Texts in Applied Mathematics 72

Alexandre Ern
Jean-Luc Guermond

Finite Elements |

Approximation and Interpolation

@ Springer



Texts in Applied Mathematics

Volume 72

Editors-in-Chief

Anthony Bloch, University of Michigan, Ann Arbor, MI, USA

Charles L. Epstein, University of Pennsylvania, Philadelphia, PA, USA
Alain Goriely, University of Oxford, Oxford, UK

Leslie Greengard, New York University, New York, NY, USA

Series Editors

J. Bell, Lawrence Berkeley National Laboratory, Berkeley, CA, USA
R. Kohn, New York University, New York, NY, USA

P. Newton, University of Southern California, Los Angeles, CA, USA
C. Peskin, New York University, New York, NY, USA

R. Pego, Carnegie Mellon University, Pittsburgh, PA, USA

L. Ryzhik, Stanford University, Stanford, CA, USA

A. Singer, Princeton University, Princeton, NJ, USA

A Stevens, University of Miinster, Miinster, Germany

A. Stuart, University of Warwick, Coventry, UK

T. Witelski, Duke University, Durham, NC, USA

S. Wright, University of Wisconsin, Madison, WI, USA



The mathematization of all sciences, the fading of traditional scientific boundaries,
the impact of computer technology, the growing importance of computer modelling
and the necessity of scientific planning all create the need both in education and
research for books that are introductory to and abreast of these developments. The
aim of this series is to provide such textbooks in applied mathematics for the student
scientist. Books should be well illustrated and have clear exposition and sound
pedagogy. Large number of examples and exercises at varying levels are
recommended. TAM publishes textbooks suitable for advanced undergraduate and
beginning graduate courses, and complements the Applied Mathematical Sciences
(AMS) series, which focuses on advanced textbooks and research-level monographs.

More information about this series at http://www.springer.com/series/1214


http://www.springer.com/series/1214

Alexandre Ern - Jean-Luc Guermond

Finite Elements I

Approximation and Interpolation

@ Springer



Alexandre Ern Jean-Luc Guermond

CERMICS Department of Mathematics
Ecole des Ponts and INRIA Paris Texas A&M University
Marne la Vallée and Paris, France College Station, TX, USA
ISSN 0939-2475 ISSN 2196-9949 (electronic)

Texts in Applied Mathematics

ISBN 978-3-030-56340-0 ISBN 978-3-030-56341-7 (eBook)

https://doi.org/10.1007/978-3-030-56341-7

© Springer Nature Switzerland AG 2021

This work is subject to copyright. All rights are reserved by the Publisher, whether the whole or part
of the material is concerned, specifically the rights of translation, reprinting, reuse of illustrations,
recitation, broadcasting, reproduction on microfilms or in any other physical way, and transmission
or information storage and retrieval, electronic adaptation, computer software, or by similar or dissimilar
methodology now known or hereafter developed.

The use of general descriptive names, registered names, trademarks, service marks, etc. in this
publication does not imply, even in the absence of a specific statement, that such names are exempt from
the relevant protective laws and regulations and therefore free for general use.

The publisher, the authors and the editors are safe to assume that the advice and information in this
book are believed to be true and accurate at the date of publication. Neither the publisher nor the
authors or the editors give a warranty, expressed or implied, with respect to the material contained
herein or for any errors or omissions that may have been made. The publisher remains neutral with regard
to jurisdictional claims in published maps and institutional affiliations.

This Springer imprint is published by the registered company Springer Nature Switzerland AG
The registered company address is: Gewerbestrasse 11, 6330 Cham, Switzerland


https://doi.org/10.1007/978-3-030-56341-7

Preface

Although the roots of the “Finite Element Method” can be found in the work
of Courant [84], the method really took off in the 1950’s when engineers
started to solve numerically structural mechanics problems in civil engi-
neering and in aeronautics. Since then, finite elements have become ubiqui-
tous in computational sciences and engineering. Numerous academic toolbox
and commercial codes based on the finite element method have been devel-
oped over the years and are now available to a large public. Numerous books,
textbooks, and myriads of technical papers, articles, and conference
proceedings have been written on the topic.

We have contributed to this flow in 2004 by publishing Theory and
Practice of Finite Elements, in the Applied Mathematical Sciences series,
volume 159. The approach we adopted at that time was first to present the
finite element method as an interpolation tool, then to illustrate the idea that
finite elements can be efficiently used to approximate partial differential
equations other than the Laplace equation and in particular problems for
which the Lax-Milgram lemma is not the ultimate paradigm. One objective
of Theory and Practice of Finite Elements was to put the emphasis on the
infsup conditions developed by Babuska in 1970 in the context of finite
element methods [14] and stated in a theoretical work by Nedas in 1962 [150].
These inf-sup conditions are necessary and sufficient conditions for the
well-posedness of any linear problem set in Banach spaces. From the func-
tional analysis point of view, the inf-sup conditions are a rephrasing of two
fundamental theorems by Banach: the closed range theorem and the open
mapping theorem. For this reason, we called these conditions the Banach
NecasBabuska (BNB) theorem. The idea we followed in Theory and Practice
of Finite Elements was to expose fundamental concepts while staying con-
nected with practical topics such as applications to several PDEs and
implementation aspects of the finite element method.
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The present work, called Finite Elements and organized in three volumes,
started as a second edition of Theory and Practice of Finite Elements at the
invitation of Springer editors, but as we progressed in the rewriting and the
reorganizing of the material, an entirely new project emerged. We tried to
preserve the spirit of Theory and Practice of Finite Elements by covering
fundamental aspects in approximation theory and by thoroughly exploring
applications and implementation details, but Finite Elements is definitely not
a re-edition of Theory and Practice of Finite Elements. This new book is
meant to be used as a graduate textbook and as a reference for researchers
and engineers.

The book is divided into three volumes. Volume I focuses on fundamental
ideas regarding the construction of finite elements and their approximation
properties. We have decided to start Volume I with four chapters on func-
tional analysis which we think could be useful to readers who may not be
familiar with Lebesgue integration and weak derivatives. The purpose
of these chapters is not to go through arduous technical details, but to
familiarize the reader with the functional analysis language. These four
chapters are packed with examples and counterexamples which we think
should convince the reader of the relevance of the material. Volume I also
reviews important implementation details that must be taken care of when
either developing or using a finite element toolbox, like the orientation of
meshes, and the enumeration of the geometric entities (vertices, edges, faces,
cells) or the enumeration of the degrees of freedom. Volume I contains two
appendices highlighting basic facts on Banach and Hilbert spaces and on
differential calculus.

Volume II starts with fundamental results on well-posed weak formula-
tions and their approximation by the Galerkin method. Key results are the
BNB Theorem, Céa’s and Strang’s lemmas (and their variants) for the error
analysis, and the duality argument by Aubin and Nitsche. Important
implementation aspects regarding quadratures, linear algebra, and assem-
bling are also covered. The rest of Volume II focuses on applications to PDEs
where a coercivity property is available. Various conforming and noncon-
forming approximation techniques are exposed (Galerkin, boundary penalty,
Crouzeix—Raviart, discontinuous Galerkin, hybrid high-order methods). The
applications considered are elliptic PDEs (diffusion, elasticity, the Helmholtz
problem, Maxwell’s equations), eigenvalue problems for elliptic PDEs, and
PDEs in mixed form (Darcy and Stokes flows). Volume II contains one
appendix collecting fundamental results on the surjectivity, bijectivity, and
coercivity of linear operators in Banach spaces.

Volume IIT develops more advanced topics. The first quarter of the volume
focuses on symmetric positive systems of first-order PDEs called Friedrichs’
systems. Examples include advection and advection-diffusion equations and
various PDEs written in mixed form (Darcy and Stokes flows, Maxwell’s
equations). One salient aspect of this first part of the volume is the com-
prehensive and unified treatment of many stabilization techniques from the
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literature. The remaining of Volume III deals with time-dependent problems:
parabolic equations (such as the heat equation), evolution equations without
coercivity (Stokes flows, Friedrichs’ systems), and nonlinear hyperbolic
equations (scalar conservation equations, hyperbolic systems).

The book is organized into 83 chapters, most of them composed of 10-16
pages, and each chapter is accompanied by exercises. The three volumes
contain altogether over 500 exercises with all the solutions available online.
For researchers and engineers, the division in short chapters is meant to
isolate the key ideas and the most important results. The chapters are rela-
tively independent from each other and the book is not meant to be read
linearly. Each volume is supplemented with a long list of references. In order
to help the reader, we try to pinpoint the exact chapter, section or theorem
each time we refer to a book. Short literature reviews are also included in
most of the chapters as well.

When used as a textbook, the division in short chapters is meant to be an
aid to teachers and students. The objective is that one chapter can be covered
in time units of 1h to 1h15. The salient ideas can be developed and exposed in
class, while the rest of the chapter can be assigned as reading material. The
exercises are important complements, and teachers are encouraged to use
some of the exercises in class. Whenever possible the exercises have been
divided into elementary steps with enough hints to be doable by reasonably
assiduous students. The book is well adapted to graduate flipped classes as
well. A significant portion of the material presented in the book has been
taught in graduate classes at Texas A&M, Ecole nationale des ponts et
chaussées, Ecole polytechnique, and Institut Henri Poincaré. About one third
of the material has actually been taught by the students themselves in flipped
classes. The book can be used in many teaching contexts. Among various
possibilities it can be used to teach the mathematical bases of finite elements
at an introductory level, it can also be used to teach practical implementation
aspects (mesh generation, enumeration, orientation, quadratures, assem-
bling), and it can be used to teach sophisticated approximation techniques
over a wide range of problems (elliptic PDEs, mixed PDEs, first-order PDEs,
eigenvalue problems, parabolic PDEs, hyperbolic conservation equations).

A good part of the material is quite standard, but we have also inserted
concepts and ideas which, without being entirely new, will possibly convey
some flavor of novelty to the reader. For instance, we have developed in some
details and provided examples on how to orient meshes and on how the usual
differential operators, as well as normal and tangent vectors, are transformed
by geometric mappings. We have developed a step-by-step construction of the
usual conforming finite element subspaces by means of the notion of connec-
tivity classes, and we have illustrated this notion by numerous examples.
Furthermore, we have included two chapters on quasi-interpolation where we
tried to develop a fresh and unifying viewpoint on the construction of
quasi-interpolation operators for all the scalar-valued and vector-valued finite
elements considered in the book. We have also made an effort to work as much
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as possible with dimensionally consistent expressions. Although this may lead
to slightly more complex statements for norms and error estimates, we believe
that the present choice is important to understand the various physically
relevant regimes in the model problems.

Some of the techniques that are used to prove stability and error estimates,
without being entirely new, are, in our opinion, not standard in the literature
at the time of this writing. In particular, the techniques that we use are
essentially designed to invoke as little a priori regularity from the solution as
possible. One salient example is the analysis of nonconforming approximation
techniques for diffusion problems with contrasted coefficients, and another
one concerns Maxwell’s equations also in materials with contrasted proper-
ties. Moreover, we give a unified analysis of first-order PDEs by means of
Friedrichs’ systems, and we show that a large class of stabilization methods
proposed in the literature so far are more or less equivalent, whether the
approximation is continuous or discontinuous. We conclude Volume III by a
series of chapters on time-evolution problems, which give a somewhat new
perspective on the analysis of well-known time-stepping methods. The last
five chapters on hyperbolic equations, we hope, should convince the reader
that continuous finite elements are good candidates to solve this class of
problems where finite volumes have so far taken the lion’s share.

Although the reference list is quite long (about 200, 400, and 300 biblio-
graphic entries in each volume, respectively), the finite element literature is
so prolific that we have not been able to cite all the relevant contributions.
Anyway, our objective was not to be exhaustive and to write complete
reviews of the topics at hand but to isolate the key principles and ideas and to
refer the reader to the references we are the most familiar with at the time
of the writing.

Acknowledgments. We are indebted to many colleagues and former students
for valuable discussions and comments on the manuscript (W. Bangerth,
A. Bonito, E. Burman, A. Demlow, P. Minev, R. Nochetto, B. Popov, A. Till,
M. Vohralik, P. Zanotti). We are grateful to all the students who helped us
improve the organization and the content of the book through their feedback.
Finally, we thank Ecole nationale des ponts et chaussées, Institut Henri
Poincaré, the International chair program of INRIA, the Mobil Chair in
Computational Science, and the Institute of Scientific Computing at Texas
A&M University for the material and financial support provided at various
stages in this project.

Paris, France Alexandre Ern
College Station, TX, USA Jean-Luc Guermond
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Part I
Elements of functional analysis



Part I, Chapter 1

Lebesgue spaces ®
e

The objective of the four chapters composing Part I is to recall (or gently
introduce) some elements of functional analysis that will be used throughout
the book: Lebesgue integration, weak derivatives, and Sobolev spaces. We
focus in this chapter on Lebesgue integration and Lebesgue spaces. Most of
the results are stated without proof, but we include various examples. We
refer the reader to Adams and Fournier [3], Bartle [16], Brezis [48], Demengel
and Demengel [88], Evans [99], Grisvard [110], Maly and Ziemer [138], Rudin
[169, Chap. 11], Rudin [170], Sobolev [180], Tartar [189], Yosida [202].

In this book, d is the space dimension, and D denotes a nonempty subset
of R?. Vectors in R%, d > 2, and vector-valued functions are denoted in
bold font. We abuse the notation by denoting position vectors in R? in bold
font as well. Moreover, [|-||,2(za) denotes the Euclidean norm in R* (we write
II|le= when the context is unambiguous), and a-b denotes the Euclidean inner
product between two vectors a, b € R?. For every pair of integers m < n, we
use the notation {m:n} :={p e N|m <p <n}.

1.1 Heuristic motivation

If one restricts oneself to computational considerations, the Riemann integral
is the only notion of integration that is needed in numerical analysis, since the
objects that one manipulates in practice are piecewise smooth functions (e.g.,
polynomials) defined on meshes. However, the Riemann integral becomes
useless when one starts to investigate questions like passage to the limit.
For instance, assume that one has an interval I := (a,b), a sequence of finite
partitions of this interval, say (I1,)ne, and a sequence of real-valued functions
(vn)hen defined on I such that vy, is smooth on each subinterval of I, for all
h € H. Here, H is a countable set with 0 as unique accumulation point. In
the context of finite elements, the index h refers to the size of the mesh that
is used to construct the function vy. Assume also that one can a priori prove

© Springer Nature Switzerland AG 2021 3
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4 Chapter 1. Lebesgue spaces

that the sequence (vp)ney is Cauchy in the following sense: for every ¢ > 0,
there is h(e) such that f; U, (2) —vp, ()| dz < € for all hy, hy € HN (0, h(e)).
One may then wonder whether v, converges to some object with interesting
properties when h — 0. The answer to this question becomes very intricate
if one restricts oneself to the Riemann integral, but it becomes simple if one
adopts Lebesgue’s point of view. Since the above question arises constantly in
this book, we now take some time to recall the key ingredients of Lebesgue’s
theory.

1.2 Lebesgue measure

To define the Lebesgue integral of a function defined on a subset D of R?, one
needs to measure the volume of sets in R%. For every bounded rectangular
parallelepiped R := [a1,b1] X -+ X [ag,bg], with a; < b; for all i € {1:d},

we define the Lebesgue (outer) measure of R to be its volume, i.e., we set
|R| = [Licq1.ay(0i — ai).

Definition 1.1 (Lebesgue’s outer measure). Let R(R?) be the set of all
the rectangular parallelepipeds in R®. Let E be a set in R®. The Lebesgue’s
outer measure of E is defined as

B|* = inf{Z|Ri| |Ec |JRi, R, ER(IR{d)}. (1.1)

1€N 1€EN

We expect |E|* to be a reasonable estimate of the volume of F if E is a
reasonable set. The outer Lebesgue measure has the following properties: (i)
|0]* = 0; (ii) If E C F, then |E|* < |F|*; (iii) If {E; }ien is a countable collec-
tion of subsets of RY, then |;cy Bil* < X;en | Eil* (countable subadditivity
property; see [169, Thm. 11.8]).

Example 1.2 (Countable sets). The outer Lebesgue measure of a count-
able set A := {J,cn{xr} is zero. Let indeed € > 0. We have {x} C R(xk, €1,
where R(z,r) is the cube of side r centered at z. Hence, [{xr}|* < e, i.e.,
{xx}|* = 0 since € > 0 is arbitrary. Invoking subadditivity yields |A[* = 0.
For example, this implies that the outer measure of the set of the rational
numbers is zero, i.e., |Q|* = 0. |

Definition 1.3 (Lebesgue’s measure of a set). A set E C R? is said to
be Lebesgue-measurable if |S|* = |[SNE|*+|SNE*|* for every subset S C R,
where E° is the complement of E in R?.

It turns out that not all the sets of R? are Lebesgue-measurable, but the class
of Lebesgue-measurable sets (in short, measurable sets) of R?, say £(R?), is
sufficiently vast that we will only encounter measurable sets in this book. In
particular, (i) If F is measurable, then E¢ is also measurable; (ii) Open sets
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of R? and closed sets of R? are measurable (so that all the usual geometric
objects, e.g., parallelepipeds or balls, are measurable); (iii) Countable unions
and countable intersections of measurable sets are measurable.

Henceforth, the map |-| : L(RY) — [0,00] such that |E| := |E|* for all
E € L(R?) is called (d-dimensional) Lebesgue measure. Since the action of the
Lebesgue measure on measurable sets is simply the outer Lebesgue measure,
we infer that (i) |0] = 0; (ii) If 4, B € £L(R?) and A C B, then |A| < |B|; (iii)
The countable subadditivity property holds true on countable collections of
measurable sets. By restricting our attention to measurable sets, the property
we have gained is that |A; U As| = |A1| + |A2]| for disjoint measurable sets
(since (A1UA2)NA; = A; and (A1UA2)NAS = As). Moreover, if {Ag}ren isa
countable family of measurable disjoint sets, the union (J, .y Ax is measurable
and [Upen Akl = D pen [Ax|; see [169, Thm. 11.10].

Example 1.4 (Null sets). Let A C R If |A|* = 0, then A is measurable.
Let indeed S C R%. Then |AN S|* < |A|* =0, i.e., |[AN S|* = 0. Moreover,
[S]* > |SNA°|* = |SNA°*+|SNA|*, and the subadditivity property implies
that [S]* <|SNA[*+|S N A°*, whence the result. O

Example 1.5 (Cantor set). To define the Cantor ternary set, one starts
with the interval [0,1], then one deletes the open middle third from [0, 1],
leaving two line segments: [0, ] U [2, 1]. Next the open middle third of each
of the two remaining segments is deleted, leaving four line segments: [0, §] U
[2,4]U[2,I]U[3,1]. This process is continued ad infinitum. Setting Cj :=
[0,1] and C,, = %C,Fl U (% + %Cn,l), the Cantor ternary set is defined
by Co = {z € [0,1] |z € Ck, Vk € N}. Then C4 is measurable (as the
complement of a countable union of measurable sets), |Coo| < |Cy| for all

k € N, so that |C| = 0, but it can be shown that Cs is not countable. [

Definition 1.6 (Equality a.e.). Let D C R? be a measurable set, i.e., D €
L(RY). Let f : D — R and g: D — R be two functions. We say that f and g
are equal almost everywhere if [{z € D | f(x) # g(x)}| = 0. Henceforth, we
write f(x) = g(x) for a.e. x € D, or f =g a.e. in D.

Definition 1.7 (esssup, essinf). Let D C R? be a measurable set and let
f:D — R be a function. We define

esssup f(x) :=inf{M € R | f(x) < M for a.e.x € D}, (1.2a)
zeD
esseigf f(x) :==sup{m € R | f(x) > m for a.e.x € D}. (1.2b)

Definition 1.8 (Measurable function). Let D C R? be a measurable set.
A function f : D — R is said to be measurable if {x € D | f(x) > r} is
measurable for all v € R.

The meaning of the above definition is that a function is measurable if all its
upper level sets are (Lebesgue) measurable; see also [169, Def. 11.13].
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Lemma 1.9 (Characterization). Let D C R? be a measurable set. Let
f:D — R. The function f is measurable iff any of the following statements
holds true:

(i) For all v € R, the set {xz € D | f(x) > r} is measurable.
(ii) For all r € R, the set {& € D | f(x) > r} is measurable.
(iii) For all r € R, the set {x € D | f(z) < r} is measurable.
(iv) For allr € R, the set {x € D | f(x) < r} is measurable.

Proof. Ttem (i) is the definition of the measurability of f. The identity {x €
D|f(x)>r}=N,eniz €D | f(x) >71— n}rl} proves that (i) implies (ii).
{xeD|f(x)<r}=Dn{x e D] f(x) >r}° proves that (ii) implies (iii).
{zeD|f(x) <r} =yl € D|flx) <r— n%_l} proves that (iii)
implies (iv), and {x € D | f(x) >r} = DN {x € D | f(x) < r}° proves that
(iv) implies the measurability of f. (See also [169, Thm. 11.15].) O

For every subset A C R, let us denote by f~1(A) := {x € D| f(z) € A}
the inverse image of A by f. Since every open set in R is a countable union
of open intervals, the above result shows that f is measurable if and only if
f7YU)={x € D| f(x) € U} is measurable for every open set U of R.

Example 1.10 (Measurable functions). Functions that are piecewise
continuous and more generally all the functions that are integrable in the
Riemann sense are measurable. O

Corollary 1.11 (Measurability and equality a.e.). Let D C R? be a
measurable set. Let f: D — R be a measurable function. Let g: D — R be a
function. If f = g a.e. in D, then g is measurable.

Proof. See Exercise 1.2. O

Theorem 1.12 (Pointwise limit of measurable functions). Let D be a
measurable set in R®. Let f, : D — R for alln € N be real-valued measurable
functions. Then

(i) limsup,,cy fn and liminf, ey f, are both measurable.
(ii) Let f : D — R. Assume that fn,(x) — f(x) for a.e. x € D. Then f is
measurable.

Proof. See Exercise 1.5. |

Example 1.13 (Measurability). Let D := (0,1). Let f : D — R be defined
by f(x) := x. Let C be the Cantor set (see Example 1.5). Let g : D — R
be defined by g(z) := -2z if z € C, and g(z) := z if € C. The function
f is measurable since it is continuous. Recalling that |Co| = 0, ¢ is also
measurable by virtue of Corollary 1.11 since f = g a.e. in D. (]

Theorem 1.14 (Composite functions). Let D be a measurable set in R?.
Let g : D — R be a measurable function. Let f : R — R be continuous. Then
fog:D — R is measurable.
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Proof. For every subset A C R, we have (f o g) *(A) = g~ 1(f* (A)) Let

U be an open set in R. Then (f o g)~1(U) = g_l( “L(U)). But f7Y(U) is

an open set since f is continuous. Hence, ¢~ (f~!(U)) is measurable since
O

F7Y(U) is open and g is measurable. As a result, (fog)™ (U ) is measurable.
O

Example 1.15 (Composite functions). Let g : D — R be a measurable
function. Then by virtue of Theorem 1.14, the functions |g|, g + |9/, g — |gl,
|g|P for every p > 0, €7, cos(g), sin(g) are also measurable. O

Theorem 1.16 (Operations on measurable functions). Let f: D — R
and g : D — R be two measurable functions and let A € R. Then the functions
M, f+g, |f] and fg are measurable.

Proof. See Exercise 1.6. a

1.3 Lebesgue integral

We say that g : D — R is a simple nonnegative function if there exist m € N,
a collection of disjoint measurable sets {Ax}re(1:m} in D, and a collection
of nonnegative numbers {vy}ye(1:m} such that g =37, ;.3 vella, (where
14, () :=1if ¢ € Ay and 14, (x) := 0 otherwise). The Lebesgue integral of
g over D is defined by [}, g(x) dw := 37, 1.,y vl Akl

Theorem 1.17 (Simple functions). Let D € L(R?). Let f : D — [0, 0] be
a nonnegative measurable function. Then there exist simple functions {gr }ren
$t.0<g1 <go...<f andlimy_ o gr(z) = f(x) for all x € D.

Proof. See [170, Thm. 1.17]. O

Definition 1.18 (Lebesgue integral). Let f be a nonnegative measurable
function. The Lebesgue integral of f over D is defined in [0, 0] as follows:

/ f(x)dx := sup {/ g(x)dz | g is simple nonnegative and g < f}
D D

Let f be measurable but not necessarily nonnegative. If either fD fr(z)dz or
fD x)dx is finite, where f* := max(4f,0), the Lebesque integral of f is

deﬁned by
/Df(a:)dx ::/Df+(a:)dx—/Df_(a:)dm. (1.3)

We say that f is (Lebesgue-)integrable on D if both terms in (1.3) are finite.

This definition agrees with the Riemann integral of f if f is Riemann—
integrable. Moreover, since [, |f(z)|dz = [, fT(z)dz + [, f~(x)dz, we
have by construction | [}, f(z)dz| < [, |f(z)|da.
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An important property of the Lebesgue integral is that if f is integrable
on D, then [, |f(x)|dz = 0 if and only if f vanishes everywhere on D up
to a set of zero measure. This leads us to introduce a notion of equivalence
classes. Two functions are said to belong to the same class if they coincide
almost everywhere (henceforth, a.e.), i.e., everywhere but on a set of zero
Lebesgue measure. Elements of Lebesgue spaces are, strictly speaking, equiv-
alence classes, although we refer to them simply as functions that are defined
almost everywhere. For instance, the function ¢ : (0,1) — {0,1} that is 1 on
the rational numbers and is zero otherwise is in the same equivalence class
as the zero function. Hence, ¢ = 0 a.e. on (0, 1). Integrals are always under-
stood in the Lebesgue sense throughout this book. Whenever the context is
unambiguous, we simply write [ p fdr instead of J/ 1 f(x)dz. We refer the
reader to [170, Chap. 1] for more elaborate notions on the measure theory.

Example 1.19 (Cantor set). Let f:[0,1] — R be such that f(z):=1if z
is in Cw (see Example 1.5) and f(z) := 0 otherwise. Then f is measurable
(see Corollary 1.11) and fol f(z)dz = 0. O

Remark 1.20 (Literature). It is reported in Denjoy et al. [89, p. 15] that
Lebesgue explained his approach to integration as follows: “I have to pay a
certain sum, which I have collected in my pocket. I take the bills and coins
out of my pocket and give them to the creditor in the order I find them until
I have reached the total sum. This is the Riemann integral. But I can proceed
differently. After I have taken all the money out of my pocket, I order the
bills and coins according to identical values and then I pay the several heaps
one after the other to the creditor. This is my integral.” To get a clearer
connection with the integration process, one could say that Lebesgue went to
a grocery store every day in a month, bought items, and asked for credit until
the end of the month. His debt at the end of a 30-day month is fOSOf(t) dt,
where f(t) is the amount of money he owes per day. What Lebesgue has
described above are two different ways to compute f030 f(t)dt. a

1.4 Lebesgue spaces

This section introduces the Lebesgue spaces and reviews their key properties.

1.4.1 Lebesgue space L'(D)

Definition 1.21 (Space L'). Let D be an open set in R%. LY(D) is the
vector space composed of all the real-valued measurable functions that are
Lebesgue-integrable on D, and we equip L*(D) with the norm || f||p1(py =
Jp |fIdz to make it a normed space.

Theorem 1.22 (Monotone convergence, Beppo Levi). Let D be an
open set in R, Let (f,)nen be a sequence of functions in L'(D) such that
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0<fo<fi<...<fn< fapr < ... ace. on D and sup,,cy [ fndo < co.
Then fn(x) converges to a finite limit for a.e. x in D. Denoting by f(x) the
limit in question, f is in L' (D) and limpen || fn — fl1(p) = 0.

Proof. See [48, Thm. 4.1] or [170, Thm. 1.26]. O

Theorem 1.23 (Lebesgue’s dominated convergence). Let (f,)nen be
a sequence of functions in L'(D) such that

(i) fu(x) = f(x) a.e. in D.
(ii) There is g € L'(D) such that |fu(x)| < g(x) a.e. in D for alln € N.

Then f € LY(D) and f, — f in L*(D).
Proof. See [16, p. 123], [48, Thm. 4.2], [170, Thm. 1.34]. O

Example 1.24 (Application). Let f, : D := (0,1) — R, n € N, with
fa(z) :==1if z < L and f,(z) := z otherwise. We have f,(z) — x a.e. in D
and f,(r) < g:=1ae. in D. Hence, f, — x in L'(D). O

Theorem 1.25 (Fischer—Riesz). L'(D) equipped with the L'-norm from
Definition 1.33 is a Banach space.

Proof. See [3, Thm. 2.16], [16, p. 142], [48, Thm. 4.8], [170, Thm. 3.11]. O

Remark 1.26 (Lebesgue vs. Riemann). The two key results the notion
of Lebesgue integration gave us that were missing in the Riemann integration
are Lebesgue’s dominated convergence theorem and the fact that L!'(D) is

now complete, i.e., it is a Banach space. This answers the question raised
in §1.1. O

Theorem 1.27 (Pointwise convergence). Let (f,)nen be a sequence in
LY(D) and assume that f € L' (D) is such that || fo— f|| 11 (py — 0. Then there
exist a subsequence (fn, )ren and a function g € LY(D) such that f,, (x) —
f(x) a.e. in D and |fp, (x)] < g(x) a.e. in D for all k € N.

Proof. See [48, Thm. 4.9], [170, Thm. 3.12]. O

Example 1.28 (Dirac mass). The assumption that there exists some
g € LY(D) st. |fu(z)| < g(x) ae.in D for all n € N, is crucial to apply
Lebesgue’s dominated convergence theorem. For instance, consider the sequence
of functions in L'(R) s.t. fo(z) = 0if [z] > L and fu(z) := % other-
wise. We have f,(z) — 0 for a.e. z in R and [; |fu(z)|dz = 1, but f,
does not converge in L!(R). Reasoning by contradiction, let us assume that
fn — fin LY(R). Theorem 1.27 implies that there is a subsequence (f,, )ken
st fu, () — f(x) for a.e. x in R. For all z # 0, we have f,, (z) = 0 for
all nj, such that n, > ‘71| This implies that f(x) = 0 for a.e.  in R. This

argument shows that [, | f(x)|dz = 0, but since we assumed that f,, — f in
L'(R), we also have [ | f(x)|dz = 1, which is a contradiction. Actually (f,)en
converges to the Dirac mass at 0 in the distribution sense; see Example 4.3. [



10 Chapter 1. Lebesgue spaces

Definition 1.29 (Space L. _(D)). Let D be an open set in R The

loc
elements of the following space are called locally integrable functions:

Li,.(D) := {vmeasurable |V compact K C D, vj;x € L'(K)}. (1.4)

Definition 1.30 (Support). Let D be a measurable set in R%. The support
in D of a function ¢ : D — R, henceforth denoted by supp(yp), is defined to
be the closure in D of the subset {x € D | p(x) # 0}.

Definition 1.31 (Space C§°(D)). We denote by C§°(D) the space com-
posed of the functions from D to R that are C™ and whose support in D is
compact. The members of C§°(D) are called test functions.

Theorem 1.32 (Vanishing integral). Let D be an open set in R?. Let
v e Li (D). Then [,vpdx =0 for all ¢ € C3°(D) iff v=10 a.c. in D.

loc

Proof. See [48, Cor. 4.24], [138, p. 6]. O

1.4.2 Lebesgue spaces L”(D) and L>°(D)

Definition 1.33 (L spaces). Let D be an open set in RY. For all p € [1,00],
let LP(D) := { f measurable | || f||»(p) < 00}, where

I flle(py == (/ |f|de> ! , ifpel,o00), (1.5a)
D
I fll L (D) := essesgp |f(x)| :=inf{M e R | |f(x)| < M a.e.x € D}. (1.5b)

We write LP(D;RY), g > 1, for the space composed of Ri-valued functions
whose components are all in LP (D), and we use the Euclidean norm in R,
[ flle2(ray, instead of |f|, to evaluate the norms in (1.5). When q = d, we
write LP(D) := LP(D;RY).

Lebesgue’s dominated convergence theorem extends to all the LP spaces,
p € [1,00), i.e., if the dominating function g is in LP(D), the convergence of
fn to f occurs in LP(D).

Theorem 1.34 (Pointwise convergence). Let p € [1,00]. Let (fn)nen be a
sequence in LP(D) and let f € LP(D) such that || f,— f| Lr(py — 0. Then there
exist a subsequence (fn, )ken and a function g € LP(D) such that f,, () —
f(x) a.e. in D and |fn, ()] < g(x) a.e. in D for all k € N.

Proof. See [48, Thm. 4.9], [170, Thm. 3.12]. O

Theorem 1.35 (Fischer—Riesz). For all p € [1,00], LP(D) equipped with
the LP-norm from Definition 1.33 is a Banach space.

Proof. See [3, Thm. 2.16], [16, p. 142], [48, Thm. 4.8], [170, Thm. 3.11]. O
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Among all the Lebesgue spaces, L?(D) plays a particular role owing to the
following important consequence of the Fischer—Riesz theorem.

Theorem 1.36 (L? space). L?(D;R) is a Hilbert space when equipped with
the inner product (f,g)r2p) = fD fgdax. Similarly, L?*(D;C) is a Hilbert
space when equipped with the inner product (f,g)r2(py = fD fgdux.

Remark 1.37 (Continuous embedding on bounded sets). Assume that
D is bounded. For all p,q € [1,00] with p < ¢, Holder’s inequality implies
that L

Iflleepy < D7~ 4| fllLa(D)s Vf e LY(D), (1.6)

meaning that L?(D) < LP(D) (this notation means that L%(D) is con-
tinuously embedded into LP(D)). One can show that lim, . || f||zr(p) =
| fllLoe(py for all f € L*(D). Moreover, if f € LP(D) for all p € [1,00)
and if there is ¢, uniform w.r.t. p, s.t. || f||z»(p) < ¢, then f € L>(D) and
IfllLoe (D) < ¢; see [3, Thm. 2.14]. O

Theorem 1.38 (Density of C5°(D)). Let D be an open set in R, Then
C§°(D) is dense in LP(D) for all p € [1,00).

Proof. See [170, Thm. 3.14]. O

Remark 1.39 (The case of L>°(D)). C§°(D) is not dense in L (D). If D
is bounded, the completion of C°*°(D) in L>°(D) is C*(D), and the completion
of C§°(D) is {v € C°(D) | vjop = 0}. O

1.4.3 Duality

Lemma 1.40 (Conjugate, Holder’s inequality). Let p € [1, 00| be a real
number. The real number p' € [1, 00| such that %—f—i = 1, with the convention
that p’ == 1 if p = o0 and p' := oo if p = 1, is called conjugate of p. Let
f e LP(D) and g € LP (D). Then fg € LY(D) and

/D Foldz < [ £l oo 9]l (. (L.7)

Proof. See [3, Thm. 2.4], [16, p. 404], [48, Thm. 4.6], [170, Thm. 3.8]. O

For p = p’ = 2, Holder’s inequality becomes the Cauchy—Schwarz inequal-
ity in L2(D): [, |fgldz < ||fllezpyll9llczpy for all f,g € L?*(D). This
inequality is useful to bound |(f, g)r2(p)| since |(f,9)r2(py| < [} [f9] da.

Theorem 1.41 (Riesz—Fréchet). Letp € [1,00). The dual space of LP(D)
can be identified with LP (D).

Proof. See [3, pp. 45-49], [48, Thm. 4.11&4.14], [170, Thm. 6.16]. |
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Remark 1.42 (L°°(D)). Theorem 1.41 fails for p = co. Indeed, the dual of
L (D) strictly contains L'(D) (see [48, p. 102]). O

Corollary 1.43 (Interpolation inequality). Letp,q € [1,00] withp < q.
For allr € [p,q|, letting 0 € [0,1] be s.t. 2 := % + 1%‘19, we have

1£ller oy S WA Gl flLa(py:  ¥f € LP(D)NLIYD).  (1.8)

Recall from §A.2 that for two Banach spaces V and W, L(V; W) is composed
of the linear operators that map V boundedly to W, and that the norm
-l z(v;wy is defined in (A.2).

Theorem 1.44 (Riesz—Thorin). Let pg, p1, 4o, q1 be four real numbers such
that 1 < po <p1 <o00,1 < qyo < q <oo. Let T : LP°(D) + LP*(D) —
L®(D)+ L% (D) be a linear operator that maps LP° (D) and LP* (D) boundedly
to L (D) and L% (D), respectively. Then the operator T maps LP¢ (D ) bound-
edly to Lqe( ) for allg € (0,1), where pg and gy are defined by 5 i =

q19 = qo + —. Moreover, HTHL Lpo:La0) < ||T||£ Lro: qu)HT”g LP1;La1)"

Proof. See [189, Thm. 21.2], Bergh and Lofstréom [18, Chap. 1]. O

Remark 1.45 (Interpolation). Corollary 1.43 and Theorem 1.44 are related
to the interpolation theory between Banach spaces (see §A.5). For instance,
L?(D) can be defined for all p € (1, 00), up to equivalent norm, by interpolat-
ing between L'(D) and L>(D), i.e., LP(D) = [L*(D), LOO(D)] i see Tartar
189, p. 111]. O

1.4.4 Multivariate functions

The following results on multivariate functions are useful in many situations.

Theorem 1.46 (Tonelli). Let f : Dy xDs — R be a measurable function
such that the function D1 3 1 — ng |f (21, x2)|das is finite a.e. in Dy and
is in LY(D1). Then f € L*(Dy x D).

Proof. See [48, Thm. 4.4]. O

Theorem 1.47 (Fubini). Let f € L*(D1xD3). Then the function Dy >
Ty f(a:l,:cg) 18 in Ll(Dg) for a.e. &y € Dy, and the function D1 > x1 —
fD (z1,x2) dxg is in LY(Dy). Similarly, the function Dy > &1 — f(x1,x2)
is in LY (Dy) for a.e. o € Dy, and the function Dy > @y fDl flxr,x2) day
is in L'(D3). Moreover, we have

/D1 < . f(:nhwz)dmz) day :-/D2 ( N f(gchwz)dxl) dzs,  (1.9)

and both quantities are equal to fDlxDz f(x1, x2) dzy dze, where dxq dzy is
the product measure on the Cartesian product Dy X Ds.
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Exercises

Exercise 1.1 (Measurability). Let W be a nonmeasurable subset of D :=
(0,1). Let f : W — R be defined by f(z) := 1 if x € D\IW and
flx) :==0if x € W. (i) Is f measurable? (ii) Assume that there is a mea-
surable subset V' C W s.t. |V| > 0. Compute sup,¢cp f(z), esssup,epf(x),
infyep f(z), essinf ep f(x). (iii) Is f a member of L>°(D)? (iv) Assume now
that W has zero measure (hence W is measurable). Compute inf,cp f(x)
and essinf,cp f(x).

Exercise 1.2 (Measurability and equality a.e.). Prove Corollary 1.11.
(Hint: consider the sets A, := {& € D| f(x) > r} and B, := {z €
D | g(x) > r} for all r € R, and show that B, = (A, N(A,\B,)°)U(B\A,).)

Exercise 1.3 (Lebesgue’s theorem). Let D := (—1,1). Let (f,)nen be a
sequence of functions in L!(D) and let g € L'(D). Assume that f,, — f a.e.
in D. Propose a counterexample to show that the assumption “|f,| < g a.e.
for all n € N” cannot be replaced by “f, < g a.e. for all n € N” in Lebesgue’s
dominated convergence theorem.

Exercise 1.4 (Compact support). Let D := (0,1) and f(x) := 1 for all
x € D. What is the support of f in D? Is the support compact?

Exercise 1.5 (Pointwise limit of measurable functions). Let D be a
measurable set in R?. Let f, : D — R for all n € N be real-valued mea-
surable functions. (i) Show that limsup, ¢y f» and liminf,cy f, are both
measurable. (Hint: recall that limsup,cy fn(x) 1= inf,ensupys,, fr(z) and
liminf,en fo(x) = sup, ey infr>, fi(z) for all z € D). (ii) Let f : D — R.
Assume that f,,(x) — f(x) for every @ € D. Show that f is measurable. (iii)
Let f: D — R. Assume that f,(x) — f(x) for a.e. & € D. Show that f is
measurable.

Exercise 1.6 (Operations on measurable functions). The objective of
this exercise is to prove Theorem 1.6. Let f: D — R and g : D — R be two
measurable functions and let A € R. (i) Show that Af is measurable. (Hint:
use Lemma 1.9). (ii) Idem for | f|. (iii) Idem for f+g. (iv) Idem for fg. (Hint:
observe that fg = 2(f +g)? — 1(f — 9)%)



Part I, Chapter 2

Weak derivatives and Sobolev spaces ®

Check for
updates

We investigate in this chapter the notion of differentiation for Lebesgue inte-
grable functions. We introduce an extension of the classical concept of deriva-
tive and partial derivative which is called weak derivative. This notion will be
used throughout the book. It is particularly useful when one tries to differen-
tiate finite element functions that are continuous and piecewise polynomial.
In that case, one does not need to bother about the points where the classical
derivative is multivalued to define the weak derivative. We also introduce the
concept of Sobolev spaces. These spaces are useful to study the well-posedness
of partial differential equations and their approximation using finite elements.

2.1 Differentiation

We study here the concept of differentiation for Lebesgue integrable functions.

