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1 Preliminaries

1.1 The indicial notation and summation convention

In a real three-dimensional vector space ¥ with basis vectors e, e,, €3 a vector v may be
written
V = vie + vrey + v3es, (11)

where (v, v, v3) are the components of v with respect to the basis ey, €5, €3. Here, we take
e, €, e3 to be orthonormal (i.e. mutually orthogonal unit vectors), and this condition
may be written compactly in the form

lifi=j
RPN S 1.2
e e =0 {Oifi%j, (1.2)

where ¢;; is the Kronecker delta, defined by the right-hand equality in (1.2). Note that the

notation (i, j, k) is often used for the basis vectors ey, €3, €3 but this notation is unsuitable
for our purposes.

When it is understood that the basis e;, e, e3 is being used then the vector v may be
represented by the triad of components (vy, vo, v3) or, more compactly, simply as v;, where
it the index (or suffiz) i takes values in the set {1,2,3}.

Letters ¢, j, k, ... are used as indices; each takes values in the set {1,2,3}.

We now write (1.1) as

3
vV = Zviei. (1.3)
i=1

In shorthand notation (the summation convention) we rewrite (1.3) as
V = ;€;. (14)

By convention, summation over any index (in this case i) from 1 to 3 is implied by
repetition of that index.

Any index over which there is summation is known as a dummy index (because any choice
of letter to represent the summation will do). Thus, v;e; = vje; = vye,, for example.

Examples

— 24 a2 12
1. a;a;, = a7+ a3+ a3

2. apbp = CL1b1 + a2b2 + a3b3

Any index over which there is no summation is called a free index. Thus, on its own, a;
represents the vector a, and

aybya;,
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where p is a dummy index and 7 is a free index, represents the vector (a,b,)a with a,b,
being just a number [see exercise (ii) below].

Examples
(i) 0505 = b;

(11) a-b= (aiei) . (bjej) = aibjei . ej = aibjcSij = aibi

1.2 The alternating symbol

Now consider a x b = (a;e;) X (bje;) = a;bje; x e; and note that
0 ifi=j
e, X €; = ¢ +ey if (ijk) is an even permutatino of (123)
—ey if (ijk) is an odd permutation of (123).
This prompts us to write e; X e; as a linear combination of the basis vectors in the form

e; X €; = €€k, (15)

noting that there is summation over the repeated index k, where the alternating symbol
€k 1s defined by
+1 if (ijk) is an even perm of (123)
€k = —1 if (ijk) is an odd perm of (123) (1.6)
0 otherwise

The properties
€ijk = €kij = €jki,
€ijk = —C€jik = —€ikj = —Ckji

follow immediately from the definition (1.6). Note, in particular, that €;;; is antisymmetric
in any pair of indices.

Returning to the calculation of a x b we now obtain
axb= aibj(eijkek)
= €xija;bjey

= Eujaibjel —+ 62ija¢bjeg + 63Z-jaibje3

= (CLng — a3b2)61 + (a361 — Cllbg)eg + (Clle — a2b1>83

carrying out first the summation over £ then the summations over ¢ and j together using
the properties of (1.6).

In index notation we may write the & component of a x b as €;;a;b;, for example.

Examples

1. The triple scalar product a - (b X c)



a- (b xc)=ay(b xc), = ar(erijbic;) = exijarbic;.

By carrying out the summations over ¢, j, k it can be seen that this is equivalent to the

determinant
a; ag as aq b1 C1

b1 bg b3 or a9 bg Co
€1 C2 C3 az bz c3

from which the symmetries
a-(bxc)=c-(axb)=b-(cxa)
may be deduced.

2. The identity
€kij€kpg = Oipdjq — OigOjp- (1.7)

Since €kij€kpg = €1i5€1pq + €2i5€2pq —+ €3ij€3pq WE S€€ from the definition (16) that

0ifi=jo0orp=gq
0 if 7 # j,p # q and pq # ij or ji
+1 if pg =ij (i # j)
—1if pq = ji (i # j)

This covers all possible combinations of 7jpg. The expression d;,0,, — 0,40, takes precisely

€kij€kpg =

the same values in each of the various cases. Hence (1.7) is established. Check by
considering specific values of ijpg. A better proof of the identity (1.7) will be provided
later in the context of isotropic tensor theory.

3. The triple vector product a x (b x c)

[a X (b X C)]Z = eijkaj(b X C)k
= €ija5 (€xpgbpCy)
= €hij€hpa;bpCq
= (0ip0jq — digljp)ajbycy
= a;0ipbp0jqCq — a;j0;pbp0iqCq
= CijiCj — CijjCi
(a;c;)bi — (a;b;)ci
= [(a-c)b— (a-b)cl;.

Since this holds for each index ¢ we deduce the standard identity

ax(bxc)=(a-c)b—(a-b)c.

4. The curl of a vector function in index notation



This is defined by

0
[V x Fl; = Ez‘jkza_ijk (1.8)

analogously to the cross product of two vectors.

Note that the identity (1.7) can be used whenever two cross products occur, as shown in
the example below.

5. Prove the identity V x (V x F) = V(V - F) — V?F

0
[V X (V X F)]z = El]ka_x]<v X F)k

= Eijk% <€kpqaiprq>

J

9°F,

€kij€hpg o —
)0,

O*F,

q

= (0ip0jq — 5iq5jp)m
_ ®F, PR

- 0@890, E)xjaxj
0 <8Fj) 9*F;

(9:131- 83:j _&L‘j&xj
0

= .F) — V2F.
5 (V- F) = V°F,

= [VEV -F) — V*FJ;

and hence the required identity.



2 Cartesian tensors

2.1 Change of basis

Let 7 denote a three-dimensional (Euclidean) vector space, and select right-handed ort-
honormal basis vectors ey, e, €3 for ¥ so that

lifi=y
e — .. — 2.1
€ - e = 0; {Oifz'#j. (2.1)

Then, in the summation convention, any vector v can be written as

V = 7;€; (22)
with respect to the chosen basis.
A es
/
€3 7€,
L R
IS Vd
N
—
\
N €2
SN
€
€1

Now choose a second orthonormal basis €, €, ;. Again, we have the connections
'
&) = . (23)
and we may also decompose v with respect to this new basis as

v = vje]. (2.4)

Since ¥ has three dimensions, €, must be expressible as a linear combination of e, eq, 3
for each 7 € {1,2,3}. We write this in the form

e, = l;e; (1 € {1,2,3}; sum over j). (2.5)

It follows from (2.5) that

lij = e; . ej, (26)



which are the so-called direction cosines of €] relative to e;.

From (2.3) and (2.5) we have
bij = €; - €; = (lnex) - € = lin(€] - e) = Ll

and similarly

Ukilk; = 0i5.

Thus
likljk = 6ij = l}%‘lkj. (27)

In matrix notation, defined by L = (1;;)ij=123 € Msx3(R), I = (8;5)ij=123 € Msx3(R),
equations (2.7) may be expressed as

LLT =T=1L"L, (2.8)

from which it follows that det(LL”) = 1 and hence det L = +1. Thus, L is an orthogonal
matrix. If det L = +1 then L is said to be proper orthogonal, and it represents a rotation,
while if det L = —1 then L is said to be improper orthogonal, and it represents a rotation
combined with a reflection.

We now have
/
likei = liklijej = 5jkej = €,

and, combining this with (2.5), we obtain the connections
eg = lijej, e, = ljie;-. (29)

Also, since

v = ve; = vjle;, v =€

we obtain v; = l;;v;, and, similarly, v; = [;;v;. Thus, the components of a vector transform
in the same way as the basis vectors under a change of basis — compare (2.9) with

Examples

1. If the origin is fixed then the components of the position vector x transform according

to

/o - !
l’i = l,-jxj, l’j = l,-jxi,

and it follows that
6%’» B al'j

1

li; = .
J (%j 8m’.

(2

2. The transformation of basis vectors defined by

cosf@ sinf 0
L= —sinf cosf 0
0 0 1



leaves ez unchanged and represents an anticlockwise rotation through an angle # in the
(1,2)-plane.

3. The transformation of basis vectors defined by

cos2a sin2a 0
L =|sin2a —cos2a 0
0 0 1

represents a rotation through an angle 2a: about e3 followed by a reflection in €} in the
(1,2)-plane.

2.2 Definition of a Cartesian tensor

The following definition relates to the three-dimensional space 7, but is equally applicable
to vector spaces of higher dimension.

A second-order tensor T is a linear mapping T : ¥ — 7.

If we consider V' in conjunction with the set of all possible right-handed orthonormal basis
vectors related by (2.9) with L proper orthogonal then T is referred to as a Cartesian
tensor, and its components T;; and Tj; relative to the bases {e;} and {e}} respectively
are related by

Tl = Uil Ty (2.11)

The transformation rule (2.11) can be established as follows. Let u € ¥ and let v =
Tu € 7, so that
= Tyjuj, v = Tju,

with respect to bases {e;} and {e;} respectively. But, since u and v are vectors, we have

u, =1

v = lipvp, y iqUq-

Hence
—_— . /
lipTpqug = lipvp = T; laqum

which may be re-written as
(liprq Tz/jqu> =0.

This must hold for all choices of u,. Hence

LTy — Tl Ly = 0.

1p”Pq

Multiplication of this by [;, then gives

llleqT T, (lpquq) 0



1.e.
/ f— . .
Tij = lipljqT pg,

as required.

In matrix notation, we write

Analogously to (2.11), a Cartesian tensor of order n — in brief CT(n) — has components
Tijk... (with n indices 4, j, k, ... ) which transform according to the rule

z/]k = lipqulkT B qu’r... (212)

under a change of orthonormal basis. [More generally, T is referred to as multilinear
mapping over ¥, but we shall not use this terminology in this course.]

Examples
1. A scalar is CT(0): o/ = «a.
2. A vector is CT(1): v} = l;;v;.

3. The dyadic (or tensor) product of two vectors u and v, denoted by u ® v, is CT(2).
Its components are defined by (u® v);; = u;v;, and the transformation rule is simply

(u® V)éj = “;U; = lipupliqug = lipljqupvg = liplig(W @ V).

4. The Kronecker delta is CT(2):

52;’ =€ e;- = (lpeyp) - (Lj4eq)

Note that the components of the Kronecker delta are the same for all (orthonormal)
bases. The Kronecker delta is an example of an isotropic tensor. Isotropic tensors will
be discussed later.

2.3 The tensor product notation

The tensor product notation has been defined in Example 3 above. An alternative defi-
nition (without reference to choice of basis) is as follows. For a given pair of vectors u
and v the tensor product u ® v is defined by the identity

(u®v)a=(v-a)u forallae 7. (2.13)
The component form of (2.13) with respect to the basis {e;} is

(11 X V)ijaj = 04U for all a € 7/,

8



and this is equivalent to the definition given in Example 3.

Important note: in general, a CT(2) cannot be represented as the tensor product of
two vectors, i.e. a given T cannot be written in the form u ® v for any pair of vectors
u,v € 7. However, T can always be written as a linear combination of products of the
form u ® v; the reason for this is as follows.

Note that if v and [ are scalars and S and T are CT(2) then oS + ST is also CT(2). It
follows that the set of all CT(2)s forms a vector space (not the same as #’). This space
has dimension 9 = 3? (note that T;; has 9 components — T3y, T2, 113, ..., T53). A basis
‘vector’ for this 9-dimensional space can be written as e; ® e; — there are 9 such objects
altogether:

e e e Re e ey

e e e ®ey e ey
e3®e; ez ey e3 es.
Note, in particular, that e; ® e; # e; ® €.

Thus, T may be written in the form

T =T, e ®e; (sum over ¢ and j) (2.14)
=Tie ®e; +Toe; ® ey + Tize; ®e3
+ 12162 ® €1 + Trres ® €3 + Trzer ® e3
+ 715163 @ e + Txe; ® ey + Ti3e3 @ ey

If we choose a second basis e} @ € then we may also write

T =T, e, e, (2.15)

iJ T

Consider the operation of T on a vector u

Tu = (T};e; ® ej)u by (2.14)
=T,(u-eje; by (2.13)
= Tiju e;.
Thus,
(Tu); = Tiju;.
More particularly,
= (Tpeep ® €g)e;
= Tpg(eq - e])ep
= Thg0q4i€p = Tpiep

and hence
e; - (Tej) =T,5e; - e, =T,;6;, = T;.

For a given T and choice of basis {e;}, therefore, we may define the components T;; by
,—Tij =e€;:- (Tej) = (Tej) - €. (216)

9



2.4 The transpose of a CT(2)

The transpose TT of T is defined via the identity
(Tu)-v=(T'v)-u foralluvevr. (2.17)
Taking u = e;, v = e; in (2.17) and using (2.16) we deduce that
Ty = (T")i,

as might be expected. Note that

(a®b)l =b®a.

Definition

T is symmetric if TT =T
T is skewsymmetric or antisymmetric if TT = —T

Note that a symmetric CT(2) has 6 independent components and a skewsymmetric CT(2)
has 3 independent components, and that any CT(2) T can be written as the sum of a
symmetric and an antisymmetric part:

T:%(T+TT)+%(T—TT). (2.18)

2.5 The axial vector associated with a skewsymmetric CT(2)

If W is a skewsymmetric CT(2) then there exists a vector w € ¥ (called the azial vector
of W) such that
Wv=wXxvVv forall ve 7. (2.19)

Proof. Since W is skewsymmetric (W;; = —W};) it may be written
W=Wy(es@e3 —e3@ey) + Wiz(er ®e3 —e3@e;) + Wia(eg ®e; —e; ®@ey).
Then, using (2.13), we obtain

Wv = Wysvsey — Wazvges + Wigvze; — Wisvies + Wigvaey — Wigvieg
= (Whsvg + Wigvg)er + (—Wigvy + Wagvs)eg + (—Wagva — Wigvy )es.

