the edges
of the outer triangulation that are crossing I". Now note that
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mMi41
/uh 2dx = Z/ dx
0 m;

m—2 m—1
~h Z wp(mi)? 4+ up(mig1)?) ~ h Z up(m
=1 =1
m—1 1
h h '« h
=7 2 (un(vie1) + un(vy)) =7 2 (wim1+u;)) :Z<Lﬁ7Lﬁ>,
with
11
11
L= / € Rm—Dxm
0
11

Thus the diagonally scaled mass matrix is spectrally equivalent to L™ L. The
matrix L”L has one zero eigenvalue A\; = 0, with corresponding eigenvector
(1,—-1,1,—1,...)T. The smallest nonzero eigenvalue is Ay ~ h?, and thus for
the effective condition number we obtain ’\K‘ﬂ ~ h72.

For the stiffness matrix we obtain the following:

/01 /mL+1 dr ~h Z (“h (mit1) — mhz(mz)>2

m; miy1 —

D ((wn(w0) - un(v41)) = (un(vir) +wn(v))”
(L, L),
with

L= e R(m=2)xm
0 -101
Thus the diagonally scaled stiffness matrix is spectrally equivalent to L7L.
The matrix LTL has two zero eigenvalues A\; = Ao = 0, with corresponding
eigenvectors (1,—1,1,—1,...)7, (1,1,...,1)T. The smallest nonzero eigen-
value is A3 ~ h?, and thus for the effective condition number we obtain
)‘3\“;" ~ h~2. Summarizing, in this simple example, both the mass and stiff-
ness matrix are singular and for both matrices the effective condition number
behaves like h=2. The zero eigenvalue of M and one of the zero eigenvalues
of S are caused by the fact that we use a generating system of m functions
Yip, 0 <7 < m — 1, to span the trace space V,I" of dimension m — 1. The
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second zero eigenvalue of S is caused by the singularity of the bilinear form:
fol uy (z)? ds = 0 if up(x) = constant.

We now consider a case as illustrated in Fig.13.3 in which there is one
vertex v (k = 4 in Fig. 13.3) for which dist(vg, I") = € = 5%, with ¢ € (0,1]
and k such that 7* is a fixed number if the mesh is refined.

U1 v3 Us v7 Vg

ma ma me ms

miy mio

my mg

Yo v2 Ve Vg V10

Fig. 13.3. Degenerated case with a small distance.

For this case we obtain:

1 m—1 k—1
/ up(z)* dz ~ h Z up(m;)" ~ hz (wio1 4 us)
0 i=1 i=1
m—1 )
+ h(6up—1 + ug)? + h(ug + dupr1)? + h Z (wiz1 + u;)
i=k-+2
~ h(Li, Ld),
with
11
. 0
) 11
L= 51 € R(m=1)xm,
16
U] 11

Thus the diagonally scaled mass matrix is spectrally equivalent to LTL. A
straightforward (MATLAB) calculation yields that this matrix has one zero
eigenvalue A\; = 0 and for § < Vh the first nonzero eigenvalue is of size
A2 ~ hd2. Hence for the effective condition number of the scaled mass matrix
we obtain )“)’\‘a" ~ h~1672 and thus a strong growth in the effective condition
number for & 1 0. This example indicates that the dependence of the effec-
tive spectral condition number on the distances of the vertices of the outer
triangulation to I" is a delicate issue.
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We now briefly address results in a more general setting. In [194] one can
find results of numerical experiments in two- and three-dimensional examples
which indicate that in the 3D case both for the diagonally scaled mass and
stiffness matriz (effective) spectral condition numbers behave like O(h~2) and
in the 2D case the behavior of these condition numbers is O(h=3) and O(h~2),
respectively. Some of these experimental results for the 3D case are given in
Sect. 13.2.3. Here h denotes the mesh size of the outer triangulation, which
(in the analysis) is assumed to be quasi-uniform in a small neighborhood of
the interface. In [194] an analysis for the two-dimensional case is given which
proves these conditioning properties (up to an additional logarithmic term
|In A|) under certain assumptions on the distribution of the vertices near the
interface.

Remark 13.2.8 For the case of a stationary interface (surface) the finite
element method explained above has an obvious generalization to parabolic
problems on the interface. We describe the application to the surfactant trans-
port equation. A further (less obvious) generalization of this Eulerian surface
finite element method to partial differential equations on a non-stationary
interface is treated in Sect. 13.2.5 below.

Recall the weak formulation of the surfactant transport problem in (12.5):
Find w € W1(0,T; H}(I')) such that u(0) = ug and, for all t € (0,7,

d

E(u(t%U)LZ([') + (VFU, VF'U)Lz([') + (din(WU)JJ)LZ([') =0 VYwove Hi(]_‘)

Let V;'" be the surface finite element space from above and ug € V' N
H!(I},) an approximation of the function ug in the initial condition. The semi-
discretization is as follows: For t € [0, T] determine uy, (t) = up,(-,t) € V;'" with
up(0) = up,0 and

(duh

TR Uh)Lg(Fh) + (Vr,un, Vi,vn) 2,y + (dive, (Wun), vn) 2 n,) = 0

for all vj, € Vhrh. This ordinary differential equation for uy (t) can be combined
with standard time discretization schemes.

13.2.3 Numerical experiments

In this section we present results of a few numerical experiments. As a test
problem we consider the Laplace-Beltrami equation

—Aru=f onl,
with I' = {z € R3 | ||z]|2 = 1} and 2 = (-2, 2)3. This example is taken from
[79]. The source term f is taken such that the solution is given by

12
u(x) = W (333%@ — xg) , x=(x1,2T2,23) € 2.
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Using the representation of u in spherical coordinates one can verify that u is
an eigenfunction of —Ap:

u(r, @, 0) = 12sin(3¢p) sin® 6, —Aru = 12u =: f(r,¢,0). (13.22)

The right-hand side f satisfies the compatibility condition | rfds =0, like-
wise does u. Note that v and f are constant along normals at I.

A family {7;};>0 of tetrahedral triangulations of (2 is constructed as fol-
lows. We triangulate {2 by starting with a uniform subdivision into 48 tetra-
hedra with mesh size hg = 2. Then we apply an adaptive red-green refinement
algorithm, cf. Sect. 3.1, in which in each refinement step the tetrahedra that
contain I" are refined such that on level [ =1,2,..., we have

hr <27'hy forall T € 7; with T NI #0.

The family {7;};>0 is consistent and shape-regular. The interface I is the zero
level of ¢(z) := ||z||> — 1. Let I be the standard nodal interpolation operator
on 7;. The discrete interface is given by I, :=={ z € 2: I(¢)(x) =0 }. Let
{%i}1<i<m be the nodal basis functions corresponding to the vertices of the
tetrahedra in wy, cf. (13.16). The restrictions of these functions to I, span
the finite element space V;/". The entries [ r, VI ¥i - Vi, ds of the stiffness
matrix are computed within machine accuracy. For the right-hand side of
the Galerkin discretization (13.19) we need an extension f; of f. In order to
be consistent with the theoretical analysis in the next section we take the
constant extension of f along the normals at I, i.e., we take fn(r,p,0) =
f(1,¢,0)+cp, with f(r,¢,0) as in (13.22) and ¢;, such that [, fnds = 0. For
the computation of the integrals [ r Jnn ds with F' € Fj, we use a quadrature-
rule that is exact up to order five. The computed solution wuj is normalized
such that th up ds = 0.

The discretization errors in the L?(I7,) norm are given in Table 13.1. The
extension u® of u is given by u¢(r, p,0) := u(1, ,0), cf. (13.22).

level I |||u® — un||p2(r,)|factor

1 4.42 BE-1 -
1.15 E-1 3.85
2.30 E-2 3.88
7.30 E-3 4.06
1.87 E-3 3.91
4.63 E-4 4.03
7 1.16 E-4 4.00

Table 13.1. Discretization errors and error reduction.

S Tk W N

These results clearly indicate an h2? error behavior, which will be confirmed
by the theoretical analysis in Sect. 13.2.4. To illustrate the fact that in this



13.2 Finite element methods based on Eulerian interface capturing 409

approach the triangulation of the approximate manifold I}, is strongly shape-
irregular we show a part of this triangulation in Fig. 13.4. The discrete solution
is visualized in Fig. 13.5.

Fig. 13.4. Details of the induced triangulation of I,.

Fig. 13.5. Level lines of the discrete solution uy,.

To demonstrate the flexibility of the method with respect to the shape of I
we repeat the previous experiment but now with a torus instead of the unit

sphere. We take I' = {m €2:r? =13+ (/23 +22 - R)? }, with R = 1,
r = 0.6, and 2 = (—2,2)3. In the coordinate system (p, @, #), with

cos cos ¢ cos 6
z=R|singp | +p | sinpcosb |,
0 sin @

the p-direction is normal to I, g—i 1 I'for « € I'. Thus, the following solution
u and corresponding right-hand side f are constant in the normal direction:



410 13 Finite element methods for surfactant transport equations

u(z) = sin(3¢) cos(30 + ¢),

f(z) =r~2(9sin(3¢) cos(30 + ¢))
— (R +rcos(0)2(—10sin(3¢p) cos(30 + ) — 6 cos(3¢p) sin(36 + )
— (r(R 47 cos(#)) "' (3sin(0) sin(3¢) sin(30 + ).

(13.23)

Both u and f satisfy the zero mean compatibility condition. The discretization
errors in the L?(I},)-norm are given in Table 13.2. The extension u® of u is
given by u¢(p,p,0) = u(r,¢,0), cf. (13.23). Again, we observe a h? error
behavior. The discrete solution is visualized in Fig. 13.6.

level I |||u® — unl|L2(r,)|factor

1 1.70 E+0
5.30 E-1 3.21
1.40 E-1 3.77
3.63 E-2 3.86
9.32 E-3 3.90
2.30 E-3 4.05
5.71 E-4 4.02

N O U W N

Table 13.2. Torus: Discretization errors and error reduction.

Fig. 13.6. Torus: Level lines of the discrete solution wup,.

Numerical results on conditioning

For the example with the unit sphere we computed the spectrum of the scaled
mass and stiffness matrices. The mass matrix M and stiffness matrix S have
entries
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M;; = Yy ds, Sy = Vi -Vr,v;ds, 1<14,5 <m.
Iy Iy

Define Dy := diag(M), Dg := diag(S) and the scaled matrices
- _1 1 11
M :=D,?MD,?, §:=Dg?SDg*.

For different refinement levels we computed the largest and smallest eigenval-
ues of M and S. We use an ordering A\; < Ay < ... < A,,,. The results are
given in Table 13.3 and Table 13.4.

level I | m |factor A1 Ao Am | Am /A2 |factor
1 112 - 3.8 E-17 | 2.61 E-2 |2.86| 109 -
2 472 4.2 | 4.0 E-17 | 5.80 E-3 |2.83| 488 4.5
3 1922 | 4.1 0 1.20 E-3 |2.83| 2358 | 4.8
4 7646 | 4.0 0 2.90 E-4 |2.83]| 9759 | 4.1

Table 13.3. Eigenvalues of scaled mass matrix M.

level I | m |factor|A1| A2 A3 Am | Am/As|factor

1 112 - 0] 0] 5.50 E-2| 217 | 39.5 -

2 472 42 (0] 0| 130E-2]226| 174 | 44
3 1922 | 41 |0]| 0 | 2.80 E-3 | 247 | 882 | 5.0
4 7646 | 4.0 [0] 0 | 6.90 E-4|2.61 | 3783 | 4.3

Table 13.4. Eigenvalues of scaled stiffness matrix S.

These results show that for the scaled mass matrix there is one eigenvalue
very close to or equal to zero and for the effective condition number we have
)3\—7; ~m ~ hfz. For the scaled stiffness matrix we observe that there are
two eigenvalues close to or equal to zero and an effective condition number
i‘\—’; ~m ~ hf2~ In Fig.13.7 for both matrices the eigenvalues Ay are shown
for k > kmin, with kyi, = 2 for the scaled mass matrix and ky,;, = 3 for the
scaled stiffness matrix. These results indicate a relation of the form

k
log(Ak) =~ log(Ay,) + log (—)7 k= kmin,...,m,
m
and log(A,,) = O(1). Hence, in particular
kmin
Akmin ~c ) ATn = 0(1)7

which is consistent with the results in the Tables 13.3 and 13.4.
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Mass matrix eigenvalues for the 3D example Stiffness matrix eigenvalues for the 3D example

10 10’
10° / 10° /
s a® - M
=10 om = 10 00
© +
oo E R
° 4 ++
* O level=1 2 + O level=1
10* e+ +  level=2 10 S +  level=2
* el *  level=3 ok *  level=3
" ref. O(k) * ref. O(k)
"
10° 5= 10°
o 10’ 10° 10° 10* 10° 10' 10° 10° 10*
k K

Fig. 13.7. Eigenvalue distributions for scaled mass matrix M (left) and for scaled
stiffness matrix S (right) for the 3D example.
13.2.4 Discretization error analysis

In this section for the discrete problem (13.19) we derive discretization error
bounds, both in the H!- and the L?-norm on I},. These results are from [195].
We first collect some preliminaries, then derive approximation error bounds
and finally present discretization error bounds.

Preliminaries

We will need a Poincaré type inequality that is given in the following lemma.

Lemma 13.2.9 Consider a bounded domain 2 C R™ and a subdomain S C
0. Assume that (2 is such that the following Poincaré inequality is valid:

I fllz22) < CollVfllLeo) foral fe Hl(.Q) with / fdx=0. (13.24)
19,

Then for any f € H*(£2) the following estimate holds:

(0}
e < gt (21 sy + 3CBIV A Biey) - (13:29)

Proof. We introduce the projectors IT, : H'(2) - R, k =1,2,
mf=\e [ fae  ihf=is [ fan
2 s

Since ||(I — Hl)f||2L2(Q) = ||f||%2(m — |21 f|?, the Poincaré inequality
(13.24) can be rewritten in the equivalent form

1F 22y < QI+ CHIV L) forall feHY(2).  (13.26)
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For any f € H*(£2), with IT; f = 0, using the Cauchy-Schwarz and Poincaré
inequalities we get
/ fdx
s

<ISI72 M2 ) < CalSI2 IV F L2 (2)-

[L2f| =187 <ISI72 Nl ez s

(13.27)

Define M := Cg|S|~2. Note that for f € H'(£2) we have II,(I — IT;)f = 0
and thus from (13.27) we obtain

|(IIy — I) f| = [II(I = IL) f| < M|V(I = II)f|[2(2) = M|V fll12(2)-
Hence, for any f € H'(£2) we have

[ f1? < 2o f1? + 2|11 — IT) f|?
2L PP+ 2M?* |V f(1720)
< 2|87 fl1F2(s) + 2M 2V £l F2(0)- (13.28)

Estimates (13.26) and (13.28) imply:
11320y < masc{| 2], CHM 2} (I f12 + M|V £330 )
= 121 (1P + M2V 1320
<121 (21817 113 2(s) + 3M2IVS I3 )
= 1201817 (21F Wz(s) + 3CHIV A2
which proves the inequality in (13.25). O

Remark 13.2.10 In the analysis below we shall apply Lemma 13.2.9 for the
case of a conver domain (2. For convex domains the following upper bound is
well-known [201] for the Poincaré constant:

diam({?)