2.1.1 Lebesgue points

Theorem 2.1 (Lebesgue points). Let f € L*(D). Let B(x, h) be the ball
of radius h > 0 centered at @ € D. The following holds true for a.e. x € D:

o -
Egm e |f(y) — f(z)|dy = 0. (2.1)

Points & € D where (2.1) holds true are called Lebesgue points of f.
Proof. See, e.g., Rudin [170, Thm. 7.6]. |

This result says that for a.e. @ € D, the averages of |f(-) — f(x)| are
small over small balls centered at «, i.e., f does not oscillate too much in
the neighborhood of x. Notice that if the function f is continuous at @, then
x is a Lebesgue point of f (recall that a continuous function is uniformly
continuous over compact sets).
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Let H C R be is a countable set with 0 as unique accumulation point (the
sign of the members of H is unspecified). Let F : R — R. We say that F is

(F(I“rh})L*F(w) )

strongly differentiable at x if the sequence heH converges.

Theorem 2.2 (Lebesgue’s differentiation). Let f € LY(R). Let F(x) :=
ffoo f(t)dt. Then F is strongly differentiable at every Lebesque point x of f,
and at these points we have F'(x) = f(x).

Proof. See Exercise 2.2. O

In the above theorem, we have F’(xz) = f(z) for a.e. 2 in R. Thus, it is
tempting to move away from the classical sense of differentiation and view
F’" as a function in L'(R). If we could make sense of F’ in L'(R), then
F(z) = [*__ F'(t)dt would be an extension of the fundamental theorem of
calculus in Lebesgue spaces. As an example of this possibility, let f := Tjg )
be the Heaviside function (i.e., f(z) := 1 if x > 0 and f(z) := 0 otherwise).
Notice that f ¢ L'(R) but f € L _(R) (see Definition 1.29), and F(z) :=
[F f(t)dt is well defined. Then F(z) = 0if < 0 and F(z) = z if z > 0
(notice that 0 is not a Lebesgue point of f; see Exercise 2.1). We would like
to say that F' = f in L] _(R). The objective of the rest of this section is to

make sense of the above argument.

2.1.2 Weak derivatives

Definition 2.3 (Weak derivative). Let D be an open set in R, Let u,v €
Li, (D). Leti € {1:d}. We say that v is the weak partial derivative of u in

loc
the direction i if

/ udipdr = —/ vpdz, Yo € C5° (D), (2.2)
D D

and we write Oju := v. Let o € N? be a multi-index. We say that v is the
weak o-th partial derivative of u and we write 07" ... 05" u == v if

/ wdt ... 0y pdx = (—1)lel / v de, Yo € C§°(D), (2.3)
D D
where || == a1 + ...+ aq. Finally, we write 0%u = 07" ...05"u, and we set

a(O,...,O)u = .

Lemma 2.4 (Uniqueness). Let u € Li. (D). If u has a weak a-th partial
derivative, then it is uniquely defined.

Proof. Let v1,v9 € L (D) be two weak a-th derivatives of u. We have

loc

/vlgodx:(—l)‘o"/ u@o‘gpdxz/ vop da, Yo € C5°(D).
D D D
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Hence, [, (v1 —v2)¢dz = 0. The vanishing integral theorem (Theorem 1.32)
implies that v; = vy a.e. in D. O

If u € C1*l(D), then the usual and the weak a-th partial derivatives are
identical. Moreover, it can be shown that if o, 3 € N¢ are multi-indices such
that «; > G; for all i € {1:d}, then if the a-th weak derivative of u exists in
L (D), so does the 3-th weak derivative. For instance, with d = 1 (writing
0. instead of 01), if O, u exists in Llloc(D), so does 9,u; see Exercise 2.4.

Example 2.5 (1D). Let us revisit the heuristic argument at the end of
§2.1.1. Let D := (—1,1). (i) Let us first consider a continuous function u €
C°(D;R), e.g., u(z) := 0 if z < 0 and u(z) := z otherwise. Then u has a
weak derivative. Indeed, let v € L*(D) be s.t. v(z) := 0if z < 0 and v(z) := 1
otherwise. Let ¢ € C§°(D). We have

1 1 1 1
/ uOypda = / x0ypda = —/ pdr = —/ vpde.
-1 0 0 -1

Hence, v is the weak derivative of u. (Notice that ¢ defined by o(x) := 0 if
z <0,9(0) ;=3 and 0(z) := 1 if > 0 is also a weak derivative of u, but
v = ¥ a.e. in D, i.e., v and ¥ coincide in the Lebesgue sense.) (ii) Let us
now consider a function u € L*(D;R) that is piecewise smooth but exhibits
ajump at ¢ =0, e.g., u(z) := —1 if x < 0 and u(z) := x otherwise. Then u
does not have a weak derivative. Let us prove this statement by contradiction.
Assume that there is v € L (D) s.t. 9,u = v. We have

loc

1 1 0 1 1
/ vpdr = —/ udppde = / Orpda — / 20 pdx = p(0) +/ pdz,
—1 -1 —1 0 0

for all ¢ € C§°(D). Let {¢ntnen be a sequence of functions in C§°(D) s.t.
0 < pnp(x) <1forall ze€ D, p,(0) =1, and ¢, — 0 a.e. in D. Lebesgue’s
dominated convergence theorem implies that 1 = lim, fil v, dr —
fol ©n dx) = 0, which is a contradiction. O
Lemma 2.6 (Passing to the limit). Let {v,}nen be a sequence in LP(D),
p € [1,00], with weak a-th partial derivatives {0%vy tnen in LP(D). Assume
that v, — v in LP(D) and 0%v, — go in LP(D). Then v has a weak a-th
partial derivative and 0“v = gq.

Proof. The assumptions imply that lim,,_,« || p0%vppdr = I} p Japdz and

lim O vppde = (—1)1* lim 0, 0% dx = (—1)1* / v0%pdux,

for all ¢ € C§°(D). The conclusion follows readily. O
A function v € Ll (D) is said to be locally Lipschitz in D if for all & €

loc

D, there is a neighborhood N, of  in D and a constant L, such that
[v(2) —v(y)| < Lz ||z — yll2(ray for all y,z € N,
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Theorem 2.7 (Rademacher). Let D be an open set in R Let f be a
locally Lipschitz function in D. Then f is differentiable in the classical sense
a.e. in D. The function f is also weakly differentiable, and the classical and
weak derivatives of f coincide a.e. in D.

Proof. See [99, p. 280], [138, p. 44]. a

2.2 Sobolev spaces

In this section, we introduce integer-order and fractional-order Sobolev
spaces. The scale of Sobolev spaces plays a central role in the finite element
error analysis to quantify the decay rate of the approximation error.

2.2.1 Integer-order spaces

Definition 2.8 (W™P(D)). Letm € N and p € [1,00]. Let D be an open
set in RY. We define the Sobolev space

W™P(D) = {v € LL (D) | 8®v € LP(D), Va € N¥ s.t. |a| < m},  (2.4)

where the derivatives are weak partial derivatives. We write W™P(D;RY),
q > 1, for the space composed of R%-valued functions whose components are
all in W™P(D), and we write W™P (D) whenever q = d.

Whenever it is possible to identify a length scale £p associated with D,
e.g., its diameter ¢p := diam(D) if D is bounded, we equip W™?(D) with
the following norm and seminorm: If p € [1,00), we set

[olmaipy = Do €5 1000y oliymaipy = D2 100l ).

la|<m |a]=m

and if p = oo, we set

ax ||3%HL°°(D),
al=m

[vllwmeo(py == max £5|0%]|oo(py,  [olwmieo(py =
o] <m lof

where the sums and the maxima run over multi-indices o € N¢. The advan-
tage of using the factor £p is that all the terms in the sums or maxima have
the same dimension (note that |-|lym»p)y and |-|pm.»(p) have a different
scaling w.r.t. £p). If there is no length scale available or if one works with
dimensionless space variables, one sets £p := 1 in the above definitions.

Proposition 2.9 (Banach space). W™P?(D) equipped with the ||-||ywm.»(p)-
norm s a Banach space. For p = 2, the space

H™(D) := W™*(D) (2.5)
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is a real Hilbert space when equipped with the inner product (v, w)gmp) =
2lal<m Jp 0%v 0%w dw. Similarly, H™(D; C) is a complex Hilbert space when

equipped with the inner product (v, w)gm (p,c) = Z|a|§m Jp 0%v 0w da.

Proof. We are going to do the proof for m = 1. See e.g., [3, Thm. 3.3], [99,
p. 249], or [189, Lem. 5.2] for the general case. Let {v,}nen be a Cauchy
sequence in WHP(D). Then {v, }nen is a Cauchy sequence in LP(D) and the
sequences of weak partial derivatives {9;v, }nen are also Cauchy sequences
in L?(D). Hence, there is v € LP(D) and there are g1, ...,94 € LP(D) such
that v, — v in LP(D) and d;v, — g; in LP(D). We conclude by invoking
Lemma 2.6. (]

Example 2.10 (H'(D)). Taking m := 1 and p := 2 we have
HY(D) :={v e L*D) | 9v € L*(D), Vi € {1:d}},

(notice that L?(D) C Li (D)) and

loc

1
2
ol o) = (101320 + Eloliy) s ooy = > 100l3a).
ie{l:d}

Let Vv be the column vector in R? whose components are the directional
weak derivatives 9;v of v. Then a more compact notation is H'(D) := {v €
LQ(D) | Vv € LQ(D)} and |U‘H1(D) = ||VU||L2(D)- [

Lemma 2.11 (Kernel of V). Let D be open and connected set in RY. Let
v e WLP(D), p € [1,00]. Then Vv =0 a.e. on D iff v is constant.

Proof. We prove the result for D := (—1,1) and we refer the reader to [138,
p. 24], [189, Lem. 6.4] for the general case. Let u € L{ (D) be such that d,u =
0. Fix a function p € C§°(D) such that [, pdz = 1 and set ¢, == [, updaz.
Let now ¢ € Cg°(D) and set ¢, := [, pdz. Then the function ¢ (z) :=
[, (e(y) — cpp(y)) dy is by construction in C§°(D), and we have d,1(z) =
@(x) — cpp(x). Since [, udypdr = — [, (0zu)yde = 0 by assumption on
Ozu, we infer that

/ unpdx:/ u(amz/J—l—c@p)dx:cw/ updx:cp/ pde,
D D D D
for all ¢ € C5°(D). Theorem 1.32 shows that u = c,. ]

Remark 2.12 (Lipschitz functions). Let D be an open set in R%. The
space of Lipschitz functions C%!(D) is closely related to the Sobolev space
Wb (D). Indeed, C%'(D)NL>®(D) is continuously embedded into W'°°(D).
Conversely, if v € W>°(D), then |v(y) —v(2)| < dp(y, 2)|| Vv (p) for all
Y,z € D, where dp(y, z) denotes the geodesic distance of y to z in D, i.e.,
the shortest length of a smooth path connecting y to z in D (if D is convex,
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dp(y,z) = ||y — z|s2); see [189, Lem. 7.8]. A set D C R? is said to be
quasiconvex if there exists C > 1 s.t. every pair of points ¢,y € D can be
joined by a curve 7 in D with length(v) < C|l@ — y||,2. If D is a quasiconvex
open set, then W (D) = C%Y(D)N L>*°(D), and if D is also bounded, then
Whee(D) = C%Y(D); see Heinonen [113, Thm. 4.1]. O

Remark 2.13 (Broken seminorms). Let D C R? be an open set and let
{Di}ieq1:1y be a partition of D, i.e., all the subsets D; are open, mutually
disjoint, and D\ U, ¢y, 1y Di has zero Lebesgue measure. Let v € WhP(D)

and p € [1,00). Then one can write |v|€V1,p(D) =Yieqny (V)

In this book, we are going to abuse the notation by writing [v[fy1, py =
Die(i:1} ||Vv\|’£p (p,)- This abuse is justified by observing that (Vu)p, =
V(vp,) for all v € WE(D). We stress that it is important that the

loc
weak derivative of v exists to make sense of the above identities. For

instance, letting H be the Heaviside function, we have ||V(H‘(_170))||1£p(_1 ot
HV<H|(0>1))HI£P(O 1) =0, but H ¢ WLP(D); see Exercise 2.8. O

2.2.2 Fractional-order spaces

Definition 2.14 (W*?(D)). Lets € (0,1) andp € [1,00]. Let D be an open
set in RY. We define WP (D) := {v € LP(D) | |[v|w+»(p) < 00}, where

|U [v(a) — o(y)I? 5
[vlwsr (D) : y”serd dedy )] , p< oo, (2.6)

and |v]ys,(py 1= ess sup, yeDW Letting now s > 1, we define

WeP(D) :={v e W™P(D) | 0% € W7P(D), Va, |a|] = m}, (2.7)

where m = |s| and o := s — m. Finally, we denote H*(D) := W*2(D).
We write W*P(D;R?), g > 1, for the space composed of R1-valued functions
whose components are all in W*P(D), and we write W*P(D) whenever q¢ = d.

Definition 2.15 (Sobolev—Slobodeckij norm). Let s = m + o with m :=
[s] and o := s —m € (0,1). For all p € [1,00) and all v € W*P(D), we
set Hv||Wsp(D) vl W (D) —|—€Ep\v|€vs,p(m with seminorm |U‘€Vs,p(p) =
> laj=m 10 ’U|WUYP(D). We also set

[vllws.(py = max(||[v|lwm.o Dy, £ [vIws (D)),

with seminorm [v|ys.eo(p)y = MaX|q|=m [0°V|we.co(py. Equipped with this
norm W*P (D) is a Banach space (and a Hilbert space if p = 2).

Example 2.16 (Power functions). Let D := (0,1) and consider the func-

tion v(z) := z* with @ € R. One can verify that v € L*(D) if a > —3,
v € H(D) if a > 3, and, more generally v € H*(D) if o > s — 1. O
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Example 2.17 (Holder functions). If D is bounded and p € [1, c0), then
C%*(D) < W*P(D) provided 0 < s < a < 1; see Exercise 2.9. O

Example 2.18 (Step function). Let D := (—1,1) and consider v(z) := 0
if z <0andwv(z):=1if x > 0. Then v € W*P(D) iff sp < 1 as shown by the
following computation (notice that sp > 0):

[v|Fen = // dzd 2/01 ! _ ! dz
Ulws.p = _ bp+1 y= _1 Sp (1—33)317 |:L‘|57’ '

The integral f_01 ﬁ dx is convergent if and only if sp < 1. (]

Remark 2.19 (Limits s/0 and s11). The expression (2.6), which is usually
adopted in the literature to define |v|ys.r(p), gives [v|wsr(p)y — 00 as sT1
even if v € W1P(D). A remedy to this deficiency has been proposed in
Bourgain et al. [38], Maz’ya and Shaposhnikova [140]. It is shown in [38§]
that by redefining |v|jy., = (1—8)%|U|Wo‘,p for all s € (0,1), and setting
[v[y10(py = [vlw1r(D), there exists ¢, s.t. for all o, s with 0 <o < s < 1 and
all v € WP(D), one has [v[jye.,py < c|vliyenp)y and limey [v]f.,p) =
|vlw1.p(Dy (see Borthagaray and Ciarlet [34, Rmk. 2.3]). It has been proposed
[140, Thm. 3] to redefine [v[y., p) = (8(1_8))%|U|W.§,p(D) to improve also
the behavior of the seminorm when s]0. It is shown therein that if there is
W‘T’p . —
o> 0s.t. ve CFRY , then limg o 5|v|€stp(Rd) = 2p~ 1|89 1|||UHLP(Rd

where |S?~1| is the measure of the unit sphere in R. O

Remark 2.20 (Definition by interpolation). Fractional-order Sobolev
spaces can also be defined by means of the interpolation theory between
Banach spaces (see §A.5). Let p € [1,00) and s € (0,1). Then we have

W*P(D) = [LP(D), W'P(D)]s

and more generally W™$P(D) = [W™P(D), WmtLP(D)], , for all m € N,
with equivalent norms in all the cases; see Tartar [189, Lem. 36.1]. Using the
interpolation theory may not be convenient in finite element analysis if one
is interested in local approximation properties. Unless specified otherwise we
use the Sobolev—Slobodeckij norm in the book. O

2.3 Key properties: density and embedding

This section reviews some key properties of Sobolev spaces: the density of
smooth functions and the (compact) embedding into Lebesgue spaces or into
spaces composed of Holder continuous functions.



22 Chapter 2. Weak derivatives and Sobolev spaces

2.3.1 Density of smooth functions

Theorem 2.21 (Meyers—Serrin). Let D be an open set in R:. Let s > 0
and p € [1,00). Then C*(D)NW*P(D) is dense in W*P(D).

Proof. See Meyers and Serrin [143] and Adams and Fournier [3, Thm. 3.17];
see also Evans [99, p. 251] for bounded D. O

Remark 2.22 (p = o0). Let m € N. The closure of C*°(D)NW™>°(D) with
respect to the Sobolev norm ||||yym.c(py differs from W™ (D) since it is
composed of functions whose derivatives up to order m are continuous and
bounded on D. |

The density of smooth functions in Sobolev spaces allows one to derive
many useful results. We list here some of the most important ones.

Corollary 2.23 (Differentiation of a product). Let D be an open subset
of RY. Then we have uv € W1P(D) N L*®°(D) and V(uv) = vVu + uVv for
all u,v € WHP(D) N L*®(D) and all p € [1,00].

Proof. See, e.g., [48, Prop. 9.4, p. 269). O

Corollary 2.24 (Differentiation of a composition). Let D C R% be
an open set. Let G € C1(R). Assume that G(0) = 0 and there is M < oo
such that |G'(t)] < M for all t € R. Then we have G(u) € WYP(D) and
V(G(u)) = G'(u)Vu for allu € WHP(D) and all p € [1, ).

Proof. See, e.g., [48, Prop. 9.5, p. 270]. O

Corollary 2.25 (Change of variable). Let D, D’ be two open subsets of
R?. Assume that there exists a bijection T : D' — D s.t. T € CY(D’; D),
T-! € CY(D; D), DT € L*>*(D';R¥%), and DT~ € L*°(D;R¥*?), where
DT and DT~ are the Jacobian matrices of T and T, respectively. Then
we have wo T € WYP(D') for all w € WYP(D) and all p € [1,00], and
Oy (uoT) (@) = 3 e 1. ay Ou, w(T ()0, T (') for alli € {1:d} and ' € D'".

Proof. See, e.g., [48, Prop. 9.6, p. 270]. O

2.3.2 Embedding

We use the notation V' — W to mean that the embedding of V into W is con-
tinuous, i.e., there is ¢ such that |[v||w < ¢||v||v for all v € V' (see §A.2). The
main idea of the results in this section is that functions in the Sobolev space
W#P(D) with differentiability index s > 0 do have an integrability index
larger than p (i.e., they belong to some Lebesgue space L1(D) with ¢ > p),
and if s is sufficiently large, for all u € W#P?(D) (recall that u is actually a
class of functions that coincide almost everywhere in D), there is a represen-
tative of u that is continuous (or even Holder continuous). How large s must
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be for these properties to hold true depends on the space dimension. The case
d = 1 is particularly simple since W1 (R) — C°(R) and W1 (D) — C°(D)
for every bounded interval D; see [189, Lem. 8.5] (see also Exercise 5.7). In
the rest of this section, we assume that d > 2. We first consider the case
where D := R%.

Theorem 2.26 (Embedding of W1?(R%)). Letd > 2 and let p € [1, ).
The following holds true:

(i) (Gagliardo—Nirenberg—Sobolev): If p € [1,d), then

WHP(RY) < LYRT), Vg€ [p.p'], p* = . (2.8)

In particular, ||ul| o> ey < ’l’—iHVfLHLp(Rd) with 1* := 2% for all u €
WhP(RY). Hence, WHP(RY) — LP" (RY), and the embedding into L1(R?)
for all q € [p,p*) follows from Corollary 1.43.

(ii) If p = d, then
WH(RY) < LIRY), Vg€ [d,00). (2.9)

(iii) (Morrey): If p € (d, 0], then

WhP(RY) — L®(RY) N CO*(RY),  a:=1-— d (2.10)

p
Proof. See [48, Thm. 9.9, Cor. 9.11, Thm. 9.12], [99, p. 263-266], [180, §1.7.4,
§1.8.2], [189, Chap. 8-9]. m

Remark 2.27 (Continuous function). The embedding (2.10) means that
there is ¢, only depending on p and d, such that

(@) — u(y)] < @~ ylg g | Vullpsgey, foraezyeR? (211)

for all u € WHP(R9Y). In other words, there is a continuous function v €
C%(R9) such that u = v almost everywhere. It is then possible to replace u
by its continuous representative v. We will systematically do this replacement
in this book when a continuous embedding in a space of continuous functions
is invoked. ([

The above results extend to Sobolev spaces of arbitrary order.

Theorem 2.28 (Embedding of W*P(R9)). Letd > 2, s > 0, and p €
[1,00]. The following holds true:

L(R%) Yq € [p, df—‘ip], if sp < d,
WHP(R?) — { LI(RY) Vg € [p,00), if sp =d, (2.12)
L¥RHYNCO*(RY) a:=1- L ifsp>d.

sp?
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Moreover, W (R?) — L>°(R?) N CO(R?) (case s =d and p =1).

Proof. See [110, Thm. 1.4.4.1], [88, Thm. 4.47] for p € (1,00). For s = d and
p = 1, see, e.g., Ponce and Van Schaftingen [160] and Campos Pinto [55,
Prop. 3.4] (if d = 2). O

Our aim is now to generalize Theorem 2.28 to the space W*P(D), where
D is an open set in R%. A rather generic way to proceed is to use the concept
of extension.

Definition 2.29 ((s,p)-extension). Let s > 0 and p € [1,00]. Let D be an
open set in RY. The set D is said to have the (s, p)-extension property if there
is a bounded linear operator E : WP (D) — W*P(R?) such that E(u)|p = u
for allw € W5P(D).

Theorem 2.28 can be restated by replacing R? with any open set D in R?
that has the (s, p)-extension property. A rather general class of sets that we
consider in this book is that of Lipschitz sets in R?. A precise definition is
given in the next chapter. At this stage, it suffices to know that the boundary
of a Lipschitz set can be viewed as being composed of a finite collection of
epigraphs of Lipschitz functions.

Theorem 2.30 (Extension from Lipschitz sets). Let s > 0 and p €
[1,00]. Let D be an open, bounded subset of RY. If D is a Lipschitz set, then
it has the (s,p)-extension property.

Proof. See Calderén [54], Stein [181, p. 181] (for s € N), [110, Thm. 1.4.3.1]
and [88, Prop. 4.43] (for p € (1,00)), [141, Thm. A.1&A 4] (for s € [0, 1],
p € [1,00] and s > 0, p = 2) [189, Lem. 12.4] (for s = 1). O

Theorem 2.31 (Embedding of W*?(D)). Letd > 2, s > 0, and p €
[1,00]. Let D be an open, bounded subset of RY. If D is a Lipschitz set, then
we have

L(D) Vg € [p, 324, if sp < d,
WeP(D) — ¢ LY(D) Vq € [p,00), if sp =d, (2.13)
L*(D)NC™ (D) a:=1- L ifsp>d.

Moreover, W1(D) < L>(D)N C°(D) (case s =d and p=1).

Remark 2.32 (Bounded set). Note that W*P(D) — L(D) for sp < d
and all g € [1, p] since D is bounded. The boundedness of D also implies that
W#P(D) — C%*(D), with sp > d and o := 1 — %, and W%1(D) — C°(D),
i.e., there is (Holder-)continuity up to the boundary. O

Example 2.33 (Embedding into continuous functions). In dimension
one, functions in H!(D) are bounded and continuous, whereas this may not
be the case in dimension d > 2 (see Exercise 2.10). In dimension d € {2, 3},
Theorem 2.31 says that functions in H2(D) are bounded and continuous. [
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Example 2.34 (Boundary smoothness). Let o > 1, p € [1,2), and D :=

r1,T2) € r1 € (0,1), z2 € ¢ et u(xy,x9) = xf wit <
R2 0,1 0,29)}. L 7 with 114
(3 < 0 (this is possible since p < 2 < 14+a). Then u€ WP(D) and u € Lq(D)

1.1 1 o 1
for all ¢ such that 1 <gq <pa where e T H_—a Let us set = ; — 5

€ :era—l- > 0, and : p—a—e. Notice that p, < p* and alsopa<p[3
since € > 0. Slnce one can choose 3 s.t. € is arbitrarily close to zero, we pick
3 so that pg < p*. Hence, pg € (pa,p*). But u ¢ LI(D) for all ¢ € (pg,p*),
which would contradict Theorem 2.31 if the Lipschitz property had been
omitted. Hence, D cannot be a Lipschitz set in R? (o > 1 means that D
has a cusp at the origin). This counterexample shows that some smoothness

assumption on D is needed for Theorem 2.31 to hold true. (I

We conclude this section with important compactness results. Recall
from §A.4 that the embedding V — W between two Banach spaces is com-
pact iff from every bounded sequence in V, one can extract a converging
subsequence in W.

Theorem 2.35 (Rellich—-Kondrachov). Let s > 0 and p € [1,00]. Let D
be an open, bounded subset of R:. If D is a Lipschitz set, then the following
embeddings are compact:

(i) If sp < d, W*P(D) = LU(D) for all q € [1, 324).

(ii) If sp > d, W*P(D) — C°(D).
(iii) W#*P(D) < W*?(D) for all s > s’

Proof. See [3, Thm. 6.3], [48, Thm. 9.16], [99, p. 272], [138, p. 35], [110,
Thm. 1.4.3.2]. m

Exercises

Exercise 2.1 (Lebesgue point). Let a € R. Let f: R — R be defined by
fl@):=0if x <0, f(0) := a, and f(z) :=1if © > 0. Show that 0 is not a
Lebesgue point of f for all a.

Exercise 2.2 (Lebesgue differentiation). The goal is to prove Theo-
rem 2.2. (i) Let h € H (the sign of h is unspecified). Show that R(z,h) :=
F(z+h)—F(z) _ 1 rz+h . .

=R f(w) = [ (f(t) — f(x))dt. (ii) Conclude.

Exercise 2.3 (Lebesgue measure and weak derivative). Let D :=
(0,1). Let Cs be the Cantor set (see Example 1.5). Let f : D — R be
defined by f(z) =z ifz &€ Cw, and f(z) := 2—5z if 2 € Cw. (i) Is f measur-
able? (Hint: use Corollary 1.11.) (ii) Compute sup,cp f(z), ess sup,cp f(x),
infyep f(x), ess infrep f(x), and || f[| L (py. (iii) Show that f is weakly dif-
ferentiable and compute 8, f(z). (iv) Compute f(z) — [ 0,f(t)dt for all
x € D. (iv) Identify the function f¢ € C°(D) that satlsﬁes f= fC a.e. on D?
Compute f(x) — [ 0, f(t)dt for all z € D.
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Exercise 2.4 (Weak derivative). Let D := (—1,1). Prove that if u €
Li (D) has a second-order weak derivative, it also has a first-order weak

derivative. (Hint: consider 1(z) := [* (¢(t) — cpp(t)) dt for all ¢ € C§°(D),

with ¢, == [ ¢dz, p € Cg°(D), and [, pdz =1.)

Exercise 2.5 (Clairaut’s theorem). Let v € L (D). Let a, 3 € N% and

loc
assume that the weak derivatives 9%v, 9%v exist and that the weak derivative

0% (0Pv) exists. Prove that 9%(0%v) exists and 9%(9%v) = 9°(0%).

Exercise 2.6 (Weak and classical derivatives). Let kK € N, £ > 1, and
let v € C*(D). Prove that, up to the order k, the weak derivatives and the
classical derivatives of v coincide.

Exercise 2.7 (H'(D)). (i) Let D := (=1,1) and u : D — R s.t. u(x) :=
|z|2 — 1. Determine whether u is a member of H'(D;R). (ii) Let u; €
CH((=1,0);R) and uy € C1([0,1);R) and assume that u1(0) = u2(0). Let
u be such that w10y = u1 and wuj,1) := u2. Determine whether u is a
member of H!(D;R). Explain why u ¢ H*(D;R) if u;(0) # uz(0).

Exercise 2.8 (Broken seminorm). Let D be an open set in R?. Let
{D1,..., Dy} be a partition of D as in Remark 2.13. (i) Show that (Vv)|p, =
V(vp,) for all i € {1:n} and all v € WLL(D). (i) Let p € [1,00) and
v € WYP(D). Show that icf1:ny VD %,LP(DI_) = \v|€v1,p(D). (iii) Let
5 €(0,1), p € [1,00), and v € W*P(D). Prove that 3 ;c(; .y [vyp,

|U|€Vs,p(p)-

p
WS,p(Di) S

Exercise 2.9 (W*?). Let D be a bounded open set in R%. Let o € (0, 1].
Show that C%%(D;R) < W*P(D;R) for all p € [1,00) if s € [0, ).

Exercise 2.10 (Unbounded function in H'(D)). Let D := B(0, ) C R?
be the ball centered at 0 and of radius 3. (i) Show that the (unbounded)
function u(x) := In(~In(||z|,2)) has weak partial derivatives. (Hint: work

on D\B(0,¢) with e € (0,1), and use Lebesgue’s dominated convergence
theorem.) (ii) Show that u is in H'(D).

Exercise 2.11 (Equivalent norm). Let m € N, m > 2, and let p €
[1,00). Prove that the norm |jv| = (||v|}, + égp|v|€vm,p(m)% is equiva-
lent to the canonical norm in W™P(D). (Hint: use the Peetre-Tartar lemma
(Lemma A.20) and invoke the compact embeddings from Theorem 2.35.)
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Traces and Poincaré inequalities ®

Check for
updates

This chapter reviews two types of results on the Sobolev spaces W*?(D)
introduced in the previous chapter. The first one concerns the notion of trace
(i.e., loosely speaking, the boundary values) of functions in WP (D). The
second one is about functional inequalities (due to Poincaré and Steklov)
essentially bounding the LP-norm of a function by that of its gradient. The
validity of these results relies on some smoothness properties on the boundary
of the set D. In this book, we mainly focus on Lipschitz sets. For any subset
S CR% d>1,int(S) denotes the interior of S and S its closure.

3.1 Lipschitz sets and domains

Definition 3.1 (Domain). Let D be a nonempty subset of R%. In this book,
D is called domain if it is open, bounded, and connected.

For instance, a domain in R is an open and bounded interval. At many
instances in this book we will need to say something on the smoothness of
the boundary dD of a domain D C R?, d > 2. To stay simple, we are going
to focus our attention on the class of Lipschitz domains. In simple words,
a Lipschitz domain D in R%, d > 2, is such that at every point & € 9D,
the boundary can be represented in a neighborhood of & as the graph of
a Lipschitz function. Equivalently there exists a cone with nonzero aperture
angle that can be moved in the neighborhood of  without changing direction
and without exiting D. Let us now give some precise definitions.

Definition 3.2 (Lipschitz set and domain). An open set D in R, d > 2,
is said to be Lipschitz if for all x € D, there exists a neighborhood V, of x
in R, a rotation Ry : R — R?, and two real numbers o > 0, >0 (o and
8 may depend on x) s.t. the following holds true:

(i) Vo = & + Ry (Byx1Ig) with By := Bra-1(0,a), Ig := (=4, 3).
© Springer Nature Switzerland AG 2021 27
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(ii) There exists a Lipschitz function ¢ : B, — R such that ¢,(0) = 0,
x|l LB, < 38 and (see Figure 3.1)

DNV =x+ Re({(y',ya) € Ba x Ip | ya < ¢2(y')}), (3.1a)
ODNVy =x+ Ro({(y',ya) € Ba x I | ya = ¢2(y')}). (3.1b)

We say that D 1is a Lipschitz domain if it is a domain and a Lipschitz set.

R,
Ya a% oD o Yd
~—o Vzl <]

-~ = /
1

Fig. 3.1 Lipschitz domain and mappings (Rz,, ¢z, ), (Rzs, Pas)-

Definition 3.3 (Cone property). Let D be an open set in R, d > 2. We
say that D has the uniform cone property if for all x € 0D, there exists a
neighborhood V,, of x in R?, a rotation R, : R* — R?, positive real numbers
a, B, h, 0 €(0,3] (which may depend on x) s.t. the following holds true:

(i) Vo = o + Ry (BaxIp) with B, = Bra-1(0,a), I = (=0, 3).
(ii) For all y € (D NVy), we have y + Ry (C) C D with the cone C' =
{(¥ ya) € RT"IXR | —h < yag < —cot(0)||y[|e2ra-1)}-

Lemma 3.4 (Lipschitz domain and cone property). A domain in R,
d > 2, has the (uniform) cone property iff it is Lipschitz.

Proof. See Grisvard [110, Thm. 1.2.2.2]. O

Remark 3.5 (Finite covering). Let D be a domain in R?. Since 9D is
compact, there is a finite set £ C N and a finite covering | J;. » Vz, of 9D with
x; € 9D for all i € L. Definition 3.2 and Definition 3.3 can be equivalently
reformulated for the finite set {x;};c- with coefficients {«;, 8;, 0;, hi }icr that
are bounded from below away from zero (the change of coordinates described
by the rotation R, being fixed in each V). ad

Remark 3.6 (Terminology). In the literature, the term “domain” is some-
times defined without requiring D to be bounded. We have incorporated this
requirement in our definition since we mostly consider bounded sets in this
book. Domains that are Lipschitz in the sense of Definition 3.2 are some-
times called strongly Lipschitz. It is also possible to weaken this definition.
For instance, some authors say that a domain D in R is weakly Lipschitz if for
every & € 0D, there exists a neighborhood V,, 5 & in R? and a global bilipschitz
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mapping M, : R¥~! x R — R? such that DNV, = M,(R*!'xR_)NV,
and 9D NV, = M, (R%1x{0})NV,. A strongly Lipschitz domain is weakly
Lipschitz (using the notation of Definition 3.2, it suffices to set My (y’,yq) =
z+ Ry (Y, yq+ ¢ (y'))), but a weakly Lipschitz domain may not be strongly
Lipschitz. For instance, the two-brick domain (see Example 3.7) and the log-
arithmic spiral {re'? | r > 0,0 € R,a;e™? < r < aze™} C R? (with positive
real numbers a1,as s.t. e 2"ay < a1 < ap and i? = —1) are weakly Lips-
chitz but are not strongly Lipschitz; see Axelsson and McIntosh [13]. These
examples show that the image of a strongly Lipschitz domain by a bilipschitz
mapping is not necessarily strongly Lipschitz. A weakly Lipschitz domain
is strongly Lipschitz if the mapping M, is continuously differentiable. The
source of the difficulty is that the implicit function theorem does not hold true
for Lipschitz functions; see [110, pp. 7-10] for more details. In this book, we
only consider strongly Lipschitz domains and, unless explicitly stated other-
wise, when we say “let D be a Lipschitz domain” we mean that D is strongly
Lipschitz in the sense of Definition 3.2. O

Lipschitz domains have many important properties:

(i) Outward normal: the outward-pointing unit normal n is well defined a.e.
on the boundary of a Lipschitz domain (this follows from Rademacher’s
theorem (Theorem 2.7)). For an interval in R, the outward unit normal
is conventionally set to be —1 at the left endpoint and +1 at the right
endpoint (in coherence with the conventional orientation of R from left
to right).

(ii) Onme-sided property: a Lipschitz domain is always located on one side of
its boundary, i.e., there cannot be slits or cuts; see Costabel and Dauge
[82], Grisvard [110, §1.7] for discussions on domains with cuts.

(iii) Convexity: any Lipschitz domain is quasiconvex (see Remark 2.12). Con-
versely every convex domain is Lipschitz (see [110, Cor. 1.2.2.3]).

Fig. 3.2 (Surprising) example of
non-Lipschitz domain: the two-brick
assembly.

Example 3.7 (Two-brick domain). Consider the bricks By := (—2,0) X
(=2,2) x (0,2) and By = (—2,2) x (=2,0) x (=2,0), and the two-brick
assembly D := int(B;UBj) illustrated in Figure 3.2. Let us show that D is not
a Lipschitz domain by using the uniform cone property. For any € € (0,1), let
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Vo be the ball of radius 3e centered at 0. The points a := (¢, —¢,0) and a’ :=
(—¢,¢,0) are both in Vo N D. Let us assume that the uniform cone property
holds, and let ¢ := (Cz, ¢y, C2)" = Ro((0,0,—1)T). Ttem (ii) in Definition 3.3
requires that a + %h{' € D, which in turn implies that {, < 0. But also we
must have a’ +%h§' € D, which implies that ¢, > 0. This contradiction implies
that Item (ii) from Definition 3.3 cannot hold true for any neighborhood of 0.
In other words, one cannot find a coordinate system such that the boundary
of D is described by the graph of a Lipschitz function in the neighborhood of
the origin. Incidentally, one can show that D is a weakly Lipschitz domain.
Letting 1 : S? — S? be a bilipschitz homeomorphism of the unit sphere in
R3 that maps the circle S N R? to the curve shown in bold in Figure 3.2,
a mapping My : R? — R? satisfying the definition from Remark 3.6 can
be defined by My(x) := ||a:||421/)(m) if € # 0 and Mp(0) := 0. That
My is a bilipschitz mapping results from the identity |[riw; — rows||Z =
[r1 — ral? + rire|jwi — wol|% with the notation r; := ||@;]| 2, w; == m

Remark 3.8 (Stronger smoothness). D is said to be of class C™ or piece-
wise of class C™, m > 1, if all the local mappings ¢, in the Definition 3.2 are
of class C'™ or piecewise of class C™, respectively. In this case, the outward
unit normal is well defined for all € 9D and is of class C™ 1. O

3.2 Traces as functions at the boundary

Boundary values of functions in LP(D), p € [1,00), are in general not well
defined. For instance, let D := (0,1)? and v(z1,x2) := 2, ” with a € (0, 1).
Then v € LP(D) but v|z, =0 = oo. The main idea of this section is to show
that it is possible to define the boundary value of a function v € W*P?(D)
if s is large enough. But how large? A first possibility is to invoke Morrey’s
theorem (see (2.10)): if sp > d, one can consider the continuous representative
of v to define the boundary value of v. The purpose of the trace theory is to
give a meaning to boundary values under the weaker assumption sp > 1 (and
s > 1if p =1) in every space dimension. In what follows, we consider Sobolev
spaces defined on 0D by using the local mappings ¢, from the Definition 3.2:
letting v, (€) = (€, ¢, (€)) for all £ in the open ball B(0,«a) in R4™!, we say
that v is in W*P(9D) if v o1, € W*P(B(0,«)) for all ® € 0D. When D is
Lipschitz (resp., of class C11), this approach defines W*P(9D) up to s = 1
(resp., s = 2). We refer to Grisvard [110, §1.3.3] for more details.

3.2.1 The spaces W;”(D), W*P(D) and their traces

Definition 3.9 (W;*(D)). Lets >0 and p € [1,00). Let D be an open set

in RY. We define
R oW P (D)
WyP(D) := C§°(D) , (3.2)
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i.e.,, W5'P(D) is the closure of the subspace C§°(D) in WP(D). Forp =2,
we write H3(D) := W*(D).

We will see below in Theorem 3.19 that W*?(D) = W;*(D) if sp < 1
whereas W, (D) is a proper subspace of W*?(D) if sp > 1 and D is bounded.

Theorem 3.10 (Trace). Let p € [1,00). Let s > % ifp>1ors>1if

p = 1. Let D be a Lipschitz domain in R%. There is a bounded linear map
~& : WSP(D) — LP(0D) such that

(i) v8(v) = vjgp whenever v is smooth, e.g., v € C°(D).
(i) The kernel of ~& is WP (D).

(i) Ifs=1andp =1, orif s € (%,%) and p = 2, or if s € (%,1] and

p & {1,2}, then & : W*P(D) — WS_%”’((?D) is bounded and surjective,
that is, there exists Cye s.t. for every function g € sti’p(aD), one can
find a function uy, € W5P(D), called a lifting of g, s.t.

1
'Yg(ug) =g and ||ug||WS«T’(D) < C’ngEHQHWs—%,p(aD)a (3.3)

where £p is a characteristic length of D, e.g., {p := diam(D).

Proof. See Brezis [48, p. 315] (s = 1, p € [1,00)), Grisvard [110, Thm. 1.5.1.2
& Cor. 1.5.1.6], McLean [141, Thm. 3.38] (s € (3,32), p = 2); see Gagliardo
[104] for the original work with s =1, p € [1,00). O

Remark 3.11 (Notation). The superscript g stands for “gradient” since
78(v) is meaningful for v € WH(D), i.e., v8(v) makes sense if the weak
gradient of v is integrable. O

Example 3.12 (Elliptic PDEs). Theorem 3.10 (with s = 1 and p = 2) is
crucial in the analysis of elliptic PDEs, where a natural functional setting for
the solution is the space H' (D). Whenever a homogeneous Dirichlet condition
is enforced (prescribing to zero the value of the solution at the boundary),
Item (ii) shows that the solution is in H} (D). When the boundary condition
prescribes a nonzero value, the surjectivity of v& : H'(D) — H%(BD) is
invoked to identify a proper functional setting (see Chapter 31). O

Remark 3.13 (W°°(D)). The trace theory in W1°°(D) is not trivial since
C*°(D) is not dense in L>°(D); see Remark 1.39. The situation simplifies if
D is quasiconvex since W1°°(D) = C%1(D) in this case (see Remark 2.12).