By writing wy = —Wa3, wy = Wiz, w3 = —W, this becomes

Wv = (U)Qvg — U)3'U2)el + (U)3U1 — U}1U3)62 + (U)l'UQ — U)g’Ul)eg
=W X V.

10



2.6 Scalar product of a CT(2)

The vector space CT(2) has a natural scalar product:
S-T =tr(S"T) = tr(ST") = S, T;.
It is straightforward to prove that

(a) if S is symmetric,

S-T=S-T'=8. B(T%—TT)];

(b) if W is skew-symmetric,

W.-T=-W-T"=W. B(T—TT)];

(¢) if S is symmetric and W is skew-symmetric,

S-T =0;

(d) if T-S =0 for every S €CT(2), then T = O;
(e) if T-S = 0 for every symmetric tensor S €CT(2), then T is skew-symmetric;
(f) if T-S =0 for every tensor skew-symmetric S €CT(2), then T is symmetric.

A second-order Cartesian tensor T is invertible if there exists a tensor T, called the

tnverse of T, such that
TT '=I=T"'T.

It can be proved that T is invertible if and only if det T # 0.

The identities

det(ST) = det Sdet T,
det TT = det T,
det(T™!) = (det T) ™",
(ST) '=T71'S™ !,
(T = (T7)!

will be useful. For convenience, we use the abbreviation
ST =(sHT.
A tensor Q €CT(2) is orthogonal if it preserves the scalar products:
Qu-Qv=u-v Yuvev. (2.20)
The following proposition gives a characterization of orthogonal tensors.

11



Proposition 1. A necessary and sufficient condition that Q be orthogonal is that
Q'Q=1

A second-order tensor T is positive definite provided

u-Tu>0 Vue? —{0}.

Throughout this course we will use the following notation

Lin" = {T € CT(2) : det T > 0},

Sym = {T € CT(2) : T" = T},

Skw = {T € CT(2) : TT = -T},

Psym = {T € Sym : T positive definite},
Orth = {T € CT(2) : T orthogonal},
Orth™ = {T € Orth : det T = 1}.

2.7 Contraction of tensors

sum over k. These indices are then said to be contracted, and the effect of this operation
is to produce a CT(n — 2). This procedure is illustrated by the following examples.

Examples

1. Suppose T;; are the components of a CT(2), so that, under a transformation of basis,
they change according to
Tz/] = lipququ'
Contraction of ¢ with j gives
T = lipligTpg = 0pgTpg = Tpp = Tii-

13

Thus, T}; is a CT(0). In fact, it is an example of a scalar invariant of T, called the trace
of T, denoted tr(T).

2. Under contraction the tensor product u ® v becomes the scalar product u- v since the
components u;v; contract to u;v;.

3. If T} are the components of a CT(4) then
Eljkl = lipqulkrllsqum'
Contraction of the indices k and [ gives
Ti/jkk = lipquérsqurs = lipququTra
so that Tj;x; are the components of a CT(2). [The proof in the general case is similar.|

12



2.8 The determinant of a CT(2)

Recall from Section 0 that if u, v, w € ¥ then their triple scalar product may be written

as a determinant
Uy V1 Wy

u- (VXW)=|uy vg woy
Usg U3 ws

or, equivalently, in terms of the alternating symbol, as

Uy V1 wq
EpgrlipUqWyr = | U V2 W2 | .

Uz Uz ws
It follows that if T}; are the components of a CT(2) then

Ty le Ty,
queriquTrk = | Ty sz To |-
T3 T3j T3y,

By considering different values of 7, j, k we may deduce that

Ty T Ty
Ty; Toj Ty | = [det(Tonn)]€ijk,
Ts; T5; Tay,
where
Ty The Ths
det(Tmn) = T21 T22 T23 .
T3y T3p T3
Hence
epqupiquTrk = [det(Tmn)]eUk (221)

In particular, by taking i = 1, = 2, k = 3, we obtain an expression for det(7},,), namely
det(Tmn) = quTTpquQT»,,g. (222)

An alternative expression for det(7,,,) can be obtained by multiplying (2.20) by €;;, and
noting that
€ijk€pgk = Oipdjq — OigOjp,  €ijk€ijk = 0,
to give
1
det(Tmn) = geijkepqupiquTrk‘ (223)

Important example

The result (2.21) applies for any matrix (7};). In particular, application to (/;;) and use
of the fact that (/;;) is proper orthogonal, so that det(l;;) = 1, leads to

€ijk = 6pqupilqjlrk- (224>

13



This indicates that €;;;, are the components of a third-order ¢sotropic tensor — see Section
2.9 for further discussion of isotropic tensors.

Example

We show that det(T;;) is independent of the choice of (orthonormal) basis.

det(T7;) = €, T TooT73 using (2.22)

T tpgroplTg

= €pgr (Lpil1;Tij) (gl Tr) (Lrnlsn Ton)
using (2.24) and (2.12)

= €pgrlpilgrlrmlijlolsn T T Ton

= €ikmLij Tt Lomnlvjlo1l3n
using (2.24) and rearranging

= [det(T3;)]€jmlrjlailsn using (2.21)

= det(T;;)€e123 (using (2.24))

= det(T};).

This allows us to define the determinant, det T, of a CT(2) as det(7};) for any choice of
(orthonormal) basis. It is a scalar invariant of T.

2.9 Isotropic tensors

Definition: if the components of a CT(n) T are unchanged under arbitrary rotations of
orthonormal bases then T is said to be isotropic.

Examples
1. CT(0): all scalars are isotropic.

2. CT(1): 0 is the only isotropic vector.

This may be proved as follows. To satisfy the definition of isotropy we require
lLijuj = u; = u; for all rotations (l;;).
We are free to choose [;; to be any rotation. The choice

010
lij=|-100
001

(representing a rotation of m/2 about e3) leads to u; = uy = 0. Any other choice leads
immediately to ug = 0 and hence u = 0.

3. CT(2): scalar multiples of ¢;; are the only isotropic CT(2).

14



For isotropy we require

Lipliqupg = u;j = uj; for all rotations (I;;).

The same choice as in Example 2 gives uy; = ug, u13 = ugs = 0. Choosing (;;) to
represent a rotation through 7/2 about e; instead of ez gives ugy = ugs, us; = uzy = 0

etc. and we finish up with u;; = u110;;, where u;; is an arbitrary scalar.

K
4. CT(3): scalar multiples of €, are the only isotropic CT(3).

This can be proved in a similar way to the proof given in Example 2 (details are omitted
since they are a bit tedious).

5. CT(4): the only independent isotropic CT(4)s with free indices i, j, k,l are scalar
multiples of
0ijOkt,  OikOji,  Oudjk

and the most general isotropic CT(4) has components of the form
b0k + Bir0j; + Y0ud i,

where «, 3, are arbitrary scalars (the proof follows the same pattern as before and is
omitted).

6. We use the result of Example 5 to prove the identity
€ijk€pgk = OipOjq — 0igOjp-

Since €;;; is isotropic CT(3) it follows that €€, is isotropic CT(6) and hence, on
contraction, we deduce that €;jx€,q is isotropic CT(4). But, the most general isotropic
CT(4) has the form given in Example 5, so we can write

€ijk€pgk = aéijépq + 65ip5jq + /yéiqéjp'

Setting ij = 11,pq = 22 in the above leads to a = 0. Next, setting ij = pg = 11 gives
B+~ =0 and finally ij = pqg = 12 gives § = 1. Hence the identity is established.

7. For tensors of higher order than 4 we note here that if n is even then the only isotropic
CT(n)s are linear combinations of products of Kronecker deltas, while if n is odd the only
isotropic CT(n)s are linear combinations of the products of one alternating symbol and
an appropriate number of Kronecker deltas.

2.10 Eigenvalues and eigenvectors of a second-order tensor
Let T be a second-order tensor. A scalar A is an eigenvalue of T if there exists a non-zero

vector u € ¥ such that
Tu = \u, (2.25)
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in which case u is called an eigenvector of T corresponding to the eigenvalue \.

The set of homogeneous equations (2.25) has non-trivial solutions if and only if
det(T — A\I) = 0. (2.26)

This is called the characteristic equation for T, which is a third-degree algebraic equation
in A. Therefore any second-order tensor has at least one real eigenvalue and at most three
real eigenvalues. The list of the eigenvalues of T in which each eigenvalue is repeated a
number of times equal to its algebraic multiplicity is called the spectrum of T.
Proposition 2. The eigenvalues of a positive definite second-order tensor are strictly
positive.

Proof. Let X\ be an eigenvalue of a positive definite tensor T, and let u be a corresponding
eigenvector, i.e. Tu = Au. Then, since u # 0, AMu|?> = u- Tu > 0 and thus A > 0. ]

Expansion of the determinant (2.26) leads to the equation

N — I (T)A? + I(T)\A — I3(T) =0, (2.27)
where
I,(T) = trT,
I(T) = % [(trT)? — T2 | (2.28)
I5(T) = det T.

These quantities are called the principal invariants of T. This terminology follows from
the invariance of the trace and the determinant of a second-order tensor under change of
basis of 7.

Cayley-Hamilton theorem: Fvery second-order tensor T satisfies its own characteris-
tic equation

T% — I,(T)T? + I,(T)T — I3(T)I = O. (2.29)

2.11 Symmetric second-order tensors

For symmetric second-order tensors the results of the previous section can be made more
specific. Let T be a symmetric CT(2). Consider the quadratic form

o(x) = (Tx) - x = T}z,

2.30
ET11$%+"'+2T12I1$2+... ( )

The equation

6(x) =, (2.31)
where ¢ is a constant, defines a quadratic surface (ellipsoid, paraboloid or hyperboloid).
For example, if T11 = 1/@2, T22 = 1/b2, T33 = 1/02, T12 = T23 = T13 = 0 and the ¢ in
(2.31) is 1, then we have an ellipsoid with semi-axes a,b, c. The vector Vé(x) is normal
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to the surface (2.31) at the point x and from (2.30) we calculate
Vo(x) = 2Tx.

When the position vector x of a point P on the surface (2.31) is parallel to the normal
at P then the direction OP is said to be a principal direction (or principal axis) of the
quadratic surface, and hence a principal direction (or axis) or eigenvector of T. This
requires that V¢(x) is proportional to x, and hence

Tx = Ax (Tjjz; = Az; in index notation), (2.32)

where A is a scalar—the principal value (or eigenvalue) associated with the principal
direction (or eigenvector) x.

Theorem

3)

a) There exist three mutually orthogonal eigenvectors, x"), x® x®) say,

(

(b) the eigenvalues A\;, A2, A3 are real,
(c) orthonormal basis vectors €}, e}, e}, coincident with x™1), x® x®) can be chosen so
t

hat T has components T, = \;d;; (no summation), i.e.
3
T = Z i€ ® €. (2.33)
i=1

(c) is also known as the Spectral Representation.
Proof: from (2.32) we have
(T-\DxW =0 ie€{1,2,3}).
Choose axes €/ coincident with x(*), so that
Te, = \;e; (no sum over 7).
Next, take the dot product of this equation with e;-:
Tl’j = TJI@ = e} - (Te)) = \i€ - € = \;dy;.

i
Thus,
T = Ti’jeg ® e;-
= \idije; @ € (sum over i and j)

_ 3 / /
=i li€f ® €.

17



2.12 Higher-order tensors

Eztended tensor product notation A CT(n) can be represented in the form
T=Tj.eRe e, Q...
The tensor product of a CT(m), S, and a CT(n), T, is a CT(m + n) defined by
ST =(Sjre®e®...)0 Ty €0 ...)

= Sijk...qur...ei X €; K- & €y ® €q &...

Note: there is no need to distinguish between, for example, (e;®e;)®e; and e, ® (e;®ey),
and we therefore write e; ® e; ® ey, omitting the brackets.

Note: if S and T are both CT(n)s and «, 5 are real numbers then aS+ ST is also CT(n).
CT(n)s therefore form a vector space of dimension 3™ with basis ‘vectors’ e;®e; Re;®. ..
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3 Kinematics

3.1 Bodies, configurations and motions

Definition: A body B is a set whose elements can be put into one-to-one correspondence
with points of a region B in three-dimensional Euclidean point space.

The elements of B are called particles (or material points), and B is called a configuration

of B.

As the body moves the configuration changes with time. Let ¢ € I C R denote time,
where [ is an interval in R. If, with each t € I, we associate a unique configuration B; of
B then the family of configurations {B; : ¢ € I} is called a motion of B. We assume that
as B moves continuously then B; changes continuously.

It is convenient to identify a reference configuration, B, say, which is an arbitrarily chosen
fixed configuration. Then, any particle P of B may be labelled by its position vector X
in B, relative to some origin O. Let x be the position vector of P in the configuration B,
at time t relative to an origin o (which need not coincide with O).

We say that B occupies the configuration B; at time t — B; is also referred to as the
current configuration.

[Note that B, need not be a configuration actually occupied by B during the motion, but
is often chosen to be the configuration occupied by B at some prescribed time.|

Since B, and B; are configurations of B there exists a bijection mapping x : B, — B;

such that
x = x(X) for all X € B,,

X = x"(x) for all x € B;. (3.1)
The mapping x is called the deformation of the body from B, to B;.

Since B; depends on t we write
x = x,(X), X=x'(x) (3.2)

instead of (3.1), or
x=x(X,t) foral XeB,, tel. (3.3)
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For each particle P (with label X) this describes the motion of P with ¢ as parameter,
and hence the motion of B. It is usual to assume that x(X,t) is twice-continuously
differentiable with respect to position and time.

Example: Rigid motion

A motion is said to be it rigid if the distance between any two particles of B is invariant.

The motion defined by
x = x(X,1) = c(t) + Q(1)X, (3.4)

where c(t) is a vector and Q(t) is a proper orthogonal CT(2), is a rigid motion.