™

Co <

(13.29)

We define a neighborhood of I':
U={zeR®: dist(z,]') <c},

with ¢ sufficiently small and assume that I, C U. Let d : U — R be the
signed distance function. Its Hessian is denoted by H(z) = D?d(z), and has
eigenvalues denoted by k1(x), k2(x), and 0. On U we use normals, projections
and extensions that are the same as the ones used previously, for example in
the Sects. 7.7 and 13.1:
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n(z) = Vd(z),

P() = T- n(@n(z)",

p(z) =z — d(z)n(z),

ve(z) = v(p(z)) (for v defined on I').

We assume that the decomposition z = p(z) + d(z)n(z) is unique for all
x € U. Note that n(z) = n(p(x)) for all z € U. We define a discrete analogon
of the orthogonal projection P:

Pp(z) := 1 —nu(x)n,(x)" for z € I},  not on an edge.

Here np (x) denotes the (outward pointing) normal at « € I',. The tangential
derivative along I';, can be written as Vr, g(z) = Pp(2)Vg(x) for x € I, (not
on an edge).

In the analysis we use techniques from [83, 92|, for example, the formula

Voé(z) = (I —d(z)H(x))Vrv(p(z)) a.e.on U (13.30)
(cf. Sect. 2.3 in [83]), which implies
Vv (z) = Pp(z) (I - d(z)H(z)) Viv(p(z)) a.e. on I (13.31)
Furthermore, for v sufficiently smooth and |v| = 2, the inequality
|DYv(z)| < c( 3 IDFu(p(@))] + [V ru(p(e ))||) ae.on U  (13.32)
lvl=2

holds, cf. Lemma 3 in [92]. We define an h-neighborhood of I":
Up={zeR®: dist(z,I) < c1h },
and assume that h is sufficiently small, such that wy C U, C U and

-1
Serh < (ln_lelué ||;‘§Zi||Loo(p)> . (13.33)

From (2.5) in [83] we have the following formula for the principal curvatures

KRj:
ki(p(z))
ki(x) = for x € U. 13.34
= T da (o) .
Hence, from (13.33) and (13.34) it follows that
1
ldll oo ) max lkill oo @) < 5 (13.35)
holds. In the remainder we assume that
ess sup,e p, |d(2)] < coh?, (13.36)
ess sup,cr, [n(z) —np(2)|| < éoh (13.37)

holds. These are reasonable assumptions, cf. Theorem 7.3.1.
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Lemma 13.2.11 There are constants ¢1 > 0 and co independent of h such
that for all u € H?(I'") the following inequalities hold:

a|uf| 22w,y < Vhlullzar < ellufl 2w, ), (13.38a)
| Vul|| 2w,y < VAV rul 2ery < el Vull| L2 wy), (13.38b)
1D w2y < eoVhllull gy, |v]=2. (13.38¢)

Proof. Define
() = (1 — d(@)r(2)) (1 — d(2)ra(2)), € Un.
From (2.20), (2.23) in [83] we have
p(x)de = drds(p(z)), = €U,

where dz is the volume measure in Uy, ds the surface measure on I, and r
the local coordinate at € I" in the direction n(p(z)) = n(z). Using (13.35)
we get

9 25
— < < — for all . 13.
16 < u(z) < g fora zeUp, (13.39)

Using the local coordinate representation x = (p(z),r), for x € U, we have

/ 2) do = / / 2 ds(p(a))dr
/ ] 1up(@). 00" dstpla)) dr = 2eshful s r

Combining this with (13.39) yields the result in (13.38a).
From (13.30) we have that u® € H(Uj). Note that

/U,L [Vu'(@) d“”—/qh/ (I - d(2)H(2))V ru(p(z),0)] ds(p()) dr.

Using this in combination with ||d(z)H(z)|| < 1 for allz € Uy, (cf. (13.35)) and
the bounds in (13.39) we obtain the result in (13.38b). Finally, using similar
arguments and the bound in (13.32) one can derive the bound in (13.38¢). O

Approximation error bounds

Let I, : C(wr) — Vi be the nodal interpolation operator. We use the approx-
imation property of the linear finite element space Vj,: For v € H?(wp)

v = Ino|l ey < C B F 0]l 20, k=0,1. (13.40)

A consequence of this approximation result is given in the following lemma.
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Lemma 13.2.12 For u € H?(I') and k = 0,1 we have
e e 5_
s = Lt vy < C Rl (13.41)
Proof. From (13.40) and (13.38b) we obtain

s — I st oy < O H | 200y < C B2 1220,

< ChEHullx(ry,
which proves the result. O

The following two lemmas play a crucial role in the analysis. In both lemmas
we use a “pull back” strategy based on Lemma 13.2.9. For this we introduce
a special local coordinate system as follows. For a subdomain w C R? let p(w)
be the diameter of the largest ball that is contained in w. Take an arbitrary
planar segment I of I}, i.e., F' € F},. Let Sp € 7Ty be the tetrahedron such
that I, NSgp = F. There exists a planar extension F°¢ of F' such that F¢ C U,
F¢ is convex, p(Sr) C p(F¢), and

diam(F°) ~ p(F°) ~ h. (13.42)

The existence of such a planar extension is discussed in Remark 8 in [195].
This extension F° is used to define a coordinate system in the neighborhood
Np :={ze€U: p(z) € p(F°)}. Note that Sp C Np. Every x € Np has a
unique decomposition of the form

r=s+dzmn(z), with seF° d(z):=+|s—z|. (13.43)

The sign of d(z) is determined by taking into account on which side of the
plane F'° the point x lies. Note that disa signed distance, along the normal
n(z), to the planar segment F°. The representation in this coordinate system
is denoted by @, i.e., @(x) = (s(x),d(x)). This coordinate system is illustrated,
for the 2D case, in Fig. 13.8.

For x € F°¢ we thus have @(x) = (s(x),0). Due to the shape-regularity
of 7; there exists, in the @-coordinate system, a cylinder Br that has the
following properties:

B = F¢ x [do,d1] C Sp, Ff C F® |Ff|~h? dy —do~h. (13.44)

This coordinate system and the cylinder By C Sp are used in the analysis
below.

Lemma 13.2.13 Let vy, be a linear function on Np and u € H*(I'). There
exists a constant ¢ independent of vy, u, and F such that the following in-
equality holds:

||Vph (ue — Uh)”Lz(Fe) < Chié ||V(ue — Uh)”LZ(Sp) + h”u”Hz(p(Fe))‘ (13.45)

Here V, denotes the projection of the gradient on F°.
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z = (s(2),d(z))

Fig. 13.8. 2D illustration of coordinate system.

Proof. Using Lemma 13.2.9, (13.29), and (13.32) we obtain
IV, (u® = vn)l[72(pey < €llVr, (u® = on) T2y + ch? [V, ul T2 ey
< IV, (" — ) g, + Rl ey (13.46)

We consider the first term in (13.46). We write Vv, =: cr and use the notation
x = (s(x),d(z)) =: (s,y) in the #-coordinate system. From (13.30) we have

Vru(p(z)) = Vus(s,y) + d(z)H(z)Vru(p(z)).
Using this and (13.31) we obtain
IV, (u® = vn) 1L (e
= |Vr,u® = Prerl|i2(pe)
< 2|[Pu(Vru) o p — Puep|Zo(py) + 2/PrdH(Vru) o pll22(p)

<c[[(Vru)op — CF||%2(F;) + ch?||ull B (s

= [ IV ru(p(s,0) = er [P ds + ol s,
b
dy
<ant [ / IV ru(p(s, 0)) — e ds dy + ch?Jul2n o s,y
0 b

dy
<ot [ [ IV (s.) - erl dsdy+ i ulf s,
0 5

< ch [V (u® = vn)l72(,) + PPl Fpse)
< MV (u® = )l F25p) + PPNl Fn (s

Combining this with the result in (13.46) completes the proof. O
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Lemma 13.2.14 There are constants c; independent of h such that for all
u € H3(I') and all v, € V}, the following inequality holds:

[ = vnll 2,y < exh™ 2 |[u® = vnl| L2y + c2h? [ = vnl| 1 ()
(13.47)

+ C3h2||u||H2(F)~

Proof. We consider an arbitrary planar segment F' € I},. Let F© be its exten-
sion as defined above. Take v;, € V},. The extension of v;, to a linear function
on F* is denoted by vy, too. Using Lemma 13.2.9 and (13.29) we get:

[u® = vnll72(py < lu = vnllF2(pe) = /F (u®(s,0) — vn(s,0))* ds
< c/ (u®(s,0) — vp(s,0))* ds (13.48)
b
+ ch2/ IVr, (ue(s70) — vp(s, 0)) ||2 ds.

We consider the first term on the right-hand side of (13 48). For a linear
function g and 0 < §y < d; we have g(d;)? < 516 6 g(t)2dt for i = 0,1,

and g(0) = g(d0) 525 — 9(01) 525 Hence, [g(0)| < 5125150 maxi—o,1|¢(d;)| and

thus )
(02 < 24 ( o ) ! /51 ()2 dt (13.49)
g - 01 — Op 01 — 0p 509 ’
holds. Without loss of generality we can assume that dg, d; from (13.44) satisfy
0 < dp < dy. Furthermore, we have d < cfor i = 1,2, with ¢ independent

of h. Using this and (13.49) applied to the linear functlon y — c+up(s,y) we
obtain

dy
u®(s,0) — vp(s 2ds < ch7t u®(s,0) — vp(s 2 s
Aﬁ (5.0) = vn(5,0))% ds < ch /ﬁ&( (5.0) — vn(s,9)? dy d

dy
=m*/‘/(w@m—w@wfwwzm*Mwahm>

< ch ™M uf = vnl2ags, ).

For the second term on the right-hand side of (13.48) we apply Lemma 13.2.13,
and thus we get

[u® ~vnl| L2y < ch™Hu®—vnl|La(sp) +eh V(W —on) 125, Heh ull e ppe)-

Summation over all F' € Fj, gives (13.47). O
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Lemma 13.2.15 There are constants ci,cs independent of h such that for
all w € H*(I") and all v, € V}, the following inequality holds:

[ = onll () < erh™2 [ = vnll ) + cobllul mr)- (13.50)

Proof. Take u € H?(I') and vy, € V3. By definition of the H!'-norm on I}, we
get
[Ju® — Uh||§{l(rh) = [lu® - Uh||%2(rh) + IV, (u — Uh)”%Z(r,Ly

For the first term on the right-hand side we can apply Lemma 13.2.14, and
use

1 1 _1
h™2|u® — vl p2(w,) + c2h? [|[u® = vnll 1 (w,) < ch™ 2 [[u” = vpllHi(w,)-

We now consider the second term

IV, (ue - Uh)”zm(ph) = Z IV, (ue - Uh)||2L2(F)-
FeF,

Take a F' € Fj, and extend vy linearly outside F'. This extension is denoted
by v, too. Using Lemma 13.2.13 we get

IV, (u€ = on) 1720y < IV, (0 = 0n) 720

< ch V(@ = vl 7250y + P2 lullFrzpere))-
Summation over F' € F}, yields
IV 5, (= on)|72(pyy < b Hu® = vnll i o,y + ch®ullf ),
and thus the proof is completed. O

As a direct consequence of the previous two lemmas we obtain the following
main theorem.

Theorem 13.2.16 For each u € H*(I') the following hold:
iél‘f/r [u = wnllz2(ny < lu® = Tu)in, 2y < Ch?|ullazcr), (13.51)
Vh h

inf [ = vl < llu® = Tnu)n, () < Chllullg2r), (13.52)
VhEVy

with a constant C independent of u and h.

Proof. Combine the results in the Lemmas 13.2.14 and 13.2.15 with the result
in Lemma 13.2.12. g
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Finite element discretization error bounds

Using the approximation error bounds derived in Theorem 13.2.16 fairly stan-
dard arguments lead to optimal discretization error bounds. Below we present
two main results (from [195]).

For x € I}, define

pn(@) = (1 = d(@)k1(2))(1 - d(z)k2(z))n(z) ny(2).
The integral transformation formula
pun(x)dsp(x) = ds(p(x)), z €Iy (13.53)

holds, where dsp(x) and ds(p(z)) are the surface measures on I, and I,
respectively, cf. (2.20) in [83]. From

[n(z) — np(2)[* = 2(1 = n(z) "0y (2)),
the assumption in (13.37) and |d(x)| < ch?, |ki(x)| < ¢ we obtain
ess sup,cr, |1 — pn(z)| < ch?, (13.54)

with a constant ¢ independent of A.

Theorem 13.2.17 Let u € H%(I") be the solution of (12.3), up € V)l the
solution of (13.19), with fn = f° —cy, where cy is such that th frnds=0.
The following discretization error bound holds:

IV, (u® = un)ll L2,y < ch £z, (13.55)

with a constant ¢ independent of f and h.