O

Remark 3.14 (Trace of gradient). If v € WP (D) with p € [1,00) and
s > 1—|—% ifp>1ors>2ifp=1,then Vo € W*~1P(D), and we can apply
Theorem 3.10 componentwise, i.e., v8(Vv) € stlfi(aD). O

Repeated applications of Theorem 3.10 lead to the following important

result to define the domain of various finite element interpolation operators
(for simplicity we only consider integrability on the manifold).
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Theorem 3.15 (Trace on low-dimensional manifolds). Let p € [1,0)
and let D be a Lipschitz domain in R%. Let M be a smooth, or polyhedral,
manifold of dimension r in D, r € {0:d}. Then there is a bounded trace
operator from W#P(D) to LP (M) provided sp > d—r (ors>d—rifp=1).

When solving boundary value problems, one sometimes has to enforce a
Neumann boundary condition which consists of prescribing the value of the
normal derivative 0,u := n-Vu at the boundary; see Chapter 31. Enforcing
such a boundary condition is ambiguous if n is discontinuous. For instance,
irrespective of the smoothness of the function in question, the normal deriva-
tive on polygons and polyhedra cannot be continuous. Let us start to address
this problem by considering the simpler case where the boundary enjoys some
additional smoothness property.

Theorem 3.16 (Normal derivative). Let p € (1,00) and s — % € (1,2).
Let D be a domain in R with a boundary of class C*1, with k :=1 if s < 2
and k := 2 otherwise. There is a bounded linear map Y% : W*P(D) —
W‘Fl*%’p(aD) so that 9 (v) = (n-Vv)jap for all v € CY(D), and letting
M= (45,97 WD) = W2 P(9D) x W17 (0D),

(i) The map 1 is bounded and surjective.
(i) The kernel of v1 is Wy*(D).

Proof. See Grisvard [110, Thm. 1.5.1.2] for the statement (i) and [110,
Cor. 1.5.1.6] for the statement (ii). O

The above theorem can be extended to polygons (d = 2) as detailed in
[110, Thm. 1.5.2.1]. The situation is more subtle when D is only Lipschitz.
An extension of the notion of the normal derivative in this case is introduced
in §4.3, and we refer the reader to Example 4.16 where n-Vu is defined by
duality.

3.2.2 The spaces W”’(D)

We have seen that a function v € W*P(D) has a trace at the boundary 0D
if s is large enough. Another closely related question is whether the zero-
extension of v to the whole space R? belongs to WP (R?). For instance, the
zero-extension to RY of a test function ¢ € C§°(D) is in C$°(RY). For every
function v € L'(D), we denote by ¥ the extension by zero of v to RY, i.e.,
v(x) :=v(x) if x € D and v(x) := 0 otherwise.

Definition 3.17 (AW/S*p(D)). Let s > 0 and p € [1,00]. Let D be an open
subset of R%. We define

WP(D) = {v € W*P(D) | & € W*P(R%)}. (3.4)

For p = 2, we write H*(D) := W*2(D).
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Theorem 3.18 (Completion). Ws’p(D) is a Banach space equipped with

the norm HUHW$$(D) = ||/17||W5,p(Rd). Moreover, ||UHW5,p(D) = |lvllwsr(py if

s € N. If s ¢ N and D is a Lipschitz domain in R¢, ||U|‘Ws,p([))
1

the norm (||v||€vsvp(D)+£‘g’ Dlal=m Jp(p(@))"7P|0%[P dz) ¥, where m := |s],

o:=s—m, and p is the distance to 0D, i.e., p(x) := infycap || — Y| e2.

1s equivalent to

Proof. See Grisvard [110, Lem. 1.3.2.6], Tartar [189, Lem. 37.1]. O

Theorem 3.19 (W*?(D), Wi*(D), W*P(D)). Let s > 0 and p € (1,00).
Let D be a Lipschitz domain in R%. The following holds true:

W*?(D) = WP (D) = W*?(D) (sp < 1), (3.5a)
W*P(D) = Wg*(D) # W*?(D) (sp=1), (3.5b)
W*P(D) # WP (D) = W*P(D) (sp>1,5— 119 ¢N). (3.5¢)

For all sp > 1, WP (D) is a proper subspace of W*P(D). (The above equali-
ties mean that the sets coincide and the associated norms are equivalent, i.e.,
the topologies are identical.)

Proof. See Grisvard [110, Thm. 1.4.2.4, Cor. 1.4.4.5], Tartar [189, Chap. 33],
Lions and Magenes [135, Thm. 11.1]; see also Exercise 3.4 for a proof of the

fact that W2 (D) < WP (D). O

Remark 3.20 (D = R%). We have WP (RY) = W*P(RY) = WeP(R?) for
all s > 0 and all p € [1,00); see [110, p. 24], [189, Lem. 6.5]. O

Remark 3.21 (Embedding of W*?(D)). The same conclusions as in The-
orems 2.31 and 2.35 hold true for W*?(D) since the (s, p)-extension property
is available. 0

Remark 3.22 (Density). Let D be a Lipschitz domain in R? s > 0, p €
(1,00). Then C§°(D) is dense in W*#?(D); see [110, Thm. 1.4.2.2]. O

Remark 3.23 (Interpolation). Let p € [1,00), s € (0,1), and recall that
W*P(D) = [LP(D), W'P(D)]s,, with equivalent norms; see Remark 2.20 and
[189, Lem. 36.1]. Let us now define

WP (D) == [LP(D;RY), Wy P(D)]s - (3.6)
Tt is established in Chandler-Wilde et al. [65, Cor. 4.10] that for p = 2,
H*(D) = Hyy(D). (3.7)

(More generally, we conjecture that W?(D) = Wil (D).) The equality (3.7)
together with Theorem 3.19 implies that Hgy(D) = Hg(D) if s # 1. O
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3.3 Poincaré—Steklov inequalities

We list here a series of functional inequalities that will be used repeatedly
in the book; see Remark 3.32 for some historical background and some com-
ments on the terminology.

Lemma 3.24 (Poincaré—Steklov). Let D be a Lipschitz domain in Re.
Let p := diam(D). Let p € [1,00]. There is Cpg ) (the subscript p is omitted
when p =2) s.t.

Crspllv = vpllLepy < Lolvlwiepy, Yo € WHP(D), (3.8)
where vp = ﬁ fD vdx. The following holds true when D is convex:
1/2\7
Crsp =2, Cpsi=Cpso=m, Chsp > 5 <p) , p> 1 (3.9)

Remark 3.25 (Best constant). The values in (3.9) are proved in Acosta
and Durén [2] for p = 1, in Bebendorf [17] for p = 2 (see also Payne and Wein-
berger [157] for the general idea), and in Chua and Wheeden [72, Thm. 1.2]
for general p. The constants given in (3.9) for p € {1,2} are the best possi-
ble. Uniform bounds on the Poincaré-Steklov constant for possibly nonconvex
sets are a delicate issue; see Exercise 22.3 and Veeser and Verflirth [194]. O

Lemma 3.26 (Fractional Poincaré—Steklov). Let p € [1,00) and s €
(0,1). Let D be a Lipschitz domain in R%. Let {p := diam(D). Let us set
vp = |Tl)\ vadx. The following holds true:

< (D\"
[v—=vpllze(p) < {h (|5|) [v[wsn (D) (3.10)

We also have |[v —vplwre(py = [vlwrepy < L5 " 0lwerpy for allr € (0, s].

Proof. A direct proof is proposed in Exercise 3.3 following [97, Lem. 7.1]. See

also Dupont and Scott [92, Prop. 6.1] and Heuer [116]. The factor % is often
called eccentricity of D. O

Lemma 3.27 (Poincaré—Steklov). Letp € [1,00] and let D be a Lipschitz
domain. Let {p := diam(D). There is Cps, > 0 (the subscript p is omitted
when p = 2) such that

Crspllvlzo) < ol Vollznip), Yo € Wy™(D). (3.11)
Proof. See Brezis [48, Cor. 9.19], Evans [99, Thm. 3, §5.6]. O

Remark 3.28 (Unit). The Poincaré-Steklov constant Cps, is a dimension-
less number. Its value remains unchanged if D is translated or rotated.



Part I. ELEMENTS OF FUNCTIONAL ANALYSIS 35

Moreover, assuming 0 € D, if D = \!'D with A > 0, the two domains
D and D have the same Poincaré—Steklov constant. O

Remark 3.29 (Norm equivalence). The Poincaré-Steklov inequality
implies that the seminorm |-[yy1.»(py is a norm equivalent to ||-|ly1.»(py in
W,P(D). For instance, for the H'-norm 10131y = I0lIZ2 0y + €B10I3n )
(recall that |v|g1(py = ||[Vv||p2(p)), we obtain

Chs 1
————— vl oy < €olvlaipy < ||[v]| gDy, Yv € Hy(D). O
(1+C§S)%”H ) < Lolvlm o) < llvllm ) o(D)
Lemma 3.30 (Extended Poincaré—Steklov). Letp € [1,00) and let D
be a Lipschitz domain in RY. Let {p := diam(D). Let f be a bounded linear
form on WLP(D) whose restriction on constant functions is not zero. There
is Crs,p > 0 (the subscript p is omitted when p = 2) such that

Coupllollzeo) < o Vollbopy + /@), YoeWIP(D).  (3.12)
In particular, letting ker(f) := {v € WHP(D) | f(v) = 0}, we have
CospllvllLe(py < €plIV|lLe(p), Yo € ker(f). (3.13)
Moreover, if f(1p) =1 (where 1p is the indicator function of D), we have
Cospllv = )|l ze(py < €|V Lr (D), Vv € WHP(D). (3.14)

Proof. We use the Peetre-Tartar lemma (Lemma A.20) to prove (3.12). Let
X :=W'(D),Y := LP(D) xR, Z := LP(D), and A : X 5 v — (Vv, f(v)) €
Y. Owing to Lemma 2.11 and the hypotheses on f, A is continuous and
injective. Moreover, the embedding X <— Z is compact owing to Theo-
rem 2.35. This proves (3.12), and (3.13) is a direct consequence of (3.12).
To prove (3.14), we apply (3.12) to the function ¥ := v — f(v)1p. This func-
tion is in ker(f) since f(Ip) =1 and it satisfies Vo = V. O

Example 3.31 (Zero mean-value). Lemma 3.30 can be applied with
f(v) :== |U|7* [, vdz, where U is a subset of D of nonzero measure (the

boundedness of f follows from |f(v)| < |U\_%||v||Lp(D) by Hoélder’s inequal-
ity). One can also apply Lemma 3.30 with f(v) := |0Dq|~! faDl vds, where
0D is a subset of D of nonzero (d — 1)-measure (the boundedness of f is
a consequence of Theorem 3.10). ad

Remark 3.32 (Terminology). The inequality (3.8) is often called Poincaré
inequality in the literature, and it is sometimes associated with other names
like Wirtinger or Friedrichs. It turns out that Poincaré proved (3.8) for a
convex domain in 1890 in [158] (the problem is formulated at the bottom
of page 252, and the theorem is given at the bottom of page 258). Poincaré
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refined his estimates of Cpg in 1894 in [159, p. 76] and gave Cpg > 19—6 for a
three-dimensional convex domain. Without invoking the convexity assump-
tion, he has also showed in [158] that the best constant CZ, in the inequality

Ogs”””%nm < g%(a”v”%%{)D) + |U|3{1(D))7 Vv e HI(D), (3.15)

is the smallest eigenvalue of the Laplacian supplemented with the Robin
boundary condition (av + 9,v)5p = 0 (cf. statement in the middle of page
240: “and we must conclude that k; is the minimum of the ratio B/A” (in
French)). The simplest form of (3.8) on an interval with p = 2 can be traced
to the work of Steklov (see [184, Lem. 2, p. 156] for the Russian version pub-
lished in 1897 with Cps > /2 and [182, pp. 294-295] for the 1901 French
version with Cps = 7 for functions that are either zero at both ends of the
interval or are of zero mean). Steklov makes ample references to the work of
Poincaré in each paper. He revisited the work of Poincaré on the spectrum
of the Laplacian in [183, 185]. He proved in [183, Thm. VII, p. 66] and in
[185, Thm. XIV, p. 107] that CZ in (3.11) is the smallest eigenvalue of the
Laplacian supplemented with homogeneous Dirichlet boundary conditions.
He reproved that C% in (3.8) is the smallest eigenvalue of the Laplacian sup-
plemented with homogeneous Neumann boundary conditions in [185, Thm.
XV, p. 110]. A detailed survey of the literature on the best constant in (3.8)
can be found in Kuznetsov and Nazarov [130]. Note that [183] is cited in [130]
for the work of Steklov on the Laplacian with Neumann boundary condition,
whereas the paper in question only deals with Dirichlet boundary condi-
tions. For mysterious reasons, the paper by Friedrichs, Fine invariante For-
mulierung des Newtonschen Gravititationsgesetzes und des Grenziiberganges
vom Einsteinschen zum Newtonschen Gesetz. Math. Ann. 98 (1927), 566—
575, is sometimes cited in the literature in relation to Poincaré’s inequalities,
including in [130], but the topic of this paper is not even remotely related
to the Poincaré inequality. One early work of Friedrichs related to Poincaré’s
inequalities is a semi-discrete version of (3.15) published in Courant et al. [85,
Eq. (13)]. Finally, it seems that the name of Wirtinger has been attached for
the first time in 1916 to the inequality || f||z2(0,2x) < |fl#1(0,2x) for periodic
functions by Blaschke in his book [24, p. 105] without any specific reference.
A little bit at odd with the rest of the literature, we henceforth adopt the
Poincaré-Steklov terminology to refer to inequalities like (3.8) and (3.11). O

Exercises

Exercise 3.1 (Scaling). Let D C R? be a Lipschitz domain. Let A > 0
and D := A7'D. (i) Show that D and D have the same Poincaré-Steklov
constant in (3.8). (ii) Same question for (3.11).
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Exercise 3.2 (Poincaré—Steklov, 1D). Let D := (0,1) and u € C*(D;R).
Prove the following bounds: (i) Hu||%2(D) < %Hu’H%Q(D) if u(0) = 0. (Hint:
0(0) = J503) ) [0l < ) I 0) = ) =0 (i
as above, but distinguish whether z € (0, %) or z € (3,1).) (iii) Hu||L2 (p) <
6||u’||L2 +u with u := fo udx. (Hint: square the identity u(x) — u(y) =
[P ( (iv) max, 5 |[u(z)* < 2u(1)? +2||u’||L2(D) (Hint: square u(x) =
1)+ ff U’(t)dt-) (v) max, 5 (@) < 2(|[ullZ2py + W l122(p))- (Hint:
prove that u(z)? < 2u(y)? + 2||u’||L2(D) and integrate over y € D.)
Exercise 3.3 (Fractional Poincare—Steklov) () Prove (3.10). (Hint:
write [}, [v(@) —vplPdz = [, D77 | [, (v( y)) dy["dz.) (ii) Prove that
|v —vplwrepy <€ " vlwer(py for all r € (0 s] and all s € (0,1).
Exercise 3.4 (Zero-extension in W,?(D)). Let p € [1,00). Let D be
an open set in R%. Show that Wi*(D) — WP(D) and || . pRe) <
[ull e (py for all u € Wy ?(D).
Exercise 3.5 (Integral representation). Let v : [0,00) — R be a con-

tinuous function with bounded derivative, and let w : [0,00) — R be

such that w(z) = + fo (z))dt. (i) Show that |w(z)| < % where
M = sup,¢; o,oo) |3x11( ). ( ) Estirnate w(O) (iii) Show that J:(tw(t)) =
—tdv(t). (iv) Prove that v(z)—v(0) = )—fy @) q¢. (Hint: observe that
v(z) —v(0) = [ 1 (tdv(t)) dt, use (111)7 and 1ntegrate by parts.) (v) Prove
the following integral representation formula (see Grisvard [110, pp. 29-30)]):

v(O):v(x)—F%/o(( — o dt+/ / )) dt dy.

Exercise 3.6 (Trace inequality in W*P, sp > 1). Let s € (0,1), p €
[1,00), and sp > 1. Let @ > 0 and F be an open bounded subset of R, Let
D := Fx(0,a). Let v € C*(D) N C°D). (i) Let y € F. Using the integral
representation from Exercise 3.5, show that there are c¢;(s,p) and ca(s,p)
such that

_1 s_1
[v(y, 0)| < a”*[lo(y, )lLr0.0) + (c1(s,p) + c2(s,p))a” " [v(y, ) lwer(0,0)-

(ii) Accept as a fact that there is ¢ (depending on s and p) such that

“No(xg—1,zq4) — v(Td—1,ya)|"
/ ./ |za — yal P+ 7 doy... dzg-1dzadya < cfvlwer(p)-

Prove that [[v(.,0)||zr(r) < ¢ (a” pH’UHLp y +a’ |U|Ws,p(D)). Note: this
shows that the trace operator 48 : C*(D) O C%D) — LP(F) is bounded
uniformly w.r.t. the norm of W*?(D) when sp > 1. This means that 8 can
be extended to W*P(D) since C1(D) N CY(D) is dense in WP (D).
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Distributions and duality in Sobolev C:?
spaces

updates

The dual space of a Sobolev space is not only composed of functions (defined
almost everywhere), but this space also contains more sophisticated objects
called distributions, which are defined by their action on smooth functions

with compact support. For instance, the function % is not in L'(0,1), but

the map ¢ — fol %gp(m) dx can be given a meaning for every smooth function
that vanishes at 0. Dual Sobolev spaces are useful to handle singularities
on the right-hand side of PDEs. They are also useful to give a meaning
to the tangential and the normal traces of R%valued fields that are not in
W#P(D;R%) with sp > 1. The extension is done in this case by invoking
integration by parts formulas involving the curl or the divergence operators.

4.1 Distributions

The notion of distribution is a powerful tool that extends the concept of
integrable functions and weak derivatives. In particular, we will see that every
distribution is differentiable in some reasonable sense.

Definition 4.1 (Distribution). Let D be an open set in R%. A linear map
T:C5°(D)>¢ — (T,p):=T(¢) €R orC, (4.1)

1s called distribution in D if for every compact subset K of D, there exist an
integer p, called the order of T, and a real number ¢ (both can depend on K)
s.t. for all ¢ € C§°(D) with supp(y) C K, we have

(T, < e max (5110 e 1) (4.2)

Let T be distribution of order p. We henceforth abuse the notation by using
the symbol T to denote the extension by density of T" to C¥ (D).
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Example 4.2 (Locally integrable functions). Every function v in L (D)
can be identified with the following distribution:

T, :C3°(D) > ¢ — (T, ) ::/ v da.
D
This identification is possible owing to Theorem 1.32, since two functions
v,w € L (D) are such that v = w a.e. in D iff [, vpdz = [, weda for all
» € C§°(D). We will abuse the notation by writing v instead of T,,. Notice
that the identification is also compatible with the Riesz—Fréchet theorem
(Theorem 1.41) in L?(D), which allows one to identify L?(D) with its dual

space by means of the L2-inner product. (Il

Example 4.3 (Dirac mass or measure). Let a be a point in D. The Dirac
mass (or Dirac measure) at a is the distribution defined by (4,4, ¢) = ¢(a)
for all ¢ € C§°(D). There is no function f € L (D) such that §, = Ty.
Otherwise, one would have 0 = [}, fodz for all ¢ € C§°(D\{a}), and owing
to Theorem 1.32, this would imply that f = 0 a.e. in D\{a}, i.e., f =0 a.e. in
D. Hence, 6, € T(L},.(D)). This example shows that there are distributions

that cannot be identified with functions in L] (D). O

Definition 4.4 (Distributional derivative). Let T be a distribution in D
and let i € {1:d}. The distributional derivative 9;T is the distribution in D
such that (0;T, ) = —(T,0;p) for all ¢ € C§°(D). More generally, for a
multi-index o € N, the distributional derivative 0T is the distribution in
D acting as (9°T, ) = (—1)I*NT,0%¢). We set conventionally O°T =T,
and VT = (81T, ey 8dT)T.

Example 4.5 (Weak derivative). The notion of distributional derivative
extends the notion of weak derivative. Let v € L{ (D) and assume that v

has a weak a-th partial derivative, say v € Li (D). Just like in Exam-
ple 4.2, we can identify v and 0% with the distributions T, and Tya, such
that (To,,v) := [, vy de and (Tyay, @) = (—1)led Jpv0%pdax. This implies
that (Thay,p) = (—1)1°NT,, 0%p), which according to Definition 4.4 shows
that 04T, = Tha,, i.e., the distributional derivative of T, is equal to the

distribution associated with the weak derivative of v. O

Example 4.6 (Step function). Let D := (—1,1). Let w € L*(D) be defined
by w(z) := —1if z < 0 and w(x) := 1 otherwise. For all ¢ € C§°(D), we
have — [, wd,pda = f_ol Oz dx—fol Oppdx = 2p(0) = 2(dg, ¢). This shows
that the distributional derivative of w is twice the Dirac mass at 0, i.e., we
write d,w = 2dy. As established in Example 4.3, g cannot be identified
with any function in L{ (D). Hence, w does not have a weak derivative
but w has a distributional derivative. Consider now the function v(z) :=
1 — |z| in LY(D). By proceeding as in Example 2.5, one shows that v has a
weak derivative and d,v(z) = 1 if © < 0, and 9,v(x) = —1 otherwise. As
established in Example 4.5, the distributional derivative of v and its weak
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derivative coincide. Notice though that the distributional second derivative
of v is 0,,v = —2g which is not a weak derivative. O

Example 4.7 (Dirac measure on the unit sphere). (i) Let a € R%
Definition 4.4 implies that (9%8,, ) = (—1)*10%¢(a). (ii) Let u : R* — R
be such that u(x) := 1if ||z||z < 1 and u(zx) := 0 otherwise. Let B(0,1)
and S(0,1) be the unit ball and unit sphere in R%. We define the Dirac
measure supported in S(0,1) by (ds(,1),%) = fS(OJ)gods. Let e; be one
of the canonical unit vectors of R%. Then (O;u,p) = _fB(0,1) Oipdxr =
— fB(O,l) V-(pe;) dz, which proves that (9;u, ) = _fS(O,l) n-e;pds. Hence,
Vu = —53(0,1)71. O

Definition 4.8 (Distributional convergence). Let D be an open set in
Re. We say that a sequence of distributions {T} }nen converges in the distri-
bution sense if one has limy, oo (T, @) = (T, @) for all ¢ € C§°(D).

Example 4.9 (Oscillating functions). Let D := (0,1) and f,(z) :=
sin(nz) for all n > 1. This sequence does not converge in L!'(D), but
(Ty,, ) = fol sin(nx)pdr = fol L cos(na)¢’ dz, so that lim, oo (T}, , ) = 0
for all ¢ € C§°(D), i.e., Tf, — 0 in the sense of distributions. Up to an
abuse of notation we say that f, converges to 0 in the sense of distribu-
tions. Likewise one can show that cos(nz) — 0 in the sense of distributions.

Let us now consider g,(z) := sin?(nz) for all n > 1. Using the identity
sin®(nz) = 1 — 1 cos(2nz) and the above results, we conclude that g, — %
in the sense of distributions. (]

4.2 Negative-order Sobolev spaces

Equipped with the notion of distributions we can now define Sobolev spaces
of negative order by duality using W;* (D).

Definition 4.10 (W—=?(D)). Let s >0 and p € (1,00). Let D be an open
set in RY. We define the space W—5P(D) := (Wg* (D))/ with % + ;1, =1
(for p =2, we write H=%(D) := W=52(D)), equipped with the norm

T, w
ITlw-oripy = sup el

NI (4.3)
wewg? (py 1@l (D)

Identifying LP(D) with the dual space of LP (D) (see Theorem 1.41), we
infer that LP(D) — W~P(D) (and both spaces coincide for s = 0 since

W(?’pl (D) = L” (D) by Theorem 1.38). Moreover, any element T € W~*?(D)
is a distribution since, assuming s = m € N, we have
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i/ m+d i @ Yo
T < Ty DIF (71 e (@510l (00
la|<m
for all compact subset K C D and all ¢ € C§°(D) with supp(¢) C K. The
argument can be adapted to the case where s =m+ o, o € (0,1).

Example 4.11 (Dirac measure). Some of the objects in W—*P(D) are not
functions but distributions. For instance, the Dirac mass at a point a € D is

in W=P(D) if sp’ > d. O

Theorem 4.12 (W~1P(D)). Letp € (1,00). Let D be an open, bounded set
in R, For all f € W1P(D), there are functions {g;}ic{o:ay, all in LP (D),
such that || f|lw-1»(p) = maxie(o.ay 9ill o (p) and

(fivy = / govdzx + Z g;0vde, Yo € Wy P(D). (4.5)
D ie{t:a}” P

More generally, for all m € N, one has v € W=™P(D) if and only if v =
> laj<m 9% ga where go € LP (D).

Proof. See Brezis [48, Prop. 9.20] for the case m = 1 and Adams and Fournier
3, Thm. 3.9]. O

Example 4.13 (Gradient). Let s € (0,1),p € (1,00),and sp# 1. If Disa
Lipschitz domain in R¢, then the linear operator V maps W*?(D) boundedly
to Ws=LP(D), i.e., we have V € L(W*P(D); W*=1P(D)); see Grisvard [110,
Thm. 1.4.4.6]. m

Remark 4.14 (Interpolation). Assuming that D is a Lipschitz domain,
an alternative definition of negative-order spaces relies on the interpolation
theory between Banach spaces (see §A.5). Let p € (1,00) and s € (0,1).
Recalling the space W~1?(D) from Definition 4.10, let us set

W=*#(D) = [W?(D), L”(D)}1—s,-

Theorem A.30 and the definition (3.6) of W(‘f(’)p/ (D) imply that

s ’ , ’ s, ’ /
W=*?(D) = [L7 (D), Wy (D)1 = (Woi” (D))"

The arguments from Remark 3.23 imply that H~*(D) = H=*(D) if s # %
since Hiy(D) = HE(D) in this case (see (3.7)). (One can also infer that
W=5P(D) = W=5P(D) for sp # 1, if W*P(D) = W5F(D), as conjectured in
Remark 3.23.) O
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4.3 Normal and tangential traces

The goal of this section is to give a meaning to the normal or tangential
component of R%-valued fields for which we only have integrability properties
on the divergence or the curl, respectively, but not on the whole gradient.
The underlying idea is quite general and consists of defining the traces in
a Sobolev space of negative order at the boundary by extending a suitable
integration by parts formula valid for smooth functions. Recall that for any
field v = (vi)ief1:ay € Lo (D) := L .(D;R?), the divergence is defined by
Vo= > O, (4.6)

ie{1:d}

and for d = 3, the curl Vxw is the column vector in R® with components
(Vxw); := Zj,ke{l:S} €;j,0;v for all 4 € {1:3}, where ¢;;5, denotes the Levi-
Civita symbol (g5 := 0 if at least two indices take the same value, €123 =
€931 = €312 = 1 (i.e., for even permutations), and €133 = €913 = €321 := —1
(i.e., for odd permutations)). In component form, we have

Vxwv = (821}3 — (931}2, 831}1 — (911}3, 811}2 — (921}1)1—. (47)

Recall also that the following integration by parts formulas hold true for all
v,w € CY(D) and all ¢ € C*(D):

/(DD(1)><TI:)-wds:/Dv.wadac—/D(qu;).wdgg7 (4.8a)

/ (vm)gds = / v-Vgdz —|—/ (V-v)gde. (4.8b)

aD D D

Let p € (1,00) and let us consider the following Banach spaces:
Z°P(D):={v e LP(D) | Vxv € L?(D)}, (4.9a)
Z4P(D) = {v € LP(D) | Vv € LP(D)}. (4.9b)

For p = 2, we write

H(curl; D) := Z°*(D), H(div; D) :== Z%*(D). (4.10)
Let (-, -)op denote the duality pairing between Wﬁé’p(aD) and W%’p’(aD).
The trace operator v& : W' (D) — W%’p,((’?D) being surjective (see The-

orem 3.10), we infer that there is ¢y such that for all I € WP (0D), there
is w(l) € W' (D) s.t. v8(w(l)) = Land [w(l)|lyy 1. (py < cyelll,,,

We then define the linear map ¢ : Z°?(D) — Wﬁi’p(ﬁD) by

1 .
> (aD)
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(°(v), Dop == /

D

v-Vxw(l) dac—/(va)-w(l)dx7 (4.11)
D

for all v € Z%P(D) and all I € W (0D). Note that (4.8a) shows that
7¢(v) = vjppxn when v is smooth. A direct verification invoking Hélder’s
inequality shows that the map ¢ is bounded. Moreover, the definition (4.11)
is independent of the choice of w(l); see Exercise 4.5.

We also define the linear map 7 : Z4?(D) — W_%’p(aD) by

(v (v),Dop = /D v-Vq(l)dz + /D(V-'u)q(l) dz, (4.12)
forallv € Z4P(D) and alll € WP (8D), where (1) € W' (D) is such that
~v8(q(1)) =1, and (-, -)sp now denotes the duality pairing between Wﬁi’p(aD)
and W5? (D). Reasoning as above, one can verify that: 74 (v) = vjspn
when v is smooth; the map v9 is bounded; the definition (4.12) is independent
of the choice of ¢(1).

Theorem 4.15 (Normal/tangential component). Let p € (1,00). Let
D be a Lipschitz domain in R, Let ¢ : ZP(D) — Wﬁi’p(aD) and v9
Z4P(D) — W_%’p((?D) be defined in (4.11) and (4.12), respectively. The
following holds true:

(i) v°(v) = vjgpxn and ¥4 (v) = v)gp'n whenever v is smooth.
(ii) 7
(iii) Density: setting Zy* (D) := C§°(D)

we have

s surjective.

———z%%(D)
. Zy*(D) == C°(D) ,

Z°7 (D)

ZSP (D) =ker(7°),  Z3P(D) = ker(y9). (4.13)

Proof. Ttem (i) is a simple consequence of the definition of 4¢ and 4. See
Tartar [189, Lem. 20.2] for item (ii) when p = 2. See [96, Thm. 4.7] for item
(iii) (see also Exercise 23.9). O

Example 4.16 (Normal derivative). In the context of elliptic PDEs, one
often deals with functions v € H(D) such that V-(Vv) € L?(D). For these
functions we have Vv € H(div; D). Owing to Theorem 4.15 with p = 2,
one can then give a meaning to the normal derivative of v at the boundary
as 74(Vo) € H~2(8D). Assuming more smoothness on v, e.g., v € H*(D),
s > %, and some smoothness of 9D, one can instead invoke Theorem 3.16
to infer that 4% (v) € H5"2(8D) < L2(dD), i.e., the normal derivative
is integrable. However, this smoothness assumption is often too strong for
elliptic PDEs, and one has to use v4(Vv) to define the normal derivative. [J

Example 4.17 (Whitney’s paradox). Let us show by a counterexample
(see [199, p. 100]) that the normal component of a vector field with integrable
divergence over D may not be integrable over D. The two-dimensional field
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v(zy,29) = (xf_TgEiguﬁlez%)T in D := (0,1)? satisfies ||[v(z)| = ||,

v € LP(D) for all p € [1,2), and V-v = 0. However, v-n is not integrable,
ie., vn ¢ LY(OD). O

Remark 4.18 (2D). In dimension two (d = 2), the tangential component
is defined using the linear map ¢ : Z%?(D) — W_%’p(aD) as follows:

(1 (0), Dop = /

V4w(l) dz w(l)dz
D'UV () d +/(V><'v) (1) dw,

D

for all v € Z%P(D) and all | € W%’p,(aD), where w(l) € W' (D) is such
that v&(w(l)) = I. Here, V+Yv := (=0yv,0;v)" and V xv := 0;v5 — dav1. Note
that V+-v = Rz (Vv) and Vxv = —V-(Rz (v)), where Rz is the rotation of
angle 5 in R? (i.e., the matrix of Rz relative to the canonical basis of R? is
(9 75))- Whenever v is smooth, we have v°(v) = v|gp-t where ¢ := Rz (n)
is a unit tangent vector to dD. (]

Exercises

Exercise 4.1 (Distributions). Let D be an open set in R%. Let v be a
distribution in D. (i) Let ¢ € C'*°(D). Show that the map C5°(D) 3 ¢ —
(v,9p) defines a distribution in D (this distribution is usually denoted by
Yv). (i) Let a, 8 € N Prove that 9%(0°v) = 9°(0“v) in the distribution
sense.

Exercise 4.2 (Dirac measure on a manifold). Let D be a smooth
bounded and open set in R?. Let u € C?(D;R) and assume that ujgp = 0. Let
@ be the extension by zero of u over R%. Compute V-(Vi) = O11u+. . .+ dgqu
in the distribution sense.

Exercise 4.3 (P.V. 1). Let D := (—1,1). Prove that the linear map 7" :
C§°(D) — R defined by (T, ¢) := lim._, flfc\>\e| Lo(x) dz is a distribution.

Exercise 4.4 (Integration by parts). Prove the two identities in (4.8) by
using the divergence formula [, V-¢dx = [, (¢-n)ds for all ¢ € C*(D).

Exercise 4.5 (Definition (4.11)). Verify that the right-hand side of (4.11)
is independent of the choice of w(l). (Hint: consider two functions wy, ws €
W2 (D) s.t. 48(wy) = v8(w2) = I and use the density of C°(D) in
Wy (D).)
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Part II, Chapter 5
Main ideas and definitions ®

Check for
updates

The goal of the three chapters composing Part II is to introduce the main
concepts behind finite elements and to present various examples. This chap-
ter introduces key notions such as degrees of freedom, shape functions, and
interpolation operator. These notions are illustrated on Lagrange finite ele-
ments and modal finite elements, for which the degrees of freedom are values
at specific nodes and moments against specific test functions, respectively.

5.1 Introductory example

This section introduces the notion of finite element in dimension one. Let
K := [-1,1] and consider a continuous function v € C°(K). Our objec-
tive is to devise an interpolation operator that approximates v in a finite-
dimensional functional space, say P. For simplicity, we assume that P = Py
for some integer k£ > 0, where Py is the real vector space composed of
univariate polynomial functions of degree at most k, i.e., p € Py if p(t) =
2 ic{0:k} a;tt for all t € R, with a; € R for every integer i € {0:k}.

Let us consider (k+1) distinct points {a; };c 0.} in K, which we call nodes.
We want to construct an operator Zx : CO(K) — Py, s.t. Zx (v) verifies

Tk (v) € Py, Tk (v)(a;) :=v(a;), Vi € {0:k}, (5.1)

for every function v € C°(K). These conditions uniquely determine Zy (v)
since a polynomial in Py, is uniquely determined by the value it takes at (k+1)
distinct points in R. For the same reason Py is pointwise invariant under Zg,
i.e., Ik (p) = p for all p € Py. To obtain an explicit representation of Zr (v),
we introduce the Lagrange interpolation polynomials defined as follows:

. N £4 t—a,;
_ H]G{O-k}\{ }( j) , Vt € R, Vi € {O:k‘}. (5.2)

Hje{O:lc}\{i}(ai —aj
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We set £([)a] := 1 if k£ = 0. By construction, the Lagrange interpolation poly-
nomials satisfy £1(a;) = 1 and £1”(a;) = 0 for all j # i, which we write
concisely as

iay) = 6,5, Vi,je{0:k}, (5.3)
where §;; is the Kronecker symbol, i.e., d;; := 1if ¢ = j and §;; := 0 otherwise.
The Lagrange interpolation polynomials of degree k € {1, 2,3} using equidis-
tant nodes in K (including both endpoints) are shown in Figure 5.1. Let us
show that the family {ﬁga}}ie{&k} forms a basis of Py. Since dim(Py) = k+1,
we only need to show linear independence. Assume that ), {0:k} aiﬁga] =0.

Evaluating this linear combination at the nodes {a;};c{o:} yields oz = 0
for all i € {1:d}, which proves the assertion. In conclusion, the polynomial

function Tk (v) defined in (5.1) is Zx (0)(t) == 3 ic 0.1 v(ai)ﬁga] (t).

L L L L L L L L L
-1 05 0 05 1 -1 05 0 05 1 -1 0.5 0 0.5 1

Fig. 5.1 Lagrange interpolation polynomials with equidistant nodes in the interval K :=
[=1,1] of degree k = 1 (left), 2 (center), and 3 (right).

Remark 5.1 (Key concepts). To sum up, we used three important ingre-
dients to build the interpolation operator Zx: the interval K := [—1,1], the
finite-dimensional space P := P, and a set of degrees of freedom, i.e., linear
maps {ai}ie{(): k} acting on continuous functions, which consist of evaluations
at the nodes {a;}ic{o:x}, i-e., i(v) := v(a;). A key observation concerning
the degrees of freedom is that they uniquely determine functions in P. [

5.2 Finite element as a triple

A polyhedron (also called polytope) in R? is a compact interval if d = 1 and
if d > 2, it is a compact, connected subset of R? with nonempty interior such
that its boundary is a finite union of images by affine mappings of polyhedra
in R%~1. In R2, a polyhedron is also called polygon. Simple examples are pre-
sented in Figure 5.2 in dimensions two and three. A polyhedron in R? (resp.,
R3) can always be described as a finite union of triangles (resp., tetrahedra).
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N

Fig. 5.2 Examples of polyhedra in R? and R3. The hidden edges are shown with dashed
lines in R3. From left to right: triangle, square, tetrahedron, hexahedron, prism.

The following definition of a finite element is due to Ciarlet [76, p. 93].

Definition 5.2 (Finite element). Let d > 1, an integer ng, > 1, and the
set N := {1:ng,}. A finite element consists of a triple (K, P, X) where

(i) K is a polyhedron in R? or the image of a polyhedron in R by some
smooth diffeomorphism. More generally, K could be the closure of a Lip-
schitz domain in RY (see §3.1). K is nontrivial, i.e., int(K) # (.

(ii) P is a finite-dimensional vector space of functions p: K — RY for some
integer ¢ > 1 (typically q € {1,d}). P is nontrivial, i.e., P # {0}. The
members of P are polynomial functions, possibly composed with some
smooth diffeomorphism.

(iii) X' is a set of ng, linear forms from P to R, say X = {o;}ien, such
that the map @5, : P — R™» defined by Px(p) = (Ji(p))ieN is an
isomorphism. The linear forms o; are called degrees of freedom (in short
dofs), and the bijectivity of the map @ is referred to as unisolvence.

Remark 5.3 (Proving unisolvence). To prove unisolvence, it suffices to
show that dim P > ngy, = card X' and that @ is injective, i.e.,

[oi(p) =0, Vie N] = [p=0], Vp € P. (5.4)
Owing to the rank nullity theorem, @5 is then bijective and dim P = ng,. O

Remark 5.4 (L(P;R)). X is a basis of the space of the linear forms over
P, ie., L(P;R). Indeed, dim(L(P;R)) = dim(P) = ng,. Moreover, if the
vector X = (Xj)ien € R™» is st Y.\ Xioi(p) = 0 for all p € P, taking
p =& (X) yields >ien X7 =0. Hence, X; =0 for all i € NV. O

Proposition 5.5 (Shape functions). (i) There is a basis {0;};cn of P s.t.
ai(ﬁj) = 51'3', Vl,j cN. (55)

The functions 0; are called shape functions. (ii) Let {¢;}ien be a basis of
P. Then defining the generalized Vandermonde matrix V € R™shX"sh qyjth
entries V;j := 0(¢;) for all i,j € N, the shape functions are given by

0=y (V)iyd;,  VieN. (5.6)
JEN
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Proof. (i) The shape functions are given by 6; = &' (e;) for all i € N,
where (e;);en is the canonical basis of R™. (ii) To show that the matrix V
is invertible, we consider X € R™» s.t. X'V = 0 and set p := Y ien Xidi.
Then XTV = 0 implies that o;(p) = 0 for all j € N, and (5.4) in turn
implies that p = 0. Hence, X = 0 since {¢;}ien is a basis of P. Finally,
k(X jen Vb)) = ZienV ijon(d) = Xjen(V"iVin = di for
all k € N. This proves that 6; = >\ /(V™1)ij¢;. O

Proposition 5.5 gives a practical recipe to build the shape functions. One
first chooses a basis of P and evaluates the associated Vandermonde matrix V
and its inverse. The components of the shape function 6; in the chosen basis
are then ((V71);;)jen for all i € A'. One must be careful in choosing the basis
{¢i}ienr when working with high-order polynomials, since the matrix V may
become ill-conditioned if the basis is not chosen properly. The computation of
the shape functions can be affected by roundoff errors if V is ill-conditioned.

Remark 5.6 (Vandermonde matrix). For d = 1, if one uses the monomial
basis {2%};en with the dofs o;(p) := p(a;), then V is a classical Vandermonde
matrix with entries Vi; = a for all i,j € N. O

5.3 Interpolation: finite element as a quadruple

The notion of interpolation operator is central to the finite element theory.
The term “interpolation” is used here in a broad sense, since the degrees of
freedom (dofs) are not necessarily point evaluations. For the interpolation
operator to be useful, one needs to extend the domain of the linear forms
in X so that they can act on functions in a space larger than P, which we
denote by V(K). The space V(K) is the fourth ingredient defining a finite
element.

Definition 5.7 (Interpolation operator). Let (K, P,X) be a finite ele-
ment. Assume that there exists a Banach space V(K) C L'(K;RY) s.t.:

(i) P C V(K).