To show this we consider Y € B, so that

y=c(t)+ QY.

Then

(x—y)-(x—y)

QX -Y)] [QX-Y)]
[QTQ(X-Y)]- (X-Y) (using (1.17))
=(X-Y) (X-Y) (since QTQ=1)
=X -Y[%

x —y|?

In fact, although we have not proved it, every rigid motion can be expressed in the form
(3.4). Note that c(t) represents a translation and Q(t) a rotation.

In the development of the basic principles of continuum mechanics a body B is endowed
with various physical properties which are represented by scalar, vector and tensor fields
defined on either B, or B; (for example, density, temperature, shape of surface). In
the case of B, the position vector X and time ¢ serve as independent variables, and
the fields are then said to be defined in terms of the referential or material description.
Alternatively, in the case of B;, x and ¢ are used and the description is said to be spatial.
The terminologies Lagrangian and FEulerian descriptions are also used in respect of B,
and B; respectively.

Rectangular Cartesian coordinate systems with basis vectors {E;} and {e;} are chosen
for B, and B, respectively, with material coordinates X; and spatial coordinates x;. Thus,
relative to origins O and o respectively, we have

X = XzEza X = x;€e;. (35)

[Note that other vectors may be referred to either basis and tensors may be referred to
either or to both simultaneously. Thus, a vector field u and a CT(2) T may be written

u= UzEl = ﬂiei,
T=T,E ®E;=T,E ®e; =T,e,®E; =Tje;®ej,
for example.|
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3.2 The material derivative

The velocity v of a particle P is defined as

V=xX= %X(X, t), (3.6)
i.e. the rate of change of position of P (or /0t at fixed X). The acceleration a of P is
o2
a=v=%Xx= @X(X, t), (3.7)

where the dot indicates differentiation with respect to t at fixed X.

Let ¢ be a scalar field defined on By, i.e. ¢(x,t). Since x = x(X,t), we may write

¢(X7 t) = ¢[X(X’ t)> t] = CI)(X, t)’ (38)

which defines the notation ®. Thus, any field defined on B, (respectively B,.) can, through
(3.2), equally be defined on B, (respectively B;).

The material derivative of ¢ is the rate of change of ¢ at fixed material point P, i.e. at
fixed X. We write the material derivative as ¢ or D¢/ Dt.

By definition
.0
= —Pd(X,1).
b= Sre(X. 1

By the chain rule for partial derivatives we then have

GO(X,t) = Go(x, 1) + G sr-0(x, 1)

— % (x7 t) + % . qu(X, t).

Using (3.6) we thus have

0 _._Dg 0
Similarly, for a vector field
u(x, £) = ulx (X, ),1] = U(X, 1) (3.10)
(which defines U), we obtain
0 Du Ou
—UX,t)=u=s— = — . . A1
8tU( ) =u i = o + (v-V)u (3.11)
In particular, the acceleration a = v is given by
a:\’/:aa—‘tf—f-(v-V)v. (3.12)

We emphasize that
0 D

0
at x / ax—f—v-v. (3.13)
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3.3 Differentiation of Cartesian tensor fields

Let ¢,u, T be scalar, vector and tensor functions of position x. The operation of the
gradient operator, grad or V, on these functions with respect to the basis {e;} is defined

99
8:6@- X
gradu=V®u= azq ® ey

= ag (upep) ® €

— ggp e, De,  (3.14)

as follows:
gradp = V¢ =

gradeV@Tza%iTGbei
=2 (Tye, ®e,) ® e
= aax ep®eq®el7 (315)

and similarly for higher-order tensors. Note that the operation of grad increases the

order of the tensor by one. Contraction of gradu gives V - u. There are several possible

contractions of V® T. We define div'T as follows.

T
divT = %eq(ep -€;)

— the p— contraction. Since e, - €; = J;, we obtain

oT,
divT = Z¥e 1
iv 7z, e, (3.16)
Exercise Show that (3.11) can be written as
0
u—a—‘;+(V®u) (3.17)

3.4 Deformation gradient

Let Grad, Div, Curl (respectively grad, div, curl) denote the gradient, divergence and
curl operators in the reference (respectively current) configuration, i.e. with respect to
X (respectively x).

We define the deformation gradient tensor F as
F(X,t) = Gradx = Grad x(X, t). (3.18)

With respect to the chosen basis vectors and with use of (3.14) we have

F=_—(rie;) E; e

0X; ax, % OB

22



or, in component form,

ailfi

F; =
0x;

(3.19)
with z; = x;(X, ).

We assume that det F # 0 (to be justified shortly) so that F has an inverse F~!, given
by

F~! =grad X, (3.20)
with components
0X;
F 1), =—" 3.21
(F = 5 (321)
This may be checked by means of the calculation
ox; 0X;  Ox;
FF ), = Fip(F ) = = = =4y
( )] k( )k] an axj axj J
It follows from (3.19) that
8:{:@-
Ejde = 8—)(]de = dﬂfi,
ie.
dx = FdX, (3.22)
which has inverse
dX = F~ldx. (3.23)

Equation (3.22) describes how small line elements dX of material at X transform under
the deformation into dx (which consists of the same material as dX) at x.

Line elements transform linearly since F depends on X (and not on dX). Thus, at each
X, F is a linear mapping (i.e. a second-order tensor).

If F is independent of X then the deformation is said to be homogeneous (the same at
each point of the body).

We justify taking F to be non-singular (det F # 0) by noting that FdX # 0 if dX # 0
— a line element cannot be annihilated.

Example

Let ¢,u, T be CT(0), CT(1), CT(2) fields associated with a moving body. We establish
the following formulas:

Grad ¢ = Flgrad ¢, Gradu = (gradu)F,
Divu = Jdiv (J"'Fu), DivT = Jdiv (J-'FT), (3.24)
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where J is defined as

J = detF. (3.25)

First, we calculate

3X]' 8:17p
— Oz (R Ne 9%
= 5% (E; ® ez)epaxp
_ Ozi 9| S
= 0X, oz, K0

_ Oz @ _ 0@
= B_Xi'a_xpE] = anE] = Gradgb.

T
Flgradg = (24e; ® Ej) 2o,

Next,

ou; ox
(gradu)F = <8méei ® ej> (8—X’;ep ® Eq)
- gg; a;(l; (i @ ej)(ep @ Ey)
Ou,; Ox
= 90, ox, € © Eqljp

— Ou; 97p
T Oxmp 8quZ ®Eq

__ Ouy i —
= x.ei @K, = Grad u.

For the right-hand side of the third equation in (3.24), we calculate

Jdiv (J7'Fu) = J32 (J 7 Fyquy,)
= pqa_zz + Juqaan(‘]ileq)- (*)

But,
2 (71-1 _ 09Xy 9 (7-1
m(J qu) — Bxp a_XT(J qu)
- _J_Qaa)gr %f;qu + J_I%—ﬁ?f?”f
=~ 2(J(F 1) 2 ) OX, 0ty | j-10% 0
ts9X, oz, X, dxp 0X,0X,
N—_——
brq

In the above, we have used F),, = 0x,/0X, and the relation

d 0T
5 (det T) = (det T)tr (T E) (3.26)
Thus,
o . 40X, PP L, 0X, Pz,
a—%u Foy) =—J axsanaXﬁ‘] axananr_O‘

Hence, (x) gives

Jdiv (J~"Fu) = F Oug  Oxp Oug  Ouy

_ — M _ piya
MOx,  0X,0z, 0X,

Similarly,
Jdiv (J7IFT) = J%(J‘leqTqTET)
- J%(‘]_lFPQ)TqrEr +F Hor Er
P

P4 Dz,

J/

-~

=0

_ Ozp 0Ty _ OTyr e
= fOleg, = Seg, = DivT.
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Proof of (3.26) For a small increment ¢ in time ¢ we have
F(X,7+6) =F(X,7) + 6F(X,7) + O(%).

Then
1 1 .

But

det(F + 0F) = det[F(I + 6F'F)] = (det F) det(I + §F'F)
= Jdet[§(F~'F 4 67'I)] = J&6% det(F'F + 67'1)
= B3T3 4 6 L(F'F) + 6 ' L(F'F) + L(F'F)]
= J1+ 6 L(F'F) + 0(8%)],
= J[1+6tr(F'F) + O(6%)].

Now the limit is easily computed as (3.26).

By following similar arguments one can readily get the components of GradJ:

0 _, OF
X, (det F) = (det F) tr (F 8X,,) :

For an alternative proof, see Q8 in Example Sheet 3.

3.5 Deformation of area and volume elements

By
B,

Consider a surface S, in B, which deforms into the surface S; in B;. Let X be a point on
S, and x the corresponding point on S;. Let dX and dX’ be line elements of material on
S, based at X and let dx and dx’ be their images (on S;) under the deformation. If F

denotes the deformation gradient, then

dx = FdX, dx' =FdX'

Let dA and da be surface area elements on S, and S; respectively, and let N and n be

unit normals at X and x respectively.
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For the parallelogram with sides dX, dX’' we have
NdA = dX x dX'.
Under the deformation this becomes a parallelogram with sides dx, dx’ and area

nda = dx x dx’.

From (3.27) we obtain
F'nda = FT[(FdX) x (FdX')]
— (det F)dX x dX’

using the result from question 10 of Problem Sheet 3. Hence
nda = J(FT)"'NdA,
where J = det F. With the notation
FT=(F7) = FT,

this becomes
nda = JFTNdA. (3.28)

This is an important result — it is known as Nanson’s formula, and it describes how
elements of surface area deform.

Next, consider the parallelepiped in B, formed by line elements dX, dX’, dX” at X. Its
volume dV is given by

dV =dX - (dX' x dX") = | dX dX' dX"|.
The corresponding volume dv in By is

Y

dv = dx - (dx' x dx") = | dx dx' dx" | = | FdX FdX' FdX" | = |F| | dX dX' dX"

1.e.

dv = JdV. (3.29)

By convention, volume is taken to be positive, so that

J=detF > 0. (3.30)

From (3.29) we see that J is a measure of the change in volume under the deformation.
If the deformation is such that there is no change in volume then the deformation is said
to be isochoric, and then

J=detF = 1. (3.31)

For some materials many deformations are such that (3.31) holds to a good approximation,
and (3.31) is adopted as an idealization. An (ideal) material for which (3.31) holds for
all deformations is called an incompressible material.
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Example
A (time-dependent) deformation is defined by
1 =aXy+ Xy, m=a7'Xy, x3= X3

(the same basis vectors being chosen for X and x), where « (# 0) and [ are constants.
Show that the deformation is isochoric.

With respect to the given Cartesian coordinates the deformation gradient F has compo-

nents
a [0
0x;
(i) = (55) = |0 a0
8XJ 0 0 1

Clearly, det F = 1, so the deformation is isochoric. It corresponds to stretching by a
factor « in the ; direction, compressing by a factor a~! in the x5 direction and then
shearing by an amount (8 parallel to the z; direction, as illustrated below by application
to a square with sides of unit length.

3.6 Further results from tensor algebra

The square root theorem

If S is a positive definite, symmetric CT(2) then there exists a unique, positive definite,
symmetric CT(2), U say, such that U? = S.

Proof Since S is symmetric we may write it in the spectral form

3

/ /

S = g si€; @ e,
i=1

where s; are the (real) eigenvalues of S and {e}} are the (unit) eigenvectors. Since S is
positive definite, we have s; > 0. Now define U by

3
U= Z Vsi€; ® €.
i=1

Then, U is positive definite and symmetric and U? = S, as required. Uniqueness is
obvious — convince yourselves of this.

The polar decomposition theorem

Let F be a CT(2) such that det F > 0. Then there exist unique, positive definite,
symmetric tensors, U and V, and a unique proper orthogonal tensor R such that

F =RU = VR. (3.32)
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Proof The tensors FFT and F'F are symmetric and positive definite. Hence, by the
square root theorem, there exist unique positive definite symmetric tensors U, V such
that

V2 =FF?, U?=FTF.

Now define R = FU~!. We need to prove that R is proper orthogonal. First, we calculate
R'R = (FU Y (FUYH =U'F'FU'=U'UU ' =1,
and hence we deduce that R is orthogonal. Second, we calculate
det R = det(FU ™) = (det F)(det U)™* > 0,

and it follows that R is proper orthogonal.

Since U is unique, R is unique and hence F = RU. Similarly, F = VS, where S is proper
orthogonal. Thus,
F=RU=VS =RUR'R.

By uniqueness it follows that S = R and hence (3.32) holds. Note that V = RURT.
Corollary

If U has eigenvalues ); and eigenvectors u'”, i € {1,2,3}, then \; > 0 and ); are also
the eigenvalues of V with eigenvectors Ru®.

Proof X\; > 0 follows from symmetry and positive definiteness of U. Also, we have
V(Ru?) = VRu” = RUu"” = R(\u”) = \;(Ru'?),

which shows that Ru®® are the eigenvectors of V.

3.7 Analysis of deformation
3.7.1 Stretch, extension, shear and strain
Let M and m be unit vectors along dX and dx respectively, so that dX = M|dX|, dx =

m|dx| and (3.22) gives
m|dx| = FM|dX|.

Thus
|dx|* = (FM) - (FM)|dX|* = (FTFM) - M|dX * (3.33)
and hence p
% = |FM| = [M - (FTFM)]"/2 = \(M), (3.34)

which defines A(M) — the stretch in the direction M at X.
Note that 0 < A(M) < 0.

28



Now consider a pair of line elements dX;, dX, based at X, so that
dX1 = FXm, dXQ = FdX2

and the angle between them is given by

M, - (FTFM,)
A(M1)A(Mz)

cos©® =M; - M,, cosf =

before and after deformation respectively.

The decrease in angle © — 6 (which may be positive or negative) is called the shear of the
direction My, M, in the plane of My, Ms.