Proof. We only present the main idea of the proof given in [195]. It uses the
relation

/ Vru-Vevds = [ ApVpu-Vp,v¢ds, forall ve HY(T),
r Iy

with a matrix Ay that is close to the identity, in the sense that
IPA(I— Ap)| < ch? (13.56)

can be shown to hold. Define

cp = |Fh|_1 : fédsn, 05 :=(1—pun)f®—cy.
h

The following perturbed Galerkin orthogonality property holds: for arbitrary
Y € VI we have
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Vr, (u® —up) - Vi, ¥ndsp

Iy
= / (I—An)Vr,u®-Vr,ndsy — dripn dsp, (13.57)
Iy Iy
= / Ph(I—Ah)thue 'th,¢h dsh - 5f¢h dsh.
Iy Iy

Using
I8¢l 22y < ch®[1 fllzacr)

and (13.56) the terms on the right-hand side can be shown to be “small”.
The proof uses a standard error analysis, based on the approximation error
bounds derived in Theorem 13.2.16 and in which instead of the usual Galerkin
orthogonality property of the finite element solution the relation (13.57) is
used. g

Remark 13.2.18 We indicate how the error bound (13.55) in H(I},) yields
a similar bound in H'(I"). For this we need the extension of functions defined
on I}, along the normals n on I': For v € C(I},) we define, for x € Iy,

ve"(z 4+ an(z)) ;== v(z) forall a € R, with z+an(z) €U. (13.58)
The following holds (cf. [83], Lemma 3.3 in [129]):
||Vr1je’h||L2(p) < CHVDLUHLZ(Fh) for all v e Hl(['h) N C(Fh).

Using this for the error v = u® — uj, and noting that (u®)®" = u on I" the

bound (13.55) yields

IV r(u—ug™) | z2ry < el fllzzcrys
i.e., an optimal error bound in H*(I").

We now present an L2-norm discretization error bound.

Theorem 13.2.19 Let v and up, be as in Theorem 13.2.17. The error
bound

lu® = unllracry < eh® [ fllzzr) (13.59)
holds, with a constant ¢ independent of f and h.

Proof. We only sketch the main points. A detailed proof is given in [195]. A
perturbed duality argument is used. Denote ep, := (u® — up)|p, and let e%
be the lift of e on I', as in (13.58), and c. := |I'|7* [, €} ds. Consider the
problem: Find w € H'(I'), with [, wds = 0, such that

/ Vriw-Vrvds = / (el — ce)vds for all v € HY(I). (13.60)
r r
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The solution w satisfies w € H*(I') and |w||g2ry < cllebllr2(ryr, with
leblln2(ryr = lle}, — cellz2(r). Using (13.60), the H?-regularity bound, the
approximation properties in Theorem 13.2.16, the discretization error bound

in Theorem 13.2.17 and perturbation arguments, we obtain

lebllzzcry/r < || fllLar)-

A further perturbation argument yields

lenllracr) < clleqllzery < ellehlinzcrym + leel) < ch® || fllrar),

and thus the result holds. O

13.2.5 Eulerian space-time surface finite element method
for a non-stationary interface

In this section we explain how the surface finite element approach intro-
duced in Sect. 13.2.2, cf. (13.19), can be generalized to problems with a non-
stationary interface. This generalization is based on a natural idea, similar
to the one used in Sect.11.5.2 for the derivation of the space-time XFEM
method, namely to use a space-time variational approach and suitable space-
time finite element spaces. We explain the method for the surfactant transport
equation, but it can also be applied (with obvious modifications) to other ellip-
tic or parabolic equations on the interface that are formulated in a space-time
variational form.

Let Q7 = 2 x (0,T) C R* be the space-time cylinder. The space-time
interface I'x = Ue(o,1)I'(t) x {t} C Qr is assumed to be a three-dimensional
hypersurface. The interface I'(¢) is transported by the (smooth) velocity field
w(z,t). We recall the weak space-time variational formulation of the surfac-
tant transport equation (12.8): Find u € H'(I.) with u(-,0) = ug such that

(1'1, + udivp W,'U)L2(F*) + (Vpu, VFU)L2([~*) =0 Vove HI’O(F*). (13.61)

For the discretization of this problem we use the same trace technique as
in Sect. 13.2.2: First we introduce standard space-time finite element spaces
on the cylinder Q7 (outer domain) and then we use the restriction of these
spaces to I, for a Galerkin discretization of (13.61). The basic idea of the
space-time finite element method is explained in Sect. 11.5.2; we use notation
as in that section. As noted in Sect. 11.5.2 there are different variants of space-
time methods, e.g., one can use trial functions that are continuous w.r.t. time
or trial functions that may be discontinuous in time. In Sect. 11.5.2 we used
the latter variant, cf. Remark 11.5.4. Here we choose the former variant since
it leads to a somewhat simplified presentation due to the fact that the jump
terms between time slabs vanish. This choice, however, is not essential for the
method presented below.
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We use a partitioning of the time interval 0 =ty < ... <ty = T. Corre-
sponding to each time interval I,, = [t,_1,t,) We assume a consistent trian-
gulation 7,, of the spatial domain (2. To simplify the presentation we assume
uniform time steps At = T'/N, and a triangulation independent of n, denoted
by 7,. These assumptions are not essential. The time slabs are denoted by
Sn=902x1,,1<n<N.Let V, be a given finite element space of continuous
piecewise polynomial (e.g., piecewise linear) functions corresponding to the
triangulation 7;,. We introduce the space of piecewise space-time polynomials

k
VPTi=Qu(at) =) (@) ¢ €V p, k>0 (13.62)
j=0

The test functions are allowed to be discontinuous between time slabs. Hence
we introduce

Wii={v:Qr—R:yg, €VT for 1<n<N}, k>0

Note that v € Wy implies v, € HYO(I,). The corresponding trace space
is denoted by W,f = {v‘p* v e Wy } Using this test space there is no
global coupling in time direction and thus a time marching procedure can be
applied. This discrete time marching is obtained by choosing test functions
that are equal to zero except on one time slab. To make this more precise we
need some further notation. Let I']* be the part of the space-time interface
I, that is contained in the time slab Sy, i.e. I'"" = Uey, I'(t) x {t}. The test
space W,f * is a direct sum of spaces corresponding to the time intervals I,,,
1<n<N:

N
W, = @ Vkp*n, with Vkp*" = {UI[‘:L twv€E VkST } .
n=1

We now turn to the trial functions. As mentioned above, we consider trial
functions that are continuous with respect to ¢. By this we mean continuity
on the space-time interface I'y. To enforce this continuity, in our method we
need a well-defined local extension of functions from the finite element trace

space, which we now introduce. Let Vhp(t") be the finite element trace space

corresponding to I'(t,), i.e. vy € Vhp(t") iff there exists wy, € V3, such that
vp = (Wh)|r,)- Clearly, this wy, is not unique. For a given n, 1 <n < N, let
wy C §2 be the union of all tetrahedra which have a nonzero intersection with
I'(t) for some t € I,

wp, =U{T €7}, : measo(TNI(t)) >0 fora tel,}, (13.63)

and Vj,(wyp) = {U|wn v E Vh} the space of outer finite element functions
restricted to the subdomain w,. We assume a well-defined extension operator

E,: Vi1 Ly (w). 13.64
h
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A natural choice for this operator (which we use in our experiments in
Sect. 13.2.6) is as follows. Let w C w, be the subdomain consisting of all
tetrahedra which have a nonzero intersection with I"(t,—1), i.e.,

wr =U{T €7}, : measo(T NI(t,—1)) >0}. (13.65)

In general, i.e. except for special situations with exceptional geometric con-
stellations, for each v, € VI'(tn-1) there is a unique wy, € Vj,(w?) such that
Vp = (U/h)‘[‘(tn_l). The extension E,vy, is defined by extending this unique wy,

by zero values at all vertices not in wy.

Taking test functions vy, € Vl,f_n1 we obtain the following time marching

0

procedure, with u; € VhF(O) an approximation of the initial data ug. For

n=1,...,N: Determine uj, = uj, € VkF’:1 such that
Epup(- tn-1) = Enuﬁfl(-,tn_l) on wy, (13.66)
and
(up +updive w,vn)p2 ey + (Vrun, Vevp) 2 oey = 0 (13.67)

for all v, € Vkpjnl. The role of the extension operator E,, in (13.66) will become
clear from the analysis below.

A systematic theoretical error analysis of this discretization method is not
known, yet. Some analysis and results of numerical experiments with this
method can be found in [123], cf. also Sect. 13.2.6 below. Note that for both
the trial and test functions the trace space V,,l;*n7 of space-time polynomials
v € VST restricted to I'7, is used. The degree m with respect to time is taken
one larger for the trial function space than for the test function space, since
the trial function must satisfy the condition (13.66).

For the implementation and analysis of the discretization (13.66)-(13.67)
it is convenient to reformulate the problem in a slightly different form, based
on rewriting the first term in (13.67) as follows:

(ip, + up divp w, Uh)Lz(pf)

/tn
t

n—1

/ Upvy + upvp dive wds dt

)
tn .

= / / (upvp) + upvp dive w — upop, ds dt
tn—1 F(t)

t
n d .
:/ d_/ upvp ds dt — (un, On)L2(re)
tn_1 t Ir(t)

= (Un, V) L2(r(tn)) = (Uhy VR) L2(D(tn_1)) — (Uhy On) L2 (1m)-

This leads to the following space-time Galerkin discretization of the surfactant
transport problem (13.61).
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Forn=1,..., N, determine uj, = uj, € Vkpf such that
E up(ytn—1) = Enuh71(~7tn,1) on Wy, (13.68)
and

(wh, V) L2(r(tn)) — (s On) p2(rey + (Voun, Vovs) 2 (e
o o (13.69)
= (uh 7Uh)L2(F(tn_1)) for all vy, € Vk—*l‘

This formulation has two advantages compared to the one in (13.67). Firstly,
in (13.67) the time derivative % is applied to a trial function uj, whereas
in (13.69) it is applied to a test function vy. The trial functions u; and test
functions vy are of degree k and k — 1, respectively, with respect to time. Due
to this the quadrature w.r.t. time can be simpler for the term (un,0n)r2(rn)
than for the term (tp, vs)r2(rr), cf. Remark 13.2.21 below. A second (minor)
advantage is that in (13.69) the space-time term (up divy W, vs)p2(rn) does
not occur.

A further reformulation is obtained by “inserting” the continuity con-
dition (13.68) into a suitable representation of the trial function wuy. For
k> 1, let y,..., 0 € Py be the Lagrange basis on [t,_1,ty], corresponding
to equidistant nodes. The function ¢y corresponds to the node t,_1, hence
lo(tn—1) = 1,4(tn) = 0,¢;(th—1) = 0 for all 1 < j < k. We also in-
troduce £(t) := FtA—"t“. The space Vi as in (13.62) can be represented as

Vi = { $4_y 605 : 6; € Vi, }. Using this it follows that
Vie={lopo+0p: ¢po € Vi, v € Vi1 }, k>1.

. . e .
Hence, a trial function u, € V) * can be represented as the restriction to I’
of a function

uh(ﬁﬂf) = fo(t)(ﬁo(ir) + E(t)@/)(:rﬂf), P € Vi_1. (13.70)

Since I} C I, X wy, it follows that (up)|r» is known if both ¢ r» and (¢o)|w,
are known. Inserting ¢t = ¢,_; in (13.70) we see that ¢o(z), z € wy, is deter-
mined by the continuity condition (13.68). This identification of (¢o)|., by
means of the continuity condition relies on the fact that in (13.68) we pre-
scribe values on w,, (not only on I'(t,—1)). This explains why we introduced
the extension operator F,,.

For a given function £y¢p on I}, the function ¢ € Vkpjl can be determined

using the equation (13.69): Let ¢ € Vkpjl be such that

(W, vn) L2(r(en)) — (0. 00) L2 (rmy + (EV 1, Vrvg) g2 (rmy

= (up ™, Vn) L2 (0 (t,_1)) T (0%, n)L2(rry — LoV oo, Vrvn)r2(re)
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for all vy, € Vklel Note that in this variational problem the trial and test space
are the same. The bilinear form used in this variational formulation is denoted
by

a(mw) = (U}7U)L2(F(tn)) — (Ew, '[})L2([‘*n) + (prU)7 va)Lz(p:L)7 (13.72)

and can be shown to be elliptic on Vkpjnl, provided a mild condition on At is
satisfied:

Lemma 13.2.20 Assume that At||divp w|pe(p,) < co. Then

1-—
a(v,v) >

rr
= 9Nt ||U||L2 (I'm) fO’f’ all v c kal

holds.
Proof. Note that (fv2) = —v? + 20v0 holds. Using this we get

(g’U v LQ([‘n)

:/ / Lvdds dt = / / &12 dsdt— ||U||L2([‘n
tn 1 F(t F(t

tn .
- / / (02) + 0o divp wds di
1

I 1
— 5(lodive W, v)r2(rp) — Q_Atl|v||%2(rf)

' /m d / (P dsdt — M(eodivew, v) )2
= - — —_ - AV ny — —— n
2 . dt () D) rw,VjL2(rr) 2AL L2(I'r)

1 1 .
< §||U||%2(r(tn)) - Z—AtHU“%Z(m)(l — At| divr wl|zo (1))

A

Hence,

a(v,v) = (v,v)2(r(t,)) — (0, 0)p2(rny + VPV, Vo) 2y
1 1-— Co

”UH%Z(I‘(tn)) - §||U||%2(r(tn)) + Q—At”U”%Z(F:L)

1-— Co 2

2 Q—AtHUHLZ(r;L),

v

and thus the result holds. O

We assume that At is sufficiently small such that for ¢y as in Lemma 13.2.20
we have ¢y < 1. The function ¢¢ is determined by the continuity condition
(13.68). Due to ellipticity of a(:,-), a unique v is determined by (13.71) and
thus (up)|r» is known. Summarizing, we obtain the following well-defined
space-time discretization method for the surfactant transport equation:
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Take u% IS Vhp(o). For 1 <n < N, determine ¢ € Vkpjl such that

a(,vy) = (uﬁfl, Vh)L2(F(tn_1)) T (EOE”uzil’i)h)Lz(m) (13.73)
— (oVrEup ™, Vrun)pzryy  forall vy, € Vk—fl' .

The discrete approximation at ¢ = t,, is given by uj := (-, tn)|r(t,.)-

This method is a natural extension to problems with a non-stationary inter-
face of the Eulerian interface method treated in the Sects.13.2.2-13.2.4. A
discretization error analysis of this generalization is not known, yet.