(ii) The linear forms {o;}ien can be extended to L(V(K);R), i.e., there exist
{G:}ien and cx such that 6;(p) = o;(p) for all p € P, and |6;(v)] <
cs|lvllv k) for all v € V(K) and all i € N. We henceforth abuse the
notation and use the symbol o; instead of &;.

We define the interpolation operator Zg : V(K) — P by setting
Ik (v)(z) = Z 0 (v)0i(x), Ve € K, (5.7)
ieN

for allv e V(K). V(K) is the domain of Tk, and P is its codomain.
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Proposition 5.8 (Boundedness). Zx belongs to L(V(K); P).

Proof. Let ||-||p be a norm in P (all the norms are equivalent in the finite-
dimensional space P). The triangle inequality and Definition 5.7(ii) imply
that [|Zx (v)[[p < (5 2ien [0l P)l[0llv () for all v € V(K). O

Proposition 5.9 (P-invariance). P is pointwise invariant under Iy, i.e.,
Ik (p) =p for allp € P. As a result, Ik is a projection, i.e., TxoLlx = Tk.

Proof. Letting p = > a;0; yields I (p) = >, jcp @joi(0;)0; = p owing
to (5.5). This shows that P is pointwise invariant under Zg, and it immedi-
ately follows that Zx is a projection. O

Example 5.10 (V(K)). If one builds Zx (v) by using values of the function
v at some points in K, like we did in §5.1, then it is natural to set V(K) :=
CY(K;R?) (recall that K is a closed set in R?, so that functions in C°(K;RY)
are continuous up to the boundary). Another possibility is to set V(K) :=
WeP(K;R?) for some real numbers s > 0 and p € [1, 00] such that sp > d (or
s > dif p=1); see Theorem 2.31. If T (v) involves integrals over the faces of
K, then one can take V(K) := W*P(K;R?) with sp > 1 (or s > 1 if p=1).
More generally, if Zx (v) involves integrals over manifolds of codimension d’,
then it is legitimate to set V(K) := W*P(K;R?) with sp > d’ (or s > d’ if
p = 1). We abuse the notation since we should write WP (int(K); R?), where
int(K) denotes the interior of the set K in R<. O

5.4 Basic examples

5.4.1 Lagrange (nodal) finite elements

The dofs of scalar-valued Lagrange (or nodal) finite elements are point val-
ues. The extension to vector-valued Lagrange elements is done by proceeding
componentwise.

Definition 5.11 (Lagrange finite element). Let (K,P,Y) be a scalar-
valued finite element (q := 1 in Definition 5.2). If there is a set of points
{a;}ien in K such that for all i € N,

oi(p) == p(a;), Vp € P, (5.8)

the triple (K, P, X) is called Lagrange finite element. The points {a;}icn are
called nodes, and the shape functions {0;};cnr, which are s.t.

Qi(a]—) = 5ij7 VZ,] S N, (59)

form the nodal basis of P associated with the nodes {a;}icnr- O
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Examples are presented in Chapters 6 and 7. Following Definition 5.7, the
Lagrange interpolation operator I}( acts as follows:

Ti(w)(x) = > v(a:)bi(x), Vo€ K. (5.10)
ieN
By construction, Z% (v) matches the values of v at all the Lagrange nodes, i.e.,
Tt (v)(a;) = v(a;) for all j € N. The domain of Z% can be V(K) := C°(K)
or V(K) :=W?P(K) with p € [1,00] and ps >d (s > d if p=1).

5.4.2 Modal finite elements

The dofs of modal finite elements are moments against test functions using
some measure over K. For simplicity, we consider the uniform measure
and work in L?(K;RY) with ¢ > 1. We are going to use the notation

(v, w)L2(KRa) = [ (VW) g2 (Ray di.
Proposition 5.12 (Modal finite element). Let K be as in Definition 5.2.

Let P be a finite-dimensional subspace of L>(K;RY) and let {(;}ienr be a basis
of P. Let X := {0, }ien be composed of the following linear forms o; : P — R:

oi(p) = | K| (Gi»D) p2(imey, VP E P, Vie N. (5.11)

(The factor |K|~1 is meant to make o; independent of the size of K.) Then
the triple (K, P, X)) is a finite element called modal finite element.

Proof. We use Remark 5.3. By definition, dim(P) = card(X). Let p € P be
such that o(p) = 0 for all i € N. Writing p = >, \s a;(;, we infer that
|K|_1Hp||2L2(K;Rq) = Zje,/\/ a;o;j(p) =0, so that p = 0. U

Examples of modal finite elements are presented in Chapter 6. Let us
introduce the mass matriz M of order ng, with entries

M= |K|7 G G regmays Vi j EN (5.12)
By construction, M is symmetric, and since

(MX, X)p@nay = Y, My XiX; = K[ €)172 scm0),
L,JEN

for all X € R™® with £ = ZjEN X;(j, we infer that (MX, X)p2gnay > 0.
Moreover, (MX, X)pz@nay = 0 implies £ = 0, i.e., X = 0 since {(;}ien is
a basis of P. In conclusion, M is symmetric positive definite. Furthermore,
one readily sees that M = V, where the Vandermonde matrix V is defined
in Proposition 5.5. Hence, 0; = Y, \/(M™");;¢; for all i € N. Following
Definition 5.7, the modal interpolation operator I} acts as follows:

2 (o) (@) :Z(@(cﬁmm(mm)aﬁ(m), vee K. (5.13)

iEN
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The domain of T can be defined to be V(K) := L2?(K;RY), or even
V(K) := LY(K;R?) if P C L*>°(K;R?). One can verify that 7% is the L>-
orthogonal projection onto P; see Exercise 5.2. Finally, if the basis {¢;}ien
is L?-orthogonal, the mass matrix is diagonal, and in that case the shape
functions are given by 6; := (‘K|/||<i||%2(K;Rq))<i for all i € V.

5.5 The Lebesgue constant

Recall from Definition 5.7 that the interpolation operator Zy isin L(V(K); P).
Since P C V(K), we can equip P with the norm of V(K) and view Zx a
member of L(V(K)). In this section, we study the quantity

1w () v (¢
IZk lcviy i= sup VKD

(5.14)
veEV(K) ||U||V(K)

which is called the Lebesgue constant for Tx. We abuse the notation by
writing the supremum over v € V(K) instead of v € V(K) \ {0}.

Lemma 5.13 (Lower bound). || Zx/|lzvx)) > 1.

Proof. Since P is nontrivial (i.e., P # {0}) and since Zx(p) =p for all p € P
owing to Proposition 5.9, we infer that

T T
Ex@lvan | ITe@lveo _ .

vevik)  vllvix) vl IPllviry

The Lebesgue constant arises naturally in the estimate of the interpolation
error in terms of the best-approzimation error of a function v € V(K) by
a function in P, that is, inf,cp [|[v — p|lv (k). In particular, the next result
shows that a large value of the Lebesgue constant is associated with poor
approximation properties of Zg.

Theorem 5.14 (Interpolation error). For allveV(K), we have
Il = Zie@)llviey < A+ 1 Zxllevien) L v =pllvo, (5.15)
and ||v—Zg (v)|lv (k) < ||IK||£(V(K))£2£ lv=pllv(xy if V(K) is a Hilbert space.

Proof. Since I (p) = p for all p € P, we infer that v—Zk (v) = (I -Ik)(v) =
(I —Zk)(v — p), where I is the identity operator in V(K), so that

lv=Zr (V) |lvx) < 1 = Zr)(v = P)llvix) £ A+ I Zxllcevn)llv = pllvx),

where we used the triangle inequality. We obtain (5.15) by taking the infimum
over p € P. Assume now that V(K) is a Hilbert space. We use the fact that
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in any Hilbert space H, any operator T' € L(H) such that 0 £ T oT =T # 1
satisfies | T||zcay = [[I — T'l|z(m); see Kato [124], Xu and Zikatanov [201,
Lem. 5], Szyld [188]. We can apply this result with H := V(K) and T := Zk.
Indeed, Tk # 0 since P is nontrivial, Zx # I since P is a proper subset of
V(K), and T o I = Ik owing to Proposition 5.9. We infer that

v =ZkW)llvx) < 1 =Iklleev @y llv=rplvi) = 1Zxlleovaopllv = pllv ),
and we conclude by taking the infimum over p € P. |

Example 5.15 (Lagrange elements). The Lebesgue constant for the
Lagrange interpolation operator Z% with nodes {a;};cn and space V(K) :=
C°(K) is denoted by AN := 1 Z cco(x))- Owing to Theorem 5.14, we
have [lv — Tk (v)|leoxy < (1 + MNYinfpep |lv — pllco(xy. One can ver-
ify (see Exercise 5.6) that AN = ||| co(x) with the Lebesgue function
W(z) =3 cp l0i(z)] for all z € K. O

Example 5.16 (Modal elements). Consider a modal finite element with
V(K) := L*(K;R?) (see Proposition 5.12). Since Z% is the L?-orthogonal
projection from L?(K;RY%) onto P, the Pythagorean identity ||v||2L2(K.Rq) =
IZR W22 may + IIv = TR ()72 (g ey implies that TR z(z2ra) < 1,
which in turn gives ||ZR||z(z2(k;re)) = 1 owing to Lemma 5.13. O

Let assume that V/(K) is a Hilbert space with inner product (-, -)y (k. Fol-
lowing ideas developed in Maday et al. [137], we now show that the Lebesgue
constant can be related to the stability of an oblique projection. Owing to
Theorem A.16 (or Exercise 5.9), we introduce the functions ¢; € V(K) for all
i€ N s.t. (gi,v)vk) = 0i(v) for all v € V(K). Let us set Q := span{q; }ien,
and let Q* be the orthogonal to @ in V(K) for the inner product (-, W (K)-

Lemma 5.17 (Oblique projection). Let Zx be defined in (5.7). Then Tk

is the oblique projection onto P along QF, and the Lebesgue constant is

_ -1 : R (P, @) v (x)
HIKHL(V(K)) = apg with apq = infyepsup,cq ToTvao Talvae -

Proof. (1) Unisolvence implies that P N Q+ = {0}. Indeed, if p € PN Q-+,
then p € P and o;(p) = 0 for all ¢ € NV, so that p = 0. Let now v € V(K).
We observe that Zx (v) € P and

(9, Ik (v) —v)y (k) = 0i(Zk (v)) — oi(v) = 0, VieN.

Hence, Zx (v) — v € Q*+. From the decomposition v = Zx (v) + (v — g (v)),
we infer that V(K) = P+ Q1. Therefore, the sum is direct, and Zx (v) is the
oblique projection of v onto P along Q.

(2) We have

(Zr (v), @)v(x (v, Qv x
apq||Zx (v)|lv (k) < sup SR LDV S VK < v

= v (ks
@ lallvx) 0@ llallvx)
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for all v € V(K), showing that ||Zx| zv k) < a;é. To prove the lower
bound, let us first show that Zx (IIg(p)) = p for all p € P, where Il is the
V(K)-orthogonal projection onto Q. We first observe that

(Zx(o(p): @)vx) = (Hq(p), v ) = (P, Dv(x)s

for all ¢ € @), where we used the fact that both Zx and Il are projections
along Q*. The above identity implies that Zx (I1g(p)) —p € PN Q* = {0}.
Hence, Zx (I1g(p)) = p. Since P is a finite-dimensional space, a compactness
argument shows that there is p* € P with [|p*|[y (k) = 1 such that apg =

SUDPgeq %' Since (p*7Q)V(K) = (HQ(p*)7Q)V(K), we infer that apg =
11 ), .
“Pac W = 1T (p*)|lv (k). We conclude that
[FTp— IZx (o Dllviy _ lp*llvee 1 -
VD = g (p)llv (x) o) v are

Further results on the Lebesgue constant for one-dimensional Lagrange
elements can be found in §6.3.1.

Exercises

Exercise 5.1 (Linear combination). Let S € R""*"sh be an invertible
matrix. Let (K, P, Y) be a finite element. Let X' := {G;};cn with dofs &; :=
Y ien Sivoi for all i € N. Prove that (K, P,Y) is a finite element. Write
the shape functions {9] }jen and verify that the interpolation operator does
not depend on S, i.e., Zx (v)(x) = Zx (v)(x) for all v € V(K) and all € K.

Exercise 5.2 (Modal finite element). (i) Let (K, P, X) and (K, P, X)) be
two modal finite elements. Let {(; }ien, {Citienr, be the two bases of P s.t.
the dofs in X and X are given by o;(p) := |K|71(Cisp) 2 (kjrey and G;(p) =
|K|_1(é,p)Lz(K;R4) for all ¢ € N. Prove that the interpolation operators Zj2
and f}? are identical. (ii) Prove that (p, T (v) —v)r2(x;re) = 0 for all p € P.
(iii) Let M be defined by (5.12), and let MY := | K|~ (0;,60;) 2 (xc;ra) for all
1,7 € N, where {60, };cn are the shape functions associated with (K, P, X).
Prove that M? = M~1.

Exercise 5.3 (Variation on P;). Let K := [0,1], P := Py and ¥ :=
{o1,02,03} be the linear forms on P s.t. o1(p) := p(0), o2(p) = 2p(3) —
p(0)—p(1), o3(p) := p(1) for all p € P. Show that (K, P, X)) is a finite element,
compute the shape functions, and indicate possible choices for V(K).

Exercise 5.4 (Hermite). Let K :=[0,1], P := P53, and X := {01, 02,03,04}
be the linear forms on P s.t. o1(p) = p(0), o2(p) := p'(0), o3(p) := p(1),
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o4(p) :=p'(1) for all p € P. Show that (K, P,Y) is a finite element, compute
the shape functions, and indicate possible choices for V(K).

Exercise 5.5 (Powell-Sabin). Consider K := [0, 1] and let P be composed
of the functions that are piecewise quadratic over the intervals [0, 3] U [5,1]
and are of class C! over K, i.e., functions in P and their first derivatives are
continuous. Let X' := {01, ..., 04} be the linear forms on P s.t. o1(p) := p(0),
a2(p) :== p'(0), o3(p) := p(1), o4(p) := p’(1). Prove that the triple (K, P, %)
is a finite element. Verify that the first two shape functions are

1-2t2  ifte|o,3], t(1—3¢) iftelo, 3],
01(t) = EASE L AOES L A
2(1—1t)% ifte[$,1], t 1

and compute the other two shape functions. Note: a two-dimensional version
of this finite element on triangles has been developed in [161].

Exercise 5.6 (Lebesgue constant for Lagrange element). Prove that
the Lebesgue constant AV defined in Example 5.15 is equal to IZE | L(CO(K))-
(Hint: to prove |Zx || z(coxy) = AN consider functions {1; }ienr takmg val-
ues in [0,1] s.t. D0, 9 =1in K and Yi(a;) = 0;; for all i,j € N.)

Exercise 5.7 (Lagrange interpolation). Let K := [a,b] and let p €
[1,00). (i) Prove that [|v||5e k) < (b )_%||v||Lp(K + (- a)l_%Hv’HLp(K)
for all v € W1P(K) (Hint: use v(z) = [YV/(t)dt for all v € CH(K),
where [v(y)| := min.cx |v(2)], then use the den51ty of CH{K) in W'P(K).)
(ii) Prove that W1P(K) embeds continuously in C°(K). (iii) Let Z% be the
interpolation operator based on the linear Lagrange finite element using the
nodes a and b. Determine the two shape functions and prove that Z% can
be extended to W1?(K). (iv) Assuming that w € WP(K) is zero at some
point in K, show that ||w||zr(x) < (b — a)||w'|pr(xy. (v) Prove the follow-
ing estimates: |[(v — Tk (v)) [l (xey < (b— @) 0" [ oieys 10 — Tk (0) o ey <
(b— a)l|(v — T ()Y 1wy, 1TV oy < 1oy, for all p e (1,00]
and all v € W?P(K).

Exercise 5.8 (Cross approximation). Let X,Y be nonempty subsets of
R and f: XxY — R be a bivariate function. Let N := {1:ng, } with ng, > 1,
and consider ng, points {x;}icar in X and ng, points {y;}jen in Y. Assume
that the matrix F € R™»*"» with entries F;; := f(x;,y;) is invertible. Let
IOA(f) : XxY — R be s.t. ZCA(f)(x,y) = Zi"jeN(]—'_T)ijf(:v,yj)f(:ti,y).
Prove that Z¢A(f)(z,yx) = f(z,ys) for all z € X and all k € N, and that
IO (zr,y) = f(an,y) forally € Y and all k € N.

Exercise 5.9 (Riesz—Fréchet in finite dimension). Let V be a finite-
dimensional complex Hilbert space. Show that for every antilinear form A €
V', there is a unique v € V s.t. (v,w)y = (A, w)y, v for all w € V, with
ol = | Allv-.
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One-dimensional finite elements and C:?
tensorization

updates

This chapter presents important examples of finite elements, first in
dimension one, then in multiple dimensions using tensor-product techniques.
Important computational issues related to the manipulation of high-order
polynomial bases are addressed. We also show how to approximate integrals
over intervals using the roots of the Legendre and Jacobi polynomials.

6.1 Legendre and Jacobi polynomials

Legendre and related polynomials are useful tools to design high-order finite
elements. Their roots are also important to construct nodal finite element
bases and to devise approximate integration rules called quadratures.

Definition 6.1 (Legendre polynomials). The Legendre polynomials are
univariate polynomial functions R — R defined for every integer m > 0 by

omp dtim((l -)"(1+ t)m)- (6.1)

L, (t) =

Proposition 6.2 (L?-orthogonality). The Legendre polynomials are L2-
orthogonal over the interval (—1,1), and the following holds true:

1
2
Ln()L,(t)dt = —=——6,0n,  VYm,n > 0. 6.2
/_1 (t)Ln(t) p——] m,n (6.2)

Legendre polynomials satisfy many useful properties. The most important
ones are that L,, is a polynomial of degree m, L,, is an even function if m
is even and an odd function if m is odd, L,,(—1) = (=1)™ and L,,(1) = 1,
L, (-1) = 3(=1)™"'m(m + 1), and L, (1) = 3m(m + 1). We also have for
allm > 1,
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%(t2 — 1)L, (t) = tLp(t) — Lyn_1(t), (6.3a)
L, (t) = mLyu_1 (t) + Ly, (1), (6.3b)
(1 —t*)L (t) — 2tL!, (t) + m(m + 1)L, (t) = 0, (6.3c)

and finally (m=+1)Ly41(t) = (2m+1)t Ly, (t) —m Ly, —1(t) (Bonnet’s recursion
formula). The first four Legendre polynomials are the following.

Lo (t) =1 sl 5 ,
Li(t) =t N

Lo(t) = 2362 — 1) T NN
Ls(t) = %(5t3 — 3t) 05 ’ e

Definition 6.3 (Jacobi polynomials). Let o, 8 € R be such that oo > —1
and 3 > —1. The Jacobi polynomials are univariate polynomial functions
R — R defined for every integer m > 0 by

(_1)m dm

JOP(t) = s (=07 +)77 D

(=)™ +1)5™).  (6.4)

The Jacobi polynomials are orthogonal w.r.t. to the L?-inner product in the
interval (—1,1) weighted by the function (1 —#)*(1 +t)”:

1
/ (1 =)+ )P TSP ISP () dt = cimoov.fOmn,  ¥m,n >0,  (6.5)
~1

oat+hf+l  I'(m+a+1)I(m+p+1)
2m+a+G+1 m!l(m+a+B8+1)
tion (s.t. I'(n+1) = n! for every natural number n). The Jacobi polynomials

satisfy the following recursion formula for all m > 1:

with ¢p a8 = , where I is the Gamma func-

2(m +1)(m+a+ 8+ 1)2m + o+ B)JE0 (1) =
Cm+a+B+1)(2m+a+ 8+2)2m+a+ Bt +a® — 2 JINA(t)
—2(m+ a)(m+ B)(2m + a + 5+ 2)J27 (1)

Jo8 is a polynomial of degree m and J%#(—1) = (—1)™ (m;B), JoB(1) =
(m;;a). The Legendre polynomials are Jacobi polynomials with parameters
a =03 =0,ie, Ly(t) = J%°(t) for all m > 0. The first three Jacobi
polynomials corresponding to the parameters « = 3 =1 are

3
Bt =1,  J=2, Iyt =66 - 1),
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The Jacobi polynomials JL! are related to the integrated Legendre polyno-
mials as follows (see Exercise 6.1):

t
1
/ Lon(s)ds = ———(1 = 2)J5L (1), ¥m > 1. (6.6)
—1 2m
We refer the reader to Abramowitz and Stegun [1, Chap. 22] for further
results on the Legendre and Jacobi polynomials.

6.2 One-dimensional Gauss quadrature

A quadrature formula on, say, the reference interval K := [—1, 1] allows one
to approximate the integral of functions ¢ in C°(K) as follows:

1
| ot 3w, (6.7)

le{l:m}

for some integer m > 1. The points {&}ic(1:m) are called quadrature nodes,
are all in K, and are all distinct. The real numbers {wl}z€{1;m} are called
quadrature weights. By a change of variables, the quadrature (6.7) can be
used on any interval [a,b]. Letting ¢ := 3(a+b) and 6 := b — a, (6.7) implies

b
/ syt~ S Lowe(c+ 1og). (6.8)

le{l:m}

The largest integer kg such that equality holds true in (6.7) for every
polynomial in Py, is called quadrature order, that is, we have

[ pod= 3 wwe) e, (6.9)

-1 le{l:m}

and there is ¢ € Pyy41 s.t. f,l1Q(t) dt # Zle{l:m} wiq(&). At this stage,
it suffices to know that the higher the quadrature order, the more accurate
the quadrature (6.7). We refer the reader to Chapter 30 for estimates on the
quadrature error and for quadratures in multiple dimensions.

Lemma 6.4 (Quadrature order). Let {§}ieq1.m} be m distinct points in
K. Let {L1}ieq1:my be the associated Lagrange interpolation polynomials, i.e.,
Li(&;) = oy for all 1,5 € {1:m}. Set wy == [1 Li(t)dt for all | € {1:m}.
Then the quadrature (6.7) is at least of order (m — 1) and at most of order
2m—1), ie., m—1<kg <2m—1.

Proof. Let p € P,,_1. Since the m quadrature nodes are all distinct, the
Lagrange interpolation polynomials {L£;};c{1:m} form a basis of P, ;. Thus,
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we can write p(t) = 3¢y, 3 P(&)Li(t), whence we infer that

1 1
[ star= ¥ we) [ cma= ¥ w),

-1 le{l:m} le{l:m}

owing to the linearity of the integral and the definition of the weights. Hence,
ko > m — 1. Moreover, the polynomial ¢(t) := Hle{l:m}(t — )% is of degree
2m and is not integrated exactly by the quadrature (which approximates its
integral by zero). Hence, kg < 2m — 1. O

For all m > 1, one can show that the m roots of the Legendre polynomial
L,, are distinct and are all in the open interval (—1,1). The most important
example of quadrature is the one based on these roots, which we henceforth
call Gauss—Legendre nodes.

Proposition 6.5 (Gauss—Legendre). Let m > 1. Let {&}ieq1:m) be the
m roots of the Legendre polynomial L., (t) (all distinct and in (—1,1)). Let
the weights be defined as in Lemma 6.4. Then the quadrature (6.7) is of order
ko = 2m — 1. Moreover, all the weights are positive and are given by

2
(1 =&)L (&)

Proof. (i) Order of the quadrature. We already know from Lemma 6.4 that
m—1 < kg < 2m — 1. Consider a polynomial p € Ps,,_1. The Euclidean
division of polynomials shows that there are pi,ps € P,,_1 such that
p = p1L,, + pa. Using that kg > m — 1, the L?-orthogonality of Legen-
dre polynomials, and the identity p(&) = p2(&) (since L, (&) = 0 for all
I € {1:m}), we infer that

/ P(t)de/lpz(t)dtZ Yo owm(@) = Y ww(&)

-1 - le{1:m} le{1:m}

Vi e {1:m}. (6.10)

w; =

This shows that kg > 2m — 1. Hence, kg = 2m — 1.

(ii) Let us prove (6.10) for all I € {1:m}. Let £; € P,,—1 be the Lagrange
interpolation polynomial associated with the node &, i.e., £;(§;) = ¢;; for all
l,j € {1:m}. Since the polynomial £;(t)(1 —¢t)L} (t) is of degree (2m — 1), it
is integrated exactly by the quadrature. Hence, we have

/_ L)1 = O (0t = (1= )1 (6.

Moreover, integrating by parts and since f_ll (L, (t)(l—t))/Lm (t)dt = 0 owing
to the L?-orthogonality of the Legendre polynomials, we obtain
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L/lExw(l—tﬂéxwdtz—QEA—DLmC—D-

Next, we observe that £;(t) = I;_g) %(Ez) since both functions are polyno-
mials in IP,,,_1 having the same roots and taking the same value 1 at £ owing
to I’'Hopital’s rule. Thus, £;(—1) = —L’l"frgll)m. Combining the above
identities leads to
Ln(-1)2 1
wi(l =&)Ly, (&) = 22— ,
( Mm(&) 1+& L7,(&)
which proves the claim since L,,(—1)? = 1. O

In some situations, it is interesting to use quadratures with nodes including

one or the two endpoints of the interval [—1, 1]. The Gauss—Lobatto quadra-
ture corresponds to the case where both endpoints are included. The nodes
of this quadrature for m > 3 are {—1, 1} plus the (m — 2) roots of the poly-
nomial L’ _,(t), which can be shown to be all distinct and contained in the
open interval (—1,1).
Proposition 6.6 (Gauss—Lobatto). Let m > 2. Let {&}ic(1:m) be the
Gauss-Lobatto nodes, i.e., the m roots of the polynomial (1 — t?)L!, _(t)
(they are all distinct and in [—1,1]). Let the weights be defined as in
Lemma 6.4. Then the quadrature (6.7) is of order kg = 2m — 3. Moreover,
all the weights are positive and are given by

2 1

wp = , Vi e {l:m}. 6.11
' =) Lo (&) o (611

In particular, we have wy = w,, = %
Proof. See Exercise 6.2. (]

The case where one keeps only one of the two endpoints leads to the

Gauss—Radau quadrature. For brevity, we focus on the right-sided version
which keeps the right endpoint &,, = 1. The left-sided version keeping the
left endpoint £&; = —1 can be derived from symmetry arguments. The nodes of
the right-sided quadrature are the m roots of the polynomial L, (¢)— L,,—1(¢),
which can be shown to be all distinct and contained in (—1, 1] (notice that 1
is a root of this polynomial).
Proposition 6.7 (Gauss—Radau, right-sided). Let m>1. Let {& }1eq1:m)
be the Gauss—Radau nodes, i.e., the m roots of the polynomial L., (t) —
Ly—1(t) (they are all distinct and in (—1,1]). Let the weights be defined as
in Lemma 6.4. Then the quadrature (6.7) is of order kg = 2m — 2. Moreover,
all the weights are positive and are given by

1
(14 &)L, 1 (&)

2
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Proof. See Exercise 6.3. O

Examples of quadratures on the reference interval [—1, 1] are presented
in Table 6.1. The Gauss—Legendre quadrature of order 1 is called midpoint
rule, the Gauss—Lobatto quadrature of order 1 is called trapezoidal rule and
that of order 3 Simpson’s rule. For quadratures of higher order, we refer the
reader, e.g., to Karniadakis and Sherwin [123, §B.2].

type |order|nodes weights

G-Rad| 0 |1 2

G-Leg| 1 |0 2

G-Lob| 1 ([-1,1 1,1

G-Rad| 2 |-3,1 31

G-Leg | 3 _§7 g 1,1

G-Lob| 3 |-1,0,1 %,37%

G-Rad| 4 *1?/57 71?/571 161L8\/57 1678\/5’%
Gleg| 5 [0 E (558

G-Lob| 5 [-1,-¥3 51 |15 51

Table 6.1 One-dimensional quadratures on the reference interval [—1, 1]. G-Leg: Gauss—
Legendre, G-Rad: Gauss—Radau, G-Lob: Gauss—Lobatto.

6.3 One-dimensional finite elements

In this section, we present important examples of one-dimensional finite ele-
ments. Recall that Py, k > 0, is the real vector space composed of univariate
polynomial functions of degree at most k. For convenience, degrees of free-
dom (dofs) and shape functions of one-dimensional finite elements using the
polynomial space P are numbered from 0 to k.

6.3.1 Lagrange (nodal) finite elements

Following Definition 5.11, the dofs for Lagrange finite elements are chosen as
the values at some set of nodes.

Proposition 6.8 (Lagrange finite element). Let k > 0. Let K be a com-
pact interval with nonempty interior, and let P := Py. Consider a set of
nsh = k 4 1 distinct nodes {ai}icqo.ry 0 K. Let X 1= {01}1cq0:1) be the
linear forms on P such that o;(p) := p(a;) for alll € {0:k}. Then (K, P, X)
is a Lagrange finite element.
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Proof. We use Remark 5.3. We observe that dim P = k 4+ 1 = ng, = card X.
Moreover, let p € P be such that o;(p) = p(a;) = 0 for all [ € {0:k}. Then
p = 0 since p is of degree at most k and has (k + 1) distinct roots. ]

The shape functions of a one-dimensional Lagrange finite element are the
Lagrange interpolation polynomials {LZELL] }biego:ky defined as in (5.2). Follow-
ing (5.10), the Lagrange interpolation operator acts as follows:

Th)t) = Y w1, Vtek, (6.13)
le{0:k}

and possible choices for the domain of 7% are V(K) := C°(K) or V(K) :=
WH(K); see Exercise 5.7.

The Lagrange interpolation polynomials based on (k+1) equidistant nodes
(including both endpoints) in the interval K := [—1, 1] are henceforth denoted
by {ﬁf}le{o: k}- The graphs of these polynomials are illustrated in Figure 5.1
for k € {1,2,3}. Explicit expressions are as follows:

Lo(t) = 5(1—1), L5(t) = 5t(t - 1), L3(t) = 5t + )t = 5)(1 - 1),
Li(t):=2(1+1t), LIt):=(t+1)A—t), L3(t):=32T(t+1)(t—3)(t—1),
L3(t) = 2(t+ 1), L3(t) == 2(t+1)(t+ 3)(1 —t),

L3(t) = 2(t+1)(t+3)(t—3).

Although the choice of equidistant nodes appears somewhat natural, it is
appropriate only when working with low-degree polynomials; see §6.3.5. An
alternative choice is to consider the Gauss—Lobatto nodes. The corresponding
Lagrange interpolation polynomials for k& = 3 (four nodes) are illustrated in
the left panel of Figure 6.1.

6.3.2 Modal finite elements

Let us illustrate the construction of §5.4.2 in the one-dimensional setting.

Proposition 6.9 (Legendre finite element). Letk > 0. Let K := [-1,1],
P =P, and X = {Ul}le{O:k} be the ngy, ==k + 1 linear forms on P s.t.

o1(p) ::25%1 [ Lt e (0:k), (6.14)

where Ly is the Legendre polynomial of order l. Then (K,P,X) is a finite

element, and the shape functions are 0, :== L; for alll € {0:k}.

Proof. Use (6.2) and Proposition 5.12. O
Following (5.13), the Legendre interpolation operator acts as follows:

T2(0)() = Yicron (2‘%1 It Lu(s)u(s) ds) Li(t) for all ¢t € K and all

veV(K):=LY(K).
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PSS S SRS SR NS SRS ST S S PSS S SRS SR NS SRS ST S S
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1

Fig. 6.1 Left: Lagrange interpolation polynomials for Gauss—Lobatto nodes and k = 3.
Right: Hybrid nodal/modal shape functions for k = 4 (see §6.3.3).

6.3.3 Canonical hybrid finite element

Hybrid finite elements mix nodal and modal dofs. When constructing H!-
conforming approximation spaces (see Chapter 19), it is convenient that
all the basis functions but one vanish at each endpoint of the interval, say
K := [-1,1]. This calls for using the values at +1 as nodal dofs on Pj. For
k > 2, some or all of the remaining dofs can be taken to be of modal type.
Taking all of them to be moments against polynomials in Px_o gives a finite
element called canonical hybrid finite element. A multidimensional extension
is presented in §7.6.

Proposition 6.10 (Canonical hybrid finite element). Let k > 1. Set
K := [-1,1] and P := Py. Define oo(p) := p(—1), ox(p) := p(1), and, if
k> 2, let {u}icr1:-1y be a basis of Pr_y and define oy(p) := [} ppuds for
all l € {1:k—1}. Set ¥ := {01}1eq0:1y- Then (K, P, X) is a finite element.

Proof. See Exercise 6.6. a

The corresponding interpolation operator is denoted by Z% (the super-
[APi]

script is consistent with the notation introduced in §16.2 where the letter “g
refers to the gradient operator). Its action on functions v € V(K) := WH1(K)

is s.t. Z% (v)(£1) = v(£1) and fil(flg((v) —v)gds =0 for all g € Py_.

Proposition 6.11 (Commuting with derivative). Let k > 0. Let Z% be
the interpolation operator built from the canonical hybrid finite element of
order (k + 1). Let IR be the interpolation operator built from any modal
finite element of order k. Then I3 (v) = IR (V') for allv e WH(K).

Proof. Integrating by parts, using the properties of Z% (i.e., fil(I%(v) -
v)rds =0 for all r € Py_y and Z% (v)(£1) = v(£1)) and recalling that Z}2 is
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the L2-orthogonal projection onto P, (see §5.4.2 and Exercise 5.2), we infer
that for all ¢ € Py,

/11 I%(v)'qdt = — /11 T% (v)q' dt + [Iig((v)q]i

1

1 1 1 1
= —/ vg' dt + [vq] :/ v'gdt :/ IR (v")qdt.
-1 -1 1 1

This proves that Z% (v)' = Zj2(v") since both functions are in Py. O

The shape functions of the canonical hybrid finite element can be com-
puted explicitly once a choice for the basis functions {f }icf1:x—1y of Px_2 is
made. An example is proposed in Exercise 6.6 using Jacobi polynomials (see
the right panel of Figure 6.1 for an illustration).

6.3.4 Hierarchical bases

The notion of hierarchical polynomial bases is important when working with
high-order polynomials. It is particularly convenient in simulations where the
degree k varies from one element to the other.

Definition 6.12 (Hierarchical basis). A sequence of polynomials (Px)ken
is said to be a hierarchical polynomial basis if the set {Pi}ico:x} 5 a basis
of Py for all k € N.

The monomial basis (i.e., Py(t) = t*) is the simplest example of hierarchi-
cal polynomial basis. Another example is the Jacobi polynomials introduced
in §6.1. They form a hierarchical basis with the additional property to be
L?-orthogonal with respect to the weight (1 —¢)*(1 4 )%,

The Lagrange shape functions do not form a hierarchical basis, i.e., increas-
ing k to (k+1) requires to recompute the whole basis of shape functions. The
shape functions of modal elements form, by construction, a hierarchical basis.
Finally, the shape functions of the canonical hybrid finite element do not form
in general a hierarchical basis. One can obtain a hierarchical basis though by
slightly modifying the dofs. For instance, the following shape functions form
a hierarchical basis:

Oo(t) == 2(1—1), (6.15a)
0(t) =11 -0+ (), Vie{l:k-1}, k>2, (6.15b)
O (t) == S(1+2). (6.15¢)

The corresponding dofs are oo(p) = p(—1), ox(p) = p(1), and oy(p) :=
o f_lllelill dt—i—ﬁfp(—l)—&—ﬁfrp(l) foralll € {1:k—1}, where o := 40;1171)1,
ﬁli . —2cf_117171 _11(1 + t)Jll_’l1 dt, and ¢;_1 1,1 defined in (6.5).
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6.3.5 High-order Lagrange elements

The Lagrange polynomials oscillate more and more as the number of interpo-
lation nodes grows. This phenomenon is often referred to as the Runge phe-
nomenon [171] (see also Meray [142]). A classic example illustrating this phe-
nomenon consists of considering the function f(z) := (1+22)~!, z € [-5,5].
The Lagrange interpolation polynomial of f using n equidistant points over
[—5, 5] converges uniformly to f in the interval (—z.,z.) with z. ~ 3.63 and
diverges outside this interval.

The approximation quality in the maximum norm of the one-dimensional
Lagrange interpolation operator using ng, := k+1 distinct nodes is quantified
by the Lebesgue constant; see Theorem 5.14. Since the Lebesgue constant is
invariant under any linear transformation of the interval K, we henceforth
restrict the discussion to K := [—1,1]. It can be shown that the Lebesgue
constant for equidistant nodes grows exponentially with k. More precisely,

2k
Ak ~ FmmT
see Trefethen and Weideman [191]. A lower bound for the Lebesgue constant
for every set of points is %ln(k) — C for some positive C; see Erdos [94].

If the Chebyshev nodes {a; := cos ((25551}])”)}[6{1:” 3

the equidistant nodes, the Lebesgue constant behaves as %ln(k) + C + ay,
with C' = 2(y + In(2)) = 0.9625--- and oy, — 0 as k — oo, showing
that this choice is asymptotically optimal; see Luttmann and Rivlin [136]
and Rivlin [167, Chap. 4]. The Gauss-Lobatto nodes, which include the two
endpoints, lead to an asymptotically optimal Lebesgue constant with upper
bound 2 In(k) + C, with C' ~ 0.685; see Hesthaven [114, Conj. 3.2] and Hes-
thaven et al. [115, p. 106]. Note that the Lagrange polynomial bases using the
Gauss—Lobatto nodes are not hierarchical since the set of ng, Gauss—Lobatto
nodes is not included in the set of (ng, + 1) nodes.

Another important class of sets of nodes is that consisting of the Fekete
points. These points are defined from a maximization problem. Let {a;};cnr
be a set of nodes in K := [—1,1] and let {¢; };cnr be a basis of Py, (recall that
N = {1:ng,}). Recall the (generalized) ng, Xng, Vandermonde matrix V with
entries V;j := ¢;(a;) for all 4, j € N. Since the Lagrange polynomials can be

as k — oo where v := 0.5772--- is the Euler constant;

are used instead of

expressed as ££a] (t) = Zjej\/(v_l)ij¢j(t) (see Proposition 5.5), a reasonable
criterion for selecting the interpolation nodes is to maximize the determinant
of V with respect to {a;}icnr (observe that the solution to this problem does
not depend on the chosen basis, since a change of basis only multiplies the
determinant by a factor equal to the determinant of the change of basis
matrix). It is shown in Fejér [101] that the Fekete points and the Gauss—
Lobatto nodes coincide on any interval. The notion of Fekete points extends
naturally to any dimension, but the concept of Gauss—-Lobatto nodes can be
extended to higher dimension only by invoking tensor-product techniques as
we show in the next section.
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6.4 Multidimensional tensor-product elements

We show in this section that the one-dimensional finite elements presented
in §6.3 can be extended to higher dimension by using tensor-product tech-
niques when K C R? is a cuboid, d > 2, i.e., when K has the Cartesian
product structure K := H?Zl[zi_, 2] where 2 € R are such that z; < z;°
for all ¢ € {1:d}.

6.4.1 The polynomial space Q4

Tensor-product finite elements in R? make use of the polynomial space

Qka =P ®...0P. (6.16)
—_—

d times

This space is composed of d-variate polynomial functions ¢ : R? — R of
partial degree at most k with respect to each variable. Thus, we have

Qk,d:span{xfl...zgd, Ogﬂl,...,ﬁdgk}. (6.17)

We omit the subscript d and simply write Q; when the context is unam-
biguous. Let 3 := (B1,...,04) € N? be a multi-index, define ||3||¢~ =
max;e(1:qy fi, and consider the multi-index set By q4 := {3 € N | |1Ble <
k}. Polynomial functions ¢ € Q4 can be written in the generic form

q(x) = Z apx®, z’ = :Efl xgd, (6.18)
BEBL,a

with real numbers ag. Note that card(B,q) = dim(Qyq4) = (k + 1)<.
A direct verification leads to the following useful characterization of the
trace of polynomials in Qy 4.

Lemma 6.13 (Trace space). Let H be an affine subspace of R? of
co-dimension | € {1:d—1}. Let Ty : R¥=! — H be an affine bijective map-
ping. Then g o Ty € Qg a—1 for all g € Qg q-

6.4.2 Tensor-product construction of finite elements

We begin with tensor-product Lagrange finite elements with nodes obtained
by invoking the tensor product of nodes along each Cartesian direction. This
leads to the following construction.

Proposition 6.14 (Tensor-product Lagrange). Let K := Hle[z;, z']

be a cuboid in RY. Let P := Qg4 for some integer k > 1. For all i € {1:d},
consider (k+1) distinct nodes {a; i hieqo. 1y in [2; , 2] For every multi-index
B:=(f1,...,0a) € Bra, let ag be the node in K with Cartesian components
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(aip,)ic{1:a}y- Let X :={0p}pen, , be the degrees of freedom (dofs) on P s.t.
os(p) :==p(ag) for all B € By 4. Then (K, P, X) is a Lagrange finite element.

Proof. See Exercise 6.7. ]

The following property (see Exercise 6.9) is important for the construction
of H'-conforming finite elements spaces using tensor-product finite elements.