Next, from (3.33) we have

|dx|? — [dX|* = dX - (F'F — I)dX. (3.35)
The material is said to be unstrained at X if no line element changes length, i.e.

dX - (F'F —1)dX =0 for all dX,

or, equivalently,
A(M) =1 for all unit vectors M.

It follows that FTF — I = O, which allows the possibility that F is just a rotation R,
since, for orthogonal R, we have RTR = 1.

Strain is measured locally by changes in the lengths of line elements, i.e. by the value
of (3.35). Thus, the tensor FTF — I is a measure of strain. The so-called Green strain

tensor E is defined by

E = %(FTF 1. (3.36)

Using the polar decomposition (3.32) for the deformation gradient F, we may also form
the following tensor measures of deformation:

C =F'F = U?,
B = FFT = V2 (3.37)
We refer to C and B as the right and left Cauchy-Green deformation tensors respectively.

Since U is positive definite and symmetric there exist (unit) eigenvectors u'® such that

3
U=> xugu?, (3.38)
i=1
where )\, > 0 are the principal stretches of the deformation and u®® are the principal
directions. Note that, in accordance with the definition (3.34), \; = A(u”) — hence the
terminology principal stretch.

U and V are called the right and left stretch tensors respectively. The deformation F
rotates the principal axes of U into those of V as well as stretching along those directions.
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The principal axes of U and V are sometimes referred to as the Lagrangian and Fulerian
principal axes respectively.

The displacement u of a particle is defined as

u=x—X,
so that
x=X+u
and
F = Gradx = I+ Grad u, (3.39)

where Grad u is the displacement gradient and I is the identity tensor.

[Note that (Grad X);; = 0X,;/0X,; = 0;;.]

3.7.2 Examples of deformations

1. Homogeneous deformation.

The most general form of homogeneous deformation is given by x = FX + ¢, with F
independent of X. The following examples are all special cases of this.

2. Homogeneous simple elongation of a circular cylinder (with lateral contraction).

with u() along the axis of the cylinder.

3. Homogeneous pure dilatation.

This is defined by A\; = Ay = A3, F = A\ I and might be associated with, for example, the
deformation of a cube into a cube of a different size.

4. Homogeneous pure shear.

This is defined by A\ = X\, Ao = A7, A3 = 1, for example, or

5. Homogeneous simple shear. Simple shear is defined by the equations
v =X +7Xo, w=X,, 3= Xj3

where v (constant) is called the amount of shear, tan~!~ is the shear of the directions
e1, ey, and the same basis vectors are used for both reference and current coordinates.
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The deformation gradient F has components

1~0
5’%
(Fo) = (5% ) = 10

This is effectively a problem confined to the (1,2)-plane so we now restrict attention to

(Fij) = Ll) H :

To find the Lagrangian principal axes we consider

this plane and write

I~
U?=F'F = .
[v 1+72] .

The characteristic equation for U2, from which the eigenvalues A\? are determined, is
det(U? — XI) = 0,

1.e.

or, when expanded out,

Let the roots be A%, \2. Then
M HA =249 AN =1
[Note that A3 = 1 corresponds to u® = es.]
Now set Ay = A > 1, Ay = A7! so that
)\2 + )\72 — 2 4 72

and hence

1 1
N T ——
g/ : 571+

Let
uV = (cosf,sinh,0), u® = (—sinb,cosb,0).

Then the representation

yields, when restricted to two dimensions,

U2:>\2

cos’f  sinfcosd \-2 sin? 6 —sinf cos
—sinf cosf cos® 0

sin @ cos @ sin® 6
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Comparison with (*) shows that

A2 cos?f + \"2sin? 0 = 1,
A2sin?f + A\ "2cos? 0 =1+ 42,
(A2 — A7) sinf cosf = 7,

from which we may deduce that

2
tan20 = ——
g

>~
(VAN
Ss
A

L\LI/:}

1) €2

: \ [

The corresponding angle for the principal axes of FF? = V? is calculated in a similar
2) _

€1

way. Let v(1) = cospe; +sinp ey, vl —sin¢e; + cos ¢ es. The result is

tan2¢:% (o<¢g%).

3.8 Analysis of motion

The velocity gradient tensor, denoted L, is defined as

L =gradv (3.40)
and has components
Ly = 2v (3.41)
Y 8xj ’

with respect to the basis {e;}.

Using the second equation in (3.24) we obtain
Grad v = (grad v)F = LF.

Since v = x we also have

Gradx = 2Gmdx =F.
ot

Hence, we have the important connection
F=LF. (3.42)
Using (3.26)
%(det F) = (det F)tr (F~'F)
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together with (3.42) we deduce that

)
- (det F) = (det F)tr (L)

or, equivalently,
J = Jtr (L) = Jdivv, (3.43)

remembering that J = det F, tr (L) = L;; = 0v;/0x; = divv.
Thus, div v measures the rate at which volume changes during the motion.

For an isochoric motion J =1, J = 0 and hence

divv = 0. (3.44)

3.8.1 Stretching and spin

The deformation gradient F describes how material line elements change their length
and orientation during deformation; the velocity gradient L describes the rate of these
changes. Note that while F relates B; to B,, L is independent of B,.

Write
L=D+W, (3.46)
where 1 1
D= 5(LJFLT), W= §(L—LT). (3.47)
—_—— —_——
symmetric skewsymmetric

In order to interpret D and W we consider the line element dX — dx = FdX. Form the

difference

dx - dx — dX - dX = (FdX) - (FdX) — dX - dX
= dX - (FTFdX) — dX - dX
dX

- (FTF — I)dX.

From (3.42) it follows that

b (dx-dx —dX -dX) = dX - Z(FTF — 1)dX = dX - (FTF + FTF)dX
— dX - (FTLF + F'L7F)dX = (FdX) - (L + L7)FdX
= 2dx - (Ddx).

This shows that D measures the rate at which line elements are changing their lengths.

It is called the (Eulerian) strain-rate tensor or rate of stretching tensor. The motion is
rigid if and only if D = O.

Since

%dx = FdX = LFdX = Ldx = (D + W)dx
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and we have an interpretation of D, as discussed above, it remains to interpret W. We
do this by setting D = O, so that

2dx = Wdx = w X dx,
ot

where w is the axial vector of W. This shows that the motion is locally a rigid rotation
and W is a measure of the rate of rotation (or spin) of line elements — W is called the
body spin. The combination of D and W shows that the motion consists of stretching
and rotation (analogous to the interpretation of U and R).

3.9 Integration of tensors

We first summarize some results from vector calculus which will be needed. The divergence

/diVVdV :/ v - ndA, (3.48)
R OR

where R is a domain in R? and JR is its boundary (a closed surface), and v is a vector

theorem is written

field. An alternative form of the theorem is
/ngdV = ¢ondA, (3.49)
R OR
where ¢ is a scalar field, or, in index notation,

¢
dV = on;dA. 3.50
r 0z OR ( )

In particular, (3.50) applies to the components (which are scalar fields) T, of any CT.

Thus,
T ..

[y - /(9 Ty midA, (3.51)

In tensor notation (3.51) is equivalent to

/ vV TdV = / T ® ndA. (3.52)
R OR

If, in particular, T is a CT(2) then contraction of (3.51), putting i = p, gives

T
oa gy _ / T dA (3.53)
ox
R OTp OR
or, in tensor notation,
/ div TdV = / T ndA. (3.54)
R OR

This is an important formula and will occur frequently in the remaining sections of the
notes.
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For completeness, we also recall Stokes” theorem

/ - dx = /(v « 1) - ndA, (3.55)
c s
or its equivalent

/C ddx = /S dA x V¢, (3.56)

where S is an open surface bounded by the contour C, u is a vector field and dA = ndA.

3.10 Transport formulae

Let Y}, S; and R; denote curves, surfaces and regions in By, the current configuration of
the body. Then, the following identities hold:

d .
il pdx = /C t(gzﬁdx + ¢Ldx), (3.57)
9 onda= [ {16+ otr (L))o — oLTn}da, (3.58)
dt St St
d .
i )., ddv = /Rt (¢ + o¢tr (L)]dv, (3.59)
d .
d .
il / wonda = / [+ utr (L) — Lu] - nda, (3.61)
% . udv = /Rt [a + tr (L)u]dv. (3.62)

Proof Use the formulae dx = FdX,nda = JF~TNdA, dv = JdV to convert the integrals
over Cy, Sy, R; in By to integrals over C,., S,, R, in B, together with expressions for F and
J. We illustrate the process by proving (3.58).

& Js,u-nda =4 [ u- (JFTN)dA
(note the integral is now over S,)

= 4[4 (JF'u) - NdA
(using the definition of transpose)

=[5 %(JFIU) ‘NdA

~——
at fixed X

= [, [JF "0+ JF '+ JO(F) /ot u] - NdA.
From (3.43) we have J = Jtr (L), and from (3.45) we have O(F~!)/0t = —F~'L. Thus,

4 [, u-nda = [; [JFMa+ Jtr (L)F~'u — JF'Lu] - NdA
=[5 {JF [0+ tr (L)u — Lu]} - NdA
=[5 [u+tr(L)u — Lu] - (JE-"N)dA
= [g,[t+tr (L)u — Lu] - nda
(converting back to an integral over S;).
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We can establish the other formulae by following the same approach.
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4 Balance laws and equations of motion

The mechanics of continuous media are described by equations which express the balance
of mass, linear momentum, angular momentum and energy in a moving body. These
balance equations apply to all bodies, solid or fluid, and each gives rise to field equations
(differential equations for scalar, vector and tensor fields) for sufficiently smooth motions
(or jump conditions across surfaces of discontinuity). The fundamental concepts are mass,
force and energy.

4.1 Mass

Let B be an arbitrary configuration of a body B, and let A be a set of points in B
occupied by the particles in an arbitrary subset A of B. If, with A, there is associated
a non-negative real number m(.A) having physical dimensions independent of time and
distance, such that

(i) m(A1 U ./42) = m(.Al) + m(.Ag)

for all pairs A;, Ay of disjoint subsets of B, and
(ii) m(A) — 0 as the volume of A tends to zero,
then B is said to be a body with mass function m. The mass of A is denoted m(A).

Properties (i) and (ii) imply that there exists a scalar field p defined on B such that

m(A) = /A pdv (4.1)

(this is a result from measure theory, so a proof will not be given here).

We refer to p as the mass density of the material composing B — it is a scalar field,
usually assumed to be continuously differentiable (although sometimes allowed to be
discontinuous, but not in this course).

4.2 Mass conservation

Let R; be an arbitrary material region in the current configuration B;. As R; moves it
always consists of the same material, so its mass does not change, i.e.

d
= dv =0 4.9
o Rtpv (4.2)

— this is one form of the conservation of mass equation. From the transport formula
(2.59) we obtain

/ (p + pdivv)dv = 0,
Ry

and, since Ry is arbitrary, it follows that
p+ pdivv =0 (4.3)
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at each point of the body (this deduction requires that the integrand is continuous). This
is the local form of the mass conservation equation — it is also known as the continuity
equation.

Recall, from (3.43), that
J = Jdivv.

Substitution for divv from (4.3) then gives
pJ +pJ =0,

ie. d(pJ)/ot = 0. Thus, pJ is constant for any material particle. In the reference
configuration J = 1, so that pJ = p,, where p, is the mass density in the reference
configuration. Thus,

p=J"p (4.4)
— another form of the mass conservation equation.

An alternative way to derive (4.4) is to note that

/pdvz/ deV:/ prdV.
Rt T R’/‘

4.3 Force, momentum and torque

Let R, C B;. The linear momentum of the material occupying R; is defined as

M(Rt):/R pvdo. (4.5)

If x is a point of R; with respect to an origin o then the angular momentum of R, with
respect to o is

H(R;;0) :/R x X (pv)dv. (4.6)

4.3.1 Application to rigid motions

Recall, from (2.4), that a rigid motion is given by
x = c(t) + Q(t)X.
It follows that
vE=x=¢+QX=¢+QQ"(x—c)=¢+W(x—c),
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where W = QQ7 is skewsymmetric. Hence
v=¢c+WwX(x—c),

where w is the axial vector of W. From (4.5) we therefore obtain
M= [ plec+wx(x—c)ldv=m[¢c+W x (x—c)],
R

where

m = pdv,
Ry

mx = / pxdv,
Ry

X being the centre of mass of R; relative to o.

the total mass in R;, and

Similarly,
H:/ PX X [€+W X (x —c¢)]dv =mX X (¢ =W x ¢) + Kw,
Ry

where

K= [ plx-x)I-x®x|dv
Ry

is the inertia tensor of the material in R; relative to o.

Note that (4.7) and (4.8) may be written as

M = mv, H = mx x v + Kw,

(4.7)

(4.8)

(4.9)

(4.10)

where Vv = ¢+ w x (X —c) is the velocity of the centre of mass and K is the inertia tensor

relative to the centre of mass.

4.4 Body and surface forces

The concepts of force and torque describe the action on a moving material body B of its
surroundings and the mutual actions of the parts of B on each other. With R, C B; we
associate two vectors, F(R;) and G(Ry;0), called the force and the torque with respect to
o on the material in R;. Two types of force and torque must be accounted for in general

— body forces and body torques, which act on the particles of a body (arising from gravity

or magnetic fields, for example), and contact forces and contact torques resulting from

the action of one part of the body on another across a separating surface.

The body force and torque, measured per unit mass, are denoted b and ¢ respectively.

Their contributions to F(R;) and G(Ry; 0) are
/ pbdv, / [x X (pb) + pc]dv
Rt Rt
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respectively.

A mathematical description of contact forces (but not torques) relies on Cauchy’s stress
principle (which is regarded as an axiom). This states that

the action of the material occupying that part of B, exterior to a closed surface S on the
material occupying the interior part is represented by a vector field ty, with physical
dimensions of force per unit area, defined on S.