For the implementation of a space-time method as in (13.73) an important
issue is the use of suitable quadrature routines, which we briefly address. A
detailed study is given in [123]. Integrals over the space-time interface part I
occur for which numerical integration is required. Clearly, if the approximation
order of the space Vi, cf. (13.62), is increased more accurate quadrature is
required. Here we restrict to the simplest case k = 1, for which the trapezoidal
quadrature rule for approximation of the time integral seems to be sufficiently
accurate. We apply the trapezoidal rule to the time integrals in (-, ) p2(rn that
occur in (13.73), i.e.:

— (th, on) L2 (rny + (O LY, Vron)L2(re)
At

. At
~ —7(% Vn)L2(0(t,)) + 7(VF¢, Vo) L2 ()

and

(CoBnuy ™" on) 12(rny — LoV rEnu) ™, V rop) 12 (rn)

At . At _
~ 5 (U ) () — = (Vrug LV rUR) L2 (P (1))
Note that in the quadrature approximation the extension operator E,, is not
needed. For k = 1 the test functions v, are constant with respect to ¢ and
thus © = w - Vup. This results in the following Crank-Nicolson type discrete

problem: Determine uj € Vhr(t") such that

(uh> Vn)L2(r(tn)) — 7(uhvw V) r2(r,)) + 7(Vruh7 Vron) e (r,))
n— At n—
= (uh 17“h)L2(F(tn_1)) + 7(uh 1,W . vvh)Lz(p(tn_l)) (13.74)
At _
— 7(VFUZ 1, V[‘Uh)L2([‘(tn71)) for all vy, € Vhp(t").
In practice, the discrete problem (13.74) is used with the exact interface I'(t;)
replaced by a (piecewise planar) approximation I}, (t;). Well-posedness of the
variational problem (13.74) is studied in [123].
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Remark 13.2.21 If instead of (13.69) one uses the equivalent formulation
in (13.67), one has to apply quadrature to (tp,vn)r2(r»). Consider the time
derivative of the unknown part €1 of uy, cf. (13.70), i.e. %(61/}) = ;¢ (since,
for k =1, 1 is constant in t). Using the trapezoidal rule as approximation of
the time integral in (v, vn)p2(rny results in terms

/ Yoy ds, / Yoy, ds.
I(tn-1) I'(tn)

Hence, one has to evaluate ¢ € VOF*n both on the “old” interface I'(¢,—1) and
on the “new” interface I'(¢y). This is avoided if the formulation (13.69) is
used, cf. (13.74).

Remark 13.2.22 A less nice property of the space-time method in (13.73) is
that it depends on the extension operator F,. The following variant does not
need such an operator. We restrict to the case £ = 1. The method introduced
above is based on the representation uj, = £ogo + €, with ¢g, ¥ € Vi, (wp).
Hence t — wup(z,t) is linear for all x € w,. The function ¢g is determined
by the continuity condition (13.68), and the function ¢ by the variational
problem (13.73). We introduce a variant in which trial functions u are used
such that ¢ — wup(z,t) is linear only for z € w}, with w} C wy, as in (13.65).
The nodal basis functions, corresponding to nodes z; in w,, are denoted by
&, 1e., Vi(wn) =span{¢; : z; € wy }. This induces a splitting

Vi(wy) =span{§; : z; €wy f@span{¢;: zj € wp \w) } =V, @ V).

The corresponding splitting of ¢ € Vj,(wy,) is denoted by ¥ = * + ", with
P* e V', ¢" € V). We consider trial functions of the form

up =Logo + ™ + 9", do € Vi, Y = + 9" € Vi(wn).

The function ¢g can be determined from the data uzfl(x), x € I'(tn—1), with-
out using an extension operator. The function v is determined by a variational
problem similar to the one in (13.73).

13.2.6 Numerical experiments

We present results of some numerical experiments with the method treated
in the previous section. The outer domain, given by 2 = (—2,2)3, contains a
spherical non-stationary interface

[(t) = 0B1(0) +tw, w =(0,0,10)", t¢€[0,T], T = 0.05,

with dB1(0) the sphere with radius 1 centered at the origin. On this interface
we consider the surfactant transport equation
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4 udivpw — Apu=0 on I'(t),

1 x||?
u(z,0) = —§3\/35/W%||||x”2(3x?x2 —3) on I'(0).

The signed distance function to I'(t) is denoted by ¢(x,t). Hence, I'(t) is the
zero level of ¢(-,t). A family of uniform tetrahedral triangulations 7, of 2
is used, with mesh size parameter h; = ho2~(¢+tD hy:=4,2 <1< 5. On a
triangulation 7y, the exact interface I'(t) is approximated by a piecewise planar
approximation Iy, (t) as explained in Sect. 7.3, i.e. I},(¢) is obtained as the zero
level of the piecewise linear interpolation of the level set function ¢(x,t) on
the refined grid T% n. For the space-time finite element discretization of the
surfactant equation on I}, (t) we consider the lowest order case, i.e. k = 1, and
use the trapezoidal rule for approximating the time integrals. This results in
the discrete problem (13.74), with I'(¢;) replaced by I} (t;).

First we consider, for a fixed mesh size h = h;, the rate of convergence
with respect to At = T'/N. It appears that for At | 0, i.e. N — oo, the dis-
crete approximation uhN (-,T) converges towards a limit solution. A reference
solution that approximates this limit solution is computed with N = 210 and
denoted by u5°f (-, T). Note that this reference solution depends on h = h;. For
l =2,3,4, we computed the discrete solution uth(, T) for different time steps
At =T/N, N < 1024, and determined the corresponding error measure

et = [lup, (- T) = wje (. T) | 2(r, () -

The results are shown in Fig. 13.9.

€]

—10 s s s

10 10 10° 107 107

At

Fig. 13.9. Error ef! as a function of At, for [ = 2, 3,4.



430 13 Finite element methods for surfactant transport equations

The results show a O(At?) convergence behavior. To give an indication of
the space-time error behavior we computed a reference solution on level [ =5
and with N = 1024, denoted by u™f(-,T). For different At and | = 2,3, 4,
the discrete solution uhNL (-,T) is determined and compared to this reference
solution. This comparison is done by lifting the discrete solution uflvl (,T) from
I, (T) to I, (T), resulting in ﬂfx (+,T) and computing the error measure

et = Jlan (-, T) = ' (D)l L2, (7))
This lift can be determined in a natural way, since uth (-,T) is the restriction
of a finite element function, say wy,, from the outer finite element space Vj,.
For the lift we take the restriction of this wp, to I'h, (T'). Results are given
in Table 13.5. From the results it turns out that we should take At < h to
balance the spatial and time discretization errors.

hy At épt
250 E-1 | 1.25 E-2 | 1.80 E-1
1.25 E-1 | 6.25 E-3 | 4.42 E-2
6.25 E-2 | 3.13 E-3 | 1.01 E-2

= W N~

Table 13.5. Discretization error é-%.

These results indicate that for the space-time Crank-Nicolson type of
method applied to this test problem with a non-stationary interface we can
achieve second order convergence both with respect to A and At.
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Appendix A: Results from differential
geometry

14.1 Results for a stationary surface

We assume I' C R? to be an oriented C2-hypersurface, i.e., for * € I" there
exists an open set U,- C R? with 2* € U,- and a scalar function ¢ € C?(U,-)
such that

Up-NI={x €Uy : ¢(x) =0}, and Vo(z) £ 0 for all x € U~ NI (14.1)

Moreover, for such a hypersurface I there exists an open neighborhood U D I
and a vector function n € C''(U)9 such that |[n(z)|]2 = 1 and for all # € I the
vector n(z) is orthogonal to the tangent plane at = (i.e., the plane orthogonal

to Vip(x)).
For f € CY(U) we define the tangential derivative

Vrf(z):=(I- n(a:)n(a:)T)Vf(x) = P(x)Vf(x), xzel,

with the orthogonal projection P(z) = I — n(z)n(x)”. The values of Vf(x)
depend only on values f(z), x € I'. For f € C*(U)? the tangential divergence
is defined as follows. We use the notation V; = ag'

i

d
divy f = VI =Y (PV ZV fi— Zm (V1)
i=1
=divf —n’Vfn.

Recall that Vf := (Vf1 .. .Vfd). Hence,

divp f(z) = divf(z) — n(z)TVf(z)n(z), zel. (14.2)
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It can be shown that the value of divy f(z), x € I', depends only on values
f(x), x € I'. Another useful representation is

divp f(z) = tr (Vrf(2)).

Using these definitions we derive some elementary and useful results. For a
detailed treatment we refer to the literature, e.g. [78, 15]. From n(x) n(z) = 1
we obtain V(n(z)"n(z)) = 0, which implies

(Vn(z))n(z) =0, zeU. (14.3)
Using this and f = n in (14.2) yields
divpn(z) =divan(z), zel. (14.4)
Let ¢ € C1(U). Using (14.2), (14.3), (14.4) we get
divy (¢(z)n(z)) = ¢(z)divpn(z), zel. (14.5)
The matrix H(z) := P(x)Vn(z) = Vrn(z) € R4 z € I', is symmetric,

cf. Remark 14.1.1, and its entries depend only on values of n(z), =z € I
From (14.3) it follows that H has an eigenvalue 0. The other real eigenvalues

k1(x), ..., ka—1(x) are called principal curvatures at x € I' and
d—1
K(x) =Y ki(z) =trH(z), z€l, (14.6)
i=1

is called the mean curvature at x (in the literature also another definition
K(z) = 7 ZZ 1 ' ki(z) is used).

Remark 14.1.1 In the special case that ¢ in (14.1) is a signed distance func-
tiond : U — R, one can choose n = Vd. Then (14.3) implies that the Hessian
H := V2d, which is symmetric, satisfies Hn( ) = 0. Hence n(z)"H = 0 and

thus H(z) = P(z)Vn(z) = P(z)H(z) = H(z) holds, i.e., H is symmetric and
the r;(z) are the eigenvalues of the Hessian V2d(z), z € I'.

From tr H(z) = divn(z) and (14.4) it follows that

k(z) =divn(z) =divrn(z), z €l (14.7)

holds. For idp(z) := z = (21,...,24)7 we have V(idr); = e; (j-th basis
vector in R?) and thus, using (14.5) we get for 1 < j < d,

divp Vr(idr); = divp(Pej) = —divp(nn,) = —njdivpn = —kn;. (14.8)

With AP = din Vp and Ap idp = (Ap(idp)h ey Ap(idp)d)T we thus
obtain the following Laplace-Beltrami characterization of the mean curvature:
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— Apidr(z) = k(x)n(z), =zel. (14.9)

From (14.8) we also obtain

din(nln)
diV[' P=- din(nzn) = —RKI. (1410)
din(ngn)

We now in addition assume that I" is the boundary of an open bounded set
21 C R?, hence I' has no boundary. The following partial integration rule is
known in the literature, e.g. [120]. For g € C1(U) and 1 < i < d we have

/F(Vr)igds:/gﬁmds. (14.11)

r

Note that no minus sign occurs. Applying this with g replaced by f(Vr)ig
results in

/ (Vr)if (Ve)ig + F(Vr)2gds = / F(Vr)ig g ds.
I I

Summing over ¢ = 1,...,d and with Zle(Vp)igm =nTVrg=nTPVg=0
we obtain the Green’s formula

/fo-Vpgds:—/ fArgds. (14.12)
r r

For vector functions f, g (sufficiently smooth) this yields
/ fo-Vpgds:—/ f-Argds, (14.13)
r r

. T .
with Vpf - Vg := 25:1 Vrfi-Vrg, Arg = (Apgl, R Apgd) . Using
these results we obtain the following integral identities involving the curvature.

Lemma 14.1.2 Assume that I is sufficiently smooth. For f € H'(U)? the
following holds:

/liIl'deZ/fo-Vpidp ds (14.14a)
r r

:/tr (PV£)ds. (14.14b)
r
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Proof. We take f € C'(U)¢. Using g = idr in (14.13) and the result in (14.9)
we obtain the result in (14.14a). Let e; be the i-th basis vector in R?. From
Vr(idr); = PV(idr); = Pe; and P? = P = P7 it follows that

d d
Vrf-Vridp =Y Vrfi-Vr(idr)i =Y (PVfi) - (Pe;)

i=1 =1
d

=> (PVf)-e; = tx(PVF),
i=1

and thus the result in (14.14b) holds. From a density argument it follows that
these results also hold for f € H(U). O

From (14.11) with g replaced by fig, i = 1,...,d, and summation of i we
obtain

/gdivrf—&—f-Vpg ds=/f-£f-ng ds, (14.15)
r r

and thus, due to Pn =0,
/ gdivp(Pf)ds = —/ f-Vrgds, / divp(Pf)ds = 0. (14.16)
r r r
From the first result in (14.16) it follows that for G € R3*3
/ divp(GP) -gds = —/ tr(GVrg)ds (14.17)
r r
holds. We finally discuss a generalization of the partial integration rule in
(14.11) for a smooth hypersurface with boundary. Let v C I' be a hypersurface

with boundary 0v. The unit outer normal to 0v that is tangential to I" is
denoted by g = (p1, ..., pd). The following holds:

/(Vr)igds=/gnnids+/ guids, 1<i<d,
v ol oy

with d§ the surface measure on 0v. As immediate corollaries of this we obtain

/Vpgds:/gnnds+/ g pds, (14.18)
v v Oy

and, for all (smooth) tangential vector functions g, i.e., with g(z) -n(z) =0

for all x € ~,
/divrgds:/ g - pds.
¥ 9y

/ divp(GP)ds = G ds, (14.19)
¥ 9y

The latter implies

for G € R3%3,
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14.2 Results for an evolving surface

Below we derive some useful identities for moving hypersurfaces I'(t). For
each t € [0,7] we assume that I'(t) has the properties formulated above
(compact, oriented C2-hypersurface). We assume that the evolution ¢ — I'(t)
is sufficiently smooth, cf. [78] for more details. Let u(z,t) be a C'* vector field
with which I'(¢) is transported, i.e. %F(t) = u(I'(t),t) holds for ¢t € [0,T]
and I'(0) is given. Let V(z,t) be the normal velocity of I'(t) at © € ['(t):
V=u-n

Remark 14.2.1 If I'(t) is characterized as the zero level of the signed dis-
tance function d(-,¢t) : U — R, with d < 0 in U N £2; then for the normal
velocity we have V(z,t) = —2%(x,t) for x € I'(¢).