Lemma 6.15 (Face unisolvence). Consider the cuboid K := Hle[zi_, z .
Assume that a; 0 = z; and a; = zf for all i € {1:d}. Let F be one of the
faces of K. Let N be the collection of the indices of the Lagrange nodes on

F. The following holds true for allp € Qp, 4:

[oj(p) =0, Vj e Nr] < [pr=0]. (6.19)

Q Q2 Q3

L ]
L ]
L ]

Table 6.2 Two- and three-dimensional Lagrange finite elements Q1, Q2, and Q3. Only
visible degrees of freedom are shown in dimension three.

Table 6.2 presents examples for k£ € {1,2,3} in dimensions d € {2,3}
with equidistant nodes in each Cartesian direction. The bullets conventionally
indicate the location of the nodes. It is useful to use the tensor product of
Gauss—Lobatto nodes when k is large, since it can be shown that the Fekete
points in cuboids are the tensor products of the one-dimensional Gauss—
Lobatto nodes; see Bos et al. [35].

The shape functions of a tensor-product Lagrange finite element are prod-
ucts of the one-dimensional Lagrange polynomials defined in (5.2):

Op(x) = [] £5), Veek, (6.20)
ie{l:d}

for all 3 € Bj,q. The Lagrange interpolation operator acts as follows:
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Ti()(x) = Y wvlag)s(x), Vrzek, (6.21)
BEBL,a

and possible choices for its domain are V(K) := C*(K) or V(K) := W*P(K)
with real numbers p € [1,00] and sp > d (or s > d if p = 1). Note that in
general 7% (v)(z) cannot be factored as a product of univariate functions,
except when the function v has the separated form v(x) = [[;c(q.qy vi(®:)

with v; € C([z;,z;]), in which case Z% (v)(z) = [Licgi.ay I[I;_, ﬁ](vl)(x’)

The tensor-product technique can also be used to build modal and hybrid
nodal/modal finite elements in cuboids; see [35]. Finite element methods
based on nodal bases using tensor products are often referred to as spectral

element methods; see Patera [1506].

6.4.3 Serendipity finite elements

It is possible to remove some nodes inside the cuboid while maintaining the
approximation properties of the full tensor product. This is the idea of the
serendipity finite elements. The corresponding polynomial space, S, is then
a proper subspace of Q. The main motivation is to reduce computational
costs without sacrificing the possibility to build H'-conforming finite element
spaces and without sacrificing the accuracy of the interpolation operator.
Classical two-dimensional examples consist of using the 8 boundary nodes if
k = 2 and the 12 boundary nodes if k¥ = 3 (see Table 6.3). If &k = 4 one uses
the 16 boundary nodes plus the barycenter of K. A systematic construction of
the serendipity finite elements for all dimensions and all polynomial degrees
is devised in Arnold and Awanou [10].

So Ss3 Sa

Table 6.3 Two-dimensional serendipity Lagrange finite elements S, S3, and S4.

Exercises

Exercise 6.1 (Integrated Legendre polynomials). Let k& > 2 and set
]P’]io) = {p € Py | p(£1) = 0}. Show that a basis for IP’;O) are the integrated
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Legendre polynomials {ffl Li(s)ds}ieq1:k—1}- Prove (6.6). (Hint: consider
moments against polynomials in P,,_o and the derivative at ¢t = 1.)

Exercise 6.2 (Gauss—Lobatto). The goal of this exercise is to prove
Proposition 6.6. (i) Prove that kg = 2m — 3. (Hint: for all p € Py,,_3,
m > 3, write p = p1 (1 — ¢ )Lm 1+ D2 with pp € ]P’m 3 and pg € Pp,—q.) (i)
Prove that wy = w,, = m (Hint: compute f L ) (14+t)L,,_,(t)dt
using the quadrature and by integrating by parts.) (iii) Assume m > 3
and let I € {2:m—1}. Prove that L), ,(§) = (1 — m)Ly—1(§) and (1 —
EVLY (&) +m(m—1)L,,—1(&) = 0. (Hint: use (6.3).) Let £, € P,,—3 be the
Lagrange interpolation polynomial s.t. £;(§;) = 513, for all 1,5 € {2:m—1}

(i.e., & and &, are excluded). Prove that £;(t) = ’;‘ é(t) ! 7@ (Hint:
m—1

compare the degree of the polynomials, their roots, and their value at &;.)
Finally, prove (6.11). (Hint: integrate the polynomial £;(¢)(1 — )L}, _5(t).)
(iv) Let []plz := Yie(iim) wip(&)?. Verify that ||-||¢ defines a norm on Py
with k :=m — 1, and prove that ||p||z2x) < [[p]le < (2’“,;"1)%Hp||Lz(K) for all
p € P, with K = (—1, 1). (Hint: write p = pp—1 + AL with pr_1 € Pr_1
and A € R, and compute [[p||72 ) and ||p[2.)

Exercise 6.3 (Gauss—Radau). The goal is to prove Proposition 6.7. (i)
Prove that kg = 2m — 2. (Hint: for all p € Pg,,_o, write p = p1(Lm

Ly—1) + p2 with p; € Py,—o and ps € P,,—1.) (ii) Prove that w,, = %
(Hint: integrate the polynomial Mﬂn 1(t).) (iii) Assume m > 2
and let I € {1:m—1}. Prove that L] (&) = —L,_1(&). (Hint: use (6.3a)
and (6.3b).) Let £; € P,_o be the Lagrange interpolation polynomial
s.t. Li(&;) = &, for all 1,5 € {1:m—1} (i.e., &y is excluded). Prove that

L(t) = Ln(O=Lmoa(t) __1-¢ 1(5 3- (Hint: compare the degree of the polyno-

(1-t)(t=&) —2L,
mials, their roots, and their value at &) Finally, prove (6.12). (Hint: integrate
the polynomial £;(t)(1 —¢)L],_1(t).)

Exercise 6.4 (Inverse trace inequality). Let K := [~1,1]%. Let m > 3
and let {&}1e{1:m) be the Gauss-Lobatto (GL) nodes in [~1,1]. Set I, 4 :=
{1...m}¢ and 1D 4 = {2:(m — 1)}, For any a € I,4, let a, € K be
the node with Cartesian coordinates (aq); 1= &4, for all i € {1:d}. The set
(@a)act,, , consists of the tensorized GL nodes in K. Let k£ := m — 1 and
define the polynomial space Q) ; == {¢ € Qi.a | ¢(an) =0, Va €It ie,
polynomials in Qg, 4 vanish at all the tensorized GL nodes that are located
inside K. Prove that

2d LK}
5 < = (2 1\d—1 721 5
lolao < (e @+ D ) olzzoo,

for all v € Q) ;. (Hint: use Exercise 6.2.)
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Exercise 6.5 (Lagrange mass matrix). Let M € R":*"h he the mass
matrix with entries M;; 1= f_ll Egajl(t)ﬁgi]l(t) dt for all 7,5 € N. Prove that
M = (VTV)7!, where V € R"h*"h is the (generalized) Vandermonde matrix
with entries V;; := (Qigl)%Li_l(aj). (Hint: see Proposition 5.5.)

Exercise 6.6 (Canonical hybrid element). Prove Proposition 6.10. ( Hint:
use Remark 5.3.) Compute the shape functions when p; = Jllfl for all
l € {1:k—1}. (Hint: consider the polynomials J;f)l, Jll_’l1 forall l € {1:k—1},
and J,S’_ll.)

Exercise 6.7 (Q,q Lagrange). Prove Proposition 6.14. (Hint: observe that
any polynomial ¢ € Qi 4 is such that ¢(z) = Zide{&k} Gig(x1, .., xa—1)Ty
and use induction on d.)

Exercise 6.8 (Bicubic Hermite). Let K be a rectangle with vertices
{ziticica, P o= Qa2, and 5 = {p(z:), 0z, p(2i), 02,0(2i), 05, p(2i) 1<i<a-
Show that (K, P,X) is a finite element. (Hint: write p € Q32 in the form
p(®) =32, jeqr:ay Viibi(21)0; (x2), where {61, ..., 64} are the shape functions
of the one-dimensional Hermite finite element; see Exercise 5.4.)

Exercise 6.9 (Face unisolvence). Prove Lemma 6.15. (Hint: use the hint
from Exercise 6.7.)
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Simplicial finite elements ®

Check for
updates

This chapter deals with finite elements (K, P,Y) where K is a triangle in
R2, a tetrahedron in R3, and more generally a simplex in R%, d > 2. The
degrees of freedom (dofs) X are either nodal values in K or integrals over
the faces or the edges of K, and P is the space [P, 4 composed of multivari-
ate polynomials of total degree at most & > 0. We focus our attention on
scalar-valued finite elements. The results extend to the vector-valued case by
reasoning componentwise.

7.1 Simplices

Definition 7.1 (Simplex, vertices, normal). Let d > 1. Let {z;}ico0:a}
be a set of points in R such that the vectors {z1 — z0,...,24 — 2o} are
linearly independent. The convex hull of these points is called simplex in R?,
say K := conv({zi}icf0:ay). By definition, K is a closed set. The points
{zi}icqo:qy are called vertices of K. The outward unit normal vector on 0K
s denoted by ny .

Example 7.2 (d € {1,2,3}). A simplex is a compact interval if d = 1, a
triangle if d = 2, and a tetrahedron if d = 3 (see Figure 5.2). O

Example 7.3 (Unit simplex). The unit simplex in R is the set {x €
R0 < a; <1,V € {1:d}, > ic{o:ay Ti < 1}. This corresponds to setting
zo := 0 and 2z; — zo := e; for all i € {1:d}, where {€;};c(1.q} is the canonical
Cartesian basis of R%. The unit simplex has volume %. O

Definition 7.4 (Faces, edges). The convex hull of the set {zo, ..., zq}\{zi}
is denoted by F; for all i € {0:d} and is called the face of K opposite to the
vertex z;. For alll € {0:d—1}, an l-face of K is the convex hull of a subset
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of {zi}icqo:ay of cardinality (I + 1) (i.e., usual faces are (d — 1)-faces). By
definition, l-faces are closed sets and are subsets of an affine subspace of R?
of codimension (d—1). The 0-faces of K are the vertices of K. The 1-faces of
K are called edges. In dimension d = 2, the notions of edge and face coincide.
In dimension d = 1, the notions of vertex, edge, and face coincide.

Example 7.5 (Number of faces and edges). The number of [-faces in a

simplex in R? is equal to (“ll_tll), e.g., there are (d + 1) faces and vertices, and

for d > 2, there are @ edges. O

Remark 7.6 (Geometric identities). Let ngr, be the value of nx on
F; for all i € {0:d}. Then {ng|r, tic(1:q) is a basis of R Let ¢, be the
barycenter of Fj, cx that of K, and I; the identity matrix in R?*?. We have

Z |Filngp, =0, Z |Filnk | ® (er, —cx) = |K[Ig.  (7.1)
1€{0:d} i€{0:d}

See Exercise 7.2. These identities hold true for any polyhedron in R¢. ]

7.2 Barycentric coordinates, geometric mappings

Let K be a simplex in R% with vertices {zi}icqo:qy- For all x € R4 and all
i € {1:d}, we denote by A;(x) the components of the vector & — z in the
basis (21 — zg,...,24 — 20), 1€,

T —2zp= Z Ai(x)(z; — z0). (7.2)

i€{l:d}

Differentiating (7.2) twice, we infer that >, (o. 5 D2\ (z)(hy, ho)(zi—20) =
0 for all Ay, hy € R%. The vectors {z; —20}ie{1:4y being linearly independent,
this implies that DXy (x)(h1, h2) = ... = D?X4(z)(h1, ha) = 0. Hence, )\
is an affine function of x, i.e., there exist v; € R and g; € R? such that
Ai(x) = 7; + gi-z for all x € R?, where a-b denotes the inner product in R%.
Note that DJ); is independent of  and D);(h) = g;-h for all h € R%. In
other words, we have V\; = g;.

To allow all the vertices of K to play a symmetric role, we introduce the
additional function Ag(@) :=1—3;c(;. 4y Ai(2). Then we have

Z Ai(z) =1 and x = Z i)z, (7.3)
i€{0:d} 1€{0:d}

for all z € R% A consequence of the above definitions is that \;(z;) = &;;
for all 4,5 € {0:d}. This implies that the functions {\;}ic0:q) are linearly
independent: if the linear combination ), {0:d} Bi\i(x) vanishes identically,
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evaluating it at the vertex z; yields 3; = 0 for all j € {0:d}. Moreover, since
K is the convex hull of {z;};c (0.4}, we infer that 0 < A\j(x) < 1forallx € K
and all i € {0:d}.

Definition 7.7 (Barycentric coordinates). The functions {\i}icfo.qy are
called barycentric coordinates in K.

It is shown below that the barycentric coordinates are also the shape functions
of the P; 4 Lagrange finite element.

Example 7.8 (Unit simplex). Since # = } (.4 wi€i, (7.2) shows
that the barycentric coordinates in the unit simplex of R? are \g(x) :=
1= > ieq1.ap @i and Ai(x) := x; for all i € {1:d}. O

The following construction plays an important role in the rest of the book.
Let S' := conv({Z; }ieqo:13) be the unit simplex in R! with barycentric coor-
dinates {j‘\j}je{o:l} (see Example 7.8).

Proposition 7.9 (Geometric mapping). Let K be a simplex in R, let
I € {1:d}, and let o : {0:1} — {0:d} be an injective map, i.e., o chooses
(I + 1) distinct integers in {0:d}. Let S := conv({2,(;)}jef0:13) be an I-face
of K or K itself if | = d. Let Ty : St Ri be the geometric mapping s.t.
Ts(@) = 3 jci0.p Ni(@)Z0(j) for all T € Sl Then S = Ts(S'), and the
mapping Ts is a smooth diffeomorphism.

Proof. We first notice that Ts(Z;) = z,(; for all j € {0:1} and that Ty is an
affine mapping since Ts(Z) = zi, + X jc(1.1y i (Z0(j) — Zio)- Let {05} jeq0:1y

be any nonnegative numbers s.t. > 0:1} 6; = 1. We have

ied

> Gizey= D, GjTS(Ej)—TS< > 9]'%)-

je{0:1} j€{0:1} j€{0:1}

Since S = conv({z,(;}jeq0:1}) and St = conv({Zj};ef0:13), this proves that
S = Ts(gl). Moreover, the mapping Ts is of class C'*° since it is linear.
We now show that the linear mapping DT : R! — R! is invertible by ver-
ifying the injectivity. Let h € R! be such that DTs(h) = 0. Writing h =
> jeq1:y hi(2j—20) and since DTs(2;—20) = Ts(2;)—Ts(20) = 24(j)—Z0(0),

we infer that 0 = Eje{l:l} h;(24(;) — Zo(0)), implying that h = 0. O

Fig. 7.1 Geometric mapping Ts (d = 3, 32

I = 2). The face S of K is highlighted in \T/

gray, and the vertices of both 52 and S
are indicated by bullets.
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7.3 The polynomial space P}, 4

The real vector space Py 4 is composed of d-variate polynomial functions
p: R4 — R of total degree at most k. Thus, we have

Pr,q = span {27 ...25%, 0<oaq,...,aq <k, a1 +...+aqg <k}. (74)

The importance of the polynomial space Py 4 is rooted in the fact that the
Taylor expansion of order k of any d-variate function belongs to P, 4. Another
important fact is that for every smooth function v : R¢ — R,

[vEPLy] <= [D"'o(x) =0, Vx € R]. (7.5)
The vector space Py q has dimension (see Exercise 7.4)

bt d k+1 ifd =1,
dimIP’hd:( J ): 1(k+1)(k+2) ifd =2, (7.6)
HEk+1)(k+2)(k+3) ifd=3.

We omit the subscript d and write Py when the context is unambiguous.

An element « := (ay, ..., aq) of N is called multi-indez, and its length is
defined as |a| :== a1 + ... + ay. We define the multi-index set Ay 4 := {a €
N¢ | |a| < k}. Note that card(Ay,q) = dim(Pyq) = (k‘c’l'd). Any polynomial
function p € Py 4 can be written in the form

p(x) = Z aqx®, with % :=27" ... 27" anda, € R. (7.7)
a€Ak,q

Let H be an affine subspace in R? of dimension [ € {1:d—1}. Given a
polynomial p € P, 4, the following result gives a characterization of the trace
of p on H which will be used repeatedly in the book.

Lemma 7.10 (Trace space). Let H be an affine subspace in R? of dimen-
sion | € {1:d—1}. Then P © T € Py for all p € Py q and every affine
bijective mapping Ty : RY — H. Moreover, qo Tgi € Pr.q for all g € Py and
every affine mapping Ty : R — RE.

Proof. We observe that D¥+1(p ;o Ty )(y) = 0 for all y € R! by using the
chain rule and the fact that Ty is affine. Then we apply (7.5). The second
statement is proved similarly. O

7.4 Lagrange (nodal) finite elements

We begin with a simple example where we set k := 1; see Table 7.1.
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Proposition 7.11 (Simplicial Lagrange, k := 1). Let K be a simplex in
RY with vertices {zi}icqo:ay. Let P =Py q. Let ¥ := {0;}icq0.ay be the linear
forms on P such that o;(p) := p(z;) for all i € {0:d}. Then (K,P,X) is a
Lagrange finite element and the shape functions are 0; :== ;.

Proof. Let p € P. We use (7.2), Le., ® — 20 = }_,c 1.4y Mi(®)(2: — 20), that
p is affine, the linearity of Dp, and the first identity in (7.3) to infer that

p(x) = p(z0) + Dp(x — 2z0) = p(z0) + Z Xi(x)Dp(z; — z0)
ie{l:d}

= > (M@)(p(20) + Dp(zi — 20))) = > Xi@)p(z1),

i€{0:d} 1€{0:d}

for all z € R?. Now we use Remark 5.3. We have dimP = d + 1 = card X,
and the above identity shows that any polynomial in P vanishing at the
(d+1) vertices of K vanishes identically. Hence, (K, P, X)) is a finite element.
Finally, owing to the above identity applied with p := 6;, we have 0;(x) =
Yic(o:ay 2i(@)05(2i) = Xicq0.qp Ni(®)dij = Aj(x) for all & € K. This proves
that 6; = A; for all j € {0:d}. O

We now extend the above construction to any polynomial order £ > 1
using equidistributed nodes in the simplex K. Other choices are discussed in
Remark 7.14.

Proposition 7.12 (Simplicial Lagrange). Let K be a simpler in R?. Let
k>1, P:=Prq, and Agq := {a € N? | |a| < k}. Set ng, = (kgd) and
consider the set of nodes {@a}taca, 5.1 @a — 20 = D ;c1.ay T (2 — Z0)-
Let X := {0a}aca,., be the linear forms on P s.t. 04(p) = p(as) for all
a € Apg. Then (K, P, X)) is a Lagrange finite element.

Proof. We use Remark 5.3. Since card X' = card Ay ¢ = (k'gd) = dimPy 4, we
need to prove the following property which we call [Py 4]: Any polynomial
p € Py q vanishing at all the Lagrange nodes {aq }aca, , of any simplex in
R¢ vanishes identically. Property [Py.1] holds true for all k > 1 owing to
Proposition 6.8. Assume now that d > 2 and that [Py 4—1] holds true for
all & > 1 and let us prove that [Py 4] holds true for all & > 1. Assume
that p € Py q vanishes at all the Lagrange nodes of a simplex K. Let Fy
be the face of K opposite to the vertex zo and consider an affine bijective
mapping Ty, : RY~! — Hy, where Hy is the affine hyperplane supporting Fp.
Then pg := po Ty, is in Py 4—1 owing to Lemma 7.10, and by assumption,
pO(Tgol(aa)) = p(ay) = 0 for all a, € Fy. Moreover, a, € Fy iff |a| = k. Let
us set 3 = (k— 18], 61,...,B4-1) for all B € Ay 4_1, so that B e Ap.q and
|B| = k. Setting bg := Tgol (GB) for all B € Ay q—1, we obtain all the Lagrange
nodes of the simplex Tgol(F) in R41. Since po(bg) = plaz) = 0 for all
B € Ag,q—1, we infer owing to [Py q—1] that pg = 0. Since Ty, is bijective, we
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obtain p;z, = 0. Denoting by Ag € 1 4 the barycentric coordinate associated
with 2o, this implies that thereis ¢ € Py_1 4 s.t. p = Aoq (see Exercise 7.4(iv)).
Let us prove by induction on k that ¢ = 0. For &k = 1, we have already proved
[P1,4] in Proposition 7.11. Let us now assume that [Pr_1 4] holds true for
k > 2. Since k > 2, g vanishes at all the Lagrange nodes a,, s.t. |o| < k (since
Xo(aq) # 0 at these nodes), i.e., |a] < k — 1. Hence, ¢ vanishes at all the
Lagrange nodes a,, o € Aj_1 4. Since these nodes belong again to a simplex,
[Pr—1,q) implies g = 0. O

We have established the following result in the proof of Proposition 7.12.

Lemma 7.13 (Face unisolvence). Let F be one of the (d + 1) faces of
the simplex K C R®. Let N be the collection of the indices of the Lagrange
nodes on F'. The following holds true for all p € Py 4:

[0j(p) =0, Vj € Np] <= [pr=0] (7.8)
P Py Py
i Xi(2\ — 1) IXBX — 13X — 2)
AN A EINBN -2 £ )N
27NN A

Table 7.1 Two- and three-dimensional P1, P2, and P3 Lagrange elements. Visible degrees
of freedom are shown in black, hidden degrees of freedom are in white, and hidden edges are
represented with dashed lines. The shape functions are expressed in terms of the barycentric
coordinates. The first, second, and third lines list shape functions associated with the
vertices (¢ € {0:d}), the edges (¢,j € {0:d}, ¢ < j), and the faces (¢, 4,k € {0:d}, ¢ < j < k).

Table 7.1 presents examples of node locations and shape functions for
k € {1,2,3} in dimension d € {2,3}. The bullets conventionally indicate the
location of the nodes; see Exercise 7.5 for some properties of these nodes.
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Possible choices for the domain of the interpolation operator are V(K) :=
CK) or V(K) := W*P(K) with p € [1,00] and sp > d (or s > d if p = 1);
see §5.4.1.

Remark 7.14 (High-order). Other sets of Lagrange nodes can be used.
For instance, the Fekete points from §6.3.5 can be extended to simplices,
although finding Fekete points on simplices for high polynomial degrees is a
difficult problem. We refer the reader to Chen and Babusgka [66] and Taylor
et al. [190] for results on triangles with degrees up to k¥ = 13 and k = 19,
respectively; see also Canuto et al. [58, p. 112]. A comparison of various nodal
sets on triangles and tetrahedra can be found in Blyth et al. [26]. O

Remark 7.15 (Modal and hybrid simplicial elements). A hierarchi-
cal basis of Py 4 can be built by combining a hierarchical univariate basis
of P with the barycentric coordinates; see Ainsworth and Coyle [6] and
Exercise 7.6. One can also introduce a nonlinear transformation mapping the
simplex to a cuboid and use tensor products of one-dimensional basis func-
tions in the cuboid; see Proriol [162], Dubiner [91], Owens [154], Karniadakis
and Sherwin [123, §3.2]. Another possibility is to use Bernstein polynomials,
i.e., the basis {(2)t™(1 — t)P"™},,cq0:p} if d = 1; see Ainsworth et al. [7],
Kirby [125] for scalar-valued polynomials and Kirby [126] for the extension
to the de Rham complex (see also §16.3). (|

PR, PRy PR3

S S e

Table 7.2 Nodes for prismatic Lagrange finite elements of degree 1, 2, and 3. The bullets
indicate the location of the nodes. Only visible nodes are shown.

Remark 7.16 (Prismatic Lagrange elements). Let d > 3 and set &’ :=
(z1,...,7q_1) for all zx € R% Let K’ be a simplex in R and [z, 2] be
an interval with 2, < zJ. Theset K :={z € R? |2’ € K', zq € [2),2]]} is
called prism in R?%. Let k > 1 and let PRy, := span{p(x) = p1 (') p2(z4) | p1 €
Pk.a—1, p2 € Py 1}. Examples of prismatic Lagrange elements based on K and
PR; with equidistributed nodes are shown in Table 7.2 for k € {1,2,3}. O



82 Chapter 7. Simplicial finite elements

7.5 Crouzeix—Raviart finite element

The Crouzeix—Raviart finite element is based on the polynomial space P; 4.
Tt has been introduced in [86] to approximate the Stokes equations. Let K be
a simplex in R? with vertices {zi}iefo:dy- Recall that the face of K opposite
to z; is denoted by F;.

Proposition 7.17 (Finite element). Let K be a simplex in RY, set P :=
P14, and define the following dofs on P:

1
oi"(p) =

= pds, Vi € {0:d}. 7.9

Set X := {0{"}icqo:ay. Then (K, P, X) is a finite element.

Proof. Since card X = dim P = d + 1, it suffices to verify that any polyno-
mial p in P satisfying o{*(p) = ﬁ Jp pds = 0 for all © € {0:d} vanishes
identically. Since p € P; 4, we have p = Zje{0:d} p(2;)Aj, where {\;}ecq0:a}
are the barycentric coordinates in K. Owing to Exercise 7.3(iii), we infer
that of®(p) = Zje{o:d} p(z5)od"(A;) = ézj#p(zj) since o{®(A\;) = 0 and
o™ (\;) = L|F;| for all j # i. Hence, >+ P(zj) = 0 for all i € {0:d}. This
implies that 0 = ., p(2;) — 32,4 P(2;) = p(z:) — p(zi) for every pair
(,7") such that ¢ # /. Hence, p takes a constant value at all the vertices of
K, and this value must be zero since, say, Zjiop(zj) =0. O

Using the barycentric coordinates {\;}icf0:4y in K, one can verify that
the shape functions are 05" (x) := 1 — d;(x) for all ¢ € {0:d} and all z € K.
Note that ¢} =1 and 67"(z;) = 1 — d. The Crouzeix-Raviart interpolation
operator acts as follows:

L= Y otte = ¥ (g [ vas) o). @)

i€{0:d} ie{0:d} By

for all z € K. A possible choice for the domain of Z¢} is V(K) := WH1(K)
since the trace theorem (Theorem 3.10) applied with p := 1 implies that any
function in W11 (K) has a trace in L'(9K). The two- and three-dimensional
Crouzeix-Raviart elements are shown in Table 7.3.

Remark 7.18 (Definition as a Lagrange element). The mean-value
over a face of a polynomial in P 4 is equal to the value this polynomial
takes at the barycenter of the face. Another possible choice for the dofs is
therefore to take the values at the barycenter of all the faces. The resulting
finite element is a Lagrange finite element (see Definition 5.11), and W11 (K)
is no longer a legitimate domain for the interpolation operator. One possible
choice is the smaller space V(K) := C°(K). O
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Table 7.3 P; Crouzeix—Raviart elements
in dimensions two and three. Visible
degrees of freedom are shown in black,
hidden degrees of freedom are in white,
and hidden edges are represented with
dashed lines. The shape functions are

expressed in terms of the barycentric T—2) 1—3\
coordinates.

7.6 Canonical hybrid finite element

We now present a finite element based on the polynomial space Py 4 whose
dofs combine values at the vertices of the simplex K with integrals over the
I-faces of K for | > 1 (hence the name hybrid). It is a useful alternative to
Lagrange elements that has interesting commuting properties, which will be
invoked in §16.3 in the context of the discrete de Rham complex (hence the
name canonical).

Let K be a tetrahedron in R®. Let Vi, £k, and Fx be the collections of
the vertices, edges, and faces of K, respectively. Let T : St — E for all
E € &k, and Tr : S* — F for all F € Fg, be affine bijective mappings
(see Proposition 7.9), where S and S? are the unit simplices in R and R2.
Let £ > 1 be the polynomial degree. The canonical hybrid finite element
involves vertex dofs, edge dofs if & > 2, surface (or face) dofs if k¥ > 3, and
volume (or cell) dofs if k > 4. We consider the following dofs:

ol (p) = p(2), z € Vg, (7.11a)

1
opm(p) = @/E(umoTE)de E €&k, me{l:n}, (7.11b)

1
Tpm(P) = E/F(CmoT;l)pds, FeFg,me{l:nl}, (7.11c)

1
om(p) = 7/ Ympde, m € {l:ng,}, (7.11d)

K| Jk

where {/tm}me(1:ne,} 15 a basis of Py_o; with ng, = (kIl) if k > 2,
{Cntmeqiing,y is a basis of Py_go with nfy = (*,') if k& > 3, and

{wm}me{lzngh} is a basis of Py_4 3 with n, := (kgl) if K > 4. The above con-
struction is possible in any dimension. If d = 2 for instance, the vertex dofs
are defined in (7.11a), the edge (face) ones in (7.11b) if & > 2, and the cell
ones in (7.11d), where {¥m }me{1:ne,} 15 a basis of P_3 o with ng, = )
if k> 3.
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Proposition 7.19 (Canonical hybrid finite element). Let k > 1. Let
K be a simplex in R, let P := Py 4, and let X := {0, }ien be the collection
of all the dofs defined in (7.11). Then (K, P, X)) is a finite element.

Proof. We use Remark 5.3. Since we use polynomials in Pr_;_1,; to define

the dofs of the [-faces, and the number of [-faces is (‘lij_rll) = (‘f;%) (see Exam-

ple 7.5), the total number of dofs for all the [-faces is (kjl) (d+1) Vander-
monde’s convolution identity implies that

e 5 ()0 (1)

j€{0:d}

It remains to prove that if p € P 4 is such that o;(p) = 0 for all ¢ € NV, then
p vanishes identically. First, p vanishes at all the vertices of K. If k = 1, this
concludes the proof. If k£ > 2, fix an edge F of K. Since p o Ty vanishes at
the two endpoints of F, p o T = MA1q, where Ao, \; € P11 are the local
barycentric coordinates over St and q € Pr_2 ;. Since the dofs of p attached
to E vanish, we infer that f§1 XoA1g? dl = 0, which implies that ¢ = 0. Hence,
p is identically zero on all edges of K. If kK = 2, this completes the proof since
all the Lagrange nodes for k = 2 are located at the edges of K. If kK > 3, we
proceed similarly by fixing a face F' of K and showing that p is identically zero
on all faces of K. If k = 3, this completes the proof since all the Lagrange
nodes for k = 3 are located at the faces of K. For k > 4, we finally infer
that p = Ao ... Aqqx where {);};cto0.qy are the barycentric coordinates of K
and qx € Pr_4,4. Since the dofs of p attached to K vanish, we infer that
S Ao - Aagi dz = 0, which implies that ¢k =0, i.e., p = 0. O

The shape functions associated with the vertices, the edges, the faces, and
K are denoted by {§Z}ZEVKa {,LLE m}EGEK,mE{l ng b {CFm}FEJ:K,mE{l nf b
and {wM}mE{lzngh}v respectively. All these functions are in Py 4 and form
a basis thereof. Recalling Proposition 5.5 the shape functions are computed
by inverting the generalized Vandermonde matrix V after choosing a basis of
Py, 4. A basis of P, ¢ with a structure close to that of the above shape functions
can be found in Fuentes et al. [103, §7.1]. The proposed basis can be organized
into functions attached to the vertices of K, the edges of K, the faces of K,
and to K itself, and the associated generalized Vandermonde matrix V is
block-triangular. The interpolation operator has domain V (K) := C°(K) (or
V(K) := W*P(K) with sp > d, p € [1,00] or s > d, p = 1) and it acts as
follows:

Th@)(@):= Y oiWé@ + Y. Y 0hn)ism(®)

z2€VK Eec&kx me{l:ng }

+ Z Z o’%,m(v)éF,m(w) + Z U%(’U)’L/?m(ac)

FeFrx me{l:nf} me{ling, }
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Remark 7.20 (Dofs). The interpolation operator Z%- is independent of the
bases {m tme{1:ne,}s {Cmtmeqiint > a0d {m}bmefiing,} (this follows from
Exercise 5.2). It is also independent of the choice of the mappings T and
Ty Let for instance Tr and Tr be two geometric mappings associated with
the face F. Then TEI o Tp is affine and bijective from R? to R2. Hence,
Cm o (Tp' o Tr) € Pyo for all m € {1:nf}}, so that ¢y, o (Tr' o Tr) =
Zne{l:ngh} SinnCn for some real numbers S, i.e.,

CnoTp' = D SpalCoTyh).
ne{l:nf }
Since the mappings Tr and T are bijective, the matrix S € R™6XMan g
invertible, and we use again Exercise 5.2 to conclude. |

Exercises

Exercise 7.1 (Lagrange interpolation). Let Zx be the P; Lagrange inter-
polation operator on a simplex K. Prove that ||Zx (v)|cox) < [[v]co(x) for
all v € C°(K). (Hint: use the convexity of K and recall that K is closed.)
Does this property hold true for P, Lagrange elements?

Exercise 7.2 (Geometric identities). Prove the statements in Remark 7.6.
(Hint: use the divergence theorem to prove (7.1).)

Exercise 7.3 (Barycentric coordinates). Let K be a simplex in R9. (i)
Prove that A\;(x) = 1—%’”1(\&'(11"—%) forallz € K and all ¢ € {0:d}, and

that VA; = —%nK‘Fi. (ii) For all ® € K, let K;(x) be the simplex obtained

by joining @ to the d vertices z; with j # i. Show that \;(x) = % (iii)
Prove that [, \idz = 22 |K| for all i € {0:d}, and that fFj Aids = 1| Fy| for
all j € {0:d} with j # i, and [,, A\;ds = 0. (Hint: consider an affine mapping
from K to the unit simplex.) (iv) Prove that if h € R? satisfies DX;(h) = 0
for all ¢ € {1:d}, then h = 0.

Exercise 7.4 (Space Py 4). (i) Give a basis for Py 4 for d € {1,2,3}. (ii)
Show that any polynomial p € Py, 4 can be written in the form p(x1,...,z4) =
r(z1,...,24-1) + zaq(z1,...,2q), with unique polynomials r € Py 41 and
q € Py_1 4. (iii) Determine the dimension of Py 4. (Hint: by induction on d.)
(iv) Let K be a simplex in R?. Let F, be the face of K opposite to the vertex
zo. Prove that if p € Py 4 satisfies pjp, = 0, then there is ¢ € Px_1,4 s.t.
p = Aogq. (Hint: write the Taylor expansion of p at z4 and use (7.2) with z4
playing the role of z.) (v) Prove that {\J° ... )\gd |Bo+ ...+ Ba=k}isa
basis of Py 4.
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Exercise 7.5 (Nodes of simplicial Lagrange FE). Let K be a simplex
in R? and consider the set of nodes {a;};enr with barycentric coordinates
(%,...,%), Vig,...,iq € {0:k} with ip + ...+ ig = k. (i) Prove that the
number of nodes located on any one-dimensional edge of K is (k+ 1) in any
dimension d > 2. (ii) Prove that the number of nodes located on any (d — 1)-
dimensional face of K is the dimension of Py 4—;. (iii) Prove that if k£ < d,

all the nodes are located on the boundary of K.

Exercise 7.6 (Hierarchical basis). Let & > 1 and let {6p,...,0;} be a
hierarchical basis of Py 1. Let {Ao,...,Aq} be a basis of P; 4 and assume
that \; : R? — R is surjective for all i € {0:d} (i.e., \; is not constant).
(i) Show that the functions (mapping R? to R) {6(\:), ..., 0k (\;)} are lin-
early independent for all i € {0:d}. (Hint: consider a linear combination
Zle{o:k} 10, (A\;) € Py q and prove that the polynomial Zle{o:k} o0 € Py
vanishes at (k+1) distinct points.) (ii) Show that the functions (mapping R?
to R) from the set Sg.q := {0a, (A1) ---0a,(Na) | (01,...q) € N4, |a| < k}
are linearly independent. (Hint: by induction on d.) (iii) Show that (Sk.a)k>0
is a hierarchical polynomial basis, i.e., Sk.q C Sk+1,4 and Sk, q is basis of Py, 4.
(Note: the (d + 1) vertices of K do not play here the same role.)

Exercise 7.7 (Cubic Hermite triangle). Let K be a triangle with vertices
{20, 21, 22}. Set X := {p(2:), 02,p(2i), 02.p(2i) bo<i<2 U {p(ak)}, where ax
is a point inside K. Show that (K,Ps2,X) is a finite element. (Hint: show
that any p € P3 o for which all the dofs vanish is identically zero on the three
edges of K and infer that p = eA\gA1 A2 for some ¢ € R.)

Exercise 7.8 (P; 4 canonical hybrid FE). Compute the shape functions
of the P 4 canonical hybrid finite element for the unit simplex for d =1 and
d = 2 (provide an expression using the Cartesian coordinates and another
one using the barycentric coordinates).

Exercise 7.9 (P4 Lagrange). Using the Lagrange nodes defined as in
Proposition 7.11, give the expression of the P4 » Lagrange shape functions in
terms of the barycentric coordinates.

Exercise 7.10 (Quadratic Crouzeix—Raviart). Let K be the unit sim-
plex. Let a € (0,1). Let g1 := («,0), g2 := (1 — ,0), g3 := (1 — o, ), g4 1=
(a,1—a), g5 == (0,1—0), g¢ := (0, ). (i) Compute A\g(g;)>+A1(g;)*+A2(g;)?
for all 7 € {1:6}, where A\p, A1, A2 are the barycentric coordinates of K.
(i) Let 0; € L(P2,2;R) be defined by o;(p) := p(g;) for all p € Py and
J € {1:6}. Let X' := {0,}jeq1:6}- Is the triple (K, P32, Y) a finite element?
(iii) Let Fj, i € {0:2}, be one of the three faces of K. Let T, : [-1,1] — F;
be one of the two affine mappings that realize a bijection between [—1,1]
and F;. Let {qo,q1} be a basis of Py 1. Let wairr € L(P22;R), ¢ € {0:2},
k € {0:1}, be defined by wa;r(p) := ﬁ fFi(koTl,?il)pds for all p € Pgo.
Let ¥ := {w,};eq0:5}- Is the triple (K, P32, ) a finite element? (Hint: con-
sider the points Tr, (§x), @ € {0:2}, k € {0:1}, where &, & are the two nodes
of the Gauss—Legendre quadrature of order 3, then use Step (ii).)
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Check for
updates

In Part ITI, composed of Chapters 8 to 17, we introduce the notion of meshes,
show how to generate a finite element on each cell composing the mesh, and
estimate the interpolation error in each mesh cell. We also derive important
discrete inverse and functional inequalities in each mesh cell. Moreover, we
discuss in some detail finite elements in H(div) and H (curl). In the present
chapter, we study how to build a mesh of a bounded subset D C RY, i.e.,
a finite collection of cells forming a partition of D. This is indeed the first
important task to realize when one wants to approximate some PDEs posed in
D. The viewpoint we adopt in this book is that each mesh cell is the image
of a reference cell by some smooth diffeomorphism that we call geometric
mapping. We show how to construct the geometric mapping and we present
various important notions concerning meshes. We also discuss mesh-related
data structures and mesh generators.

8.1 The geometric mapping

Let K be a polyhedron in R?, called reference cell. We want to build a smooth
diffeomorphism (i.e., an invertible mapping) Tk from K to K := TK(K )
using a set of geometmc nodes {gi}ien,., iIn K with Ngeo := {1:ngeo} for
some integer ngeo. In practice, these nodes are provided by a mesh generator
The key idea to build Tk is to use a Lagrange finite element in K say
(K, Pgeo, Egeo) with reference Lagrange nodes {g;}icn,., in K. This ﬁmte

element is called geometric finite element. It is standard to assume that Pgeo
is a space of d-variate polynomials and that there is an integer kgeo > 1 s.t.

Py chgeOCC“( K). (8.1)

geoa

Notice that ngeo > d+1 since kgeo > 1. Let {wt}le ... be the shape functions

— — geo

of the geometric finite element.
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Definition 8.1 (Geometric mapping). The geometric mapping Tk :
K — K is defined by

= Y di@g, VEEK. (8.2)

leNgeo

Since z@@]) = §;; for all 4,5 € Ngeo, we have Tk (g;) = g;. Notice that
this construction implies that Tk is of class C"°°. We henceforth assume that
Tk is a C° diffeomorphism. Some care has to be taken when choosing the
geometric nodes {g; }icnr,., to ensure that Tk is indeed bijective when Tk is
not affine. Some counterexamples are shown in Figures 8.1 and 8.2.

VARSI
— L

Fig. 8.1 Pj-based generation of a triangle (top left), Pa-based generation of a curved
triangle (top right), Pi-based generation of a parallelogram (bottom left), Q1-based gen-
eration of two quadrangles, the second one with a nonbijective mapping (bottom right).

We adopt the usual convention that consists of identifying vectors in R?
with column vectors. This allows us to identify Tk with the column vector
with entries (T ); for all ¢ € {1:d} and the Jacobian of Tk with the matrix
with entries

(JK)” = aj(TK)“ VZ,] S {].d}, (83)

where 4 is the row index and j the column index. The field Jx is R4 valued
and it is constant over K if Tk is affine. Notice that the sign of det(Jx) is
necessarily constant over K since we assumed that det(Jx)(Z) # 0 for all
zek (this is indeed a necessary condition for Tk to be bijective). Contrary
to what is done sometimes in the literature, we do not require that det(Jx)
has any particular sign.