We refer to t(,) as the stress vector. It is assumed to depend continuously on n, the unit
outward normal to S.

If this stress principle gives a complete account of contact action then the material is said
to be non-polar and does not admit contact torques. All classical theories of solids and
fluids are of this type.

The contributions to F(R;) and G(Ry;0) of the contact forces acting on the boundary

OR; of R; are
/ t(n)da, / X X t(n)da
8Rt aRt

F(Rt) = th pbdv + fBRt t(n)da,

respectively. We now have

(4.11)
G(Ry;0) = th p(x X b+ c)dv+ faRt X X tmyda

for the total force and torque (sometimes referred to as couple) about o acting on R;.

4.5 FEuler’s laws of motion

Euler’s laws of motion are

“Z-F, < —=aG, (4.12)
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and these hold independently of the choice of origin (although G and H do depend on
such a choice).

They parallel Newton’s laws for particles and rigid bodies. Note, however, that in classical
mechanics (4.12)5 is a consequence of (4.12);, whereas in continuum mechanics this is not
the case — the two equation (4.12) are independent.

Normally, body torques do not arise, so we set ¢ = 0, and (4.12) are then written in full

as
d
pr i, pvdu = th pbdv—irfaRt tmyda,
(4.13)
d
pr ; pxX X vdv = th px X bdv + f@Rt X X t(mda,

— the equations of linear and angular momentum balance.

Using the transport formula (2.62) with u = pv and (4.3) we obtain
d s . :
— [ pvdv = / [pv + pv + p(div v)v]dv = / pvdv.
dt R: Ry Ry

Hence (4.13) can be written

/R p(a - b)dv = f@Rt t(n)da,
(4.14)

/ px x (a—b)dv = [, X X tmda,
Ry

where a = v is the acceleration.

4.6 The theory of stress

4.6.1 Cauchy’s theorem

Let (t,b) be a system of surface (contact) and body forces for B during a motion. A
necessary and sufficient condition for the momentum balance equations (4.14) to be sa-
tisfied is that there exists a second-order tensor o (called the Cauchy stress tensor) such
that
(i) for each unit vector n,

t(n) = O'Tn, (415)

where o is independent of n, (ii)
ol =0, (4.16)



(iii) o satisfies the equation of motion
dive + pb = pa. (4.17)

Proof Sufficiency: check by substituting (4.15)—(4.17) into (4.14). The calculations in-

volved are similar to those required to prove necessity, so will not be given here. Necessity:
assume that (4.14) are satisfied. The proof involves a number of steps.

Lemma 1

Given any x € By, any orthonormal basis {e;} and any vector p with p-e; > 0,4 € {1, 2, 3},

we have
3

6p,x) = = 3 (p-e)t(—ei,x).

i=1

Proof

Ss

€2

€1

Let x € By, § > 0 and consider the tetrahedron shown. The faces are Sy, S, S3 and S,
with unit (outward) normals —e;, —ey, —ej3, p respectively, 0 being the distance of the
sloping plane from x.

Since a and b are continuous on B, they are bounded on some neighbourhood of x in By
containing the tetrahedron for sufficiently small §. Similarly, p is bounded, so

‘/ tmyda| = ‘/ p(a—Db)dv
8Rt Rt

where k is a constant independent of 9.

< kvol (R,),

If A(0) denotes the area of the face Ss then there exist positive constants ¢y, ¢o such that
A(8) = c16%,  vol (R;) = co0°.

Hence 1
—_— tmda — 0 asd — 0.
A(9) /m )
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Let A; denote the area of S;. Since, by the divergence theorem, we have

/ e, -ndS=0 ie{l,2, 3},
OR;

it follows that

But s
tmda :/ t(p)da + / t(—e;)da
/G)Rt ( ) Ss ,LZ_; S;
and )
—— | t(p)da — t(p,x) as o — 0,
105 [, tpa > t(p.x)

1
A(3)

Hence the stated result.

/ t(—e;)da — (e; - p)t(—e;,;x) asd — 0.
S;

It follows that
t(e;,x) = —t(—e;, x)

and hence

t(p,x) = Z(ei -p)t(e;, x) (4.18)

for any vector p.

Main result consider the tensor o defined by

3

ol (x) = Zt(ei,x) ® e;. (4.19)

i=1
Then ,
o’n = Z(ei ‘n)t(e;, x) = t(n,x)

i=1

by (4.18). Hence (i) is established.

On substitution of t(,) = o' n into (4.14);, we obtain

/ p(a—b)dv:/ a'Tnda:/ divedv
R OR: Ry

by the divergence theorem (2.54). Thus,
/ dive — p(a — b)]dv = 0.
Ry

Since Ry is arbitrary, (iii) follows (provided the above integrand is continuous). It remains
to prove (ii).
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Next, substitute (4.15) and (4.17) into (4.14), to give

/Rt x x (dive)dv = / x x (o'n)da. (%)

ORy

Noting that u x v = a x b, for any vectors u, v, a, b, is equivalent to
uv—-veeu=a®b-—-b®a,

we write () as

/ [x®@dive — (dive) ® x]dv = / (x®o'n—o0'n®x)da,
Ry OR,

which, by application of the divergence theorem, becomes
/R [x ® dive + (gradx)o — (dive) @ x — o (grad x)”]dv.
Since grad x = I, we deduce that
/ (0 —a)dv = 0.
Ry

Since Ry is arbitrary, (ii) follows.

(It may prove easier to work through the above calculation using index notation.)

4.6.2 Normal and shear stresses

Suppose an element of area da on a surface S is subjected to a contact force t(n)da. The
normal component o of the stress vector, defined as

c=n-t=n-(on), (4.20)
is called the normal stress — it is tensile (compressive) when positive (negative).
The component of the stress vector tangential to S is
T=|t—(t-n)n|, (4.21)

so that
2 2
2=t-t—(t-n)
We refer to 7 as the shear stress.

If 7 =0 and o is independent of n then the stress is said to be hydrostatic. In this case
there is a scalar field p, called the pressure, such that

t(n) = —pn, o = —plL (4.22)



At a point x in the current configuration B; let o have components o;; with respect to
basis vectors {e;}. Then o;; is the jth component of force per unit area in B; acting on
a surface whose normal is in the i-direction.

In the case of (4.22) 091 = 0, 093 = 0, 099 = —p, so the only force acting on the
shaded surface is a normal pressure.

Example
Let B; be defined by

—a<r1<a, —-a<z<a —h<zx3<h.
Given that the stress field has components
o1 = —0p = —q(23 — 13)/a*, o1 = 2qr129/0*, 03 =0,

show that the equilibrium equations are satisfied and determine the forces which must be
applied to 0B; to maintain this state of stress. Also, calculate the resultant forces and
torques (about o) on the faces 1 = +a, 25 = +a.

We have

80'11 80'12

= —2qx1/a* + 2qx1/a® = 0,

31:1 (9.1'2
001 0099

= 2 2 — 2 2 - 0
o + 0t qra/a qra/a

Hence, dive = 0, i.e. the equilibrium equation is satisfied.
On the faces 1 = £a we have n = +e;, and hence

t=0on = j:ael = j:ailei = :l:(0'1170'2170'31>
= +(—q(a® — a3)/a*, £2qz5/a,0).

Similarly, on x, = *+a,
t= i(012,0227032) = :l:(:t?qxl/a,q(w% - a2)/a2,0).
On z3 = £+h we have t = 0.

The resultant force of x; = a is

[ o = [ (-ata® ~ a3)/a 20220, ) ",
S
= (—8qha/3,0,0).

The resultant torque on z; = a is

h a
/x X tda = / / (—2quoz3/a, —q(a® — 23)xs/a’, q(3a® — a3)xa/a®)dzadzs = 0.
S —h J—a

Similarly for the other faces.
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4.7 FEnergy

The kinetic energy K(R;) of the material occupying R; is defined as

1
K(R) = /R Sove v, (4.23)

and the rate of working, or power, P(R;) of the forces acting on R, is defined as

P(Ry) :/ pb-vdv+/ t - vda. (4.24)
Ry OR
By using t = on in (4.24), we obtain

P(Ry) = [p, P vdv+ [, (on) - vda
= [p, Pb - vdv+ [, (V) - nda
(since o is symmetric)
= [p,[pb - v +div (av)]dv
(by the divergence theorem)
= [plob- v+ (dive) - v+ tr (oL)]dv
(since (Oijvj),i = 045,:V; + O45Vj4 = 0454U5 + Uiiji)
= [ [(pb +dive) - v +tr (eD)]dv
(since 035 Lj; = 035 (Dij + Wij) = 03;Dy5)
= th [pV - v 4+ tr (eD)]dv
(using the equation of motion)
= [, 3p0(v - v)/0tdv + [, tr(oD)dv
= Jn 10, 0(v-v)/0tdV + [z, tr (6D)dv
(since pdv = p,.dV')
=4 S 5pr(v-v)dV + [ tr (eD)dv
= 2K(Ry) + [5, tr(eD)dv.

Thus,

P(R,) — %K(Rt) + S(R), (4.25)

where

S(R) = /R tr (oD)dv. (4.26)

Equation (4.25) is an energy balance equation — work done by the body and surface
forces is converted into kinetic energy and S(R;) — the latter may consist of stored (or
potential) energy or be a measure of the amount of work dissipated in the form of heat
or be a mixture of the two.
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5 Constitutive equations

5.1 Constitutive assumptions

So far, we have the following equations governing the motion of a continuous body:

equation of mass conservation
p+ pdivv = 0; (5.1)

equation of motion
dive + pb = pv; (5.2)

equation of angular momentum balance

ol =o. (5.3)

These provide 7 scalar equations for 13 scalar fields — p,v (3 components), o (9 com-
ponents) with the body force b regarded as known. Equivalently, given (5.3), equations
(5.1) and (5.2) provide 4 equations for 10 scalar fields — p,v (3 components), o (6
components).

The missing 6 equations are provided in the form of constitutive equations, which give
expressions for the 6 components of o in terms of kinematical quantities, as we now
describe.

It is assumed that at time ¢ the stress is uniquely determined by the motion x, i.e. o is a
function (more generally functional) of x, v, F L, ... and possibly also higher gradients
of the deformation. We then have 10 equations for 10 unknowns, and, by substituting
the constitutive equations into (5.1) and (5.2) we arrive at 4 equations for p and v, and
(5.3) will be satisfied automatically. We now illustrate the general principles involved
in the development of constitutive equations by focussing on the case of homogeneous
elastic materials, for which o depends only on F. (For an inhomogeneous material there
is, additionally, explicit dependence on X.)

5.2 Elastic materials

The constitutive equation for an elastic material is written in the form
o =g(F), (5.4)

where g is a symmetric tensor-valued function, defined on the space of deformation gra-
dients F. Equation (5.4) states that the stress in B; at a point X depends only on the
deformation gradient at X and not on the history of deformation, and, in particular, it
is independent of the path of deformation taken to reach the point F.
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When the stress is removed the deformation returns to its original value (that in B,), so
that
g(l) =0, (5.5)

i.e. the undeformed configuration is free of stress. In some situations it will be necessary
to relax this condition, but it is adopted here for the time being. We refer to g as the
(Cauchy stress) response function of the material relative to B,. It should be emphasized
that, in general, the form of g depends on the choice of reference configuration.

5.3 Objectivity

Suppose that a rigid-body motion
x" = Q(t)x + c(t) (5.6)

is superimposed on the motion x = x/(X,t). Then, the resulting deformation gradient,
F* say, is given by
F* = QF. (5.7)

In index notation, this may be proved as follows. Note first that, since

* —
x, = Qipl'p + Ci,

we obtain 9t 9
[y T
~ = Qipm— = Qipdpk = Qi
axk Qpaxk Qp pk Qk
and hence - 92+ 9
[ ¥ 0xy,
U 9X;  Oxy 0X Qi Fi

For an elastic material with response function g, the stress tensor, o* say, associated with
the deformation gradient F* is
o =g(F").

We now determine how o* is related to . Under the rotation Q the unit normal n to OR;
becomes n* = Qn and the traction vector t becomes t* = Qt. Since t = on, t* = o*n*
we obtain

Qon = o*Qn.
This holds for arbitrary n and hence Qo = o*Q), i.e.

o =QoQ’. (5.8)

The response function g must therefore satisfy the invariance requirement

g(F*) = g(QF) = Qg(F)Q" (5.9)

for each F and all rotations Q. This expresses the fact that the constitutive law (5.4) is
objective. In essence, this means that material properties are independent of superimposed
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rigid-body motions. It can also be interpreted in terms of observers. In that case, rather
than representing a superimposed rigid motion equation, (5.6) is treated as an observer
transformation. For the elastic materials discussed here the consequences of the two
interpretations are identical, but in general this may not be the case for other materials.
The difference is quite subtle and has generated some controversy in the literature.
Definition 1. Let ¢, u, T be scalar, vector and (second-order) tensor fields defined on By,
i.e. they are Fulerian in character. Let ¢*,u*, T* be the corresponding fields defined on
B, where B} s obtained from By by the rigid motion x* = Qx + c. The fields are said
to be objective if, for all such motions,

" =¢, u ' =Qu, T'=QTQ’. (5.10)

Example If ¢ is an objective scalar field then grad ¢ is an objective vector field. We
note that, in components,

(grad ¢); = (grad”™ ¢*); = (grad” ¢); (since ¢* = ¢)
_ dp 09 Oy,

Ozt Omy Ox}’

1

Next, since x* = Qx + ¢, it follows that x = Q”x* — Q”c, or, in components,

T = kax; - kacp-

Hence p 9"
T x
8$]: = ka 8$f = kadpi - Qika

which leads to
(grad ¢); = Qir(grad ¢)i,
i.e. (grad ¢)* = Q(grad ¢). Thus, grad ¢ is an objective vector.