We recall the fundamental Reynolds’ transport theorem:

d : .
E/.Ql(t) f(ac,t)dm—/ f+ fdivadx

.Ql(t)
2/ a—f+u-Vf+fdivudgc.
-Ql(t) at

(14.20)

Lemma 14.2.2 Assume that g(x,t) is continuously differentiable w.r.t. both
x and t in a neighborhood of UpcierI'(t). Assume I'(t) = 004 (t) with
2:(t) € RY open and bounded. The following holds, where we use the ma-
terial derivative g = %% +u-Vg:

d dg
— gdr = / —da:—|—/ gV ds, 14.21a
dt Jo 1) 2 Ot () ( :
d
—/ gds = / g+ gdivruds (14.21b)
dt Jrq) r(1)
dg
= — +V(n-Vg+krg)ds. (14.21c)
= / 99 +Vn-Vg+gdivp(Vn)ds. (14.21d)

Proof. The result in (14.21a) follows from (14.20) and

/ u~Vg+gdivudac:/ div(gu)dSZ/ gu-nds.
2:(t) 2:(t) ()

Note that (14.21b) is an analogon for I'(t) of the first result in (14.20). For a
proof of (14.21b) we refer to the literature, e.g. [78, 46]. Using (14.15) we get
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0
/ g+gdivruds = —g—i—u-Vg—u-Vpg—i—V/{gds
r(t) () ot
9y
= —4+u-(I-P)Vg+Vkgds
%

+Vn -Vg+Vkyg ds,

which proves the result (14.21c). From
divp(Vn) =Vdivpn=Vk
it follows that (14.21c) equals (14.21d). O

Let w := Vn be the normal velocity field, which completely determines the
evolution of I'(t). Introduce the material derivative corresponding to this flow

field w:
. _ 0Oy
9= bt

Then (14.21d) can be written as

+w-Vg.

d
—/ gds:/ g+ gdivp wds,
dt Jra r(t)

which is the analogon for I'(¢) of the Reynolds theorem in (14.20) but now
corresponding to the normal velocity field w instead of u.

Remark 14.2.3 We note that for the result in (14.21b) to hold, it is not
necessary to assume that I'(t) is the boundary of a domain (2 (¢). In [46] it is
shown that the result also holds, for ¢ € (tg — d,tg + 0) with § > 0 sufficiently
small, if I'(to) is a compact C2-hypersurface in 2 (and thus dI'(t) may be
nonempty) and the velocity field u is C' on 2 x [to — 6,0 + ).
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Appendix B: Variational formulations
in Hilbert spaces

In this appendix we collect some results on the well-posedness of variational
problems in Hilbert spaces. These results are known in the literature. For most
of the proofs we refer to the literature.

15.1 Variational problems and Galerkin discretization

We start with a remark on notation: In this appendix, for elements from
a Hilbert space we use boldface notation (e.g., u), elements from the dual
space (i.e., bounded linear functionals) are denoted by f, g, etc., and for linear
operators between spaces we use capitals (e.g., L).

Let Hi and H> be Hilbert spaces. A bilinear form k& : Hy x Hy — R is
continuous if there is a constant M such that for all x € Hy, y € Hs:

k(% y)| < M|, [y, - (15.1)

For a continuous bilinear form k : H; X Hy — R we define its norm by
Ik = sup { |k(x,¥)| : x|z, = 1, ||y|lz, =1} A fundamental result is given
in the following theorem:
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Theorem 15.1.1 Let Hy, Ho be Hilbert spaces and k: Hi X Hy — R be
a continuous bilinear form. For f € H} consider the variational problem:

find w€ Hy suchthat k(u,v)= f(v) forall v € Hs. (15.2)

The following two statements are equivalent:

1. For arbitrary f € H} the problem (15.2) has a unique solution u € Hy
and ||u g, < c[|f[l#; holds with a constant c independent of f.
2. The conditions (15.3) and (15.4) hold:

k(u,v
Je>0: sup (u,v)
veH, ”V”Hz

>el|lullg, forall ue Hp, (15.3)

VveHy,, v#0, 3 ue Hy : k(u,v)#0. (15.4)

Moreover, for the constants ¢ and € one can take ¢ = %

A proof of this result can be found in e.g. [106].
Remark 15.1.2 The condition (15.4) can also be formulated as follows:

[v € Hy such that k(u,v)=0 forall ue H;| = v=0.
The condition (15.3) is equivalent to

Je>0 inf (u, v)

sup —V) 15.5
we il oy 3% Tl I Iom (15:5)

and is often called the inf-sup condition. In the finite dimensional case with
dim(H;) = dim(H3) < oo this condition implies the result in (15.4) and thus
is mecessary and sufficient for existence and uniqueness.

The Galerkin discretization of the problem (15.2) is based on the following
simple idea. We assume finite dimensional subspaces Hyp C Hy, Hap C Ha
(note: in concrete cases the index h will correspond to some mesh size param-
eter) and consider the finite dimensional variational problem

find uy, € Hy p, such that k(up,vy) = f(vy) for all vy, € Ho p. (15.6)

This problem is called a Galerkin discretization of (15.2) (in Hyp x Hap). We
now discuss the well-posedness of this Galerkin-discretization. First note that
the continuity of k : Hy j, x Ha j, — R follows from (15.1). From Theorem 15.1.1
it follows that we need the conditions (15.3) and (15.4) with H; replaced by
H;p, i=1,2. However, because H; j, is finite dimensional we only need (15.3)
since this implies (15.4). Thus we formulate the following (discrete) inf-sup
condition in the space Hy j x Ho p:

k
dep >0 sup M

>ep||up||la, forall up e Hipo o (15.7)
vhEH2 ||Vh||H2
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We prove a fundamental result in which the discretization error |[u—uy| g, is
bounded by an approzimation error infy, cp, ,, [0 — val[m,. In the literature
this result is often called “Céa’s lemma”.

Theorem 15.1.3 (Céa’s lemma.) Let Hy, Ho be Hilbert spaces and
k: Hy x Hy — R be a bilinear form. Assume that (15.1), (15.3), (15.4),
(15.7) hold. Then the variational problem (15.2) and its Galerkin discretiza-
tion (15.6) have unique solutions u and uy, respectively. Furthermore, the
inequality

M
u—u < (l1+ — inf u-— 15.8
l nlla < ( Eh)VhleI}m [u— vl (15.8)

holds.

Proof. The existence and uniqueness of u and uy, follow from Theorem 15.1.1
and the fact that in the finite dimensional case (15.3) implies (15.4). From
(15.2) and (15.6) it follows that

kE(u—up,vy) =0 forall v, € Hyp. (15.9)
For arbitrary vy, € Hy p, we have, due to (15.7), (15.9), (15.1):

1 k Vi — Up, Wp,
v =l < & sup EYR W)
Eh WhGszh ||Wh||H2
o k(vh - uvwh)
= — sup T TE—
Eh WhEHQ,h ||Wh||H2

M

< —llvh —ullm,.
Eh

From this and the triangle inequality

[u—wpllm, <|la—vullg, +|lvh —unllm, forall vy € Hyp

the result follows. O

15.2 Application to elliptic problems

In this section we apply the results from Sect. 15.1 in the special case H; =
Hy =: H and with a bilinear form k : H x H — R that is assumed to be
H -elliptic, i.e., there exists a constant v > 0 such

k(u,u) > ~|ul|% forall uec H.

From this property it follows that the conditions (15.3), (15.4) and (15.7)
are satisfied with € = ¢, = . Thus, as an immediate consequence of Theo-
rem 15.1.1 we obtain the following famous result, often called “Lax-Milgram
lemma”.
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Theorem 15.2.1 (Lax-Milgram lemma) Let H be a Hilbert space and
k:Hx H — R a continuous H-elliptic bilinear form with ellipticity con-
stant y. Then for every f € H' there exists a unique u € H such that

k(u,v) = f(v) forall veH. (15.10)

Furthermore, the inequality ||ullg < %||f||Hr holds.

If the bilinear form is in addition symmetric, i.e., k(u,v) = k(v,u) for all
u,v € H, then there is a natural correspondence between the variational
problem (15.10) and a minimization problem:

Theorem 15.2.2 Let H be a Hilbert space and k : H x H — R a continuous
H-elliptic symmetric bilinear form. For f € H' let u € H be the unique
solution of the variational problem (15.10). Then u is the unique minimizer

of the functional

J(v):= %k(v, v) — f(v). (15.11)

Proof. From the Lax-Milgram lemma it follows that the variational problem
(15.10) has a unique solution u € H. For arbitrary z € H, z # 0, we have,
with ellipticity constant v > 0:

Ju+z)= %k(u—&—z,u—&—z)—f(u—&—z)
= Sk ) — f(0) + k(w,2) ~ [(2) + 3h(,2)

= J(w) + Gh(z,7) > T(w) + 2yl > ().

This proves the desired result. O

In the elliptic case one can improve the discretization error bound in Céa’s
lemma. First we give a result in which the term 1 + % =1+ % is replaced

M
Theorem 15.2.3 Consider the problem (15.10) and its Galerkin discretiza-
tion in the subspace Hy, C H. Assume that the conditions as in Theorem 15.2.1

are satisfied. Then the variational problem (15.10) and its Galerkin discretiza-
tion have unique solutions u and uy, respectively. Furthermore, the inequality

M
lu—up|lg < — inf |lu—vp|x (15.12)
Y vh€HR

holds.

Proof. Theorem 15.2.1 can be applied both to (15.10) and its Galerkin dis-
cretization. Thus we conclude that unique solutions u of (15.10) and uy, of
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the Galerkin discretization exist. Using k(u—uy,vy) = 0 for all vj, € Hy, and
the ellipticity and continuity properties, we get for arbitrary v, € Hp:

1 1
[lu— uh||%, < ;k(u —up,u—up) = ;k(u —up,u—vy)

IN

M
7||u —w|mlla—vilm.

Hence the inequality in (15.12) holds. O

An improvement of the bound in (15.12) can be obtained if k(-,-) is sym-
metric:

Theorem 15.2.4 Assume that the conditions as in Theorem 15.2.3 are sat-
isfied. If in addition the bilinear form k(-,-) is symmetric, the inequality

[M
||u—uh||H S — inf ||u—vh||H (1513)
Y vh€HR

Proof. Introduce the norm [Jv]| := k(v,v)2 on H. Note that

holds.

VAlVIa < ol < VAIv]g for all v e H.

The space (H, || - ||) is a Hilbert space and due to ||v]|*> = k(v,V), k(u,v) <
aflflv]l the bilinear form has ellipticity constant and continuity constant w.r.t.
the norm || - || both equal to 1. Application of Theorem 15.2.3 in the space
(H, || - [I) yields

lu—upll < _inf Jlu—vy],

and thus we obtain

-l < —= inf fu—vi|

7 v

M
< 4/— inf ||u vl H,
Y vheH

which completes the proof. O

[u =l <

15.3 Application to saddle point problems

We introduce an abstract saddle point problem. Let V and M be Hilbert
spaces and .
a:VxV-R, b:VXM-—>R,
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be continuous bilinear forms. For f; € V', fo € M’ we define the following
variational problem: find (¢, A) € V' x M such that

a(, ) + b, A) = fi(yp) forall eV (15.14a)
b(gp,p) = fa(p) forall pe M. (15.14b)

This variational problem can be put in the general framework of Sect.15.1
as follows. Define H :=V x M and

k:HxH—R,  k(uv):=a(p,P)+ble,p) + b, A),
with u:= (¢, ), v:= (¥, pu).

On H we use the product norm ||ul|% = ||@||3 + [|Al|3;, for u= (¢,A) € H.
If we define f € H = V' x M’ by f(¢,\) = f1(¥) + fo(p) then the problem
(15.14) can be reformulated in the setting of Theorem 15.1.1 as follows:

(15.15)

find ue€ H such that k(u,v) = f(v) forall veH. (15.16)

Based on Theorem 15.1.1 the following well-posedness result for the saddle
point problem can be derived, cf. [55, 121], in which the conditions (15.3)
and (15.4) on the bilinear form k(:,-) are replaced by conditions on af(-,-) and

b(-, ).

Theorem 15.3.1 For arbitrary f1 € V', fo € M’ consider the variational
problem (15.14). Assume that the bilinear forms a(-,-) and b(-,-) are con-
tinuous and satisfy the following two conditions:

36>0: sup b(¥, A) > 06X YVAeM (inf-sup), (15.17a)

pev [Pllv
I3v>0: a(g,¢) >v|ol VeV (Veellipt.). (15.17b)

Then the problem (15.14) has a unique solution (¢, X). Moreover, the sta-
bility bound

[N

(8 + 2]jal|)?
V32

holds. Hence the problem (15.14) is well-posed.

(I6l13 + M3, * < (AN + 1F2030)

Remark 15.3.2 The inf-sup condition in (15.17a) is not only sufficient but
also necessary for well-posedness of the saddle point problem (15.14). The
condition on a(-,-) in (15.17b) is sufficient but not necessary. It turns out that
the following two conditions for a(-,-) together are necessary and sufficient:

36>0: sup )
wevo |lPllv

VeV, v#0, 3oV ale,9) #0,

> 6|l forall ¢ e Vi,
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with Vp := {¢ev: b, A) =0 for all AGM}.

If a(-,-) is in addition assumed to be symmetric, then as in Theorem 15.2.2
there is a natural correspondence between the variational problem (15.14) and
extrema of a functional:

Theorem 15.3.3 Assume that the bilinear forms a(-,-) and b(-,-) are con-
tinuous and satisfy the conditions (15.17). In addition we assume that a(-,-)
is symmetric. For arbitrary f1 € V', fo € M’ let (¢, N) be the unique solution
of (15.14). Define the functional L :V x M — R by

L, p) = sa(yp, ) + b(h, p) — f1(1h) — f2(ps).

DN =

Then (¢, N) is also the unique element in V- x M for which
L(p,p) < L(P,A) < L(P,A) forall eV, peM (15.18)

holds.

For a proof of this result we refer to the literature, e.g. [121]. The property
in (15.18) explains why this type of variational equations are called “saddle
point” problems.

The unknown A in (15.14) can be eliminated, resulting in an equivalent for-
mulation in which only the unknown ¢ occurs. For this we introduce the
following notation, for fo € M':

Vp, = {¢e Vi b, ) = fo(p) for all peM}.
We consider the variational problem: determine ¢ € Vy, such that

a(p,9) = fi(sp) forall € Vo (15.19)

The equivalence of this problem and the saddle point problem (15.14) is given
in the following theorem.

Theorem 15.3.4 Let the assumptions as in Theorem 15.3.1 be satisfied. Let
(¢, A) be the unique solution of problem (15.14). Then ¢ is the unique solution
of the variational problem (15.19).

Proof. For ¢ we have lA)(dnu) = fo(p) for all p € M, hence ¢ € Vy,. From
(15.14a) and b(yp, X) = 0 for all 4 € Vj it follows that

a(ep, ) = f1(y) for all ¥ €V,

and thus v solves the problem (15.19). Uniqueness of this solution follows
using the ellipticity property (15.17b). O
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Now we consider the Galerkin discretization of the saddle point problem for-
mulated in (15.14). We introduce finite dimensional subspaces V}, and Mj,:
ViwCcV, M, CM.