Example 8.2 (Simplex generation). Let K be the unit simplex in
ll}d with barycentric coordinates {A;}ic(o:ay (Ao(Z) =1 — Zze{1 4 i and
\i(Z) :=7; for all i € {1:d}). Let K be a simplex in R?. Taking Pgeo =Py g4
and the nge, = (d + 1) vertices of K as geometric nodes, the geometric
mapping Tx : K — K is s.t. Tg () := > ,cq0.qy Ai(@)2; for all & € K.
In dimension two, taking ﬁgeo =Py 9, i.€., Ngeo = 6, We can prescribe six
geometric nodes in K and build a triangle with curved faces. See Figure 8.1
(top row) for illustrations. When using high-order elements, some care must
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be taken to ensure that the geometric mapping Tk is indeed invertible. Fig-
ure 8.2 presents two examples where the mapping Tk is not invertible. For
the one shown on the left, the enumerations chosen for the geometric nodes
of K and K; are not compatible. The example shown on the right is slightly
more subtle since the singularity comes from the fact that the shape functions
of the P o Lagrange finite element can take negative values and that some

geometric nodes of K5 are too close. a
Ky ¢ S 3 Tx, &
4 /\ e K
5 7 2
6 6
2 1 6 2 2

Fig. 8.2 Left: incompatible enumeration of the geometric nodes. Right: compatible enu-
meration, but some geometric nodes are too close.

Example 8.3 (Quadrangle generation). Let K := (0,1)2 be the unit
square in R?. Let us set 2o := (0,0), 2, := (1,0), 25 := (0,1), and 23 := (1, 1).
Taking P geo := P12, 50 that nge, = 3, we can prescribe three geometric nodes
in K to build a smooth diffeomorphism. Let zy be one vertex of K and let
21, z9 be the other two vertices of K sharing an edge with zy. Let z3 be the
fourth vertex of K. Upon setting Tk (Z) := (1 — 21 — Z2) 20+ T121 + Ta2z2, We
observe that K is a parallelogram. In particular, z5 = Tk (23) = —2z¢+21+ 22,
Le., 20 + 23 = 21 + 22. To generate a more general quadrangle, we can take
Pgoo = Q1 ,2, so that nge, = 4, and use the four vertices of K as geometric
nodes. In this case, Tk (Z) = (1—71)(1—Z2)20+Z1 (1 —T2) 21+ (1—Z1)Tozo+
Z1Z223. The mapping Tk is a smooth diffeomorphism whenever the nodes of
K are properly enumerated. See the bottom row of Figure 8.1 for illustrations.
In the rightmost example, Tk is not invertible because the nodes are not
properly enumerated. a

8.2 Main definitions related to meshes

Definition 8.4 (Mesh). Let D be a Lipschitz domain in RY. We say that
Trn is a mesh of D if Ty, is a finite collection of closed subsets of D, called
mesh cells (or mesh elements), such that (i) the interiors of the mesh cells
are all nonempty Lipschitz domains in R? that are mutually disjoint and (ii)
all the mesh cells cover D ezxactly, i.e.,

D= |J K (8.4)
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The subscript h refers to a level of refinement. It is common in the literature
to set h := maxgeT;, hx with hx = diam(K) := maxg, z,ecx [|€1 — T2||e2,
where ||-||g2 is the Buclidean norm in R, and to call h the meshsize.

Tk

TK !’

TK 17
( ( )

Fig. 8.3 Reference cell K left), mesh (right). The three arrows indicate the action of the
geometric mapping for the three mesh cells K, K, K.

The mesh cells have often a simple shape. For simplicity, we assume in
this book that all the mesh cells have been generated from a fixed reference
polyhedron K € R? (see §8.1) so that there is a smooth diffeomorphism
Ty : K — K for all K € Tr. Figure 8.3 presents an illustration using Py
geometric mappings to generate triangular cells. More generally, it is possible
to consider a finite set of reference polyhedra to generate the mesh cells. One
can for instance build meshes mixing triangles and quadrangles in dimension
two, etc.

Remark 8.5 (Approximation of D). It happens sometimes that generat-
ing meshes that partition D exactly is too complicated, or that it is only
possible to construct meshes of approximations of D. For instance, this situ-
ation arises when the boundary of D is curved; see §13.1 for examples. Unless
specified otherwise, meshes are assumed to partition D exactly. a

Definition 8.6 (Simplicial/affine mesh). The mesh Ty, is said to be sim-
plicial when the reference cell K is a simplex, and the mesh Ty is said to be
affine when all the geometric mappings {Tk }keT;, are affine.

In this book, we often consider simplicial affine meshes, and we speak of
triangulations when d = 2. An example is shown in Figure 8.4.
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Fig. 8.4 Part of a triangulation around a  [N\PSCA igﬁ%ﬁgﬁi‘gﬁx
two-dimensional NACA0012 airfoil profile. AV AAVAIA AV N
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Definition 8.7 (Faces, edges, and vertices of a cell). Let K € T}, be a
cell. Assuming d = 3, the faces, edges, and vertices of K are defined to be
the images by Tk of the faces, edges, and vertices of the reference polyhedron
K, and these geometric entities are collected in the sets Fi, £k, and Vi,
respectively. The same definition is valid in dimension d = 2 with the excep-
tion that the notions of edge and face coincide. The same definition is valid
in dimension d = 1, with the exception that the notions of vertex, edge, and
face coincide. We assume in the entire book that we have either F C 0D or
int(F) C D for all K € T, and all F € Fk.

Remark 8.8 (Geometric nodes). The notion of geometric nodes intro-
duced in §8.1 and the notion of vertices are different. In general, the vertices
of a cell form a subset of its geometric nodes. These two sets coincide if the
geometric element is a Py 4 or Q; 4 Lagrange element. O

Definition 8.9 (Mesh faces, edges, and vertices). Let T, be a mesh.
Assume d = 3. We say that a closed two-dimensional manifold F C D is a
mesh face if there is a mesh cell K € Ty, s.t. F is a face of K, i.e., ' € Fkg.
Similarly, a closed one-dimensional manifold E C D is a mesh edge if there
is a mesh cell K € Ty, s.t. E € £k, and a point z € D is a mesh vertex if
there is a mesh cell K € T;, s.t. z € Vi

Another important notion is that of interfaces and boundary faces.

Definition 8.10 (Interfaces, boundary faces). A subset F C D is an
interface if F' has positive (d—1)-dimensional measure and there are two dis-
tinct mesh cells Ky, K. € Ty, such that F':= 0K;NOK,. and F is a subset of a
face of K; and of a face of K,. A subset F C D is a boundary face if F' has
positive (d—1)-dimensional measure and if there is a mesh cell K; € Tp, such
that F := 0K;NOD and F is a face of K;. All the interfaces are collected in
the set Fy, all the boundary faces are collected in the set ]-',‘?, and we define

Fhni=Fy UF. (8.5)

The subscripts {l,r} in the definition F' := dK; N 0K, refer to the left cell
and to the right cell. The notion of left and right cell will be unambiguously
defined later by orienting all the interfaces. Distinguishing the left from the
right cell will be important when defining jumps across interfaces (see Defi-
nition 18.2). In addition, we also have F' = K; N K, since the mesh cells have
mutually disjoint interiors by assumption. Furthermore, we observe that a
boundary face is always a mesh face, but an interface is not necessarily a
mesh face since the notion of interface depends on the way adjacent mesh
cells come into contact. An illustration is presented in Figure 8.5. For the
mesh shown in the left panel, we have 75, = e, K- For that shown in
the central panel, we have F;, C UKeTh Fx but UKeTh Fx ¢ Fp. For that
shown in the right panel, we have 7, ¢ Ugcr. Fx and Ugcr, Fx € F-

The meshes shown in Figure 8.3, in Figure 8.4, and in the left panel of
Figure 8.5 fall into the important class of matching meshes. Matching meshes
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Fig. 8.5 Three examples of a triangulation of a square. Left panel: the mesh is composed
of 2 cells and there is one interface. Central panel: the mesh is composed of 3 cells and there
are 3 interfaces. Right panel: the mesh is composed of 5 cells and there are 7 interfaces.
The three meshes contain 4 boundary faces.

play a central role in this book since they facilitate the construction of discrete
spaces composed of piecewise smooth functions having an integrable gradient,
curl or divergence (see Chapter 19 and onwards).

Definition 8.11 (Matching mesh). A mesh T, is said to be matching if
for all cells K, K' € T, s.t. KN K’ is a manifold of dimension (d — 1), then
K N K’ is an entire face of K and an entire face of K'.

Proposition 8.12 (Mesh faces). Let T}, be a matching mesh. Then,

Fn=J Fx. (8.6)
KeTn

Proof. Let F' € Fp. If F € ]—"}‘?, we infer from Definition 8.10 that F' € Fk,,
whence F € Uy ey Fi. If F' € Fp, we have F' := 0K;NOK, = K;NK,, and
we infer from Definition 8.11 that F' € Fg, N Fk,, whence F € UKeTh FKk.
We have thus shown that F; C UKeTh, Fk. Conversely, let K € T, and
F e Fg. If F C 0D, we infer that I’ € .7:}?. Otherwise, our assumption on
the faces of a mesh cell in Definition 8.7 implies that int(F') C D, and since
the mesh cells form a partition of D, we infer that there is a mesh cell K # K
st. KNK' C F and K N K’ is a manifold of dimension (d — 1). Since the
mesh is matching, K N K’ is a full face of both K and K’ so that FF = KNK’,
which proves that F' € F;. We have thus shown that UKeTh Fx C Fp, and
this completes the proof. a

One can verify that Definition 8.11 implies that if KNK’ # () and K # K,
then the set KNK' is a face, an edge (if d = 3), or a vertex that is common to
K and K’. For matching meshes we denote the collection of the mesh edges
(if d = 3) and the collection of the mesh vertices as follows:

&= & V= {J vk (8.7)
KeTn KeTn

Remark 8.13 (Euler relations). Let 7;, be a matching mesh of a poly-
hedron D in R?. If d = 2, let I be the degree of multiple-connectedness of
D (i.e., the number of holes in D). Let N, No, Ny, N2, N2 be the num-
ber of mesh cells, edges, vertices, boundary edges, and boundary vertices,
respectively. Then we have
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Ne—N.+N,=1-1, NZ-N?=0. (8.8)

If d = 3, let additionally J be the number of connected components of the
boundary of D, and let Ny, N? be the number of mesh faces and boundary
faces, respectively. Then we have

Ne—Ni+No—Ny=—-1+1-J, NP —NZ2+N?=2J~-1). O

8.3 Data structure

A mesh is a data structure produced by a mesh generator. This data structure
consists of a cloud of points, called geometric nodes, that are numbered and
connected. There are many ways to construct this data structure. Let us give
an example. We start by enumerating the geometric nodes {g1,...,gn,.,}
where Ngeo is the number of geometric nodes. This enumeration is said to
be global. The geometric nodes are defined by their coordinates in R%. These
quantities are stored in a two-dimensional array of size dxNge,, Which we
denote by

coord(1l:d, 1:Ngeo), (8.9)

and we say that coord is the coordinate array of the mesh. For all k € {1:d}
and all n € {1: Nyeo}, coord(k, n) is the k-th coordinate of g,,.

The geometric nodes are organized into mesh cells by means of a connec-
tiity array, in such a way that every mesh cell is assigned nge, geometric
nodes. Let us enumerate the mesh cells as {K7,..., Ky_} where N, is the
number of mesh cells. The geometric nodes associated with any mesh cell
can be recovered from a two-dimensional array of size N¢X7geo, Which we
denote by

j-geo(1:Ne, 1ingeo ). (8.10)

For all m € {1:N.} and all n € Ngeo (recall that Ngeo := {1:ngeo}), the
integer j_geo(m,n) is the global index of the n-th node in the m-th cell.
The second index in the array j_geo provides the local enumeration of the
geometric nodes for each mesh cell. Using the connectivity array and the
coordinate array, it is possible to rewrite the geometric mapping Tk from
Definition 8.1 as follows:

(Tk,, (%)), = Z an(fc\) coord(i, j_geo(m,n)), (8.11)
n€ENgeo

for all Z € K, all m € {1: N}, and all i € {1:d}.

Example 8.14 (Enumeration in a simplex). Figure 8.6 shows an exam-
ple of local and global enumerations. Here, the geometric reference element
is the two-dimensional P; Lagrange element, i.e., nge, = 3. We consider three
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mesh cells with global indices 56, 213, and 315. The values of the connec-
tivity array are j_geo(315,1) = 13, j_geo(315,2) = 37, j_geo(315, 3) = 250,
j-geo(56,1) = 13, j_geo(56,2) = 37, j_geo(56,3) = 53, etc. We have adopted
the convention that for any m, the value of j_geo(m,n) increases with n. This
choice will be instrumental in Chapter 10 when orienting the mesh. Note that
the sign of det(J k) is different in the cells 315 and 56. O

250 Global index of geometric node

® Local index of geometric node

Global index of mesh cell

Fig. 8.6 Example of local and global enumerations of geometric nodes for three triangular
mesh cells.

In many situations, it is useful to have two-dimensional arrays providing
the global indices of the faces, edges, and vertices of any mesh cell. The reason
is that finite element matrices are assembled by means of a loop over the mesh
cells (see §29.2.3), and that these arrays are instrumental to identify degrees
of freedom attached to the mesh faces, edges, and vertices. Let us focus on
matching meshes and let us enumerate the mesh faces, edges, and vertices in
Fn, En, and V}, from 1 to Ni, N,, and Ny, respectively, i.e.,

Fn =A{Fj}jeq1:ne}> En =1{Ej}jeq1: N} Vi =A{2j}je1: N}

Let net, nee, and ney be, respectively, the number of faces, edges, and vertices
of a mesh cell. For instance, n¢s = 4, nee = 6, and ne, = 4 for a tetrahedron.
We introduce the following two-dimensional arrays:

jcf(1:Ng, Lingg), jce(1:Ng, 1ince), j_cv(1:Ng, Liney). (8.12)

For all m € {1: N} and all n € {1:n.}, the integer j_cf(m,n) is the global
index of the n-th face in the m-th cell, and similarly for j_ce and j_cv. In
other words we have

TKm (F\n) = Fj,cf(m,n)v TKm (En) = Ej,ce(m,n)a TKm (En) = Zj_cv(m,n)-

Notice that the arrays j_cv and j_geo are different in general, just like the
vertices and the geometric nodes may be different objects.



Part III. FINITE ELEMENT INTERPOLATION 97

Remark 8.15 (Alternative data structure). Another choice is to con-
sider the two-dimensional arrays j_cf(1:Ng, 1:ncr) (as above) together with
the two-dimensional arrays j_fe(1:N¢, 1:ng) (providing the global indices of
the edges of a given mesh face, where ng is the number of edges of a face,
assuming that this number is face-independent), and j_ev(1:N,, 1:2) (provid-
ing the global indices of the two vertices of a mesh edge). The information
stored in the array j_ce (resp., j_cv) can then be recovered from the arrays
j_cf and j_fe (resp., j_cf, j_fe, and j_ev). The reader must be aware that
all these compositions involve memory accesses that may be time consuming.

O

8.4 Mesh generation

Mesh generation is a basic ingredient of finite element methods. Generating a
mesh is often a time-consuming task, especially for complex three-dimensional
configurations. Mesh generators involve two types of tasks: (1) representing
geometrically the boundary of the domain by using suitable mappings param-
eterizing paths or surfaces; (2) meshing the lines, surfaces, and volumes that
have been identified in the first task. This section briefly describes how to
organize the above two tasks. The material is meant to provide some basic
understanding of the process.

8.4.1 Two-dimensional case

Let us consider a two-dimensional domain D and let us think about how D
can be geometrically represented.

1. D is entirely defined by its one-dimensional boundary, 9D.

2. The boundary 0D can be decomposed into its connected components.

3. Each connected component can be partitioned into a union of paths.

4. Each path can be assigned two extremities (possibly by cutting the paths
that are closed). These points are referred to as the vertices of 0D.

5. Each path can be mapped to the interval [0, 1].

As an illustration, consider the domain shown in Figure 8.7. Its boundary
is composed of two connected components. The external component is the
union of the three paths PQ, QR, and RP. The internal boundary is trans-
formed into a path that is homeomorphic to a segment by cutting it at S. In
conclusion, the boundary of D is decomposed into the union of four paths:
0Dy := PQ, 0D := QR, 0D3 := RP, and 0D, := SS.

A general algorithm for a two-dimensional mesh generator is obtained by
reading in reverse order the above list:
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Fig. 8.7 Meshing a two-dimensional
domain.

1. Locate the vertices of D and partition 0D = Une{1~N8} 0D,, so that
p

each elementary path 9D, is limited by two vertices (possibly identical).
Here, N;’ denotes the total number of elementary paths.

2. Connect the two vertices of dD,, for all n € {1:N§ } by a parameterized
path v, : [0,1] = dD,,.

3. Letting Uie{l:ln}[xn,i*hxn,i] be a partition of [0, 1] into I,, small seg-
ments, the boundary mesh on 9D is Une{lzNg} Uieqr: 1,3 Yn([@n,i-1, Tnal)-

4. Finally, mesh the interior of D by extending the boundary mesh. This
last step usually involves an advancing front method where mesh vertices
are progressively inserted inside the domain and connected to the other
vertices to form new triangles (Fig.8.8); see, e.g., Rebay [166] and the
references therein.

Fig. 8.8 Triangulation of a circle by an advancing front method. Various stages of the
mesh generation process are illustrated.

8.4.2 Three-dimensional case

The above algorithm extends to dimension three. As in dimension two, the
algorithm is deduced from the geometric description of three-dimensional
domains. Let D be a three-dimensional domain.

1. D is entirely defined by its two-dimensional boundary, dD.

2. The boundary 0D can be decomposed into its connected components.

3. Each connected component can be decomposed into a union of orientable
surfaces with edges, say 0D = UnE{l:Nsa} dD,, (N2 is the total number



Part III. FINITE ELEMENT INTERPOLATION 99

of these surfaces). For instance, a sphere can be decomposed into two
hemispheres. The orientation of the connected components of 0D says on
which side of 0D the interior of D is.

4. Each orientable surface D,, can be mapped to a two-dimensional domain
8DiD C R? by a mapping 7, : 8D,21D — 0D,,.

5. BEach two-dimensional domain 8D,21D for all n € {1: N2} can be described
by means of the algorithm from §8.4.1.

An illustration is presented in Figure 8.9. The domain is a cone. Since the
boundary of the cone is connected but has no edges, it is decomposed into two
simpler surfaces by separating the base and the lateral surface. The base is
homeomorphic to a disk, GD?D. The lateral surface is further transformed by
cutting it along the segment PQ. The surface thus created is homeomorphic
to a triangle, 3D§D. When meshing the two sides of the triangle associated
with the segment P(Q), one must make sure that the two one-dimensional
meshes coincide.

P P
P P ey

P

P
Q

Q" ¢Q

Fig. 8.9 Geometric representation of a three-dimensional domain.

An algorithm to mesh a three-dimensional domain is obtained by reading
the above list from bottom to top:

1. Construct a mesh 7,20 of each two-dimensional domain dDZP for all n €
{1: N2} by applying the algorithm from §8.4.1.

2. A mesh for 0D,, is defined to be ’Ef)n = 'yn(ThZB) for all n € {1: N2}.

3. The union Une{1:N§} ’77?" is the boundary mesh.

4. Finally, mesh the interior of D by extending the boundary mesh.

Remark 8.16 (Extruded meshes). Some applications use either cylinders
or domains that are homeomorphic to cylinders. A possible strategy to mesh
the interior of domains of this type consists of meshing first its right section,
which can have any two-dimensional shape, then extruding the mesh of the
right section along the generatrix. Depending on the elements chosen to mesh
the right section, the volume mesh is typically composed of prisms of trian-
gular or quadrangular base. These prisms can be further decomposed into
tetrahedra if needed. ad
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Exercises

Exercise 8.1 (Curved triangle). Consider the Py transformation of a tri-
angle shown in the upper right panel of Figure 8.1. Consider a geometric
node of K that is the image of the midpoint of an edge of K. Show that the
tangent vector to the curved boundary at this node is collinear to the vector
formed by the two vertices of the corresponding curved edge. (Hint: use the
properties of the Lagrange Ps shape functions.)

Exercise 8.2 (Euler relations). Let 7;, be a matching mesh in R? com-
posed of polygons all having v vertices. (i) Show that 2N, — N2 = vN,. (ii)
Combine this result with the Euler relations to show that N. ~ ﬁNv and
Ne ~ -5 N, for fine enough meshes where N2 = N2 < min(Ny, N, N,).

Exercise 8.3 (Connectivity arrays j_cv, j_ce). Write admissible connec-
tivity arrays j_cv and j_ce for the following mesh where the face enumer-
ation is identified with large circles and the cell enumeration with squares.

Exercise 8.4 (Connectivity array j_geo). Define a connectivity array
j-geo for the following mesh such that the determinant of the Jacobian matrix
of Ty is positive for all the cells.

Exercise 8.5 (Geometric mapping). Let z; = (0,0), 2o := (1,0),

z3 = (0,1), z4 := (3, 3). Consider the triangles K; := conv(z1, 22, 24),
Ky := conv(ze, z3, 24), and K3 := conv(zs, z1,24). (i) Construct the affine

geometric mappings Tk, : K1 — Ky and Tk, : K1 — K3 s.t. T, (21) = 2o,
TK2 (24) = z4, and TK3 (21) = 23, ’I’K3 (24) = z4. (Hint: T'K2 is of the form
Tx,(z) = 22 + Jx, (x — 21).) (ii) Compute det(Jx,)J%. and det(J;g)J}i.
Note: the transformation v ~ det(Jx)J ' vo Tk is called contravariant Piola
transformation; see (9.9¢).
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Finite element generation ®

Check for
updates

In the previous chapter, we have seen how to generate a mesh from a reference
cell and a collection of geometric mappings. We now show how to generate
a finite element in each mesh cell from a reference finite element. To this
purpose, we need one new concept in addition to the geometric mapping: a
functional transformation that maps functions defined on the current mesh
cell to functions defined on the reference cell. Key examples of such transfor-
mations are the Piola transformations. These transformations arise naturally
in the chain rule when one investigates how the standard differential opera-
tors (gradient, curl, divergence) are transformed by the geometric mapping.
The construction presented in this chapter provides the cornerstone for the
analysis of the finite element interpolation error to be performed in Chap-
ter 11. Recall that |||z is the Euclidean norm in R? and a-b denotes the
corresponding inner product.

9.1 Main ideas

Let 7, be a mesh generated as described in Chapter 8. This means that
we have at hand a reference cell K (recall that K is a polyhedron) and a
geometric mapping Tk : K — K for every mesh cell K € 7;. Given an
integer ¢ > 1, our goal is now to define a finite element in K composed of
R9-valued functlons defined on K. To this purpose, we assume that we have
at hand a fixed finite element (K P,.X ), where P is composed of R%-valued
functions defined on K and ¥ is the collection of the degrees of freedom
(dofs) for these functions.

The triple (K P.x ) should not be confused with the geometric finite ele-
ment (K Pgeo, Egeo) whose only use is to define K, whereas (K P b5) ) is used
to interpolate R%-valued functions. The interpolation is said to be isopara-
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metric whenever [ﬁgeo]q = P and subparametric whenever [ﬁgeo]q C P. The
most common example of subparametric interpolation consists of using affine
geometric mappings together with shape functions that are quadratic or of
higher polynomial order.

Definition 9.1 (Reference element). (K,P,X) is called reference finite

element, and with obvious notation {G;}icnr and {8;}icnr are called reference
dofs and reference shape functions, respectively.

Recalling Definition 5.7, we also assume that we have at hand a Banach
space V(K) C LY(K;RY) such that P C V(K) and such that the linear
forms {5;}ienr can be extended to £(V (K);R) (we use the same symbol
for simplicity). The interpolation operator Zp : V(K ) — P associated with

(K, P, %) is defined as follows (see (5.7)):

Ip)(x) = Z 0:(0)0;(2), vV € K. (9.1)
€N
The operator Iy is called reference interpolation operator.

Since our goal is to generate a finite element on K and to build an inter-
polation operator Zx acting on functions defined on K, we introduce a coun-
terpart of the space V(K) for those functions, say V(K'). The new ingredient
we need for the construction is a transformation

Vi V(K) = V(EK), (9.2)

which we assume to be a bounded linear isomorphism. A simple definition of
Pk is the pullback by the geometric mapping, i.e.,

br(v) i=voTx, YoeV(K). (9.3)

We will see that this definition is well-suited to nodal and modal finite ele-
ments. However, we will also see that this definition is not adequate when
considering vector-valued functions for which the tangential or the normal
component at the boundary of K plays specific roles. This is the reason why
we use a general notation for the functional transformation .

Proposition 9.2 (Finite element generation). Let (K, P, %) be the ref-

erence element with extended dofs {G;}iexr C L(V(K);R). Let K € Ty, be a
mesh cell. Assume that we have at hand a Banach space V(K) and a bounded
linear isomorphism Y € L(V(K);V(K)). Then the triple (K, Pk, Xk) s.t.

Pi =y (P)={p=vx'() | € P}, (9.4a)
Sk =Yook = {ox,; = ,p ° Vi tien C L(Pk;R), (9.4b)

is a finite element. The dofs in Xk can be extended to L(V (K );R) by setting
Ok =0;09 forallie N.
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Proof. We apply Remark 5.3 to prove that (K, Pk, X k) is a finite element.
Since 9 is bijective, we have dim(P) = dim(ﬁ) = ngh. Let p € Pk be
s.t. ok i(p) = 0 for all i € N. Then 7;(¢Yk(p)) = 0 for all i € N, so that
Yk (p) = 0 by the unisolvence property of (IA( P 2) This implies that p =0
since 1k is an isomorphism. Finally, since (o; O’l/)K)‘P = O’Z‘P oY, the linear
map 0; o i : V(K) — R is an extension of ox; : Px — R to V(K) (we
use the same notation for simplicity), and we have ox ; € L(V(K);R) since

054 (0)] < 183l vz 195 |y ey e IWlv ) for all v € V(E). O

The linear forms {ox ;}ien are called local dofs. The following functions,
called local shape functions:

=yl(:), VieN, (9.5)

satisfy ok i(0k,j) = 0:(Vi (0K, ;) = 5:(0, ;) = &;; for all 4,5 € N. The local
interpolation operator Ix : V(K) — Pk acts as follows:

ZUKl 9[(1 ) Ve € K. (96)
1EN
The following result plays a key role in the analysis of the interpolation error.

Proposition 9.3 (Commuting diagram). We have Tx = 15" oZp ok,
i.e., the following diagram commutes:

V(K) V(K)
|z
Pe— YK B

i.e., Pk is pointwise invariant under Tk, that is, Tx (p) = p for all p € Pk.

Proof. Let v in V(K). The definition (9.4) of (K, Pk, X'k ) implies that

Ip(Wr(v)) = ZUZ Vi (v)) 0; = ZUKZ VK (0K i) = Vi (Ti(v)),

ieEN ieEN

owing to the linearity of ¢k . Hence, the above diagram commutes. Let now
p € Pc. We have Tic(p) = Ui (Zz (U (p)) = ¥ (¥ (p)) since vxc(p) € P
and P is pointwise invariant under Zz. Hence, Tk (p) = p. O

Example 9.4 (Lagrange elements) Let (I? 13 2‘) be a Lagrange finite
element with nodes {@;}ien and V(K) := C°(K); see §5.4.1. Set V(K) =
CY(K). The map vk : V(K) — V(K) defined in (9.3) is an isomor-
phism in £(V(K);V(K)). The finite element (K, Pk, Xx) constructed in
Proposition 9.2 using ¥ is also a Lagrange finite element. Indeed, we have

ok.i(p) =GV (p)) == ¥ (p)(@;) = (po Tx)(@;) for all p € Pk. Setting
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a’K,i = TK(62)7 V’L GN,

we infer that {ax ;}ica are the Lagrange nodes of (K, Pg, X' ). The Lagrange
interpolation operator 7% acts as follows:

Th(v)(x) == Z v(ak,)0k,i(x), Ve e K. (9.7)
ieN

Note that even if P is a polynomial space, Pk = {po Tgl, pe 13} is not
necessarily a polynomial space unless Ty is affine. a

Example 9.5 (Modal elements). Let (K, P, X) be a modal finite element
with dofs 7;(p) := ﬁ J% (ipdz for all p € P and all i € A, where {@}i@\/ is
a basis of P, and let V(I/(\') = LI(I/{'); see §5.4.2 Set V(K) := L'(K). The map
Y V(K) — V(IA() defined in (9.3) is an isomorphism in £L(V(K); V(I/(\'))
The finite element (K, Pk, X k) constructed in Proposition 9.2 using ¥ is
also a modal finite element. Indeed, we have for all p € Pk,

ori(p) = B () = |f£<| /K (@) (po Ti) (@) di

1 1 =R 1
= I?I/A J(CK,i oTg)(poTk)dz = |K|/ (x,ipde,
R K

with (x; == ok o Ty', ag = |det(JK)|_1%, and Jk is the Jacobian
matrix of Tk defined in (8.3) (ax =1 if Tk is affine). O

9.2 Differential calculus and geometry

In this section, we present basic identities from differential calculus and geom-
etry showing how the usual differential operators (gradient, curl, and diver-
gence) and normal and tangent vectors are transformed by the geometric
mapping. We refer the reader to (4.6) for the definition of the divergence
operator and to (4.7) for the definition of the curl operator with d = 3 (the
material can be adapted to the case d = 2 by proceeding as in Remark 4.18).

9.2.1 Transformation of differential operators

Let [A(Abe the reference polyhedron in R? and let K € 7j, be a mesh cell. Let
Tk : K — K be the geometric mapping and let Jx be the Jacobian matrix of
Ty (see (8.3)). Recall that we use boldface notation for R¥-valued functions
and for functional spaces composed of R%valued functions. For instance, we
write C!(K) := C'(K;R?) for all | € N. The following result is of fundamental
importance.
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Lemma 9.6 (Differential operators). Let v € C*(K) and v € C'(K).
The following holds true for all & € K :

V(vo Tk)(@) = I () (Vv)(Tk (2)), (9.82)
Vx (i (v 0 Tie))(2) = det(Jx (@) I (2)(Vx0) (T (Z)),  (9.8b)
V-(det(J)J 7 (v 0 Tie)) (&) = det(Ix (&) (V-0) (T (2)). (9.8¢)

Proof. (1) Proof of (9.8a). Since the link between the Jacobian matrix of Tk
and its Fréchet derivative (see Definition B.1) is that DTk (Z)(h) = Jx (Z)h
for all h € R?, we can use Lemma B.4 (chain rule) with n := 1 to infer that

D(voTk)(x)(h) = Do(Tk (2))(DTk (z)(h)) = Dv(Tk (Z))Jk (Z)h).
Using the gradient to represent the Fréchet derivative yields (9.8a) since

V(voTk)(®)-h = D(voTk)(®)(h) = Do(Tk(Z))(Jx (®)h)
= (Vo)(Tx (2))-(Ix @)h) = Ik (@) (Vo)(Tk (Z)))-h.

(2) Proof of (9.8¢). This identity is deduced from (9.8a) by integrating by

parts. Since Tk is bijective, the ratio ey : % is constant over K and

is either equal to —1 or 1. Moreover, the volume measure in K at « and in K
at T are s.t. dz = |det(Jx (Z))|dZ. Let ¢ € C§°(K) be a smooth scalar-valued
function compactly supported in K. Integrating by parts and using (9.8a),
we infer that

[(V-v)(ﬂ«@)) (T (8)) det(Tx (8)) dF = ex / (V-0) (2)g(x) dz
K

K

— x| (0Va)(@)do = —ex [ (0-V0) (T (@) ldet(Tic(@)] a2
—— [ (00 T} 0TV (a0 T (@) det(Ux (@) a2

= [ (@et@)I (00 TV (g 0 Ti)(@) 42

= [ Vet )37 (0 0 L) @l (@) .

which proves (9.8¢) since ¢ is arbitrary.

(3) Proof of (9.8b) in R3. Let £ be the Levi-Civita symbol (g5 = 0 if
at least two indices take the same value, 103 = €931 = €312 = 1, and
€132 = €213 = €321 ‘= —1). Recall that det(Jx) = i (Jx)1i(Jx )2 (Jx )3k =
cijk(Jx )it (k) j2 (T ks and (Vxw); = €;10;vg, with the Einstein convention
on the summation of repeated indices. For all i € {1:d}, we have
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IV (voTk)))i = (Ix)ijeimdnTi (v o Tk))
= (Tx)ije 110k (T i) im (vm © Tre))
= (Jx)ijejm Ok (T x)mi(Vm 0 Tk) + (T & )miOk(vm © Tk)) .

Let €7 and %5 be the two terms on the right-hand side of the above
equality. Since Ox(Jx)mi = Oui(Tk)m = O(Tk)m = O(Jk)mr, we infer
that T, = (JK)ij%(Ejk[ + €j1k) Ok (T i )mi(vm © Tik) = 0. Moreover, since
ikt (Tr)ij (T )nk (T K )mi = €inm det(Jx ), we infer that

Ty = (Jk)ij€jnt (T r)mi((Onvm) © Tr) (T i ) ni
= int(Jr)ij (T ) nk (T )mi((Onvm) 0 Tk)
= Einm det(JK)((an’Um) o TK) = det(JK)((va) o TK)1'~ O

Remark 9.7 (Literature). See Marsden and Hughes [139, pp. 116-119],
Ciarlet [75, p. 39], Monk [145, §3.9], Rognes et al. [168, p. 4134]. O

Definition 9.8 (Piola transformations). Letv € C°(K) and v € C°(K).
The Piola transformations are defined as follows:

Y5 (v) == v o Tk, (9.9a)
Y (v) = g (v o Tk), (9.9b)
P& (v) 1= det(Jx)J ' (v 0 Tk), (9.9¢)
Y2 (v) :=det(Jx)(vo Tk). (9.9d)

Y% is called pullback by the geometric mapping, % is called covariant
Piola transformation, and 1/;}1( 1s called contravariant Piola transformation.

Corollary 9.9 (Commuting properties). The Piola transformations are
such that for all v e C*(K) and all v € CY(K),

V(@i () = ¥5%(Vv), Vx(9g(v) = 9i(Vxv), V(@i (v)) = Vx(V-0).
Proof. Apply Lemma 9.6. O

The superscript g (resp., ¢, d) refers to the fact that the map ¢% (resp.,
P, w%) is used when integrability properties on the gradient (resp., curl,
divergence) are required. The superscript b for “broken” means that no inte-
grability with respect to any differential operator is invoked.

9.2.2 Normal and tangent vectors

Another important property of the Piola transformations is that % (resp.,
%) preserves the moments of the tangential (resp., normal) components of
fields at the edges (resp., the faces) of the mesh cell K. Let us first motivate
this claim by a simple example.
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Example 9.10 (Piola transformation vs. pullback). Referring to
Figure 9.1, let K be the triangle with vertices (0,0), (1,0), and (0,1). Let K
be the image of K by the geometric mapping Ty defined as the rotation of
center (0,0) and of angle 7. Let Fy (resp., F) be the edge of K correspond—
ing to xo = 0 (resp., 1 = 0), and let F; and F, be the images of Fy and B
by Tk, respectively. Consider the constant field v(x) := (1,0). Note that
Y% (v) = v since v is invariant under the pullback by Tk (applied componen-
twise). Hence, v is tangent to F», whereas ¥, (v ) is normal to Fy. Moreover,
v is normal to Fy, whereas ¢% (v) is tangent to F,. But Ps(v) = (0,—1)T

tangent to F, and P¢(v) = (0,—1)T is normal to Fy. O

Fig. 9.1 Illustration of Example 9.10.

Our first result identifies how the geometric mapping T : K — K trans-
forms normal and tangent vectors on 0K.

Lemma 9.11 (Normal and tangent). (i) Let ng be the outward unit

normal to OK and let ng be the outward unit normal to OK. Let F be a face
of K and let F := Tk (F) be the corresponding face of K. Let & € int(F) so
that nmﬁ(A) is well defined, and let x := Tk (Z) € int(F). Then we have

1
10K 7z 7) (@)=

(ii) Let E be an edge ofl? and let E = TK(E) be the corresponding edge
of K. Let © € int(E), let Tg be a unit tangent vector to E at &, and let
x =Tk (x) € E. Then the vector

ng|p(e) = Jx nz)p)(@)- (9.10)

1 PN
Te(T) 1= m(ﬂkTﬁ)(m) (9.11)

18 a unit tangent vector to E at x.

Proof. (1) Let 1Z be the signed distance function to ﬁ7 assumed to be negative
inside K. Then V{Z)\(:i) = ﬁfqﬁ(i) Defining ¢ := &oTEl and using (9.8a), we
have Vi)(x) = J;(T(i)va(i) = J;{T(w)nKlF( Z). Since 1) is constant (equal
to zero) over int(F') and takes negative values inside K, the vector Vi(x) is
normal to F' and points toward the inside of K. This proves (9.10).

(2) Consider an edge E := F; N Fy of K and let & € E. Since
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Uk g5 (@) UxTp(®)) = g 5 (@) T5(@) = 0,

we infer from Step (1) that JxTz(Z) is tangent to F; := TK( ;) for all
i € {1,2}. Hence, (JxT5)(Z) is tangent to F; N F; = E = Tx(E). O
Our next step is to identify how surface and line measures are transformed
by the geometric mapping Tx. Observe that the unit of Jx is a length scale
and that the unit of det(Jx) is a volume. The identity (9.12a) is sometimes
called Nanson’s formula in the continuum mechanics literature; see [149,
p. 184] and Truesdell and Toupin [192, p. 249, Eq. (20.8)].
Lemma 9.12 (Surface and line measures). The surface measures on F
at  and on F := Tk (F) at ¢ :== Tk (Z) are such that

ds = |[det(Jx)(@)| |(Jgc g p)(@)]le= ds, (9.12a)
ds = |det(J5") ()| | (Tkmx ) ()2 ds. (9.12D)

The line measures on E at  and on E := TK(E) at = Tk (Z) are such
that

dl = |(Jx7g) (@)l dl, dl = (T ) (@)l dl. (9.13)
Proof. Let ¢ € C§°(F) and let v € C™(K) be st. vngp = ¢ and
vngor\r = 0 (this construction is possible since ¢ is compactly sup-

ported in F' and so vanishes near OF where ng is multivalued). Recall that
P& (v) = det(Jx)J ' (v o Tx) and that ex = \§Z§E§§§| = +1. Using (9.8¢)
and (9.10), we infer that

léquw—/’uwwx>da—/<me@dx

=ex | Vh(0)(@)dT =ex | (Pl (v)-Rg)(@)ds
J; L

:/BI?(JK v)-(Tnw ) (Tk (2)|(Tx 7z ) (@) 2 |det(Tx ) ()] d5

= AE(U'RK)(TK( z))[|(Jx ng) @)l |det(Jx ) (®)] ds
~ [ @@ g ) @ eldet () @) 5
This yields (9.12a). To prove (9.12b), we use the following identity:

ITknwe) @) e = Tk g p) @)z

which follows from (9.10) and the fact that nx and n g are unit vectors. We
refer the reader to Exercise 9.2 for the transformation of line measures. 0O

We can now state the main result of this section showing that the Piola
transformations 1§, and 9% are tailored to preserve the moments of the
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tangential components of fields over edges and the moments of the normal
components of fields over faces, respectively. Let F be a face of K and let E
be an edge of K. Let F := TK( ) and E := Tx(E) be the corresponding
face and edge of K. Let ng be a unit vector normal to F and let 7 Ts be a
unit vector tangent to E. Note that 7 7 can point either toward the inside

of K or the outside of IA(, i.e.,, we only have ngz = :I:ﬁfﬂﬁ. Recall that

€K - ﬁf}:gi;‘ = +1. Lemma 9.11 shows that the following unit vectors:
1
B (np) () = ex —F——— (I 15) (@), (9.14a)
! 0 "p) @) e "
~ 1 ~
D5 (Th)(z) = JrTg) (), (9.14b)

1Ux7p) (@)

are, respectively, normal to F' and tangent to E at @ := Tk (Z). The defini-
tions in (9.14) are motivated by the following result.

Lemma 9.13 (Preservation of moments of normal and tangential
components). Let v € C°(K) and ¢ € C°(K). The following holds true:

/F (0B (7)) (w)q () ds = /ﬁw%(v)-ﬁﬁ)@wi(q)@) a5 (9.150)
| o) @@ = [ Wi T)@ k@@ 1)

Proof. To prove (9.15a), we use the transformation of surface measures from
Lemma 9.12 followed by the definition (9.14a) of % (R ) and the definition
of the maps 9% and % (see (9.9)) to obtain

[ 0Bk @) ds
~ [ 0Bk ) (T (@) (0@ et 0x) @) 5753 2 5
— [ (@0 T 05T 75) (@05 (@) det (1) (@) 45
- [ @k)an) @k (0@ &

The proof of (9.15b) uses similar arguments and is left as an exercise. O

Remark 9.14 (Sign of det(Jx)). The factor ex = =1 in the defini-
tion (9.14a) is due to the fact that the contravariant Piola transformation
% may transform an outward-pointing field into an inward-pointing field.
The definition (9.14a) is such that the sign of 9% (ng)(Z)nz(Z) and the
sign of n (x)- D% (N z)(x) are identical. Note that ex = 1 if det(Jx) > 0. O
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Exercises

Exercise 9.1 (Canonical hybrid element). Consider an affine geometric
mapping Tk and the pullback by Tk for 1. Let (I?7 P, f) be the canonical
hybrid element of §7.6. Verify that Proposition 9.2 generates the canonical
hybrid element in K. Write the dofs.