Example Let
x' = x"(X,t) = Q)x(X,t) + c(t).
Then

. oOx” . .
vV = = Qv+ Qx +c.
% — Qv+ Q
Since v* # Qv it follows that the velocity is not an objective vector. Similarly, for the
acceleration,
. azx* . . .
a* = =Qa+2Qv + Qx + ¢.

ot?

5.4 Material symmetry

Let o be the stress in configuration B, and let F,F’ be the deformation gradients in
B; relative to the reference configurations B,, B! respectively, as depicted in Fig. 1. We
denote by g and g’ the response functions relative to B, and B!, respectively, so that

o =g(F) =g'(F). (5.11)
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Figure 1: Paths of deformation with deformation gradients F and F’ from reference
configurations B, and B!, which are connected by deformation gradient P.

Let P = Grad X’ be the deformation gradient of B/ relative to B,, where X' is the position
vector of a point in B]. Then
F=FP. (5.12)

To prove (5.12), we use index notation. We have

Fy = —
0X;  0X] 0X;

= E/kpkj-

Substitution of (5.12) into (5.11) then gives
g(F'P) = g'(F').

In general, the response of the material relative to B!, differs from that relative to B,, i.e.
g’ # g. However, for certain P we may have g’ = g, in which case

g(F'P) = g(F') (5.13)
for all deformation gradients F’ and for all such P.

The set of tensors P for which (5.13) holds defines the symmetry of the material relative
to B, — the larger the set the more symmetry there is. An example is provided by the
structure of a cubic crystal, which has certain rotational symmetry.

Let G denote the set of (invertible) second-order tensors, denoted H, such that, in line
with (5.13),
g(FH) = g(F) (5.14)

for all deformation gradients F.

Then G is a multiplicative group, called the symmetry group of the material relative to
B,.

To show this we note that if Hy, Hy € G then, by application of (5.14) for different F and
H

Y

g(FH,Hy) = g(FH,) = g(F)
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and hence HiHy € G (closure); if H € G then
g(FH™') = g(FH 'H) = g(F)

and hence H™! € G (inverse); and I € G since g(FI) = g(F) (identity). Thus, the
requirements of closure, inverse and identity for a group are satisfied.

5.4.1 Important example: isotropy

If G is the proper orthogonal group then the material is said to be isotropic relative to
B,, and

g(FQ) = g(F) (5.15)

for all proper orthogonal Q (for every deformation gradient F'). Physically, this means that
the response of a small specimen of material cut from B, is independent of its orientation
in B,.

5.4.2 Example: Noll’s rule

In general, the symmetry group changes with a change in reference configuration. Let P
be the deformation gradient B, — B!. If G is the symmetry group of the material relative
to B, and G’ that relative to B/, then

G =PGP " (5.16)

To show this let g and g’ be the response functions relative to B, and B! respectively.
Then

g'(F') =g(F'P) =g(F'PH) (since H € G)
— g(FFPHP~'P) = g/(FFPHP ),

and hence PHP™! € ¢, i.e. H € G if and only if PHP~! € ¢’. Equation (5.16) is known
as Noll’s rule.

If P is a rotation and G corresponds to isotropy, then G’ = G. We now focus on isotropic
materials, for which purpose we require some further results from tensor algebra.

5.5 Isotropic functions of a second-order tensor

Definition 2. The scalar function ¢(T) of a symmetric second-order tensor T is said to
be an isotropic function of T if

¢(QTQ") = ¢(T) (5.17)

for all orthogonal tensors Q.

51



We remark that the notion of an isotropic function is different from that of an isotropic
tensor.

An isotropic scalar-valued function of T is also called a scalar invariant of T. We may
check that the principal invariants I, I, I3 of T are scalar invariants in accordance with
(5.17), as follows. For example, for I; = tr (T) we have already seen that, since Q is
orthogonal,

L(QTQ") =tr (QTQ") = tr (Q"QT) = tr (T) = I(T),
while, for I3 = det(T),
L(QTQ"Y) = det(QTQ”) = (det Q)(det T)(det Q") = det T = I3(T),

and similarly for I.

Theorem 1. ¢(T) is a scalar invariant if and only if it is expressible as a function of
Il7 IQ; ]3'

Proof. 1t is sufficient to consider T written in spectral form

3
T = Z tie; ® e,
i=1

where t; are the eigenvalues of T. Since ¢(QTQ") = ¢(T) for arbitrary orthogonal Q we
conclude that ¢ depends on T only through its eigenvalues, and we may write

¢(T) = ¢<t17 t27 tS)
with
(b(tlu t27 t3> = (b(tO'l ) to’zu to’g)
for all (o10903) permutations of (123). But ¢y, s, t3 are the roots of the cubic

B3 —LtP+ It —I,=0

and are therefore functions of the principal scalar invariants Iy, Is, I3. Hence ¢ depends
only on Iy, Iy, I3 or, equivalently, it depends symmetrically on tq, t5, t3.

Let G(T) be a symmetric second-order tensor function of T. ]

Definition 3. G(T) is said to be an isotropic tensor function of T if

G(QTQ") = QG(T)Q" (5.18)
for all orthogonal Q.

A specific example of a function satisfying (5.18) is as follows. Let ¢g, ¢1, ..., ¢n be
scalar invariants of T. Then

G(T) = oI+ T +--- + ¢n T

is an isotropic function of T.
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Theorem 2. If G(T) is isotropic then its eigenvalues are scalar invariants of T.

Proof. Let o(T) be a principal value of G(T), so that
det[G(T) — a(T)I} = 0.
Similarly, a(QTQ") is the corresponding principal value of G(QTQ"), so that
det[G(QTQ") — «(QTQ")I] = 0.
Using (5.18) we may re-write this as
det[QG(T)Q” — o(QTQN)I] = 0,
and hence, noting that this may also be written
(det Q) det[G(T) — a(QTQ")I](det QT) = 0,
we deduce that
det[G(T) — a(QTQ")I] = 0.
Thus, o(QTQT) is a principal value of G(T) for all orthogonal Q and hence
o(QTQ") = o(T)
for all orthogonal Q, i.e. the principal values are scalar invariants of T.
O
Theorem 3. FEvery eigenvector of T is an eigenvector of the isotropic function G(T).
Proof. Let ty,ts,t3 be eigenvalues of T corresponding to (orthonormal) eigenvectors my,

m,, mz. Then
T = t1m1 @ m; + t2m2 X mo + t3m3 ® ms.

Suppose that
G(T)m; = am; + fm; + ym;.

Let Q be a rotation about m; through 7, so that
Qm; =m;, Qmy;=-m;, Qmz=—m;j.

Then, it follows that

QTQ =T
and
G(T)m; = G(QTQ")m; = QG(T)Q " m, (by isotropy)
= QG(T)m; = Q(am; + fmy + ymj),
1.e.

am; + fmy + ymgz = am; — fmy — ymsg,

and hence, since m;, my, mg are linearly independent, § = v = 0. Thus, m; is an
eigenvector of G(T). Similarly for my and ms;. O
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Theorem 4. A symmetric second-order tensor-valued function G(T) of the second-order
symmetric tensor T is isotropic if and only if it has the representation

G(T) = ¢ol + ¢ T + ¢ T?, (5.19)
where ¢g, ¢1, ¢o are functions of 11, I, I3, i.e. they are scalar invariants of T.

Proof. If (5.19) holds then G(T) is clearly isotropic. On the other hand, if G(T) satisfies
(5.18) then we need to show that (5.19) follows.

We know from Theorem 3 that G(T) is coaxial with T, and from Theorem 2 that the
principal values of G(T) are invariants of T. Let ¢; and g; be the principal values of T
and G(T) and suppose that ¢, s, t3 are distinct. Consider the three equations

¢0 + ¢1tz + ¢2t12 = g5, 1 € {1, 2, 3}, (520)

for the three unknowns ¢, ¢1, ¢o. The solutions ¢q, ¢1, ¢o are functions of ¢;, g; (i = 1,2, 3)
which, from Theorems 1 and 2, are themselves functions only of Iy, I5, I3. Thus, ¢g, ¢1, ¢2
are uniquely defined by (5.20) as invariants of T. Since G(T) and T are coaxial equation
(5.20) is just (5.19) referred to principal axes. Hence, by multiplying equation (5.20) by
m; ® m; and summing over i, we obtain (5.19). If t1, 5,3 are not distinct this proof
requires modification, but we omit the details.

O
5.6 Isotropic elasticity
From the definition (5.15) of isotropy we have
o = g(F) = g(FQ) (5.21)
for all proper orthogonal Q and each deformation gradient F'.
The choice Q = R and use of the polar decomposition F = VR in (5.21) gives
o=g(V). (5.22)

Next, objectivity of the constitutive law o = g(F') yields

Qg(V)Q" = Qg(F)Q" =g(QF)

for all proper orthogonal Q, and, with F replaced by QF and Q by P in (5.21),

g(QF) = g(QFP)

for all proper orthogonal P and Q. Hence

Qg(V)Q" = g(QFP).
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By choosing P = (QR)? and writing F = VR we then obtain

Qe(V)Q" =g(QVQ") (5.23)

for all orthogonal tensors Q. In fact, since Q occurs twice on each side of (5.23), allowing
Q to be improper orthogonal does not affect (5.23), which then states that g(V) is
an isotropic function of V in accordance with the definition (5.18). Thus, the response
function g has all the properties associated with the isotropic tensor function G discussed
in Section 3.5.

In particular, for an isotropic elastic material, o = g(V) is coaxial with V, i.e. with the
Eulerian principal axes, and, from Theorem 4, we therefore have

o=g(V)=¢l+ ¢V + ¢V (5.24)
where ¢, @1, ¢ are invariants of V, i.e. functions of
’il — )\1 + )\2 + )\3, ig - )\2)\3 "— )\3)\1 + )\1)\2, ig — )\1)\2)\3.

Alternatively, we may write
3

i=1
where
0 :¢0+¢1>\i+¢2)‘? 1=1,2,3.

5.7 Hyperelastic materials

Recall that the energy balance equation can be written in the form
d 1
pb - vdv + t-vida=— | —pv-vduv+ [ o-Ddv. (5.25)
Ry ORy dt Jg, 2 Ry

If there is no dissipation then the work done by the body and surface forces is converted
into kinetic energy and stored elastic energy. In this connection an interpretation for the
second term on the right-hand side of (5.25) is needed.

/ a-de:/ ST . Fdv,
Ry -

S = JF o being the engineering stress. Then, the integrand S7 - Fis interpreted as the

Write

rate of increase of elastic energy per unit volume in B,.

This prompts the introduction of the elastic stored energy W (F) per unit volume in B,

such that 5
5V (F) = ST F. (5.26)

LW (F) is also called the strain energy or potential energy (per unit volume in B,.).
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Hence

0 d
O'-DdU:/ —WFdV:—/WFdV,
/Rt [ G = 5 [ we)

W (F)dV
RT‘

where

is the total elastic strain energy in the region R,.. The right-hand side of (5.25) can now
be written as

E(kinetic energy + strain energy).

Since W depends only on F, we have

] oW OF; . (oW .\  [oW\T .
o ®) = gp T (8_FF> - (ﬁ) o (5.27)

ow
where —— is the second-order tensor with components defined by the convention

OF
oW _ oW
oF ), OF;

Comparison of this with (5.26) and (5.27) shows that

ow ow
s g - 2
which provides a formula for o in terms of W (F):
o — g(F) = (det F)—IF%—VFV. (5.29)

We remark that W (F) represents the work done (per unit volume at X) by the stress in
deforming the material from B, to B, (i.e. from I to F) and is independent of the path
taken in deformation space. An elastic material which possesses a strain-energy function
W is said to be a hyperelastic or Green elastic material.

We now write

S =JF 'o = (det F)F'g(F) = h(F), (5.30)
which defines h, the response function associated with S (relative to B,.).

Objectivity implies that

h(QF) = det(QF)(QF) 'g(QF) = (det F)F'g(F)Q" = h(F)Q"

for all proper orthogonal Q. On the other hand, material isotropy implies that

h(FQ") = det(FQ")(FQ")'g(FQ") = Q(det F)F~'g(F) = Qh(F)
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for all orthogonal Q. For an isotropic material the polar decompositions F = RU = VR
yields
h(F) = R"h(V) = h(U)R’, (5.31)

by which, with the aid of (5.24) and the identity V = RURT,

h(U) = h(F)R = (det F)F 'g(F)R
= (det UYU'R” (¢l + 61V + ¢, VIR
= (det U)U (oI + 1 U + ¢ U%) = det U (¢oU " + ¢4 I+ ¢, U),

where ¢; (i =0, 1,2) are scalar invariants of U.

Objectivity of W

Since W is a scalar function objectivity requires that it is unaffected by a superimposed
rigid-body rotation after deformation, i.e.

W (QF) = W (F) (5.32)

for all rotations Q for each deformation gradient F. This may also be expressed by
referring to W as being indifferent to observer transformations.

Isotropy of W

For a hyperelastic material which is isotropic relative to B,., W(F) is unaffected by rota-
tions in B, (prior to deformation). Thus,

W (FP) =W(F) (5.33)
for all rotations P.

Setting P = R, F = VR in (5.33) gives

Hence, using (5.32) and (5.33),
W(QFP) = W(FP) = W(F) = W(V),
and setting P = (QR)? then yields
w(QvVQ") = W(V) (5.34)

for all orthogonal Q. Equation (5.34) states that W is an isotropic scalar function of V
in accordance with the definition (5.17).

Thus, we may regard W as a function of the principal invariants iy, 72,73 of 'V or, equi-
valently, as a symmetric function of the principal stretches Ai, Ao, A\3. In particular, we
have

W (A1, A2, A3) = W( Aoy, Aogs Aos) (5.35)
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for all (010903) permutations of (123) and Ay, Ay, A3 € (0, 00).