The Galerkin discretization of the problem (15.14) is as follows: find (¢;,, Ap) €
Vi, x M}, such that

a(p, y) + b(wy, M) = fr(tpy) for all 4, €V, (15.20a)
b(p, ) = fo(py) forall py, € My, (15.20b)

For the discretization error we have the following result, cf. [55, 121, 106].

Theorem 15.3.5 Consider the wvariational problem (15.14) and its
Galerkin discretization (15.20), with continuous bilinear forms a(-,-) and

b(-,-) that satisfy:

IB>0:  supyey T2 > BIAlw YAEM,  (15.21a)

39>0: i 9) >0} VeV,  (1521b)
3 Bn>0: supy, cy, bﬁlﬁh};"f‘;) > OnllAnllve Y An € M. (15.21¢)

Then the problem (15.14) and its Galerkin discretization have unique so-
lutions (¢, A) and (¢, An), respectively. Furthermore the inequality

¢ = @nllv + 1A= Anllar <C (¢i%ﬁ,h o —ullv +, of 1A= pnllar)

holds, with C' = v2(1+~716; 22l + [|b]])?)-

Remark 15.3.6 The condition (15.21c) implies dim(V}) > dim(Mp,). This
can be shown by the following argument. Let (1 j)lg j<m be a basis of V}, and
(Xi)1<i<k a basis of M},. Define the matrix B € REx™ 1y

Bij = b(v;, \i).
From (15.21c¢) it follows that for every A, € M}, A, # 0, there exists ¥, € V},
such that b(1),, An) # 0. Thus for every y € R¥, y # 0, there exists x € R™
such that yTBx # 0, i.e., x’ BTy # 0. This implies that all columns of B,

and thus all rows of B, are independent. A necessary condition for this is
kE<m. OJ

The first two conditions (15.21a) and (15.21b) are introduced in view of well-
posedness of the given variational saddle point problem (15.14), cf. (15.17).
The third condition (15.21c¢), which is called discrete inf-sup condition, is
essential for the stability of the Galerkin discretization. Note that the constant
C in the discretization error bound in Theorem 15.3.5 depends on [}, and that
C — oo if By | 0. The discrete inf-sup condition clearly depends on the specific
pair of spaces (V},, M},) that is chosen.
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15.4 A Strang lemma for saddle point problems

In this section we address the error analysis for the case that in the Galerkin
discretization of a saddle point problem one uses a perturbed functional fl in
the right-hand side. For the elliptic case this situation has first been analyzed
by Strang in [227] and the error bound that he derived is often called the
“first Strang lemma”, cf. [71], Theorem 26.1. Here we present an analogon for
the saddle point problem.

We consider the saddle point problem (15.14) with fo = 0, i.e.: find (¢, ) €
V' x M such that

alp, ) + b, A) = fi(y) forall eV (15.22a)
b(¢p, ) =0 forall pe M. (15.22b)

In the Galerkin discretization of this problem we use a perturbation fl eV,
of f1, i.e.: find (¢, An) € Vi, x M}, such that

a(p,y) + by, An) = fi(wpy,) forall ¢, €V, (15.23a)
(bnoe) =0 forall gy, € My, (15.23b)

(w2}

For the perturbed problem the following generalization of Theorem 15.3.5
holds.

Theorem 15.4.1 Let the assumptions of Theorem 15.3.5 be satisfied. Then
the problem (15.22) and its perturbed Galerkin discretization (15.23) have
unique solutions (¢, A) and (¢y,, An), respectively. Furthermore the inequality

—dpllv+ A=Al <C( inf |- + inf |A-
16— ully + 1A= Aular < € (ink 6= ullv + ot 1A= pllr)
+ Cllf1 = fillvy
holds, with C as in Theorem 15.3.5 and C =~ + ﬁ,:l(”%” + 1).
Proof. Let (¢y,, An) be the solution of the Galerkin discretization (15.20) with

f2 = 0. We introduce the notation ej, := ¢, — ¢y, € Vi, 0 := A — Ap, € M.
From the triangle inequality and the result in Theorem 15.3.5 we get

Il — dnllv + X = Aallar < 1l — dnllv + X = Xallar + llenllv + [16n]|as
_ . B . B
< C(¢,1Lréf\/,L ¢ 1/’h||V+”hlg]fwh IX = gl ar)

+ llenllv + |0z

It remains to prove that

lenllv + lI8nllar < Cllfr = fillyy (15.24)



448 15 Appendix B: Variational formulations in Hilbert spaces

holds. Note that b(ep, ;) = 0 for all p;, € Mj,. Taking 1), = ey, in (15.20a)
and in (15.23a) results in a(¢y,,en) = f1(en) and a(ey, en) = fi(en), respec-
tively. Hence,

alen,en) = fi(en) — fi(en)

holds. Ellipticity of a(-,-) implies |lex||? < v~ alen, en) = v~ (f1 — f1)(en)
and thus

1 .
lenllv < ;||f1—f1||v;;- (15.25)

From (15.20a) and (15.23a) it follows that

b(thy, 0n) = —alen, ) + (fi — f1)(¥p,) for all 4, € V.

In combination with the discrete inf-sup property of I;(, -) this yields

||6h||M S 5}:1 sup b(’l/);“(sh)

== < B (lallllenllv + 1/ = fillvy)- (1526
v ev nllv L (lalllenllv =+ | ). )

The results in (15.25) and (15.26) imply that the estimate (15.24) holds with
C=yt+p, (L ). O

In view of our applications we formulate an easy corollary of this result in
which the dependence of the discretization error bound on a scaling of the
bilinear form a(-,-) is shown.

Corollary 15.4.2 Take g > 0 and consider the variational problem: find
(p,A) € V x M such that

pa(d, ) +b(tp, A) = fi(yp) forall eV
lA)(dnu) =0 forall pe M.

For fl € V/! the perturbed Galerkin discretization is given by: find (&)h, S\h) €
Vi, x M;, such that

palep. ) +b(,, M) = fi(vp,) forall ¢, €V,
b(g,, ) =0 forall p, € M.

Let the assumptions as in Theorem 15.4.1 hold. From a scaling argument it
follows that these problems have unique solutions and the error bound

— ¢ A-A < C(p inf - inf ||A—
plle — opllv + |l rllv < (/”Lw,lfévh & wh”V"’_H;th A= llar)
+ Cllf1 = fillvy

holds, with the same constants C' and C as in Theorem 15.4.1.
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15.5 Schur complement preconditioning for parameter
dependent saddle point problems

In this section we present an abstract analysis of a Schur complement opera-
tor in Hilbert spaces. The results are from [189] and are not available in the
standard literature on saddle point problems. Similar results are presented in
[175]. Based on this framework one can derive Schur complement precondition-
ers for generalized Stokes equations that are robust with respect to variation
of the parameter £ = ﬁ, cf. (15.51) below. In Sect. 15.5.1 we present some
preliminaries. In Sect. 15.5.2 we derive a Schur complement preconditioner.
For part of the proofs we refer to [189]. In Sect. 15.5.3 we apply the abstract

results to a concrete generalized Stokes equation.

15.5.1 Preliminaries

Let H; C Hy and M be Hilbert spaces such that the identity I : H; — Hs is
a continuous dense embedding, i.e., H; is dense in Hy and ||¢|| g, < ¢||®| &,
for all ¢ € Hy. Assume bilinear forms a : Hy x Hy — R, ¢: Ho x H — R and
b: Hy x M. Related to these bilinear forms we make the following assumptions.
a(-,-) and ¢&(-,-) are symmetric and the following ellipticity, continuity and

inf-sup conditions hold with strictly positive constants 4, V5, Ve:

Yall@l, < a(p, @), a(p,v) < Lalldllm, |9 )lm,, b1 € Hi, (15.27a)
Vel < e, @), &(d, ) < |l ¥|lm,, .19 € Ha, (15.27b)
b(p.A) < Dol|@lm, [N ne, &€ Hi, A € M, (15.27c)

b(d, A
WAl < sup AL
s P

e M. (15.27d)

For the analysis given below it is convenient to introduce corresponding linear
mappings

A:Hl_)Hiv <A¢71/}>:&(¢7,¢) for all d)v,l/}GHla
C:Hy— Hy, (Co,p)=¢e(¢,9p) forall ¢4 € Ha,
B:M—H,, (BX\4)=bp,\) forall A€M, ¥ H,.

To express the dependence of the duality pairing on the spaces used, we will
also write, for example, (C ¢, ) = (C ¢,v) 1 x 1,- To simplify the notation
we write (-, -) if it is clear from the context which spaces are used in the duality
pairing. The assumptions on the bilinear forms imply that

Yall@lle, < |AQ|a; < Tal@llm,  forall ¢ € Hy, (15.28a)
Yell @l <N1CPly < Iel|@llp,  for all ¢ € H, (15.28b)
wiAlar < IBAlmr < Tyl Alar for all A e M. (15.28¢)

1
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We also introduce the adjoint B’ of B given by
B' :Hy — M, (B'{,ANyxm = (BA V)i xn, forall Xe M, € H;.

Note that due to the symmetry of a(-,-) the operator A : H; — Hj is self-

adjoint: (A, V)i xm, = (AY, d)uixm, for all ¢, € Hy. The operator
C : Hy — H} is selfadjoint, too.

Consider the following parameter dependent variant of the saddle point prob-
lem in (15.14). Given 7 > 0 and f1 € Hi, find (¢, A) € H1 x M such that

a(p, ) +7é(p,p) +b(h, A) = fi(p) forall o € Hy

) (15.29)
b(¢p,p) =0 forall pe M.

The problem (15.29) can be rewritten in operator formulation: find (¢, A) €
H; x M such that
{A¢>+TO¢+B)\: fi
B'¢p =0.
From Theorem 15.3.1, with V' = H; and af(-,-) replaced by a(-,-) + 7¢(-, -),
it follows that this problem has a unique solution. The Schur complement
operator

(15.30)

S:M—M, S:=BA+70)"'B
of this system is a selfadjoint positive definite operator. It defines a scalar
product (and corresponding norm) on M:
1 BA,
IAls = (SA A = sup — PN @) .
pEH, <(A + TC)(»ba ¢> 2

Remark 15.5.1 Consider the simple special case 7 = 0. Let Ipy : M — M’
be the Riesz isomorphism. From the properties of A and B it follows that

. AEM. (15.31)

Wl 1Al < Al < 7 *TolALu - for all Ae M,
holds. Hence, I); is spectrally equivalent to S:

co{IpA ) < (SAA) < (I, A) forall A e M,
with spectral constants co =21, 1, ¢ =, ' T2

In the analysis we use the concept of sums and intersections of vector spaces
(cf. [34]). The idea of applying this concept in the analysis of Schur comple-
ment preconditioners is introduced in [174].

Let X,Y be compatible normed spaces, i.e., both X and Y are subspaces
of some larger topological vector space Z. Then we can form their sum X +Y
and intersection X NY. The sum X + Y consists of all z € Z such that
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z=x+y with x € X,y € Y. The spaces XNY and X +Y are normed vector
spaces with norms

1
[xllxny = (IxI% + Ix][3)* forx € XNY, (15.32)
lzl|x+y = Z:igiy (Ix|% +l¥ll3)® forxe X, yeY. (15.33)
If X and Y are complete then both X NY and X +Y are complete (Lemma

2.3.1 in [34]). A few properties that we will need further on are given in the

following lemma. The space of bounded linear mappings 7' : X — Y is denoted
by L(X,Y).

Lemma 15.5.2 Let X1, Xs and Y7, Y5 be pairs of compatible normed vector
spaces and let T be a linear mapping on X1 + Xo such that T € L(X1,Y1) N
L(X2,Ys). Then T : X1+ X9 — Y1 + Ys is bounded and

71330 —-va4ve < (1715, =y, + 1T1%,=) (15.34)

holds. If X1 and X5 are Hilbert spaces such that X1 N X5 is dense in both X1
and Xo, then (X1 N X3) = X{ + X} holds and

lgllxinxzy = ll9llx;4 x5 forall g€ (X1N X5)'. (15.35)

In the remainder we assume 7 > 0. By 7Hy we denote the space Hs with
the scaled scalar product 7(-,-)g,. Using the previous lemma we obtain the
following equivalence result for the Schur complement norm in (15.31).

Theorem 15.5.3 For all A € M we have

min{ya, v} 1AL < IBAI3y iy < max{Za, YA (15.36)

Proof. For A € M we have

(BA, ¢)
(ll7, + rllplz,)

Due to the properties of A and C and the definition of || - ||s we get

||BA||(H1QTH2)’ = sup (1537)
1

peH

N

min{ya, e} IAIZ < B2y, 0,y < max{Ta, TR for all A€ M.

Now we apply the result in (15.35) to the case X; = Hy, Xo = 7Hs. Note that
Hy N7Hy = H; (this should be understood as equality of sets) and that the
intersection is dense in 7H,. Hence, we get

1Bl (my 07 pa) = (1 BAl 4711

and thus the result is proved. O
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We introduce a subspace W of M:

W=<AeM: sup (BA, ¢)
¢eH, @l H,

<oo}:{)\eM: BXe Hy}.  (15.38)

(Recall that H;y is dense in Hs). We define the following functional on W:
Al = sup ~22P)
PEH; <O¢7 ¢> 2
The lemma below summarizes useful properties of W.
Lemma 15.5.4 The following holds:
The identity I : W — M is a continuous embedding. (15.40a)
B(W) s a closed subspace of H. (15.40Db)
I lw defines a norm and (W, || - ||w) is a Hilbert space. (15.40c)

Let By, : Hy — W' be the adjoint of B : W — Hj, i.e., (Biy ¥, N)w'xw =
(BX,Y) 1y x w1, for all 4 € Hyy X € W. Define

(15.39)

Sw: W =W’ Sw:=ByC'B. (15.41)

The following holds:
A ww = (SwA, wwxw  for all A\, peW. (15.42)
Proof. Given in [189)]. O

The Schur complement operator Sy in (15.41) has a simpler form than the
Schur complement S since Sy does not involve A or 7. A relation between S
and the operator Sy will be derived in Sect. 15.5.2.

The space B(M) is a closed subspace of Hj. In our analysis we will need
the orthogonal projection

P: Hy — B(M), (Pg,q)u; = (9:q)u; forall g€ B(M).
The following lemma gives another characterization of this projection.