Exercise 9.2 (Line measure). (i) Prove Lemma 9.12 for line measures.
(Hint: the change in line measure is fdi—%(a:) = limy_.g ”TK(mﬂ?g[fK(x)”ﬂ )

4
(ii) Assume that d = 2. Show that |det(Jx)|[|J 7llezr2) = ([T T ||e2(r2) for

any pair of unit vectors (n, T) that are orthogonal.

Exercise 9.3 (Surface measure). (i) Let T := Ty 7 F—FandzcF.
Let Jp(Z) € R¥(@=1) be the Jacobian matrix representing the (Fréchet)
derivative DTr(Z). Let gr(Z) = (Jr(2))"Jr(2) € RE-DX(=1) he the sur-
face metric tensor at . Prove that \/det(gp(x)) = |det(Jx)|||Jx 72| 2.
(Hint: use that ds = +/det(gp(z))ds.) (i) Let K := {(Z1,72,73) €
R3 |0 < Z1,%2,T3, Z1 + T2 + T3 < 1} be the unit simplex in R®. Let
Ty () := (71,72, 72+722—73)". Let F be the face {#3 = 0} and F := Tk (F).
Compute Jg, Jx, gr and verify the identity proved in Step (i).

Exercise 9.4 (Sobolev spaces). Prove that 1% is a bounded isomorphism
from H'(K) to Hl(ll\()7 that 99 is a bounded isomorphism from H (curl; K)
to H (curl; IA(), and that 1% is a bounded isomorphism from H (div; K) to
H (div; K ).

Exercise 9.5 (Transformation of cross products). Let A be a 3x3
invertible matrix. Prove that A~T(zxy) = det(A)~!(AzxAy) for any vec-
tors x,y € R3.

Exercise 9.6 ((9.15b)). Prove (9.15b).



Part III, Chapter 10
Mesh orientation ®

Check for
updates

Orienting the edges and the faces of a mesh is crucial when working with finite
elements whose degrees of freedom invoke normal or tangential components
of vector fields. This notion is important also when working with high-order
scalar-valued finite elements to enumerate consistently all the degrees of free-
dom in each mesh cell sharing the edge or the face in question. In this chapter,
we focus on matching meshes (see Definition 8.11), and we assume that the
meshes are affine. We first explain how to orient meshes. Then we introduce
the important notion of generation-compatible orientation. Finally, we study
whether simplicial, quadrangular, and hexahedral meshes can be equipped
with a generation-compatible orientation.

10.1 How to orient a mesh

Let us consider a three-dimensional matching mesh. The geometric entities
to be oriented are the mesh edges E € &, and the mesh faces F' € F}, (one
can also orient the vertices and the cells of the mesh, but for simplicity, we
will not introduce these notions here). The edges of the mesh are oriented by
specifying how to circulate along them. This is done by fixing one unit vector
tangent to each edge. The faces of the mesh are oriented by specifying how
to cross them. This is done by fixing one unit normal vector on each face.
Orienting the mesh thus means that we fix once and for all the following
collections of unit vectors:

{te}Ece,, {nr}rer,. (10.1)

Since the mesh is affine, the mesh edges are straight and the mesh faces are
planar. Hence, one single tangent vector is enough to orient each edge and
one normal vector is enough to orient each face.

Let us now consider a two-dimensional mesh. Then the mesh edges and
the mesh faces are identical one-dimensional manifolds in R2, but they are
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oriented differently. The orientation of the mesh edges is done as in the three-
dimensional case by fixing once and for all a unit tangent vector along the
edge, whereas the mesh faces are oriented by rotating the unit tangent vectors
anti-clockwise, i.e., for every edge E oriented by the vector 7z, we set

ng = Rz (TE), (10.2)

where the matrix of Rz relative to the canonical basis of R? is ((1) *(1)).
It is useful to define the following subsets: For every mesh edge E € &,
and for every mesh face F' € Fy,

Te:={KeT|ECK}, Tr:={KeT,|FcK}, (10.3)

are the collection of the mesh cells sharing E and F', respectively. The car-
dinality of the subset Tr cannot be ascertained a priori, whereas we have
Tr = {K,, K, } for every interface F := 0K; N 0K, € F; and Tp = {K,} for
every boundary face F' := 0K; N 90D € ]:,‘?; see Definition 8.10.

Remark 10.1 (Face orientation in 3D). The faces of cells in three-
dimensional meshes have connected boundaries. Hence, instead of assigning
a normal vector to each face, one can also orient the faces by specifying how
to circulate along their boundary. The two ways of orienting faces are equiv-
alent once an orientation for the ambient space R? has been fixed (by using
the right-hand convention, for example). The boundary-based orientation is
more intrinsic since it does not require to embed the faces into R3. In this
book, we adopt the normal-based orientation introduced in (10.1) since it is
more convenient to use with finite elements. O

Remark 10.2 (Incidence matrices). Consider a three-dimensional mesh
where the vertices, edges, faces, and cells have been enumerated from 1 to
Ny, N, Ni, and N, respectively. Assume that the mesh has been oriented.
Incidence matrices can then be defined as follows. The matrix M® € RNexNv
is s.t. MY, := 1if z; is a vertex of E,,, and 7g,, points toward z;, MY, :== —1
if Tg,, points in the opposite direction, and MY, := 0 if z; is not a vertex

of E,,. The matrix Mfe ¢ RNexNe jg gt. Mf‘fd := 1if E; is an edge of F,,
and the orientation of Ej prescribed by 7g, and that induced by np, on

E, C OF,, using the right-hand convention are the same, M, = —1 if
these orientation are opposite, and /\/lff” := 0 if E; is not an edge of F,.
The matrix M € RNexNe ig gt Mffll =1 if F} is a face of K,, and ng
points toward the outside of K,,, M;ﬁl := —1 if np points toward the inside,

and M, := 0 if F} is not a face of K,,. The incidence matrices M, M'e,
and M® can be viewed as discrete counterparts of the gradient, curl, and
divergence operators, respectively. In particular, we have MPM® = Ogn;xn,
and MM = Ognoxn.. We refer the reader to Bossavit [37], Bochev and
Hyman [27], Bonelle and Ern [32], Gerritsma [106], and the references therein
for further insight into this topic. O



Part III. FINITE ELEMENT INTERPOLATION 113

10.2 Generation-compatible orientation

Let 73, be an oriented mesh and let K € T;, be a meih cell. Recall that the
cell K is generated using a geometric mapping Tk : K — K. One of the key
results from the previous chapter, Lemma 9.13, deals with the preservation
of the moments of the normal and tangential components of fields defined on
K. Let F be a face of K and let E be an edge of K. Let F' := Tk (F) and

E = TK(E) be the corresponding face and edge of K. Let 7.z be a unit vector
normal to F and let Tz be a unit vector tangent to E. Recall from (9.14)
that % (R z)(x) := ex||(Jx Bp)(@)] 2 Jx 7p) () is a unit vector normal
to F and that % (75)(z) = |(Jx75)(@)| ' Jx75)(Z) is a unit vector
tangent to F, where Jk is the Jacobian matrix of Ty, €k := EEE%B‘ = +1,
and  := Tk (Z). With the Piola transformations ¢%, 9%, and 9% defined
in Definition 9.8, Lemma 9.13 states that the following holds true for all
v € C°(K) and all ¢ € C°(K):

| 0Bk @) as = [ @)1 Rn @ @@ & (104a)

F

/E(v@%(?g))(w)fﬂw)dl = [Ew;{(v)-?@)(@)w%{(qxi) di. (10.4b)
Since we are going to define face and edge dofs for vector-valued finite
elements by using the right-hand sides in (10.4), we want to make sure that
the results do not depend on the mapping Tk : K — K. For instance, let
F € Fj, be an interface, ie., F := 0K; N 0K, so that T = {K;, K, }. The
way to ascertain that the right-hand side of (10.4a) gives the same results on

both sides of F' consists of requiring that

np =®%(Ap), VK € Tp, with F = T (F), (10.5)

that is, letting F} := TI}ll (F) and F, := Tlgrl (F), we would like that np =
P, (ng) = PG (np ). This idea is illustrated in Figure 10.1.

45% (TAL ﬁ,)

Fig. 10.1 Orientation transfer for face normals.
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Similarly, given a mesh edge E € &, oriented by the fixed unit tangent
vector T, we want to ascertain that for every mesh cell K of which F is
an edge, ie., for all K € Tg (see (10.3)), we have 75 = ®%(T5) where

E:= Ty ' (E). This leads to the following important notion.

Definition 10.3 (Generation-compatible orientation). Let 7, be an
oriented mesh specified by the collections of unit tangent vectors {Tr}gecs,
and unit normal vectors {ng}rcrF, asin (10.1). We say that this orientation
s generation-compatible if there is an orientation of the reference cell K
specified by the unit tangent vectors {?E}Eesf( and the unit normal vectors

{ﬁﬁ}ﬁeﬂ? and a collection of geometric mappings {Tk }keT, such that for
all E €&, and all F € Fy,,

5 =5 (75), VK €Tp, Ei=Tg'(E), (10.6a)
nr =% (Az), VK € T, F =T (F). (10.6b)

The key consequence of the notion of generation-compatible mesh is
the following result which says that the moments of the normal and tan-
gential components of vector fields are preserved by the transformations

Vs Vi -

Lemma 10.4 (Preservation of moments of normal and tangential
components). Assume that the orientation of Ty, is generation-compatible
and let Ty, np be defined in (10.6). The following holds true for all v €
CY%(K) and all g € C°(K):

[ wnn@a@ s = [ whean@k@@s 10
F F
| @re)@a@ a = [ @) 7@k E d. (10.7h)

E
Proof. Apply Lemma 9.13. O

Whether it is possible to orient a mesh in a generation-compatible way
is not guaranteed for general meshes. However, we will see in the following
sections that this is indeed possible for simplicial meshes in any dimension,
for quadrangular meshes, and for hexahedral meshes (possibly up to an addi-
tional subdivision of the cells). The key idea to achieve this is the increasing
vertex-index enumeration technique introduced in the next section.

Remark 10.5 (Faces in 2D). Recall that the mesh edges and faces are
identical one-dimensional manifolds in R?, and that we have adopted the
convention that once the edges are oriented, the faces are oriented by rotating

the unit tangent vectors anti-clockwise; see (10.2). It is proved in Exercise 10.1
that Rz (D% (z)) = @%(R%(z)) for all z € R%. Hence, if (10.6a) holds true,
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then (10.6b) holds true as well, because in this case, ngp := Rz (7p) =
Rz (®5(75)) = % (Rz(75)) =t $%(ng). In conclusion, one only needs to
prove (10.6a) in dimension two. O

10.3 Increasing vertex-index enumeration

The increasing vertex-index enumeration technique described in this section
is the key tool to orient meshes in a generation-compatible way. The technique
is illustrated for various types of meshes in §10.4 and §10.5.

Let us enumerate the edges and the faces of K from 1 to nc. and from 1
to nct, respectively. Orienting the reference cell K consists of prescribing the
following unit vectors:

{?En}TLG{l:nce]w {"/’\Lﬁn}ne{ltncf}-

Recalling the connectivity arrays j_ce and j-cf defined in (8.12), any mesh
edge E; for all | € {1:N,} satisfies B, = T, (E,) with (m,n) € {1:N¢} x
{linee} s.t. jce(m,n) = I. Similarly, any mesh face F; for all [ € {1:N¢}
satisfies F} = Tk, (Fy,) with (m,n) € {1:Ne} x {Linee} s.t. jcf(m,n) = 1.

Definition 10.6 (Increasing vertex-index enumeration). A mesh 7y, is
said to be oriented according to the increasing vertex-index convention if:

(1) Every edge E,, with vertices z,,zq, p < q, is oriented by the vector
TE, = [yl 2 tpg With t, 4 = 24 — 2p;

(ii) Bvery face F, in dimension two is oriented by the vector Rz (Tr,) (here
F,, is viewed as an edge, and Rz is the rotation of angle % in R? as
in (10.2)), and every face F,, in dimension three is oriented by the vector
np, = |tpgxtprllz (tpgxtpr), where p < q < r are the three global
indices of the vertices of F,.

The increasing vertex-index enumeration is illustrated in Figure 10.2 for the
unit simplex and the unit cuboid in dimension two and dimension three.

7 8
36 S 4 :
A .
Lo
-4 - T
#
3okl 5
@ P
16 —— © 2 1¢ 2

Fig. 10.2 Enumeration of the vertices and orientation of the edges and faces in the refer-
ence simplex and the reference cuboid in dimensions two and three.
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2D triangle [z = (0,0), 2 = (1,0), 23 = (0,1)
3D tetrahedron|[z; = (0,0,0), z2 = (1,0,0), z3 = (0,1,0), 24 = (0,0,1)

2D square [Z1 =(0,0), 22 = (0,1), 23 = (1,0), z4 = (1,1)
21 = (07 0)0)) 22 = (1)070)7 23 = (07170)7 24 = (07 0, 1)
3D cube 25 = (17 170)7 26 = (1707 1)7 27 = (07 1, 1)7 28 = (17 1, 1)

Table 10.1 Enumeration of the vertices in the reference simplex and in the reference
cuboid in dimensions two and three.

Unless_specified otherwise, we enumerate the vertices of the reference
element K by using the convention described in Table 10.1. Moreover, K
is oriented by using the convention of the increasing vertex-index enumera-
tion as in Figure 10.2.

10.4 Simplicial meshes

Recall that the reference simplex K is oriented by using the increasing
vertex-index technique. Let us show that it is possible to find a generation-
compatible orientation for every three-dimensional affine mesh 7, composed
of simplices (the construction proposed thereafter is actually independent of
the space dimension). The key idea is to orient 7; by using the increasing
vertex-index enumeration. More precisely, let {2, }nef1: v} be the mesh ver-
tices. For every edge E; with end vertices 2z, 24, where p < ¢, we orient [
by introducing t, , := z4 — 2, and by setting

TE, = ||tp,q||z_21tp,q- (10.8)

For every face F} defined by its three vertices, say 2, 24, 2» With p < g <7,
we orient Fj by introducing t, 4 1= 24 — 2p, t,» '= 2, — 2, and by setting

np = |t Xty 2 (Epg Xtp.s). (10.9)

Let us now construct the geometric mapping Tk for all K € Tp. Let
Zp, Zq, Zr, s be the four vertices of K ordered by increasing vertez-indexz,
ie, p<q<r<s. We define Tk by setting

Tk (z1) =2zp, Tk(2Z2) =2y, Tk(Z3): =2, Tk(zs):=2z2s. (10.10)

Hence, the global index of the mesh vertex Tk (2,,) increases with n. Using
the connectivity array j_cv defined by (8.12), we have j_cv(m,1) = p,
jocv(m,2) = q, j_cv(m,3) = r, and j_cv(m,4) = s, where m is the global
enumeration index of the mesh cell K. Notice that (10.10) is sufficient to
define Tk entirely since we assumed that the mesh is affine. We emphasize
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that, in the present construction, the mapping T is invertible, but its Jaco-
bian determinant can be positive or negative.

Example 10.7 (Orienting a tetrahedron). Consider a tetrahedron whose
vertices have global indices 35, 42, 67, and 89 shown in Figure 10.3. The
orientation of the (five visible) edges is materialized by dark arrows. The
unit normal vector np defined by the increasing-vertex enumeration points
toward the outside of the tetrahedron for the face defined by the indices
{35,42,67}, and it points toward the inside of the tetrahedron for the face
defined by the indices {42, 67,89}, etc. O

Fig. 10.3 Illustration of Example 10.7. 35

Theorem 10.8 (Simplicial mesh orientation). Let T, be a simplicial
mesh. Let K be oriented by using the increasing vertex-inder enumeration.
For all K € Ty, let Tk be defined by the increasing verter-index conven-
tion (10.10). Then the orientation of Ty, based on the increasing vertex-index
enumeration is generation-compatible.

Proof. (1) Let us prove (10.6a). Let E; be an edge with vertices z,, 2,
p < q. Let (m,n) be st. B, = Tk, (Ey), i.e., jce(m,n) = I. Let Zi, Zj
with ¢ < 7 be the vertices of the edge En of K. The increasing vertex-index
convention (10.10) for the geometric mappings implies that Tk, (2;) = 2z,
and Tk, (Z;) = z,. Moreover, the orientation for K implies that T, =

2,511 2" 8.5 with ; ; := Z; — 2, so that &5 (75 ) = |k, 75, |2 I, T, =

n

10k, tijll 2 Ik, tij- Since Tk, is affine, we have

JKmtAiJ =Tk, (z;) — Tk, (2i) = 2g — zp = tp q,

~

and we conclude that 5 (75 ) = |[tpgll2'tpg = Ta,-

n

(2) Let us prove (10.6b) in dimension three. Let F; be a face with vertices
Zp, 2q,%r, P < ¢ < 1. Let (m,n) be s.t. F; = TKm(ﬁn), ie, jcf(m,n) =1
Let 2,2, 2;, with i < j < k be the vertices of the face ﬁn of K. Reasoning
as above, we have JKm,i\i7j = 14 and J]Kmt:,k. = tp,. Using the identity
A~ T(zxy) = det(A) "1 (AzxAy) for every 3x3 invertible matrix A and all
x,y € R? (see Exercise 9.5), we have

J;(Il (Zm Xak) = det(JKm)_l(tpqutpm)-
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Moreover, since 7 7 and i\” xfi,k are collinear and point in the same direc-
tion, the definition (9.14a) implies that

P, (75,) = e 1T, (Bt Tic, (B <tk
Since ||J;(7Tn (t:-ijﬂ-,k)”p = |det(Jk,, )| " tp,g Xtpr|le2, we conclude that

ds?(m (ﬁﬁn) = €K, |det(JKm)|||tp,q tim”e_zl det(«]]Km)il(tp,q ti,f’)

= |tp,q Xty

‘e_zl (tpgxtpr) =np.

(3) Finally, by Remark 10.5, the argument in Step (1) implies that (10.6b)
holds true in dimension two. O

Remark 10.9 (Positive Jacobian determinant). If one insists on build-
ing geometric mappings such that det(Jx) > 0, the above orientation of the
edges and the faces of the mesh is still generation-compatible if one uses two
reference tetrahedra; see Ainsworth and Coyle [6]. O

10.5 Quadrangular and hexahedral meshes

We state without proof a result by Agelek et al. [4] on quadrangular and
hexahedral meshes.

Theorem 10.10 (Quad/Hex mesh orientation). Let the reference square
or cube be oriented using the increasing verter-index enumeration technique.
(i) Let Tp, be a quadrangular mesh. It is possible to orient the mesh to make
it generation-compatible. (ii) Let now Ty, be a hexahedral mesh and let T% be
obtained from Ty, by cutting each hexahedron into eight smaller hexahedra. It
s possible to orient T% to make it generation-compatible.

Let us provide some further insight into this result. Let us start with the faces
since orientating the faces is simple and independent of the space dimension.
Consider the undirected graph whose vertices are the mesh faces and the
edges are the mesh cells. We say that two mesh faces Fy, F5 are connected
through K iff Fy, Fy are faces of K that are Tk-parallel (i.e., images by Tk
of faces of K that are parallel). Since each face is connected to either one
(boundary face) or two cells (interface), all the connected components of the
graph thus constructed are either closed loops or chains whose extremities
are boundary faces. In either case, the connected components of the graph
realize a partition of the faces of 7. We then assign the same orientation to
all the faces in the same connected component of the graph.

Let us now orient the edges. For quadrangular meshes, the edges are ori-
ented by rotating clockwise the unit normal vector; see the second panel in
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Figure 10.2 and the left panel of Figure 10.4 where the dashed lines con-
nect the edges/faces that are in the same equivalence class. For hexahedral
meshes, we further need to devise a specific orientation of the edges. Let &,
be the collection of the mesh edges. We say that two edges of a cell K are
T'i-parallel if they are images by Tk of edges in K that are parallel. We then
define a binary relation R on &,. Let E, E’ € &, be two mesh edges. We say
that ERE’ if either E and E’ belong to the same cell K and are Tk-parallel
or there is a collection of cells Ky, ..., Ky, all different, and a collection of
edges F =: Ey,...,FEry1 := E' such that E; and E;;, are both edges of K,
le{1:L}, and E;, Eyy; are Tg,-parallel. This defines an equivalence relation
over the edges which in turn generates a partition of &,. Unfortunately, it
is not always possible to give the same orientation to all the edges belong-
ing to the same equivalence class since in dimension three edges in the same
equivalence class may actually be sitting on a Mobius strip. An example of
nonorientable mesh (in the sense defined above) composed of hexahedra is
shown in the right panel of Figure 10.4. Theorem 10.10 then says that after
subdivision, this mesh becomes orientable in a generation-compatible way,
and more generally, every mesh composed of hexahedra is orientable after
one subdivision.

Fig. 10.4 Orientation of the edges in a mesh composed of quadrangles (left). Nonori-
entable three-dimensional mesh composed of hexahedra (right).

Assuming that the mesh edges have been oriented as discussed above, it is
now possible to build the geometric mappings Tk such that the above mesh
orientation is generation-compatible. The idea is that for each mesh cell K,
there is only one vertex such that all the edges sharing it are oriented away
from it. This vertex is called origin of the cell. Then we choose T such that
Tx maps z; to the origin of K (recall that Z; is the only vertex of K such
that all the edges sharing it are oriented away from it; see Figure 10.2). This
choice implies that the image by Tk of 24 (if d = 2) and of Zg (if d = 3) is the
vertex of K opposite to the origin. Finally, the image by Tk of the remaining
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two (if d = 2) or six (if d = 3) vertices can be chosen arbitrarily. One criterion
to limit the choices can be to fix a sign for det(Jx). In dimension two, one
choice gives a positive sign and the other gives a negative sign, whereas in
dimension three, three choices give a positive sign and three choices give a
negative sign.

Exercises

Exercise 10.1 (Faces in 2D). Let Rz be the rotation of angle 7 in R2.
(i) Let A be an inversible 2x2 matrix. Prove that A~T Rz = de%(AgR% A. (ii)

Prove that &% (Rz (z)) = Rz (% (2)) for all z € R?.

Exercise 10.2 (Connectivity arrays j_cv,j-ce). Consider the mesh
shown in Figure 10.5, where the face enumeration is identified with large
circles and the cell enumeration is identified with squares. (i) Write the con-
nectivity arrays j_cv and j_ce based on increasing vertex-index enumeration.
(ii) Give the sign of the determinant of the Jacobian matrix of Tk for each
triangle.

1 ©) 2

Fig. 10.5 Illustration for Exercise 10.2.

Exercise 10.3 (Connectivity array j_geo). Consider the mesh shown in
Figure 10.6 and based on the Py 5 geometric Lagrange element.

ot

Fig. 10.6 Illustration for Exercise 10.3.
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(i) Write the connectivity array j_geo based on increasing vertex-index enu-
meration. (ii) Give the sign of the determinant of the Jacobian matrix of Tk
for each triangle.

Exercise 10.4 (Orientation of quadrangular mesh). (i) Using the enu-
meration and the orientation conventions proposed in this chapter, orient
the mesh shown in Figure 10.7, where the cell enumeration is identified with
shaded rectangles. (ii) Give the connectivity array j_geo so that the mesh ori-
entation is generation-compatible and the determinant of the Jacobian matrix
of T is positive for even quadrangles and negative for odd quadrangles.

Fig. 10.7 Illustration for Exercise 10.4.

Exercise 10.5 (Mesh extrusion). (i) Let K be a triangular prism. Denote
by ez the unit vector in the vertical direction. Let zi, 22,23 be the three
vertices of the bottom triangular face of K, and let z4, z5, 25 be the three
vertices of its top triangular face, so that the segments [z, z,+3] are parallel
to eg for every p € {1,2,3}. Propose a way to cut K into three tetrahedra.
(ii) Let T be a two-dimensional oriented mesh composed of triangles. Let
T, be a copy of T, obtained by translating 7;, in the third direction es, say

» := Tj + es. Propose a way to cut all the prisms thus formed to make a
matching mesh composed of tetrahedra.



Part 1II, Chapter 11

Local interpolation on affine meshes ®

Check for
updates

We have seen in the previous chapter how to build finite elements and local
interpolation operators in each cell K of a mesh 7. In this chapter, we
analyze the local interpolation error for smooth R?-valued functions, ¢ > 1.
We restrict the material to affine meshes and to transformations ¥k s.t.

dJK(U) :AK(UOTK), (111)

where A is a matrix in R9*?. Nonaffine meshes are treated in Chapter 13.
We introduce the notion of shape-regular families of affine meshes, we study
the transformation of Sobolev norms using (11.1), and we present important
approximation results collectively known as the Bramble—Hilbert lemmas. We
finally prove the main result of this chapter, which is an upper bound on the
local interpolation error over each mesh cell for smooth functions.

11.1 Shape-regularity for affine meshes

Let 75, be an affine mesh. Let K € 7j,. Since the geometric mapping Tk is
affine, its Jacobian matrix J € R?*¢ defined in (8.3) is such that

The matrix Jg is invertible since the mapping T is bijective. Moreover, the
(Fréchet) derivative of the geometric mapping is such that DTk (Z)(h) = Jxh
for all h € R? (see Appendix B). We denote the Euclidean norm in R? by
[|ll¢2 (), or [|][2 when the context is unambiguous. We abuse the notation
by using the same symbol for the induced matrix norm.

Lemma 11.1 (Bound on Jg). Let T be an affine mesh and let K € Tp,.
Let pi be the diameter of the largest ball that can be inscribed in K and let
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hx be the diameter of K, as shown in Figure 11.1. Let pp and /f;f{ be defined
similarly. The following holds true:

K hK _ hz
%, e < 25, e < 2K (11

|det(J )| =
| R

Proof. The first equality results from the fact that
K| = / dz = [ |det (T )| dZ = |det(Tx)]| | K]
K K

Regarding the bound on ||Jx||s, we observe that

J i\l 2 1 ~
1Tk lex = gup”fi”‘ = —  sup  |Jxhle.
hzo  |[Rlle PR |hll2=rg

Any h € R? such that ||hlje = Pz can be written as h = ; — & with
T1,%y € K. We infer that JKh = Tk (Z1) — Tk (Z2) = 1 — @2, which in
turn proves that | Jxhl|le < hx. This establishes the bound on [Jl¢2- The
bound on [|Jx*||s2 is obtained by exchanging the roles of K and K. O

Fig. 11.1 Triangular cell K with vertex
z, angle 0k ., and largest inscribed ball.

Since the analysis of the interpolation error (implicitly) invokes sequences
of successively refined meshes, we henceforth denote by (7;)nen a sequence
of meshes discretizing a domain D in R¢, where the index h takes values in
a countable set ‘H having zero as the only accumulation point.

Definition 11.2 (Shape-regularity). A sequence of affine meshes (Tn)nen
is said to be shape-regular if there is oy such that

hx
OK = p—<aﬁ, VK € Tp, Vh € H. (11.4)
K

Occasionally, when the context is unambiguous, we will say that (75)nen
is regular instead of shape-regular. Owing to Lemma 11.1, a shape-regular
sequence of affine meshes satisfies

HJK”ZzHJ;{l”Zz < 040z, VK € Ty, Vh € H. (11.5)
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Example 11.3 (Dimension 1). Every sequence of one-dimensional meshes
is shape-regular since hx = px when d = 1. a

Example 11.4 (Triangulations). A shape-regular sequence of affine trian-
gulations can be obtained from an initial triangulation by connecting all the
edge midpoints and repeating this procedure as many times as needed. 0O

Remark 11.5 (Angles). Let (7n)nen be a shape-regular sequence of affine
simplicial meshes. Assume that d = 2, let K be a triangle in 7, and let z be
a vertex of K. Then the angle 0 , € (0,27) formed by the two edges of K
sharing z is uniformly bounded away from zero. Indeed, the angular sector
centered at z of angle 0k . and radius hx covers the ball of diameter px that
is inscribed in K (see Figure 11.1). Hence, $h% 0k . > ;mp%, which in turn
implies that Ok , > %waﬁ_ 2. Assume now that d = 3, let K be a tetrahedron,
and let z be a vertex of K. Then the solid angle wg , € (0,4m) formed by the
three faces of K sharing z is uniformly bounded away from zero. Reasoning
as above, with volumes instead of surfaces, leads to $h}wgk,. > +7pY, so
that wg . > 370, >, DO

We close this section with a useful result on matching meshes. Recall
from §8.2 the notion of mesh faces, edges, and vertices in a matching mesh
(assuming d = 3). For every mesh vertex z € V,, we denote

T. ={KeTh|zeK} (11.6)

the collection of the mesh cells sharing z. Similarly, recall from (10.3) that for
every mesh edge E € &, and every mesh face F € Fp, Tp :={K € T, | E C
K} and Tp := {K € T, | F C K} are the collection of the mesh cells sharing
FE and F, respectively.

Proposition 11.6 (Neighboring cells). Let (T,)nen be a shape-regular
sequence of matching affine meshes. Then the cardinality of the set T, is
uniformly bounded for all z € Vy, and all h € H, and the sizes of all the cells
in T, are uniformly equivalent w.r.t. h € H. The same assertion holds true
for the sets Tg and Tg.

Proof. Tt suffices to prove the assertions for 7, . The bound on card(7T, ) follows
from Remark 11.5. Concerning the sizes of the cells in 7, we first observe
that if K/, K" € T, K’ # K", share a common face, say ' with diameter
hF, then hK/ S O4PK’ S JﬁhF S Uﬁh;{//, and similarly, hKH S UﬁhK/. This
shows that the sizes of K’ and K" are uniformly equivalent. Now, for all K’
and K" in T, there is a finite path of cells linking K’ to K" s.t. any two
consecutive mesh cells in the path share a common face. The number of cells
composing the path cannot exceed card(7y,), so that it is uniformly bounded.
Hence, the sizes of K/ and K" are uniformly equivalent. O
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11.2 Transformation of Sobolev seminorms

The question we investigate now is the following: given a function v €
WmP(K;R?), how does the seminorm of ¢ (v) in W™P(K;R?) compare
to that of v in W™P(K;R?) with ¢ is defined in (11.1)?

Lemma 11.7 (Norm scaling by ¢x). Let T}, be an affine mesh. Let s €
[0,00) and p € [1,00] (with 2P =1,z > 0ifp = o0). There exists c,
depending only on s and d, such that the following bounds hold true for all
veW*P(K;RY?), all K € Ty, and all h € H:

1 1
[V (O)lyyonRimay < Vi AR e 1T (72 [det(Tx )77 |vlwer (rirey, (11.7a)
1
[olwen (e < OB IAR N 195 3 1det@r)[? [m () emcieimas (LL7H)

where yx = 6 = 1 if s € N and v = |det(Jx)| Ik ||%, 6k =
|det(Jrc)| [T |% otherwise (the real mumbers vk and Sk are uniformly
bounded w.r.t. h € H on shape-regular mesh sequences).

Proof We start by assuming s = m € N. The bounds are obvious for
m = 0. For m > 1, let a be a multi-index with length |af = m, ie.,
a:=(ag,...,« )eNd with o1 + ... + g = m. Let 7 € K. Owing to (B.6),
we infer that

(g ()(Z) = Ak D™ (vo Tk )(Z)(e1,...,€1,---,€dy---,€4),

where D™ (v o Tk )(Z) is the m-th Fréchet derivative of v o Tk at & and
{e1,...,eq} is the canonical Cartesian basis of RY. We now apply the chain
rule (see Lemma B.4) to v o Tx. Since Tk is affine, the Fréchet derivative
of Tk is independent of & and its higher-order Fréchet derivatives vanish.
Hence, we have

D™ (v oTK)@)<h1,._.,hm) _

> - (Dm )Tk (2))(DTk (ho(1)), - - - » DT (Ro(m))),

c€S,

for all hy,..., h, € R% where S,, is the set of the permutations of {1:m}.
Since DT (h) = Jxh for all h € RY owing to (11.2), we infer that

0% (v o Tk ) ()| < | |72 [ (D™ 0)(Tk (2)) .,
3 A M
with [|A[|am,, e, RéRe) = SUD(y, .y, )eRix...xRd M for every
multilinear map A4 € M,,(R%,... R4 RY9). Owing to the multilinearity of
D™y and using again (B.6), we infer that (see Exercise 11.1)
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(D™ 0) (T (Z)) || am,, (e,... meza) < € D (0%0) (T (Z))]] e,
|Bl=m

where ¢ only depends on m and d. As a result, we have

10° (W () @)z < cllAkllelTxl Y 1(070)(Tk (@)]lez,
|Bl=m

and (11.7a) follows by taking the LP(K )-norm on both sides of the inequality.
The proof of (11.7b) is similar. We refer to Exercise 11.7 when s ¢ N. O

Remark 11.8 (Seminorms). The upper bounds in (11.7a) and (11.7b)
involve only seminorms because the geometric mappings are affine. a

11.3 Bramble—Hilbert lemmas

This section contains an important result for the analysis of the approxima-
tion properties of finite elements. We consider scalar-valued functions. The
result extends to vector-valued functions by reasoning componentwise.

Lemma 11.9 (P;-Bramble—Hilbert/Deny—Lions). Let S be a Lipschitz
domain in RY. Let p€[1,00|. Let k€N. There is ¢ (depending on k, p, S)
s.t. for allv € WkTLP(S),

inf H’U - qHWk+1,p(S) <c |’U|Wk+1,p(s). (11.8)
q€EPL .4

Proof. (1) Consider the bounded linear forms f,, : WkT1P(S) — R s.t.
fa(v) == Klkg‘*d/ 0%vdux, Va € Ag g,
S

where Ag g = {a = (a1,...,aq) € N?||a| < k} and £g := diam(S) (the
factor Eg’vl_d is introduced for dimensional consistency). Let us set N q 1=
card(Ar,a) = (*1%). Let us consider the map &y, g : WFH1P(S) — RVka st

dsk,d(Q) = (foc (Q))aeAk,dv

and let us prove that the restriction of this map to Py 4 is an isomorphism.
To prove this, we observe that dim(Py 4) = Ni.q, so that it is sufficient to
prove that @y, 4 is injective, which we do by induction on k. For k£ = 0, if
q € Py satisfies $g 4(q) = 0, then fsqu = ¢|S| = 0 so that ¢ = 0. Let us
assume now that k > 1 and let ¢ € Py, 4 be such that @ 4(q) = 0. Let us write
q(®) = > e a, , @@, Whenever |a| =k, we obtain 0%¢(x) = aao!...aqd!
so that f,(q) = 0 implies that a, = 0. Since this property is satisfied for all «
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such that |a| = k, we infer that ¢ € Px_1 4 and conclude from the induction
assumption that ¢ = 0.
(2) Let us prove that there is ¢ > 0, depending on S, k, and p, such that

da
cllollwesings) < E5 olwernngs) + CE I Bra(®)ll s v, (1L.9)

for all v € WKTLP(S) with ||fH£1(RNkwd) = D aen, , | fal- Reasoning by con-
tradiction, let (v, )nen be a sequence s.t.

||’Un||Wk+1,p(S) = 1, nh_{l;() |’Un|Wk+1,p(S) = 0, nh—{gc ij’d(vn) =0. (11.10)

Owing to the Rellich-Kondrachov theorem (Theorem 2.35), we infer that,
up to a subsequence (not renumbered for simplicity), the sequence (vy,)nen
converges strongly to a function v in W*?(S). Moreover, (v, )nen is a Cauchy
sequence in W*+1-2(S) since

l|vn — vm”W’““’P(S) < ||vn — vm”W’W(S) + €§+1"Un - Um|Wk+1=P(S)»

and [vn, — Vp|wr+1p(g)y — 0 by assumption. Hence, (vn)nen converges to v
strongly in W**TLP(S) (that the limit is indeed v comes from the uniqueness
of the limit in W*?(S)). Owing to (11.10), we infer that ||v|lyr+10(s) = 1,
[vlwri1n(sy = 0, and D q(v) = 0. Repeated applications of Lemma 2.11
(stating that in an open connected set S, Vv = 0 implies that v is constant
on S) allow us to infer from [v|yk+1p(5) = 0 that v € Py 4. Since we have
established in Step (1) that the restriction of ®y 4 to Py 4 is an isomorphism,
this yields v = 0, which contradicts ||[v||yx+1.p(5) = 1.

(3) Let v € WFHLP(S) and define 7(v) € Py 4 such that @, 4(7(v)) = Pk a(v).
This is possible since the restriction of @, 4 to P ¢ is an isomorphism. Then

¢ inf [0 = gllwrrins) < ello — 70 lwrrsas)
q€Pk.a
< €,§,+1|1} — ﬂ(v)‘wk+1,p(s) =+ Hqsk,d(v — ﬂ(v))Hél(RNk-,d) = £g+1|v|wk+17p(s),
since 9“m(v) = 0 for all @ € N¢ such that |a| =k + 1. O

Remark 11.10 (Peetre—Tartar lemma). Step (2) in the above proof is
similar to the Peetre-Tartar lemma (Lemma A.20). Define X := W+L.P(S),
Y = [LP(D)|Ve+ra=Nea xRNk 7 := Wk P(S), and the operator

A: X 3v — ((0%)|a|=k+1, Pr,a(v)) €Y.

Since A is bounded and injective, and the embedding X < Z is compact,
the property (11.9) results from the Peetre-Tartar lemma. O

Corollary 11.11 (Px-Bramble—Hilbert for linear functionals). Under
the hypotheses of Lemma 11.9, there is ¢ s.t. the following holds true for all
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f e (WktLr(9)) .= L(WFHLP(S); R) vanishing on Py 4,
IF)] < ellfllwrermsy le™ olwrrns), Yo e WEFLP(S). (11.11)

Proof. Left as an exercise. a

Remark 11.12 (Literature). The estimate (11.8) is proved in Bramble and
Hilbert [40, Thm. 1] and in Ciarlet and Raviart [79, Lem. 7]; see also Deny
and Lions [90]. The estimate (11.11) is proved in Bramble and Hilbert [40,
Thm. 2] and in Ciarlet and Raviart [79, Lem. 6]. There is some variability
in the literature regarding the terminology for these results. For instance,
Lemma 11.9 is called Bramble-Hilbert lemma in Brenner and Scott [47,
Lem. 4.3.8] and Ciarlet and Raviart [78, p. 219], whereas it is called Deny—
Lions lemma in Ciarlet [77, p. 111], and it is not given any name in Braess [39,
p. 77]. Corollary 11.11 is called Bramble-Hilbert lemma in Ciarlet [77, p. 192]
and Braess [39, p. 78]. Incidentally, there are two additional results that are
the counterparts of Lemma 11.9 and Corollary 11.11 for Q¢ polynomials;
see Lemma 13.8 and Corollary 13.9. O

11.4 Local finite element interpolation

This section contains our main result on local finite element interpolation.
Recall the construction of §9.1 to generate a finite element and a local inter-
polation operator in each mesh cell K € T,. Our goal is now to estimate
the interpolation error v — Tk (v) for every smooth function v. The key
point is that we want this bound to depend on K only through its size hg
under the assumption that the mesh sequence is shape-regular. The Bramble—
Hilbert/Deny—Lions lemma cannot be used directly on K since this would
give a constant depending on the shape of K. The crucial idea is then to use
the fact that Zx = wi}l o1z oYk owing to Proposition 9.3 and to apply

Lemma 11.9 on the fixed reference cell K.

Theorem 11.13 (Local interpolation). Let P be finite-dimensional, Iz €

~

E(V(IA{); P), pe[l,x], k,l €N, and assume that the following holds true:

(i) [Pr,a)? € P C WEHLP(K;RY).
(i) [Pg,q]? is pointwise invariant under Lz.
(iii) WhP(K;RY) — V(K), i.e., 191l (&) < €0l (7.pay for all ¥ € V(K).

Let (Tr)nen be a shape-regqular sequence of affine meshes, let the transforma-
tion Y be defined in (11.1) for all K € Ty, and assume that there is v s.t.
for all K € Ty, and all h € H,

1Akl A% e < 1Tk lle2 1T - (11.12)

Define the operator



130 Chapter 11. Local interpolation on affine meshes

Ti =gt o Iz 0. (11.13)

There is ¢ s.t. the following local interpolation error estimates hold true:
(i) If 1 < k+1, then for every integers r € {l:k + 1} and m € {0:r}, all
veW™P(K;R?), all K € Tp, and all h € H,

[v — Tk (v)|wmer(riray < ¢l ™ [v[wes (5 Ry (11.14)
(ii) If I > k + 1, then for every integer m € {0:k + 1}, all v € W'P(K;RY),
all K € Ty, and all h € H,

[v = Ik (0)lwmr(ray < € Z Ry " [vlwn.e (5 ra).- (11.15)
ne{k+1:1}
Proof. We present a unified proof of (11.14) and (11.15). Let
Fe{l:max(l,k+ 1)}, r=min(7,k+1), me{0:r}

Ifi<k+1,then7e{l:k+1}, r=7=:r, m € {0:r}, whereas if [ > k + 1,
then 7 =1, r =k+1, m € {0:k + 1}. Thus, proving (11.14) and (11.15) is
equivalent to prove that for all v € WTP(K;R9),

0= I (0)lwmrema S ¢ Y B vlwns -
ne{r:7}

Let ¢ denote a generic constant whose value can change at each occurrence
as long as it is independent of v, K, and h. We take {5 := 1.