Mathematically, there is no restriction so far other than (5.35) on the form that the
function W may take, but the predictions of material behaviour based on the form of W
must make mathematical sense and must also be compatible with what is observed for
real materials.

It is usual to take W to be measured from the reference configuration B,, so that
W(1,1,1) =0. (5.36)

Furthermore, if the reference configuration is stress free then we also have the restriction
h(I) = O or, in terms of the derivatives of W with respect to the stretches,

oW
Sy LL) =0 i=123 (5.37)

5.8 Stress-deformation relations for an isotropic hyperelastic
material

For an isotropic material the strain-energy function is expressible as a function of the
principal stretches, as in (5.35). It follows that

3
. oW .
W = i 5.38
2 .
But, from (5.26),
W=Jo-D=S".F. (5.39)
Also, for an isotropic material, o is coaxial with V and can be written in the spectral
form ;
o= Z vt @ v, (5.40)
i=1

Equation (5.39) can therefore be expressed as
‘ 3

W=7 oDy, (5.41)
i=1

where D;; are the normal components of D referred to the axes v(@_ In order to obtain
expressions for the principal stresses g; in terms of the derivatives of W with respect to
the stretches we must compare (5.38) with (5.41). First, we need an expression for the
components D;;.

Note that by using the identity F = LF and the polar decomposition F = RU, the
symmetric part of the velocity gradient D may be written in the form

1 . .
D= §R(UU‘1 + U 'U)RT,
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and that U has the spectral decomposition
3
i=1

from which it follows that
3

U= (hu® ® u® + Au® @ 4@ 4+ 209 @ u®).
i=1
Using the connection v(¥ = Ru® we calculate the components
Dy = v . (Dv?) = %u(i) (U + UTO)u)
—u® . (UU D) = u® . (UXu®)
= A7 Tu@ - (Gu®)] = A1,
in which we have used symmetry and the fact that, since u®” is a unit vector, u®.a® = 0.

Comparison of (5.38) and (5.41) now gives

3 3
aW N —1 N
8—/\1)\1 == ZEI J(J'z)\Z /\i;

and hence W
1 o
JN; o o
1.e. S
R S S W i =1.2 42
0-7, J )\7/ 6)\Z ) Z ) 737 (5 )
where
J = A3, (5.43)

Expressions for T and S analogous to (5.40) can also be obtained. First we note that
since S = JF o, F~! = U7'R”, R"v) = u® and U~'u® = X, 'u® we may write

3
S=> tu v (5.44)
i=1
where oW
ti=J\ o, = . 5.45
o=y (5.49

Furthermore, from (5.31) we deduce that, for an isotropic material,
S = h(F) = h(U)R” = TWRT,
where we T() is the so-called Biot stress tensor. Hence, using (5.44) and (5.45),

3
T =) " tu® @u, (5.46)
=1

and t; are just the principal values of T(), i.e. the principal Biot stresses. If W is regarded
as a function of U then we may also write

aw> r- W (5.47)

W _gr— (2 oW
T = SR (aF o
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5.9 Stress-deformation relations in terms of the principal inva-
riants of the left stretch tensor V

Instead of using the stretches Ay, A2, A\3 as independent measures of deformation, we now
use (equivalently) the principal invariants iy, is, i3 of the left stretch tensor V. These are
defined by

1
2= [(tr V) — tr (V)] = Mads 4+ Ash1 + Ao, (5.49)
ig =detV = )\1)\2)\3 =J. (550)

In this case we write the strain energy as W(z’l, i, i3) and S may be written

8W (921 822 823

S = oF Wl IF W2 8F W3 T (5.51)
where . . -
~ ow ~ ow ~ ow

_ - = .52

Expressions for 0iy/0F, Jiy/OF and 0i3/OF are quite difficult to be computed. We
obtain such expressions indirectly by first calculating T and then using the connection
S = TWRT and comparing the result with (5.51).

Using (5.45) we obtain
ty =Wy + (iy — \)Wa + ig\; ' Ws.

Hence, the Biot stress is given by
thu ®ul? = WI+ Wy(isI— U) + isWsU ™,

and then
S = TWRT = W, RT + Wy(i;RT — FT) 4 i3WsF L. (5.53)

Comparison of (5.53) with (5.51) shows that

iy

3F = R”, —=i{R"-F' = =iF " (5.54)

In terms of 71,19, i3 the Cauchy stress tensor has the representation
o =iz (Wi + W)V —ig WL V2 + WL (5.55)

This may be compared directly with (5.24) to provide expressions for the coefficients
¢o, ¢1, P2 which appear in (5.24).
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6 Linear elasticity

In this chapter we show how the theory of finite deformations of an isotropic elastic
material can be reduced to a linear theory when the deformation is infinitesimally small.
Since the strains are small, all the governing equations for linear elastic materials can be
linearized, and are therefore relatively easy to solve. Linear elasticity theory is thus the
best known and most widely used branch of solid mechanics.

6.1 Equations of motion
We now take X and t to be the independent variables, and we recall that in the material
description the equations of local balance of linear and angular momentum read

ov

Prot ~
FS = S'F’. (6.2)

DivS + p,b, (6.1)

Using the displacement vector u = x — X (= x(X, t) — X), and noting that

0 0

8_1;:8_}15{:‘/ and F = Cradx =T+ H,
where H = Gradu is the displacement gradient. We may write equations (6.1) and (6.2)
in the form

0*u ,
Prom = DivS + p,b (6.3)
and
(I+H)S=S"1+H"), (6.4)

Moreover, the Lagrangian form of the continuity equation may be written as
pr=pdetF =pdet(I+H)=1+trH+ % [(tr H)? — tr H?] + det H. (6.5)
In order to give meaning to the concept of small deformation, we assume that
e=VH H=,/H) <1 (6.6)

by which we deduce that each component H;; of the displacement vector is of order O(e).
Then, as ¢ — 0, we see from (6.2) that

[5,k + O(é)]Skj = S]ﬂ[(sjk + O(é‘)], (67)

whence, to leading order, the nominal stress tensor S is symmetric. Next, considering

1 1
the decomposition H = e + w, where e = §(H +H") and w = Q(H —H7"), we see that

detF =det(I+H)=1+trH+ O(¢?) =1 +tre+ O(&?). (6.8)
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The symmetric part of the displacement gradient is called the infinitesimal strain tensor
as the Green strain tensor E is approximated by e for small displacements:

E— %(FTF . %[(I YH)TI+H) T = %[H FH 4+ 0() = e+ O(2).

The right Cauchy-Green deformation tensor C approximates to
C=U’=FF=I+H)"I+H)=1+2e+0(c? (6.9)
by which, with the aid of the polar decomposition F = RU,

U=1I+e+ O(c?),
U'=1-e+0(?), (6.10)
R=FU !'=[I+H|[I-e+0(?)]=1+w+O0().

By means of (6.8), (6.5) gives

pr = p[l +tre+ O(?)]. (6.11)

In order to give a physical interpretation to tr e, we consider the formula dv = JdV
relating the volume elements in B; and B,. Up to terms of order O(e?), this formula
approximates to

dv =dV[l +tre+ O(?)] (6.12)

by which we deduce that trace of the infinitesimal strain gives an approximation of the
volume strain (dv —dV')/dV:

dv —dV
dVv

9™
Il

=tre. (6.13)

Next, the relation between the Cauchy stress and the nominal stress may be written as
o=[1-tre+O0@E)]I+H)S=[I+0()]S. (6.14)

that is, up to terms of order O(g), the Cauchy and the nominal stress coincide. As the
Biot stress tensor is concerned, from (6.10); we have

TW = SR = S[I +w + O(?)] = S[T + O(¢)]. (6.15)

Therefore, from (6.14) and (6.15), at the leading order, the Cauchy, Biot and nominal
stresses coincide.

In order to discuss the boundary conditions, for infinitesimal deformations Nanson’s for-
mula,

nda = JFTNdA,

approximates to
nda = [1 + O()][I + O(£)]NdA = [1 + O(c)|NdA. (6.16)
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Hence, given a surface S, in B,, from (6.14) and (6.16) the surface traction t on the
surface S; = x/(5,,t) in B; is

t =on = SN+ O(e). (6.17)

Hence, we also do not distinguish n, and N in linear elasticity.

In summary, we do not need two configurations to study linear elasticity.

6.2 Elasticity tensor

In general an elastic material is defined by the constitutive law

o =g(F),

where g : Lint — Sym. This can also be written (using the polar decomposition F = RU
and objectivity) as
o = Rg(U)R". (6.18)

For infinitesimal deformations, in the light of (6.10), (6.18) can be approximated as

o=[I+w+0(E) g+ g—{gj(I)e +O(EH | [T —w +0(e?)] (6.19)
=g +wgd) —gDHw+ g—{gj(l)e +0(&?).

If the reference configuration is stress-free, i.e., g(I) = 0 and so (6.19) reduces to

o = ce, (6.20)

0
where the fourth-order tensor ¢ = %(I) is the elasticity tensor. Since, up to terms of

order O(g), the Cauchy, Biot and nominal stress coincide the second-order tensor o in
(6.20) represents the infinitesimal stress tensor. According to (6.20), the infinitesimal
stress o is linearly related to the infinitesimal strain e. The constitutive equation (6.20)
is known as the generalized Hooke’s Law.

In components, equation (6.20) reads
0ij = CijkhC€kh, (6.21)
where 9
9ij
Cijkh = W,;(I)

are the [linear elastic moduli. Since g is a symmetric tensor valued function and U is
symmetric, we have the symmetry properties

Cijkh = Cjikh = Cijhk, (6'22)
that are called minor symmetries.
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If the material is hyperelastic, the strain-energy function W = W(F) can be rewritten as
W = W (U) in virtue of the objectivity principle and, if the energy is measured from the
reference configuration and such a configuration is stress-free, can be approximated as

W = 1e il (De + O(e*) = 1e ce +O(*) = lc»' eijenk + O(e%) (6.23)
~ 2 9UaU T2 PR ' '
In this case the elasticity tensor is defined as
O*W
=—:AI
= 500"

and meets the major symmetries
Cijkh = Ckhij

as well as the minor symmetries (6.22).

6.3 Isotropic linear elasticity

An isotropic elastic body is one for which c is an isotropic CT(4). We have already shown
that the most general isotropic fourth-order Cartesian tensor has components of the form

A0iiOkn + BOindjk + Yirdijn,

with A, 5 and 7 constants. Therefore, in order to meet the minor symmetries (6.22), the
elasticity tensor ¢ must have components

Cijieh = A0ijOkn + 211050, (6.24)
with p = 8 = ~. The constants A\ and p in (6.24) are the Lamé moduli.
In virtue of (6.24), the constitutive equation for the infinitesimal stress (6.21) becomes
0ij = Nexrli; + 2p1€;5, (6.25)

or, equivalently,
o = Atre)I + 2pe. (6.26)

This is Hooke’s Law for an isotropic linearly elastic solid.

If the material is hyperelastic, from (6.23) and (6.24) the strain-energy function W is
approximated by

W = % [A(tre)® + 2ue -] = % K)‘ + §N> (tre) +2ue - €|, (6.27)

1
where € = e — g(tr e)l is the infinitesimal strain deviator. It is natural to expect that,

when no external force acts on a hyperelastic material, the strain-energy (6.27) attains
its minimum in correspondence of the undeformed configuration for which e = 0. Then

1
W:Qe-ce>0 Ve € Sym — {O},

that is the elasticity tensor c is positive definite. It is easy to prove that the elasticity
tensor is positive definite if and only if

3AN+2u>0, p>0. (6.28)
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6.4 Equation for the displacement vector

Taking into account that, up to terms of order O(g), the Cauchy and nominal stress
tensor coincide, and sustituting (6.26) in (6.3), we obtain the equation

pa_tl; = Agrad(tr e) 4+ 2udive + pb, (6.29)

where we no longer need to distinguish grad, Grad, div, Div, and curl and Curl. We now
observe that

tre—trH = 2% _ divu (6.30)
Xy
and
. . 0e;s 1 0 [(0Ou; Ou;
dlve = (le e)jej = a_{L‘j-ej = 561}1 (8% + 8IZ> ej (631)

= 1 a2ui + aQuj = 1 idl + Au; .
2\ Or0x;  Ox? A ox; VTS )G
= %[grad (divu) + Au

92
where A = V? = 2 is the Laplacian. Then, inserting (6.30) and (6.31) into (6.29) we
Ly
obtain the equation for the displacement vector
0%u
Por

This equation is called the Lamé-Navier equation of linear elasticity.

= (A + p)grad(div u) + pAu + pb. (6.32)

Alternatively, using the relation
Vx(Vxu)=V(V-u)—V?u, or curlcurlu=graddivu— Au,

we can write )
0“u

Pom = (A + 2p)grad div u — pcurl curl u + pb. (6.33)

Equation (6.32) (resp. (6.33)) is a linear partial differential equation in the unknown
u. In addition to this equation we need boundary conditions and (for time-dependent
problems) initial conditions. A typical problem of linear elasticity consists in determining
a solution u of (6.32) satisfying the initial conditions

u(x,0) = F(x), T (x,0) = g(x)

where f and g are given, and appropriate boundary conditions which may be of the form

e o(x,t)n = t(x,T) for all (x,t) € IB x [0,4o00[ if the traction is prescribed on the
boudary;

o u(x,t) = u(x,t) for all (x,t) € OB x [0, +o0] if the displacement is prescribed on
the boundary;
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e o(x,t)n = t(x,T) for all (x,t) € 9By x [0,+oo[ and u(x,t) = u(x,t) for all
(x,t) € B, x [0,400[, where 0Br U 0B, = 0B and By N JB, = 0, if traction is
prescribed on 0B7 and the displacement on 0B,.

For equilibrium problems there is no time dependence.