Lemma 15.5.5 Let I} : Hy — Hj be the Riesz isomorphism, i.e., {(I1¢,1) =
(), ), for all p,op € Hy. For f € Hj let (¢p,\) € Hy x M be the unique
solution of

Lo+ BA=f
B'¢ =0.
Define the solution operator Sy : Hi — M by f — X. Then P = B Sy holds.
Proof. For arbitrary f € Hj we have BS1f = BA € B(M) and for any
pneM:
(f = BA,Bu)p; = (I '(f — BA), Bw) g, xrz; = (&, Bu)m, x 11,
= (B¢, u)mrxm =0,
and thus the result holds. O
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15.5.2 Schur complement preconditioner

The space W is a subspace of M and thus the sum norm (15.33) on the space
M + 77 'W is given by

1
IMlar4r—rw = inf (A= gl + 7l ) > (15.43)

From Theorem 15.5.3 it follows that ||A|ls is uniformly (w.r.t. 7) equiva-
lent to || BA|[f;4--1p;. Using this, we now show that (under a certain as-
sumption) ||A|ls is uniformly equivalent to ||A||pr4r-11. We first consider
Alls < ellAl[ar47-1w and then [[Allarq-—1w < c[|A]ls. We then show that
Al arr—11y satisfies ”)‘”?\/H-Tflw = (SA, A) with a feasible preconditioner S
of S.

Lemma 15.5.6 Define [, = % For all A € M we have

IAIE < Tl -2

Proof. From Theorem 15.5.3 we get

1
- - BA 2 !’ —_ )
min{'}/a,'}/c}” ||H1+T 1H)

From (15.28b), (15.28¢) and the definition of || - || we have

1A% <

1
Bl v—m; < Ty, [|Bllw—my < I¢,
and thus from (15.34) we obtain
1
IBAll gy r—1m1; < (15 + T2 (| A agr—1ws
which completes the proof. O

For the inequality ||Al|as1--1w < ¢||A|ls, with a constant ¢ independent of
T, we present an analysis which requires an assumption on the orthogonal
projection P : H{ — B(M).

This crucial assumption is as follows.

Assumption 15.5.7 Assume that P : H) — H) and that there exists a
constant cp > 1 such that

IP fllay < cpllfllm forall fe Hs. (15.44)
In [189] a slightly weaker, but more technical, assumption is used.

. " o ’Yg'Yc
Lemma 15.5.8 Let Assumption 15.5.7 hold. Define vys:= ) ma(To T}
For all A € M we have

VMR r - < IS (15.45)
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Proof. We outline the main arguments. For a complete proof we refer to [189].
From the definition of the norm || - ||y and properties of B we get

1B son—n <% 1B lsw)—w <%,
and thus
IB™ gl arsrw < (% 2+ 752 gl anysr—mawy  forall g € B(M).
Hence,

Ve
W + e

IAB e sw < IBA Ry pwy forall Ae M.

Using Assumption 15.5.7 one can show that
||B)‘||ZB(M)+T*13(W) < C?DHBMG{HT%H& for all A e M
holds. From Theorem 15.5.3 we have
I B34y < ma{To, THINE
Hence the result in (15.45) holds. O

The results in these two lemmas imply the following main result.

Corollary 15.5.9 Suppose Assumption 15.5.7 holds. The following in-
equalities hold for any A € M:

Vsl MR < IS < LlIXR (15.46)

It is not obvious how to use ||A||p74,-1w to construct a feasible preconditioner
for the Schur complement S. We now address this issue.

Let In; : M — M’ be the Riesz isomorphism. Because the identity I : W — M
is a continuous embedding we have Iy (W) C W’. The mapping Iy : W — W'
is denoted by Iy (note that in general this is not the Riesz-isomorphism in W).

Theorem 15.5.10 Define S : M — M’ by
S = Inr — Ine(Iw + 771 Sw) " g,
with Sy defined in (15.41). Then S is selfadjoint and positive definite and

IM 1w = (SA X arrxar for all X € M. (15.47)
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Proof. By assumption the operator C~1 : H) — H} is selfadjoint, therefore
Sy and S are selfadjoint as well.

With the help of elementary variational analysis we see that the infimum
on the right-hand side in (15.43) is attained for fi € W that satisfies

(B=XEm+7 (1, &)w =0 forallcW.

This can be reformulated in operator notation, using the definition of the
W-scalar product and (15.42):

(Ing (o = X) + 77 Swin, E)wixw =0 for all €€ W. (15.48)
Note that InyA € M’ C W’ holds. The solution 1 € W of (15.48) is given by
(Iw + 77 Sw)i = I,
and thus i = (Iyy + 77 2Sw ) Iy, A straightforward computation yields
MR v = IX = BlR + 77 AN = X = B, X = (T (A= 1), ).

Substituting 1 = (I + 7~ 'Sw) "' Ia A, we obtain (15.47). From (15.47) it
follows that S is positive definite. O

As a direct consequence of the results in Corollary 15.5.9 and Theorem 15.5.10
we obtain the following main result.

Corollary 15.5.11 Suppose Assumption 15.5.7 holds. The following in-
equalities hold for any A € M:

Yo (SA,A) < (S, A) < T(SAA). (15.49)

In the setting of preconditioning one is interested in the inverse of the pre-
conditioner. By a straightforward computation one can check that the inverse
S~ M’ — M of S is given by

S = I 7Sy = I + (B C'B) T, (15.50)

with Bj, the adjoint of B : W — H), cf. Lemma 15.5.4. In (15.50)
S‘/_Vl : W' — W is considered as mapping M’ — M. As a final result in
this section we give a simple criterion which is a useful sufficient condition for
Assumption 15.5.7 to hold.

Lemma 15.5.12 Let S; : H{ — M be the solution operator from
Lemma 15.5.5. Assume that there is a subspace W C M with norm || - ||
such that both Sy : Hy — W and B : W — H), are bounded, i.e.,

IS1flly < el flay ¥ fe€H;, [BAluy <ecl My VAeW.

Then Assumption 15.5.7 is fulfilled with cp = ¢y1ca.
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Proof. The proof immediately follows from P = B S; and

1Pfllay =B Sifllmy < c2llS1fllyy < cacrllfllmy forall f € Ha.

15.5.3 Application to a generalized Stokes equation

We apply the abstract results presented in the previous section to a generalized
Stokes equation of the form

fu— Au+Vp=g in (2,

15.51
divau=0 in {2, ( )

in a bounded connected domain 2 C R®, and with homogeneous Dirichlet
boundary conditions for u. For the weak formulation we use spaces

Hy, := H}(2)> =H, Hy:=L*(2)® =1L? M = L),
with scalar products
(ll, V)Hl = (vua VV)LZ, (ll, V)Hz = (LLV)LZ, (pa Q)]W = (107 Q)Lz‘

The bilinear forms are defined by

a(u,v) = (Vu,Vv)re, é(u,v):=(u,v)r2, b(v,p):=—(p,divv)rz.

With 7 := £ > 0, the weak formulation is as follows: Find (u,p) € H x M
such that

{d(mv) +7é(u,v) +b(v,p) = (g,v)r2 forall veH (15.52)

Recall the inf-sup inequality:

divv,
sup DV o for all pe M,

ven |IVv]|r:

with v, > 0. Using this one easily verifies that the conditions in (15.27a)-
(15.27d) are satisfied with v, = Iy = 7. = I'. = 1, I, = v/3, % > 0 the con-
stant from the inf-sup inequality. For the operators A, B, B’, C' corresponding
to the bilinear forms we use the (usual) notation

A=—A, B:=V, B =:—div, C=:1.
The result in Theorem 15.5.3 takes the form

(Sp,p)Lz = ||vp||%-1*1+‘r*1L2 for all pE Lg(ﬂ) .
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We now consider Assumption 15.5.7 and use the criterion in Lemma 15.5.12.
Note that —A is the Riesz isomorphism H = H} ()3 — (H&(Q)3)/ = H %L
Thus for £ € H™! the solution p = Sif, with S; from Lemma 15.5.5, satisfies
the weak formulation of the stationary Stokes problem:

—Au+Vp=f in £,
divu=0 in £, (15.53)
u|aQ =0.

In the following lemma it is shown that H?2-reqularity of this Stokes problem
implies that Assumption 15.5.7 holds.

Lemma 15.5.13 Assume that the domain {2 is such that the Stokes problem
(15.53) is H?-regular, i.e., there is a constant cr such that for any f € L2(2)
the solution (u,p) is an element of H?(£2)3 x H(§2) and satisfies

allz22) + [VPllL2 < crllf]l L2, (15.54)

Then Assumption 15.5.7 is satisfied with cp = cgr. Furthermore, we have
W =H'(2) N L§(2) and ||pllw = || Vpl|L:.

Proof. We apply Lemma 15.5.12 with W := H'(2)NLZ(2) and norm IplZ, =
(Vp, Vp) 2. Due to the regularity assumption we have ||Sif||; = || Vp| 2 <
cr||f|| 2. Furthermore, for p € W we have I Bpllay, = IVPlz2 = |Iplly,- Thus
the assumptions in Lemma 15.5.12 hold with ¢; = ¢g, co = 1. It follows that
Assumption 15.5.7 is fulfilled.

The definition (15.38) of W takes the form W := {p € L§: Vp e L?}.
Thus W = H'(£2) N L3(£2) = W. Finally by the definition of the W-norm we
have for p € W:

Bp,v Vp, V)2
Il o= sup 7220 = sup SEIEE = 9l
O
Now consider the Schur complement of the generalized Stokes problem:
S=B(A+7C)"'B=—div(-A+7I)"'V. (15.55)

We identify LE(§2) with its dual. Then S : L3(2) — L3(2) and (-, )prrxnr =
('7 ')L2 .

If the stationary Stokes problem is HZ2-regular the abstract theory in
Sect. 15.5.2 can be applied, and we have a uniform equivalence result given in
Corollary 15.5.11. This yields the following main result of this section.
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Theorem 15.5.14 Assume that the domain {2 C R? is such that the Stokes
problem (15.53) is H?-regular. Denote by —AR' : L3(2) — HY(2)NL3(12)
the solution operator of the following Neumann pressure problem: Given
f e L3(Q) findp e HY(2)N LE($2) such that

(Vp,Va)r2 = (f,q)r2, for all ¢ € H'(2) N LE(9).

Define S~ = I — 1A, Then S~ : LE(2) — LE(R) is selfadjoint and
positive definite, and for all p € L3(£2) and all 7 > 0 the following holds:

Ys(Sp,p)r2 < (Sp,p)r2 < Is(Sp,p) 12

with vs = Iy =4.

V2
ch(vi+1)’

Proof. We apply Corollary 15.5.11. In the setting here we have W = HY(2)n
L3(£2), M = L%(£22) = M’'. The mapping S : M — M is defined by, cf. (15.50),
S-1 = IL_21+TS_1 = I—l—T(B{/VC*lB)fl. For f € M we have w = S‘/_Vlf eWw
iff

By C ' Bw, q)wrxw = (f,q)r2 YgeW
Bq,C7'Bw)2yp> = (f,q)12 VgeW

V¢, I V) ragre = (f,q)r2 Vg€ W

(
(
(
(Vw,Vq)r2 = (f,q)rz Vg €W,

=4
=4
4

and thus S;VI is equal to the Neumann solution operator —Ax,l. Hence
S=1 = I+ 7S5} = I — 1AL The values for the spectral bounds follow
from Corollary 15.5.11 and from v, = [, = v. = I, =1, [}, = \/§ and
Cp = CR. Il
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A-stable, 87
Adaptivity
time integration, 97
triangulation, 57
Adsorption, 17
ALE method, 170
Algebraic multigrid method, 157
Anisotropic Sobolev space, 193
Average, 331, 372
velocity, 22
weighted, 346, 348

Barycenter, 22, 294
Barycentric coordinates, 62
BDF?2 scheme, 84
BFBt preconditioner, 151
numerical experiment, 152
two-phase, 317
Bilinear form
continuous, 130, 439
elliptic, 130, 441
Nitsche-XFEM, 346, 348
Stokes, 40
two-phase, 163
symmetric, 442
Block Gauss-Seidel, 298
Boundary condition
Dirichlet, 19
essential, 19
natural, 20
Neumann, 20
no-slip, 19
Boundary force, 4

Boussinesqg-Scriven model, 18

Broyden method, 305
numerical experiment, 306

Bubble column reactor, 20

Bubble function, 76

Bulk concentration, 17
equilibrium, 17

Céa’s lemma, 441
Cahn-Hilliard equation, 181
Cahouet-Chabard preconditioner, 150

numerical experiment, 152, 320

two-phase, 316
Cauchy’s theorem, 4
Characteristic, 168
Characteristic function, 171
Child, 52
Clean interface assumption, 14
Clement interpolation, 63
Co-area formula, 397
Color function, 174
Concentration

bulk, 17

equilibrium, 17

solute, 9

surface, 17
Conservation

of mass, 3, 10, 182, 327

sharp interface, 13

of momentum, 3
Consistency

time integration, 84

triangulation, 51
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Consistency order, 84 generalized, 35
Consistent vertex numbering, 55 stationary, 35
Contact force, 4, 15 Dimensionless variable
Continuous bilinear form, 439 coordinates, 34, 162
Continuum surface force, 164 pressure, 34, 162
Convection matrix, 67 time, 34, 162
stabilized, 203 velocity, 34, 162
Coordinates Dirichlet boundary condition, 19
barycentric, 62 Dissipativity
dimensionless, 34, 162 time integration, 89
Eulerian, 2, 168 Distribution, 37
Lagrangian, 2, 168 Distributional time derivative, 335
spherical, 15 Dividing surface, 12
transformation Euler—Lagrange, 168  Domain, 1
Crank-Nicolson method, 84 Double well potential, 183
CSF, 164 DROPS, XII
with level set, 180 Dual space, 38
Curvature Dynamic viscosity, 5
mean, 8, 232, 434
Laplace-Beltrami characterization, Edge refinement pattern, 55
435 Effective surface viscosity, 18
principal, 232, 414, 434 Eikonal equation, 212
Elliptic bilinear form, 441
DAE, 68 Energy norm, 145
Damped Jacobi method, 123 Energy scalar product, 145
smoothing property, 140 Enrichment function, 249
Defect correction method, 100 space-time XFEM, 371
Deformation tensor, 5 Equilibrium
Density, 3 bulk concentration, 17
excess mass density, 13 solute concentration, 10
matched, 181 surface concentration, 17
of mixture, 181 Essential boundary condition, 19
partial, 181 Eulerian coordinates, 2
surface mass density, 13 Excess mass density, 13
Desorption, 17 Extended finite element method, see
Differential algebraic equation, 68 also XFEM space
Differential geometry, 433 Extension, 233, 392
Diffusion coefficient planar, 416
mass transport, 10, 327 External pressure, 20
surfactant transport, 11, 385 Extraction column, 20
Diffusion matrix, 67
pressure space, 150 Falling film, 20
Diffusive flux, 11 Fast marching method, 216
Diffusive interface model, 12, 181 approximation quality, 217
Dimensionless formulation complexity, 217
Navier-Stokes, 34 numerical experiment, 226
two-phase, 162 Fick’s law, 184
Oseen, 35 Finite element