6.5 Pure homogeneous deformations

We consider here some solutions of the equations of linear elasticity corresponding to some
pure homogeneous deformations. We will focus on deformations that may be described
by the displacement field

Uy = 1y, Uz = Qod2, U3 = A3T3, (6.34)
where «; (i = 1,2, 3) are constants. Then, the infinitesimal strain tensor has components

aq 0 0
[e]=1 0 a0 (6.35)
0 0 Q3

and, using the stress-strain relation (6.26) we see that the stress tensor is given by

100 a; 00
o] =Mar+as+as) [ 010 ] +2u| 0 ax 0 |. (6.36)
001 0 0 as

Since all the stress components are constant, the equilibrium equation in the absence of
body forces is satisfied identically, i.e.,

dive = 0,

and so (6.34) describes a possible static displacement field. Some special choices of the
constants «; lead to important uniform stress systems.

6.6 Purely normal stress

The simplest choice is to take all the «; equal. Then from (6.36) we have
o=—pl (6.37)

where p is a constant given by

06120422063:—3)\i2u. (638)

This is the state of stress that is usually called purely normal stress. If p > 0 the stress
state is one of hydrostatic pressure, and the deformation (6.34) is a uniform contraction.
Using (6.13) we see that the volume strain is

e:tre:al—l—ag—l—&g:—E,
K
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where the constant

2
:>\ —_
K —|—3,u

is known as the bulk modulus. A stress of this kind arises in a body of arbitrary shape
when the surface is subjected to a uniform hydrostatic pressure p. The bulk modulus &
is assumed to be positive since one expects a hydrostatic pressure to decrease the volume
of the material.

When a; = as = a3 > 0, we refer to the deformation (6.34) as a uniform expansion.

6.7 Uniaxial tension

We observe from (6.36) that the stress components oq; and o9 are zero when
a) = g = —rag (6.39)

where
B A
2\ +p)

and the only non-vanishing stress component is

v

o33 = Faz = Fess,

where It
g MBA+20)

A+

If o33 > 0 such stress system is called a uniazial tension in the 3-direction. The magnitude
of the stress o33 is proportional to the strain es3 = a3, and the constant of proportionality
is known as Young’s modulus. From (6.39) it is clear that the strains ej; and e are also
proportional to ess3. The constant v, which is the ratio of the lateral contraction —eq; to
the axial extension ess, is called Poisson’s ratio.

As an example in which such a stress arises, consider a bar of length [ and square cross
section with side of length a:

Suppose that a uniform normal stress .S is applied to the ends while the remaining surfaces
are left free of applied traction. Then, the boundary conditions are:
oe; = Se; onx3=0,1,

6.40
ce; =0 onz;=0,a, Vi=1,2. ( )

Clearly therefore, the displacement field (6.34), subject to (6.39) and with a3 = S/E,
gives rise to stress components which satisfy the equilibrium equations, in the absence of
body force, and the boundary conditions (6.40). The displacement field components are
then

uy = —vSx/E, wuy=—vSxy/E, wuz= Sx3/E.
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Now after deformation at the surfaces x3 = 0 and x3 = [ the displacements are
u3‘$3=0 = 07 U’3’x3=l = SZ/E

i.e. the increase in the length of the bar is SI/E. Likewise, at the surfaces 1 = 0 and
x1 = a the displacements are

u1|$1:0 - O? u1|x1:a - _VSCL/E

i.e. the decrease in width is —vSa/FE.

In all know elastic materials, a uniaxial tension produces an extension in the direction of
the tension and so we assume that £ > 0. Associated with such an extension we would
also expect a lateral contraction, and so we also assume that v > 0.

6.8 Simple shear

Earlier we discussed the simple shear deformation. For this deformation the displacement
components are
Uy =yre, us =0, uz3=0 (6.41)

and so all the infinitesimal strain components are zero except?

err = 2
12 2

The only non-vanishing stress component is therefore
O19 = [1Y. (6.42)

Such a stress system which clearly satisfies the equilibrium equations in the absence of
body force is known as pure shear, and the constant of proportionality p in (6.42) is
sometimes referred to as shear modulus.

1

Since the angle of shear § = tan™ v ~ v as v — 0, and in all known materials 6 is positive

for positive o195, we assume that p > 0.

6.9 Values of the elastic constants

In the last section we have shown that, for physically reasonable behaviour, the elastic
constants should satisfy the inequalities

k>0, E>0 u>0, v>0. (6.43)
Recalling the definitions
3N+ 2 3N+ 2 A
R = Y E = /’L Y V= Y
3 A 200+ p)

2The deformation (6.41) is infinitesimal for |y| < 1.
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E (unit=10'""N/m?) | £ (unit=10'""N/m?) | v
Aluminium 7.03 7.55 0.345
Copper 12.98 13.78 0.343
Soft iron 12.14 16.98 0.293
Mild steel 21.19 16.92 0.291

Table 1: Elastic constants for some metals at 20 °C.

we see that the inequalities (6.43) imply that

1
Adp>0, A>0, 0<u<§. (6.44)

Table 6.9 gives the numerical values of the elastic constants for some common metals at
20 °C.

6.10 Spherical symmetry

Considerable simplification of the basic equations of elasticity results when the problem
exhibits a high degree of symmetry. In this section we consider problems in which the
displacement field is directed radially from a fixed point, which we take to be the origin,
and has magnitude depending only on the distance R from that fixed point. We suppose
also that the body force is similarly restricted. In other words, if eg = x/R (R =
/22 + 13 + 22) denotes the unit vector in the radial direction,

u=u(R)eg, b=>b(R)eg. (6.45)
Hence,
diva = di;/ (%;(u) = :}—%diw; —i—;{ - grad (%) (6.46)
“Rtar R mar
Also,
curl u = curl (%x) — grad (%) X X + %Curl x =0 (6.47)

d
since grad (%) =R (%) er is in the eg-direction and curl x = 0.
Substituting (6.46) and (6.47) into the equilibrium equation

(A + 2u)grad div u — peurl curl u + pb = 0,

we find
(A + zu)i {ii(zﬁu)} + pb = 0. (6.48)

u=AR+ — (6.49)



where A and B are constants of integration. These are normally determined by the
boundary conditions. In order to discuss traction boundary conditions, we now evaluate
t = oeg. Since the components of eg are x;/R, we find

Ly

Using (6.49), the components of the displacement (6.45), are

u; = (AR+£> Yi_ Az, + B

R?2) R R3
Since OR
T
we deduce that 3 B
= A+ = )6, — 3B
8xj < + R3> J 3 R5
and
tre = 3A.

The stress-strain relation (6.26) now give the stress components in the form

ZiTj

R>

B
oij = [314/\ +2u (A + ﬁ)} 0ij — 6uB

Using (6.50) we find that t has components

B ZT;

where (recall that) k = A+ 2pu/3 is the bulk modulus. Since x;/R are the components of
er, we find

t=o0ep = {(SA +2u)A — 4/1%} er. (6.52)

Thus the surface traction on surfaces R=constant is entirely normal. Using (6.49) or
(6.52), A and B may be evaluated from suitable boundary conditions.

6.10.1 Example: spherical pressure vessel

A spherical vessel is in the form of a shell bounded by concentric spheres of radii R = a
and R = b (a < b), respectively. The inner surface is subjected to a pressure p; and
the outer surface to a pressure py. Find the displacement field in the shell, and also the
normal stress acting tangentially to the surfaces R = a and R = b.

The boundary conditions are

o(—egr) =pieg on R =a,
oer = —perp on R =0.
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Using (6.52) the equations for A and B are therefore

3kA —4uB/a® = —py,
3kA — 4uB/b® = —ps,
giving
3 pob3 _ 33
_pa—pbt oy (= p)at? (6.53)
3k(b% — a?) 4u(b? — a?3)

Substituting (6.53) into (6.49) and (6.45), gives the displacement field in the shell.

To find the normal stress acting tangentially to the surface of the shell, sometimes called
the peripheral stress, we use spherical polar coordinates (R,©,®). From symmetry,

oee = 0sp and these stress components measure the peripheral stress on R = a and
R=0b.

Now, tro is an invariant and so from the stress-strain relation (6.26)
ORR + 0o + 0oe = 3ktre = 3rdiv u.

On R = a and R = b, ogrgr is equal to —p; and —p,, respectively. Furthermore, from
(6.46) and (6.49) we deduce that divu = 3A at all points of the material. Therefore, on
R = a,

IkA+p1  2pia’ + (p1 — 3p2)b°

2 2(b3 — a3) ’

0o = 0¢p =

and on R = b,
IA+py  (3p1 — p2)a® — 2pob®
2 B 2(b3 — a?)

The peripheral stress on the surface of the shell is an important factor in determining the

0o = 09 =
onset of fracture.

6.10.2 Example: self-gravitating sphere

Consider the linear elastic deformation of a homogeneous sphere of radius a due to the
mutual gravitational attraction of its parts. In a spherical coordinate system, with the
origin at the center of the sphere, the body force field within such a self-gravitating sphere
18

GM(R)

b: — R2 €eRr,

(6.54)

where G is the gravitational constant and M(R) is the total mass within the radius R.
Assuming the surface of sphere R = a is traction-free, determine the displacement field
i the sphere.

Since the sphere is homogeneous the density p is constant and so the mass within the
radius R is

4
M(R) = gwa?’
that combined with (6.54) gives
b= —LRep,
p



with

4
v = §7TG,02.
Then, the equilibrium equation (6.48) becomes
o202 | L gyl —r— o (6.55)
WaR |Rrag™ | T TS ‘
The general solution of (6.55) is
v 3 B
=—— R+ AR+ — 6.56
Tt T T R (6.56)

where A and B are integration constants. If B # 0, solution (6.56) does not satisfy the
assumption (6.6) (that is at the basis of the infinitesimal theory) in a neighborhood of the
origin. Therefore, (6.56) is an acceptable solution if and only if B = 0. The corresponding
displacement field is

u—=—XxX= 7

T pialx
R [10(“2”)}%* }X

With the aid of (6.51) and (6.26), we deduce that

{ gl
10(A + 2p)

e=H= R2+A}I+#R2eR®eR

5(A+2u)

and

(BA+2u)y 5 2y o
= |2 R BA+ 2 AT+ ——— R .
[10(A+2u) + (3N +2p) + o ep®ep

Since the surface R = a is traction-free, we have

o |GAF 6y
0=o0ep= [10()\+2,u)a + (BN +2u)A| eg,

and so the integration constant A is found to be

Ao OAFOuyY
100+ 20) B3+ 20)

The displacement field in the self-gravitating sphere is then

v 2 O9A+6p
S — AT R . 6.57
ST 1000+ 2p) ( 3+ 2u" ) cr (6.57)

Finally, from (6.57) we deduce that the radius of the sphere is reduced by

T &3,
15k

x being the bulk modulus.
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6.11 Elastic waves

Equation of motion
A+ ) V(V -u) + uV?u = pii (6.58)

First, we examine the propagation of plane waves.

6.11.1 Plane waves in an infinite medium

A homogeneous plane wave has the form
u=mf(n-x— ct), (6.59)

where f is same function of the argument n - x — ¢t, m is a constant vector, n is a fixed
unit vector and c is a constant.

m —— polarization vector
n —— direction of propagation
¢ —— wave speed

The equation
n-x—ct = const.

defines a plane with normal n moving (propagating) in the direction n with speed ¢ as t
increases:

We substitute (6.59) into (6.58), using

divu =m-nf'(n-x — ct)
grad(divu) = (m - n)nf"(n - x — ct)
Viu = (n -nmf’'(n-x—ct) =mf’(n-x — ct),

i =mcf’(n-x— ct),
to obtain, after dropping f”(n - x — ct), assumed non-zero,
(A+ p)(m - n)n + pm = pc’*m,
ie.
(\+ p)(m - n)n = (pe? — )m (6.60)
Take doc product with n:
(A 42— pc®)m -n = 0.
Hence, either (i) m-n = 0, or (i1) pc? = A\ + 2u.
(1) m-n =0, then (6.60)
(i) pc® = X+ 2pu, then (6.60)
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Since A + p > 0. Thus, m = an, for same a, i.e. m || n.

(i)m-n=0 — transverse or shear wave [S-wave] and ?—Q
\ \" n
divu = 0 <

— purely distortional — no volume change.

(i) m ||n  —  longitudinal or compressive wave |P-wave
(pressure wave)] and A
curlu=20

— irrotational

6.11.2 Wave solution of the equation of motion

Now return to (6.58) and write
u=Vop+V xw, (6.61)

where ¢ is a scalar function and w is a vector function such that divw = 0. It can be
proved that any vector u can be written in this form, known as Helmholtz decomposition.

Substitute (6.61) into (6.58):
A+ )V (V20) 4+ uViH(Vo+ V x w) = p(Vo + V x W)

— since

V. (Vxw)=0, V-u=V?.

This can be re-arranged as

V(A +2u)V2¢ — pd| + V x [uV?w — pWw] = 0.
It follows that the equation of motion is satisfied if ¢ and w satisfy the wave equations

1. I
V3¢ = —¢ Viw = ok (6.62)

with wave speed a and [ given by

A+2
B e (6.63)
p p

Note that these are the speed of P-waves and S-waves in §6.11.1. In general, however,
the solution of (6.62) need not correspond to homogeneous plane waves.

Note that
V -u = V?p, V x (V¢) =0,
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so ¢ corrspond to a dilatational wave, while
Vxu=Vx(Vxw)=V(V-w)-Vw, V.- (Vxw) =0,

so w correspond to a solenoidal (divergence-free) wave.
Thus, in general, u comprises a dilatational and solenoidal wave in combination.

When the above is applied to plane waves, we obtain the following results.

p=fn-x—ct) — c=00

A
and w 7

u=V¢=f(n-x—ct)n
w =mg(n-x — ct) — c¢=p
and
u=V xw=nxmg'(n-x—ct) “ s
divw =m-ng'(n-x —ct) =0,
1e.

m-n=20
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