Stokes, 35 hp-method, 79



conforming, 76
Crouzeix-Raviart, 77
discontinuous Galerkin, 79
extended, 248
Hood-Taylor, 65
isoparametric, 79
LBB stability, 64
LBB stabilization, 77
mass conservation, 79
mini-, 76
nested spaces, 52, 130
nodal basis, 66
space-time, 370

nonconforming, 77
on interface, 402
Scott-Vogelius, 80
simplicial, 61
spectral method, 79
stable pair, 64

Finite volume, 76

Fixed point iteration, 305

convergence acceleration, 300, 305

numerical experiment, 306
numerical experiment, 155
Force
boundary, 4
contact, 4, 15
surface tension, 7
volume, 4
Fourier modes, 123
Fréchet derivative, 43
Fractional-step theta-scheme, 84
Navier-Stokes, 94
Free energy, 183
Frumkin isotherm, 18

Galerkin discretization, 64, 68, 72, 440

saddle point problem, 446
surfactant transport, 402
space-time, 424
Galerkin/Least-Squares, 78
Garding inequality, 45
Gauss-Seidel method, 131
symmetric, 134
smoothing property, 141
GCR method, 117
preconditioned, 117
Gelfand triple, 43
Generalized inverse, 152

Index

Generalized Stokes equation, 34
dimensionless formulation, 35
Gibbs adsorption equation, 17

Gibbs isotherm, see Gibbs adsorption

equation
Grad-div stabilization, 81
Gravitational acceleration, 4
Green closure, 57
Green’s formula, 36, 39
hypersurface, 435

Heaviside function, 191
Henry condition, 10, 327
Henry’s constant, 10
Henry’s law, 9
Hierarchical decomposition, 53
admissible, 60
Hierarchical surplus, 53
Hille-Yosida theorem, 193
Hood-Taylor pair, 65
Hypersurface, 433
Green’s formula, 435
material derivative, 438
Reynolds transport theorem, 438

Immiscibility assumption, 8
Immiscibility condition, 8, 171
Implicit Euler, 84, 286
with decoupling, 291
Incompressibility condition, 47
Inf-sup condition, 41, 440
discrete, 64, 66, 78, 440
numerical experiment, 275
Inflow, 19
Initial condition, 19
Inner product, see scalar product
Interface, 6, see also hypersurface
approximation, 205
average, 331, 372
weighted, 346, 348
clean, 14
coupling condition, 7, 8
diffusive, 181, 183
dilatational viscosity, 19
flattening, 173, 178
jump, 7, 348
mesh size, 206
model, 12
Boussinesg-Scriven, 18
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diffusive, 12, 181
Langmuir, 17
sharp, 12
normal, 7
normal velocity, 8
particle-laden, 18
reconstruction, 205
VOF, 175
representation, 169
sharp, 180
mass conservation, 13
shear viscosity, 19
space-time, 171, 334, 388
tracking, 169
transport phenomena, 12
Interpolation
Clement, 63
error bound, 63
nodal, 62
polynomial, 62
Inverse inequality, 137
Isotherm
Frumkin, 18
Gibbs, 17
Isotropic medium, 5

Jacobi method
damped, 123
smoothing property, 140
Jump, 7, 348
numerical experiment, 267, 271

Kinetic energy, 167
Krylov subspace, 103, 116

Lagrange multiplier, 47, 91, 284

Lagrangian coordinates, 2

Langmuir model, 17

Laplace-Beltrami, 228, 435
equation, 386

numerical experiment, 407, 428

numerical experiment, 242, 271
Laplace-Young law, 15, 263

numerical experiment, 271
Lax-Milgram lemma, 442

LBB condition, see inf-sup condition

LBB stability, 64
numerical experiment, 275
Leaf, 52

Level set

equation, 178
weak formulation, 194

function, 178
mass conservation, 218
numerical experiment, 221
re-initialization, 212
theta-scheme, 204

Lift, 393

Localized force term, 164

Marangoni convection, 376
numerical experiment, 375
Mass conservation, 218
Mass flux, 182
Mass matrix, 67
pressure space, 148
numerical experiment, 274
scaled, 311
stabilized, 203
surface FEM, 410
condition number, 407
numerical experiment, 410
Mass transport equation, 10, 327
numerical experiment, 375
weak formulation, 330
space-time, 340
Matched density, 181
Material derivative, 2
hypersurface, 438
Material point, see particle
Material volume, 3
Mean curvature, 8, 232, 434

Laplace-Beltrami characterization,

435

Mesh size, 61

interface, 206
Method of lines, 93
MINRES method, 103

preconditioned, 104
Mixing energy density, 183
Momentum equation, 5
Moore-Penrose inverse, 152
Multigrid

approximation property, 137, 139

contraction number, 143
Fourier analysis, 124
optimality, 144
prolongation, 126, 131



restriction, 126, 132
smoothing property, 125, 137, 140
V-cycle, 128
W-cycle, 128
Multigrid method, 122, 132
algebraic, 157
for saddle point system, 157
Multigrid preconditioner, 119, 121, 147
numerical experiment, 318
Multilevel refinement, 53
Multilevel triangulation, 52
regular, 52

Natural boundary condition, 20
Navier-Stokes, 5, 33
Cahn-Hilliard, 185
dimensionless formulation, 34
two-phase, 162
theta-scheme, 91
fractional-step, 94
two-phase, 8, 164, 192
dimensionless, 162
weak formulation, 164, 194
weak formulation, 48
Neumann boundary condition, 20
Newton’s law, 3
Newtonian fluid, 5
Nitsche-XFEM method, 345
bilinear form, 346, 348
numerical experiment, 359
with Rothe’s method, 365
numerical experiment, 366
with space-time FEM, 373
with theta-scheme, 357
NMR, 21
No-slip boundary condition, 19
Nodal basis, 66
space-time, 370
Nodal interpolation, 62
Norm
energy, 145
equivalence, 38
Sobolev, 37
Normal, 39
space-time, 171, 337
Normal velocity, 8
Numerical experiment
condition number
for surface FEM, 410

Index 477

for XFEM, 274
curvature-driven flow, 306
curved channel, 74
Laplace-Beltrami discretization, 242,

271
Laplace-Beltrami equation, 407

space-time, 428
LBB stability, 275
level set, 221
mass transport, 375
multigrid, 134
Nitsche-XFEM, 359
pressure jump, 267
re-initialization, 226
rectangular tube, 73
rising butanol droplet, 22

with mass transport, 375

with surfactant, 24
rising toluene droplet, 279
Rothe-Nitsche-XFEM, 366
Schur complement preconditioner,

152, 320
static droplet, 271
surfactant, 24
surfactant transport, 407

space-time, 428
time integration, 95

two-phase, 292
XFEM, 261, 267, 271, 279

Operator splitting, 97

Order parameter, 182

Oseen equation, 34
dimensionless formulation, 35
weak formulation, 39

Outer FEM space, 402

Parent, 52
Partial density, 181
Partial integration, 165
Particle, 2
trajectory, 2
Particle-laden interface, 18
Partition of unity method (PUM), 248
Phase, 6
Phase field
Cahn-Hilliard, 185
model, 185
representation, 180



478 Index

Picard-Lindel6f theorem, 83
PLIC, 175
Poincaré-Friedrichs inequality, 38
Poisson equation, 128
Polynomial, 61
interpolation, 62
Preconditioner, 120
approximate commutator, 156
augmented Lagrangian, 156
BFBt, 151
two-phase, 317
block, 116, 118
Cahouet-Chabard, 150
two-phase, 316
multigrid, 119, 121, 147
numerical experiment, 318
Schur complement, 148, 308, 455, 458
numerical experiment, 152, 320
variable, 116
Pressure, 5
dimensionless, 34, 162
external, 20
space, 163
Principal curvature, 232, 414, 434
Principal lattice, 62
Projection
on ker B, 91
tangential, 229
improved, 229
Projection method, 97

Re-initialization, 212
numerical experiment, 226
Refinement, 52
adaptive, 57
green, 55

irregular, 52, 55
multilevel, 53, 57
pattern, 55

red, 53

red-green, 56
regular, 52, 54
rule, 55
irregular, 55
regular, 53
triangulation, 52
Reparametrization, 212
Reynolds number, 34
two-phase, 162

Reynolds transport theorem, 3, 437

hypersurface, 438
Richardson method, 130

smoothing property, 140
Rise velocity, 22, 294

numerical experiment, 22

terminal, 22

variable surface tension, 380
Rothe’s method, 93, 289

with Nitsche-XFEM, 365

numerical experiment, 366

Saddle point matrix, 67
Saddle point problem, 103, 443
Galerkin discretization, 446

Strang lemma, 447

Scalar product
energy, 145
Sobolev, 37

Schur complement, 102
approximate, 107, 110
operator, 450
preconditioner, 148, 455, 458

numerical experiment, 152, 320

SDFEM, 201
Sharp interface model, 12, 195
mass conservation, 13

Signed distance function, 208, 231, 392

SLIC, 175
Smoother, 125
damped Jacobi, 125, 131
Gauss-Seidel, 131
Richardson, 130
symmetric Gauss-Seidel, 134
Smoothing property
damped Jacobi, 140
multigrid, 125
Richardson, 140
symmetric Gauss-Seidel, 141
time integration, 88
Sobolev embedding, 38
space-time, 338
Sobolev space, 36
anisotropic, 193
for level set, 193
for velocity, 163
inner product, 37
norm, 37

Space-time cylinder, 171, 334, 422



Space-time FEM
with Nitsche-XFEM method, 373
XFEM space, 371
Space-time interface, 171, 334, 388, 422
Space-time normal, 171, 337
Spectral inequality, 106
Spherical coordinates, 15
Spurious velocities, 263, 281
Stability
finite element pair, 64
LBB, 64
time integration, 86
triangulation, 52
XFEM basis, 259
numerical experiment, 274
Stability function, 87
Stability region, 87
Stabilization, 200
grad-div, 81
LBB, 77
streamline diffusion, 202
Stagnant cap, 20
Static droplet, 264, 317
numerical experiment, 271
Stationary Stokes equation, 34
dimensionless formulation, 35
Stokes equation, 33
dimensionless formulation, 35
generalized, 34
dimensionless, 35
stationary, 34
dimensionless, 35
weak formulation, 45
Strang lemma, 447
Streamline diffusion (SDFEM), 202
Stress tensor, 5
Surface, see hypersurface
concentration, 17
coverage, 17
dividing, 12
mass density, 13
viscosity, 18
Surface concentration
equilibrium, 17
Surface FEM space, 402
basis, 403
condition number, 407
numerical experiment, 410
numerical experiment, 407

Index 479

space-time, 423
numerical experiment, 428
Surface tension
coefficient, 7
contact force, 15
discretization, 227
numerical experiment, 242, 271
energy, 167
energy characterization, 15
force, 7
functional, 228
linearization, 300
numerical experiment, 306
variable coefficient, 230
rise velocity, 380
Surfactant, 9
concentration, 17
numerical experiment, 24
Surfactant transport equation, 11, 385
Eulerian FEM, 396
extension-based, 397
Eulerian surface FEM, 401
space-time, 422
Galerkin discretization, 402
space time, 424
Lagrangian FEM, 392
numerical experiment, 407
space-time
numerical experiment, 428
weak formulation, 386, 388, 389
Symmetric bilinear form, 442

Tangential derivative, 9, 397, 433
Tangential divergence, 433
Tangential projection, 229

improved, 229
Terminal rise velocity, 22
Tetrahedron

child, 52

irregular, 52

leaf, 52

level, 52

mark, 57

parent, 52

regular, 52

status, 57
Theta-scheme, 83

for Nitsche-XFEM, 357

fractional step, 84



480 Index

Navier-Stokes, 94
generalized, 283
level set, 204
Navier-Stokes, 91
Time
dimensionless, 34, 162
weak derivative, 43
Time integration
adaptive, 97
consistency, 84
dissipativity, 89
mass transport, 357, 365
numerical experiment, 95
one-phase, 83
smoothing property, 88
stability, 86
two-phase, 283
numerical experiment, 292
Time interval, 1, 423
Time slab, 370, 423
Trace operator, 38
Traction vector, 4
Trajectory, 2
Transport equation
for characteristic function, 172
for level set function, 178
renormalized solution, 172
viscosity solution, 178
Triangulation, 51
adaptive, 57
coarsest, 52
consistent, 51, 60
finest, 52
Hsieh-Clough-Tocher, 80
initial, 52
multilevel, 52
regular, 52
Powell-Sabin, 80
refinement, 52
regular, 61
stable, 52
tetrahedral, 61
Two-grid method, 127
Two-phase flow
discretization, 276

model, see Navier-Stokes, two-phase

Uzawa method, 110
inexact, 110, 119

Variational problem, 440
Velocity, 2
average, 22
dimensionless, 34, 162
rise, 22, 294
space, 163
Viscosity
dynamic, 5

interface dilatational viscosity, 19

interface shear viscosity, 19
surface, 18
Volume conservation, 174
Volume force, 4
Volume of fluid (VOF), 174
Volume tracking, 171

Wall, 19
Weak derivative, 36, 43
time, 43
Weak formulation
level set equation, 194
mass transport equation, 330
space-time, 340
Navier-Stokes equation, 48
two-phase, 164, 194
Oseen equation, 39
Stokes equation, 45

surfactant transport equation, 386,

388, 389
Weber number, 162
Weighted average, 346, 348

XFEM space, 248, 250
approximation property, 254
basis, 256

stability, 259
LBB stability, 260

numerical experiment, 261, 271, 279

reduced, 253

approximation property, 255
space-time, 371

enrichment function, 371
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