(1) For all o € W™P(K;R%), we set G(D) := D — T (v). Since all the norms
are equivalent in P, there is a constant cs such that

||I/7\||Wm,p(f(;]Rq) S Cﬁ“ﬁ”v(f{y Vﬁe P

Using m < r < 7, the above bound applied to p := Z3(v), I € L'(V(I?)),
and Assumption (iii), we infer that
1G@)lymo@irey < Wollyrmoimay + 1Z2 O)lyrmo(zima)
< llyyr sy + I T2 @y )
< ||6||W?,p(f(;Rq) + CﬁHII?Hc(v([?))HEHV(I?)
< ||6||Wip(f(;n§q) + CﬁHIf(||g(v(1?))6||ﬁ”Wl,p(f(;Rq)-
Since | <7, this shows that G € L(WTP(K;R); W™P(K;R7)).
(2) Let us prove that

‘67 If((i}\”Wm,p(f(;Rq) <c (‘ﬂwz,p(f(;]}{q) + .+ |6‘W7~p(f(;]}§q))' (1116)
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The estimate is trivial if = 0. Assume now that » > 1. Then 0 <r —1 < k,
so that P,_14 C Pjq4, which implies that [Pr_14]? is pointwise invariant
under Zp. Hence, the operator G vanishes on IP._; 4. We then infer that

‘a_I}?(ﬁﬂwm,p(f{;Rq) = |g<i)\)|wm,p(f(;1gq) = P inf |g<ﬁ_ﬁ)|wmm(f<;]R7)

€[Pr_1,q]¢
< Hg|‘L(WFP(I?;REI);W’"’P(I?;RQ)) ﬁe[]P’in_fl e ”6_@\”14/?,;;(1?;]1@)
S c ;b\e[]P’iln,de]‘l ||i]\_ ﬁ”Wip(}?;Rq) S c (‘6|W£,p(}?;ﬂ§q) + e + |6|W?,p(]?;]1§q)>7

p — 5 p P
W?,p(}?;Rq) - HU - ]/g\HWLp(I?;Rq) + Zné{g+l:?} |U|Wn,p(}?;Rq) for

r < 7, and owing to the estimate (11.8) from the Bramble-Hilbert/Deny—
Lions lemma applied componentwise to ||0—p|| This proves (11.16).

since ||v — p|

P
- wrp(K;Ra)
(3) Finally, let v € W™P(K;R?). We infer that

|v = L (v) [wm.p (i Ra)

< cllAgH e 1717 |det ()|
< cllARH e 1T 1 |det ()P [r (v) = T (Y1 (0)) [y, (7 )

< cllARH e 1T 1 |det (TP (19 (W)l (2igay + - -+ 0K () lwrn (250))

< e |TRMB (W I [vlwer (g + - -+ 1Tkl [olwes acme))

D=

ke (0 — T (0)) o i )

D=

=

where we used the bound (11.7b) in the first line, the linearity of ¢, and
Ik = ¢ oIz otk in the second line, the bound (11.16) in the third line,
and the bound (11.7a) together with (11.12) in the fourth line. The expected
error estimate follows by using (11.3) and the fact that o := Z—I}: is uniformly
bounded owing to the shape-regularity of the mesh sequence. a

Definition 11.14 (Degree of a finite element). The largest integer k
such that [Py.q)7 C P C WFHLP(K;RY) is called degree of the finite element.

Remark 11.15 (Assumptions). The assumption (i) in Theorem 11.13 is
easy to satisfy for finite elements since Pisin general composed of polynomial
functions. If P and T % are generated from a finite element construction, then
the assumption (i) follows from (i) since P is then pointwise invariant under
Tz . The assumption (iii) requires a bit more care since it amounts to finding
an integer [ s.t. Tp : Wl’p(I?;Rq) — Pis bounded, i.e., the assumption (iii)
is a stability property of the reference interpolation operator. O

Remark 11.16 (Fractional order). For simplicity, the interpolation error
estimates from Theorem 11.13 are derived for functions in Sobolev spaces
of integer order. We refer the reader to Chapter 22 for interpolation error
estimates in Sobolev spaces of fractional order. O
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11.5 Some examples

In this section, we present some examples of the application of Theorem 11.13
where ¥ is the pullback by the geometric mapping. We refer the reader to
Chapter 16 for applications of Theorem 11.13 to vector-valued finite elements
when Y is one of the Piola transformations from Definition 9.8.

11.5.1 Lagrange elements

Let (7)nen be a shape-regular sequence of affine meshes. For Lagrange ele-
ments, we have seen in Example 9.4 that the transformation ¢ is the pull-
back by the geometric mapping, i.e., ¥ (v) := Y% (v) := v o Tk (see (9.9a)).
Hence, the choice (11.1) with Ag := 1 for ¢k is legitimate, and (11.12) triv-
ially holds true (with v := 1). Proposition 9.3 shows that Tk = ! oIIIi( oY,
where IIIi( and ZE are, respectively, the Lagrange interpolation operator in
the reference cell K and in a generic mesh cell K € Tj,. Hence, (11.13) holds
true. Furthermore, Assumption (i) in Theorem 11.13 holds true with k being
the degree of the Lagrange element. Assumption (ii) also holds true since p
is pointwise invariant under Zp. It remains to verify Assumption (iii). This
assumption is satisfied if we take [ to be the smallest integer such that [ > %
(orl > dif p = 1). This indeed implies that W'?(K) < C°(K) owing to The-
orem 2.35. Assuming that k+1 > % (so that k+1 > 1), the estimate (11.14)

implies that there is ¢ s.t. for every integers r € {I:k + 1} and m € {0:r}, all
veW™P(K), all K € Tp, and all h € H,

|'U — I][;((U”Wm,p([() S ChTI‘gm|U|W'r,p(K). (1117)

Ifk+1< %, the more general estimate (11.15) has to be used. For instance,
assume that k =1, d =3, and p € [1, %], sothat k+1=2< %. In the range
p € [1, 2], we can take [ = 3 in Assumption (iii) (since either 3 > % forp>1
or 3> 3). For m = 0, we get

v = ZE ()| o (xy < ehg(vlw2ei) + hic|vlwsr ) (11.18)

Remark 11.17 (Quadrangular meshes). When working on quadrangular
(or hexahedral meshes), the geometric mapping is affine if and only if all the
cells are parallelograms (or parallelotopes). If one wants to work with more
general meshes, nonaffine geometric mappings need to be considered. This
case is treated in §13.5. O

11.5.2 Modal elements

Consider now a modal finite element of degree k& and let 722 and Ty be

the modal interpolation operators in the reference cell K and in a generic
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mesh cell K € Ty, respectively. We have seen in Example 9.5 that the choice
Vi (v) 1= Y% (v) := vo Tk is legitimate, that is, we take Ag := 1 in (11.1)
to define ¥k, so that (11.12) trivially holds true (with v := 1). Proposi-
tion 9.3 shows that Z}? = 1/1;(1 oI o Y. Hence, (11.13) holds true. As
for Lagrange elements, Assumptions (i) and (ii) in Theorem 11.13 are easy
to verify. Concerning Assumption (iii), it is legitimate to take ! = 0 since
V(K) = L'(K;RY). Hence, the estimate (11.14) can always be used, i.e.,
there is ¢ s.t. for every integers r € {0:k+1} and m € {0:r}, allv € W™P(K),
all K € T, and all h € H,

|'U71.E((U)‘Wm,p(]{) < Ch;(_m|1)|wr,p(}(). (1119)

11.5.3 L?-orthogonal projection

Let P be a finite-dimensional space such that P q C PcC Wk+1’°°(f(). The
L?-orthogonal projection onto P is the linear operator I% : LY(K) — P such

that for all ¥ € L*(K), Z2.(0) is the unique element in P s.t.
[ (Z2(0) - D)gdz =0,  Vge P. (11.20)
R

Since v — I%(ﬁ) and I}i{(ﬁ) — § are L*orthogonal for all § € P, the
Pythagorean identity gives

18- @2 ) = [0~ T2 @ ) + 120 ~ a0y (11.21)
This implies that . N
I3 (v) = arg min ||V — @l 12 (- (11.22)
gepP

Hence, I% (v) is the element in P that is the closest to ¥ in the L2-norm, and

Pis pointwise invariant under I%.

Let (Th)nen be a shape-regular sequence of affine meshes. Let K € Ty,. Let
Y% be the pullback by the geometric mapping Tk, i.e., % (v) := vo Tk, and
set Pr := (%)"1(P). The L2-orthogonal projection onto Pk is the linear
operator Z% : L'(K) — Py such that for all v € L*(K), Z% (v) is the unique
element in Pk s.t.

/ (Z% (v) — v)gdz =0, Vg € Pk. (11.23)
K

As above, ZP-(v) is the element in Py that is the closest to v in the L?-norm,
and Py is pointwise invariant under I}’(.

Lemma 11.18 (L2-projection). Let p € [1,00]. There is c s.t. for every
integers r € {0:k + 1} and m € {0:r}, allv e WHP(K), all K € Tp, and all
heH,
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[v = IR (0) [ (i) < chlie ™ 0lwr (k) (11.24)

Proof. We apply Theorem 11.13. Recall from (9.9d) the Piola transformation
PP (v) := det(J ) (voTx). Observe that (w';()_l(ﬁ) = Pg. The map 9 is of
the general form (11.1), i.e., 9% (v) = Ag (v o Tk) where Ag := det(Jx) is a
1x1 matrix (i.e., a real number) that trivially satisfies (11.12) (with v := 1).
For all ¢ € Py with ¢ = o Ti', we have

L(w%)’l(fﬁ?(wﬁ(v)))qu:/Kdet(JK)’l(I%(ilJ%(v))OTEI)qu

~ [ exZiwh)qds = [ ecvko)ig= [ vads,
K K

with ex = SZE%S‘, which proves that ZP. = (y%)71o I}’? o b since

(w‘;{)_l(ﬁ) = Pk, ie., (11.13) holds true with ¢ := %. It remains to
verify the assumptions (i), (ii), and (iii). Assumption (i) follows from our
assumption on P. Assumption (ii) follows from P being pointwise invariant
under I}%. Finally, Assumption (iii) holds true with [ := 0. Since | < k + 1,
we can apply the estimate (11.14), which is nothing but (11.24). O

Remark 11.19 (Beyond finite elements). The above example shows
that Theorem 11.13 can be understood more generally as an approxima-
tion result for the operator Zx defined by Zx := 1/J;(1 o1p oty with-
out directly invoking any finite element structure to build the operator Z.
Given the affine geometric mapping Tk : K — K and the transformation
Yk (v) :== Ak (vo Tk), the key requirements are that Zp : W-P(K;R?) — P
is bounded, Py 4 is pointwise invariant under Zp, and ¢k is such that
Ak ez || A% 2 < YITxlle2 ]|l T5 le2- In conclusion, the finite element con-
struction of §9.1 is sufficient to apply Theorem 11.13 but not necessary. 0O

Exercises

Exercise 11.1 (High-order derivative). Let two integers m,d > 2.
Consider the map @ : {1:d}™ > j = (®1(j),...,Pa(j)) € N9 where
®;(j) := card{k € {1:m} | jr = i} for all i € {1:d}, so that |®(j)| = m by
construction. Let Cy, 4 1= max,end |o|=m card{j € {1:d}" | &(j) = a}. Let v
be a smooth (scalar-valued) function. (i) Show that |D™v|| x4, (re,... reR) <
Crh i (Sacrt ajem 1070F) . (i) Show that Cpn 5 = maxocicm (7) = 2",
(iii) Evaluate C,, 3 and m € {2,3}. (iv) Show that ) m |0%v] <

d —
(“IIND™ ]| p RS R R)-

a€Nd |a|=

Exercise 11.2 (Flat triangle). Let K be a triangle with vertices (0,0),
(1,0) and (—1,€) with 0 < ¢ < 1. Consider the function v(z1,z2) := z3.
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Evaluate the P; Lagrange interpolant Zk(v) (see (9.7)) and show that
[v — Tk (v)| i1y = € Mol zex). (Hint: use a direct calculation of T (v).)

Exercise 11.3 (Barycentric coordinate). Let K be a simplex with
barycentric coordinates {\;}ic{o.a). Prove that [A;|y1.=x) < px' for all
i € {0:d}.

Exercise 11.4 (Bramble—Hilbert). Prove Corollary 11.11. (Hint: use the
Bramble-Hilbert/Deny—Lions lemma.)

Exercise 11.5 (Taylor polynomial). Let K be a convex cell. Consider a
Lagrange finite element of degree k > 1 with nodes {a;};cn and associated
shape functions {6;};cnr. Consider a sufficiently smooth function v. For all
x,y € K, consider the Taylor polynomial of order k and the exact remainder
defined as follows:

Ti(z,y) :=v(x) + Dv(z)(y —x) + ... + %Dkv(a})(y —x,...,y —x),

k times

D" oz + (1-n)y)(y—=,...,y — ),
—_——
(k+ 1) times

Ru()(@9) = Gy

so that v(y) = Tk(x,y) + Ri(v)(x,y) for some n € [0,1]. (i) Prove that
v(x) = Tg(v)(x) — 3 ;e p Re(v)(x, a;)0;(x), where Zj; is the Lagrange inter-
polant defined in (9.7). (Hint: interpolate with respect to y.) (ii) Prove
that D"™v(z) = D™(Zk (v))(z) — X ,cp Re(v)(®, a;) D™0;(x) for all m < k.
(Hint: proceed as in (i), take m derivatives with respect to y at x, and
observe that v(xz) = Ty(x,).) (iii) Deduce that [v — T (v)|wm.eo(x) <
ca?("bh];(H*mMWkﬂ,oo(K) with ¢ := ﬁc*h}z D ien \§i|wmm(f<), where c,
comes from (11.7b) with s = m and p = co.

Exercise 11.6 (LP-stability of Lagrange interpolant). Let a € (0,1).
Consider the Lagrange Py shape functions 6;(z) := 1 — z and 03(x) = =.
Consider the sequence of continuous functions {uy },en {03 defined over the
interval K :=[0,1] as u,(z) :=n* —1if 0 < z < L and u,(z) == 27> — 1
otherwise. (i) Prove that the sequence is uniformly bounded in LP(0,1) for
all p such that pa < 1. (ii) Compute Z% (uy,). Is the operator Z% stable in
the LP-norm? (iii) Is the operator Z% stable in any L"™-norm with r € [1,00)?

Exercise 11.7 (Norm scaling, s € N). Complete the proof of Lemma 11.7
for the case s ¢ N. (Hint: use (2.6) with s=m+ o0, m:=|s],c:=s—m €

(0,1).)

Exercise 11.8 (Morrey’s polynomial). Let U be a nonempty open set in
RZ Let k € N and p € [1,00]. Let u € W*P(U). Show that there is a unique
polynomial g € Py 4 s.t. [;; 0*(u—q)dz =0 for all a € N? of length at most
k. (Hint: see the proof of Lemma 11.9 and also Morrey [148, Thm. 3.6.10].)
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Exercise 11.9 (Fractional Sobolev norm). Let r € (0,1). Let (Tn)nen

be an shape-regular affine mesh sequence and let K be the reference element.

Let K be an affine cell in 7. Using the notation ¥ := v o Tk, show that
r—4 .

there is ¢ such that ||ﬁ||HT(f<) < chy ? [v|grky for all v € H"(K) such that

[vdz =0, all K € Ty, and all h € . (Hint: use Lemma 3.26.)
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Local inverse and functional inequalities ®

Check for
updates

Inverse inequalities rely on the fact that all the norms are equivalent in
finite-dimensional normed vector spaces, e.g., in the local (polynomial) space
Pk generated from the reference finite element. The term ‘inverse’ refers to
the fact that high-order Sobolev (semi)norms are bounded by lower-order
(semi)norms, but the constants involved in these estimates either tend to
zero or to infinity as the meshsize goes to zero. Our purpose is then to study
how the norm-equivalence constants depend on the local meshsize and the
polynomial degree of the reference finite element. We also derive some local
functional inequalities valid in infinite-dimensional spaces. All of these inequal-
ities are regularly invoked in this book. In the whole chapter, we consider the
same setting as in Chapter 11, i.e., (K, P, ) is the reference finite element,
(Th)ren is a shape-regular sequence of affine meshes, Tk : K — K is the
geometric mapping for every mesh cell K € T, and the local finite element
(K, Pk, Xk) is generated by using the transformation ¢ (v) := Ag (v o Tk)
with A € RI¥9 s.t. ||Ag||e|AR" |2 < ¢ (which follows from (11.12) and the
regularity of the mesh sequence).

12.1 Inverse inequalities in cells

Lemma 12.1 (Bound on Sobolev seminorm). Let [ € N be s.t. P C
WH(K;R?). There is ¢ s.t. for every integer m € {0:1}, all p,r € [1, 00|,
allv € Pk, all K € Ty, and all h € H, the following holds true:
m—l+d(2-1)

|U|Wl,p(K;Rq) S ChK P |U|Wm,7'(K;]Rq). (121)
Proof. (1) Since all the norms in the finite-dimensional space P are equiva-
lent, there exists ¢, only depending on K, [, and ¢, such that ||5HW,,(X,(KRQ) <
EHE)\”Ll(I?;Rq) for all ¥ € P, which in turn means that for all p,r € [1, o0],
© Springer Nature Switzerland AG 2021 137
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[olyen s < Ellrgmey VO EP. (12.2)

(2) Let now v € Pk. Since Pk := z/;l_(l(ﬁ), D= (v) is in P. Let j € {0:1}.
Using Lemma 11.7, (12.2), the assumption |[Ax|z[|Ax [z < ¢, and the
regularity of the mesh sequence implies that (the value of ¢ changes at each
occurrence)

- —1y4 1
[olwse(rirn < ¢ JAK e 105 721det (T 7 11l 20y

- —1j 1
< cllAx e 135 1172 |det (T )7 [[0]

Lr(K;Ra)
<cllaxllellAR e 1T 122 det Ta) 7~ F[[o] L s
< ehid T ol mo
Taking j = [ proves (12.1) for m = 0.
(3) Let now m € {0:1}. Let a be a multi-index of length [, i.e., |a] = I. One

can find two multi-indices § and ~ such that o = § + v with |y| = m and
|B] =1 —m. It follows from Step (2) that

10°0]| Lo (s imay = 107 (07 0) | Lo (rciey < 1070 wi-mon (rcma)

m—I+d(1—1) m—I+d(1—1)
<chg PO Y e reiray S chye P ol wmer (5 Ray
which proves (12.1) for every integer m € {0:1}. O

Remark 12.2 (Scale invariance). Inverse inequalities are invariant when
K is dilated by any factor A > 0. Indeed, the left-hand side of (12.1) scales

1 1

as A™T% and the right-hand side as AT G = \ "G = A\ S This fact
is useful to verify the correctness of the exponent of hg in (12.1). O

Example 12.3 (Bound on gradient). Lemma 12.1 with [ :== 1, m := 0
yields
V0l Loz < it 0]l Lo iy,

for all p € [1,00], all v € Pk, all K € Tp, and all h € H. |
Example 12.4 (L? vs. L?%-norms). Lemma 12.1 with m := 0, [ := 0 yields

(=)

[vllLe(rray < chye” " vl (xra), (12.3)
for all p,r € [1,00], all v € Pk, all K € Ty, and all h € H. |

Proposition 12.5 (dof-based norm). There is ¢ s.t.
1 ,
c”'UHLp(K;Rq) < |K‘p”AKlHZZ(%%dUK’i(U)‘) <e 1 ||/U||LP(K;RQ), (12.4)

for allp € [1,00], allv € Pk, all K € Ty, and all h € H.
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Proof. See Exercise 12.3. O

Example 12.6 (dof-based norm). For any Lagrange finite element with
nodes (ax.i)icns V]| e (k;ra) is uniformly equivalent to

d
hie max[lv(ax.)lle o),

d
where | K |% has been replaced by h owing to regularity of the mesh sequence.
For the Raviart-Thomas RT}, 4 element (see Chapter 14), inspection of the
dofs shows that ||v||z» (k) is uniformly equivalent to

1
) k—1
hi fnax lvneloer) + 1 Hg (v)|lLe )

where np is the unit normal vector orienting the face F' of K, and Uf{l is
the L?(K)-orthogonal projection onto Py_1 4 (k > 1). For the Nédélec Ny, 4
element (see Chapter 15), ||[v||z» (k) is uniformly equivalent to

2 1
h? : v h? I (v)x » E2 »
K max lv-TellLr ) + b Joax T (v)xnp|lprr) + g = (0)||lLe k)

where T is the unit tangent vector orienting the edge E of K and H}“{Q is
the L?(K)-orthogonal projection onto Py_s 4 (k > 2). O

Sharp estimates of the constant ¢ appearing in the above inverse inequal-
ities can be important in various contexts. For instance, the hp-finite ele-
ment analysis requires to know how ¢ behaves with respect to the polynomial
degree; see, e.g., Schwab [177]. It turns out that estimating ¢ in terms of the
polynomial degree can be done in some particular cases. One of the earliest
known inverse inequalities with a sharp estimate on c is the Markov inequality
proved in the 1890s by Andrey Markov and Vladimir Markov for univariate
polynomials over the interval [—1,1].

Lemma 12.7 (Markov inequality). Let k,l € N with | < k and k > 1.
The following holds true for every univariate polynomial v € Py 1:

|U||L°°(—171)7 (12.5)

||U(l)||L°°(71,1) < Coo kil

E2(k%2—12)...(k2—(1—-1)?)

with Cog 1 i= 13..(2-1)

Setting [ := 1 in (12.5) gives ||[v'||peo(—1,1) < Cookl|v||oe(=1,1) With Coo p 1=
k2. This type of result can be extended to the multivariate case in any dimen-
sion. In particular, it is shown in Wilhelmsen [200] that

4k?

A ollemys YU € Pra, 12.6
width(K)” iy hd (126)

HV”HLoo(f() <
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for all compact convex sets K in R? with nonempty interior, where width(I? )
is the width of IAE , i.e., the minimal distance between two parallel supporting
hyperplanes of K; see also Kro6 and Révész [129].

Results are also available for the L?-Markov inequality in the univariate
and multivariate cases; see Harari and Hughes [112], Schwab [177], Kro6 [128],
Ozisik et al. [155]. For instance, it is shown in [177, Thm. 4.76] that

HU/HL2(—1,1) S 027k||UHL2(—1,1)a Yov S Pk,la (127)

with Ca i = k((k+1)(k+ %))% Sharp estimates of the constant C5 j can be
derived by computing the largest eigenvalue of the stiffness matrix A of order
(k+1) with entries Ay, := fEI(Lm)’(t)(Ln)'(t) dt for all m,n € {0:k}, where
- 1

L,, = (%) ? Ly, Ly, being the Legendre polynomial from Definition 6.1,
ie., {ﬂm}me{o: %} is an L?-orthonormal basis of Py 1. For instance, it is found
in [155] that 0271 = 3, 0272 = 15, 02,3 = w, and 0274 = M
The multivariate situation is slightly more complicated, but when K is the
unit triangle or the unit square, it is shown in [177] that

IVollpaizy < ck?loll ey, Vo € Proa, (12.8)

where ¢ is uniform with respect to k. By numerically evaluating the largest
eigenvalue of the stiffness matrix assembled from an L2-orthonormal basis of
Py.2 on the reference triangle K, it is shown in [155] that

oK
Vel < Cosl Tl olloge, ke @230, (29

for every triangle K, with C5, := V6 ~ 2.449, Copo = 3\/§ ~4.743, Cy 3 ~

7.542, and Cy 4 ~ 10.946. Values of Cy for tetrahedra with k € {1:4} are
also given in [155].

12.2 Inverse inequalities on faces

Let Fx be the collection of the faces of a mesh cell K € 7Tj,.

Lemma 12.8 (Discrete trace inequality). Assume that P C L>(K;R?).
There is ¢ s.t. the following holds true:

+d(5—7)

[v]| L+ (& 5Ra) (12.10)

for allp,r € [1,00], allv € Pg, all K € Tp, all F € Fk, and all h € H.

_1
vl Le(riray < chy?
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1
~ - F|\? ~
Proof. Let © := wic(v). Then [ollzo(rzn < 18K e (HH)” 191 1 e
Using norm equivalence in P, we infer that ||ﬁ||Lp(1;,Rq) < vl o (& ray-
1
Hence, |[v]|po(pira) < ¢ |AK |2 ||AR [|e2 (%%) " 0|l Lo (k ey~ The regular-

ity of the mesh sequence yields (12.10) if p = r. The result for r # p follows
from (12.3). O

Again, it can be important to have an accurate estimate of the constant ¢
appearing in the discrete trace inequality (12.10). For instance, this constant
is invoked to determine a minimal threshold on the stability parameter that is
used to enforce boundary conditions weakly in the boundary penalty method
and the discontinuous Galerkin method for elliptic PDEs; see Chapters 37
and 38. It is indeed possible to estimate ¢ in the Hilbertian setting (with
p=¢q =2), when K is a simplex or a cuboid. We start with the case of the
cuboid; see Canuto and Quarteroni [57], Bernardi and Maday [22].

Lemma 12.9 (Discrete trace inequality in cuboid). Let K be a cuboid
in R? and let F € Fi. The following holds true for all v € Qy q-

lollz2ry < (k4 DIFIE K2 o] 2 ) (12.11)
Proof. We first consider the reference hypercube K = [~1,1]? and the
face F := {Z4 = —1}. Recall the rescaled Legendre polynomials L,, :=

1 -
(QmT'H) > Ly, i€, {Lm}mego:x) is an L2-orthonormal basis of Qx 1 = Py ;.
An L?-orthonormal basis of Q4 is obtained by constructing the tensor prod-
uct of this one-dimensional basis. Let ¥ € Qj, ¢ and write

@)= > .. > Uiyl (@1) ... Li,(Za).

i1€{0: k} iqg€{0:k}

Let V € RE+D" be the coordinate vector of ¥ in this tensor-product basis.
Using orthonormality, we infer that

/ H@)2ds = VTTV,
F

where the (k + 1)¢x(k + 1)? symmetric matrix 7 is block-diagonal with
(k+1)%~1 diagonal blocks all equal to the rank-one matrix U := UUT, where
U= (Lo(=1),...,Lg(—1))T. As a result, the largest eigenvalue of T is

2m+1  (k+1)2
=

Amax(T) = Amax(U) = ”U”§2(Rk’+1) = Z
me{0:k}

Since VTV = Hﬁ”i%}?) by orthonormality of the basis, we infer that
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||i}\Hiz(ﬁ) < Amax(T)”ﬁHiz(j}) = %(k + 1)2”6”iz(f<)'

Finally, we obtain (12.11) by mapping the above estimate back to the cuboid
K and by observing that |K| = 2|F|. O

Lemma 12.10 (Discrete trace inequality in simplices). Let K be a
simplex in R and let F € F. The following holds true for all v € Py 4:

1
0]l 2(ry < ((k+ 1) (k +d)d™Y) 7 [F|2 | K| 2 ||v]| 2 (x)- (12.12)

Proof. See Warburton and Hesthaven [196]. O

12.3 Functional inequalities in meshes

This section presents two important functional inequalities: the Poincaré—
Steklov inequality for functions having zero mean-value over a mesh cell and
the multiplicative trace inequality for functions having a trace at the bound-
ary of a mesh cell.

12.3.1 Poincaré-Steklov inequality in cells
Lemma 12.11 (Poincaré—Steklov). Let K € Tp, and assume that K is a

convez set. Then for allv € HY(K) with vy := ﬁ S vdx, we have
||U_QK||L2(K) Sﬂ'_lhK|'U|H1(K). (12.13)
Proof. This is a paraphrase of Lemma 3.24. O

Lemma 12.12 (Fractional Poincaré—Steklov). Letp € [1,00), r € (0,1),
and let K € Tp,. Then for all v € WTP(K) with vy = ﬁ [ vdzx, we have

s hd %
||’U — QK”LP(K) S hK <|]?|) |U|W7-,p(K). (1214)
Proof. This is a paraphrase of Lemma 3.26. O

Corollary 12.13 (Polynomial approximation). Assume that the mesh
sequence (Tp)newn 15 shape-reqular. Let k € N. There is ¢ s.t. for every real
numbers r € [0,k + 1] and p € [1,00) if r € N and p € [1,00] if r € N, every
integer m € {0:|r]} (where |r] denotes the largest integer n € N s.t. n <r),
allve WHP(K), all K € Ty, and all h € H,

inf |v—qlwmr k) < che "vlwre k), (12.15)
q€EPL 4

where the mesh cells are supposed to be convex sets if r > 1.



Part III. FINITE ELEMENT INTERPOLATION 143

Proof. If m = r, there is nothing to prove, so let us assume that m < r. If
r € (0,1), we have m = 0, and (12.15) follows from the fractional Poincaré—
Steklov (12.14) and the regularity of the mesh sequence. If r = 1, we only
need to consider the case m = 0 (since otherwise m = 1 = r), and (12.15)
follows from the Poincaré—Steklov inequality (12.13) and the convexity of K.
If £k = 0, the proof is complete. Otherwise, k& > 1 and let us assume now
that » > 1. Let £ € N be s.t. £ := [r] — 1 (where [r] denotes the smallest
integer n € N s.t. n > r). Notice that we have m < ¢ < k and 1 < /. The
key idea is to take ¢ := m;(v) € Prgq C Py g4 since £ < k, where me(v) is
defined by [, (v — me(v)) dz = 0 for all & € N¢ of length at most ¢ (see
Exercise 11.8), and then to invoke the above Poincaré-Steklov inequalities in
K. Since 9%(v—m(v)) has zero mean-value on K for every multi-index o € N9
of length m with 0 < m < £—1, repeated applications of the Poincaré—Steklov
inequality (12.13) (and the convexity of K) imply that

|v — (V) [wmor iy < chie™ v — mo(V)lwer (k)

Since 9% (v — m(v)) has zero mean-value on K for any multi-index o € N¥ of
length ¢ as well, we can apply one more time either (12.13) or (12.14) to the
right-hand side. If € N, we invoke the convexity of K and apply (12.13) to
obtain (12.15). If » ¢ N, we apply (12.14) and invoke the regularity of the
mesh sequence to obtain (12.15). O

Remark 12.14 (Comparison). The estimate (12.15) is similar in spirit to
the Bramble-Hilbert lemma (Lemma 11.9), except that in Lemma 11.9 it is
not known how the constant ¢ depends on K. This difficulty was circumvented
in Theorem 11.13 by using that all the mesh cells are generated from a fixed
reference cell. This assumption is not used in the proof of (12.15), which
instead assumes the mesh cells to be convex sets. The estimate (12.15) can
be extended to (connected) cells that can be partitioned into a uniformly
finite number of convex subsets (e.g., simplices). The key point to establish
this result is that the Poincaré-Steklov inequality (12.13) can be generalized
to such sets; see Remark 22.11. O

12.3.2 Multiplicative trace inequality

Let K € Tj, and let F' € Fx be a face of K. Consider a function v € W?(K).
Then v has a trace in LP(F') (see Theorem 3.10). The following result gives an
estimate of |[v||z»(py in terms of powers of [|v||zr(x) and ||[Vv||pr(x) (hence
the name multiplicative).

Lemma 12.15 (Multiplicative trace inequality). Let (Th)nen be a
shape-reqular sequence of affine simplicial meshes in R%. There is ¢ s.t. for
allp € [1,00], allv € WYP(K), all K € Ty, all F € Fx, and all h € H,

11 _1 1 1
lollzogey < ellollzdi, (hKP ol sy + IV zp(m) . (12.16)
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Proof. Let K € T, and v € W1P(K). Assume first that p € [1,00). Let F'
be a face of K and let zr be the vertex of K opposite to F. Consider the
Raviart-Thomas function O (x) := %(w — zF) (see §14.1). One can verify
that the normal component of 8 is equal to 1 on F and 0 on the other faces

of K. Since V-0p = | K“ we infer using the divergence theorem that

ooy = [ o @rm)ds = [ V-(u0r) s
OK K

:/ (|v[PV-0p + po|v|P~20p-Vv) dx
K

_1El

ol + 21
=K

P=2(p .
K] v|v| (x — zp)-Vodz.

rk) T 5
Using Holder’s inequality and introducing the length ¢4 defined as the largest
length of an edge of K having zr as an endpoint, we infer that

< Fl p |F s
||UHLP |K| ” ”Lp([{ d‘Tf” HLP(K)HVUHLP(K

which implies the bound (12.16) using the regularity of the mesh sequence
and the fact that p% <er < % Finally, the bound for p = oo is obtained by
passing to the limit p — oo in (12.16) since ¢ is uniform w.r.t. p and since
Hmy o0 ||l e (k) = [+l oo (x0)- O

Remark 12.16 (Literature). The idea of using a Raviart—Thomas function
to prove (12.16) can be traced to Monk and Siili [146, App. B] and Carstensen
and Funken [62, Thm. 4.1]. See also Ainsworth [5, Lem. 10] and Veeser and
Verfiirth [193, Prop. 4.2]. O

Remark 12.17 (Application). Let Zx : V(K) — Pg be an interpola-
tion operator s.t. W'P(K) — V(K), p € [1,00], and |v — Zg (0)|wm.o () <
chi ™ lwrp k) for all r € {1:k+1}, £ > 0, m € {0,1}, all v € W"P(K), all
K € Ty, and all h € H. The multiplicative trace inequality (12.16) can then
be used to estimate the approximation properties of Zx in LP(F'). Combining
(12.16) with the above estimate on |v — Zx (v)|wm.» (k) gives

v — Zr (0) || Loy < chye |U|W”’(K)

When Zg := I}} is the L?-orthogonal projection built using P, 4 (see §11.5.3),
it is shown in Chernov [67, Thm. 1.1] that ¢ decays like k=2 for p=2. O

Remark 12.18 (Nonsimplicial cells). Lemma 12.15 can be extended to
nonsimplicial cells s.t. one can find a vector-valued function @ with nor-
mal component equal to 1 on F' and 0 on the other faces, and satisfying
hi||V-0p| L k) + [10F| L= k) < ¢ uniformly w.r.t. F', K, and h. |
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Remark 12.19 (Fractional trace inequality). The multiplicative trace
inequality from Lemma 12.15 can be extended to functions in fractional
Sobolev spaces. Let p € (1,00) and s € (%, 1) (we exclude the case s = 1 since
it is already covered by Lemma 12.15). Functions in WP (K) have traces in
LP(F) for every face F of K (see Theorem 3.10). Then one can show (see
Exercise 12.6 or Ciarlet [73, Prop. 3.1] and the work by the authors [97,
Lem. 7.2]) that there is ¢ s.t. for all v € WoP(K), all K € Ty, all F € Fg,
and all h € H,

_1 o1
[v]lr(ry <€ (th 0]l e iy + Py p|U|WSvP(K)> : (12.17)
The constant c is uniform w.r.t. s and p as long as sp is bounded from below
away from 1, but ¢ can grow unboundedly as sp | 1. ad
Exercises

Exercise 12.1 (¢? vs. {"). Let p,r be two nonnegative real numbers.
Let {a;}ier be a finite sequence of nonnegative numbers. Set ||a|[spgr) =

1 ML
(Cieraf)? and ey = (Zicy af)*- (i) Prove that allmr < llalle iy
for r < p. (Hint: set 0; := a§/||a||zr(m,).) (ii) Prove that [lal[p®y <

card(I) 7 |la

¢r(mrry for r > p.

Exercise 12.2 (LP-norm of shape functions). Let 0k ;, i € NV, be a local
shape function. Let p € [1,00]. Assume that (73)nen is shape-regular. Prove

that [0k il|Lr (k) is equivalent to h}igp uniformly w.r.t. K € T; and h € H.
Exercise 12.3 (dof norm). Prove Proposition 12.5. (Hint: use Lemma 11.7.)

Exercise 12.4 (Inverse inequality). (i) Let £k > 1, p € [1,00], let K =

~ ~ ~ ~ Vol » &
{@1,...,2q) € (0,1)% | Yic{i:ay Ti < 1}, and set Cpp = supgep, , Wig)
Explain why ¢}, , is finite. (i) Let K be a simplex in R? and let px denote the

diameter of its largest inscribed ball. Show that || Vvl p» k) < Ek,pp—\/f vl Le k)

for all v € Py 4 0 Tk, where Tk : K — K is the geometric mapping. (Hint:
use (9.8a) and Lemma 11.1.)

Exercise 12.5 (Markov inequality). (i) Justify that the constant Cy
in the Markov inequality (12.7) can be determined as the largest eigenvalue
of the stiffness matrix A. (i) Compute numerically the constant Csj for
ke {1,2,3}.

Exercise 12.6 (Fractional trace inequality). Prove (12.17). (Hint: use
a trace inequality in W*P(K).)
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Exercise 12.7 (Mapped polynomial approximation). Let (I?, ﬁ, f‘) be
a reference finite element such Py 4 C ]3, k € N. Let 7;, be a member of a
shape-regular mesh sequence. Let TK(IA() =K €Ty, and let (K, Pk, Xk) be
the finite element generated by the geometric mapping Tk and the functional
transformation vk (v) := A (v o Tx). Recall that Pr = 1" (P). Show that
there is ¢ s.t.

qiEI}JfK [v = qlwmrxy < chlie " olwrs ), (12.18)
forall € [0,k + 1], all p € [1,00) if r € N or all p € [1,00] if € N, every
integer m € {0:|r|}, all v € W™P(K), all K € Ty, and all h € H, where the
mesh cells are supposed to be convex sets if » > 1. (Hint: use Lemma 11.7
and Corollary 12.13.)

Exercise 12.8 (Trace inequality). Let U be a Lipschitz domain in R?.
Prove that there are ¢, (U) and ¢2(U) such that ||v||zrory < c1(U)||v]| e )+
1 1
@(U)HVUHEP(U)||11H1Lp(”U)) for all p € [1,00) and all v € WLYP(U). (Hint:
accept as a fact that there exists a smooth vector field N € C'(U) and
co(U) > 0 such that (N-n)jgy > co(U) and || N (x)||2gey = 1 for all z € U.)
Exercise 12.9 (Weighted inverse inequalities). Let & € N. (i) Prove
1

that H(l —t2)%1}/||[‘2(,171) < (k‘(k-i—l)) 2 ||'UHL2(71,1) for allv € PkJ. (Hint: let
L, = (2mtl) 1/2 Ly, L., being the Legendre polynomial from Definition 6.1,
and prove that f_ll(l —t2) (L)' (t)(Ly) (t) At = pm(m + 1) for every inte-
gers m,n € {0:k}.) (ii) Prove that |[v|z2(—1,1) < (k+2)[|(1 - t2)%1)||L2(_1_’1)
for all v € Py 1. (Hint: consider a Gauss—Legendre quadrature with lg =
k + 2 and use the fact that the rightmost Gauss—Legendre node satisfies
& < COS(%).) Note: see also Verfiirth [195].
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Local interpolation on nonaffine meshes ®

Check for
updates

In this chapter, we extend the results of Chapter 11 to nonaffine meshes. For
simplicity, the transformation ¢k is the pullback by the geometric mapping,
but this mapping is now nonaffine. The first difficulty consists of proving a
counterpart of Lemma 11.7 to compare Sobolev norms. This is not a trivial
task since the chain rule involves higher-order derivatives of the geometric
mapping. The second difficulty is to define a notion of shape-regularity for
mesh sequences built using nonaffine geometric mappings. We show how to
do this using a perturbation theory, and we present various examples.

13.1 Introductory example on curved simplices

If one wants to approximate a problem posed in a domain D with a curved
boundary 9D using a finite element of degree k > 2, it is often necessary to use
nonaffine cells since otherwise the geometric error in the representation of the
boundary can dominate the approximation error. A relatively straightforward
way to generate nonaffine cells is as follows: (i) Construct a mesh (7p)nen
composed of affine cells with all the vertices lying on the curved boundary
OD. (ii) For each affine cell K € T, having a nonempty intersection with 0D,
design a new geometric mapping (of degree larger than 1) that approximates
the boundary more accurately than K. Then replace K by the new cell thus
created.

Example 13.1 (Simple construction). An example relying on P2 or

Q22 Lagrange elements in R? to build the geometric mapping (see Fig-
ure 13.1) is as follows. (i) Let K be a triangle or a quadrangle having an edge
whose vertices lie on dD. Let {a;}icn,., be the geometric nodes of K with
Ngeo = {1:Ngeo} (Ngeo := 6 for a triangle and nge, := 9 for a quadrangle).
(i) For all i € Ngeo, construct from a; a new node a; as follows: If a; is
located at the middle of an edge whose vertices lie on 0D, a; is defined as

© Springer Nature Switzerland AG 2021 147
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Fig. 13.1 Construction of a curved triangle (left) and a curved quadrangle (right).

the intersection with 0D of the line normal to the corresponding edge and
passing through the node a;. Otherwise, set a; := a;. (iii) Replace K by
the curved triangle K by deﬁnmg the mapping Tk : K — K such that
Tk (Z) = ZzeNg . 7,[11( )a; for all & € K, where {@/)Z}ZEN are the reference

geo

P32 or Q2 Lagrange shape functions. O

13.2 A perturbation theory

This section presents a perturbation theory introduced by Ciarlet and Raviart
[78] to analyze the finite element interpolation error on nonaffine cells.

13.2.1 Setting and notation

Let (IA( ﬁgeo, ) geo) b€ a reference geometric Lagrange finite element with
and the shape functions {7,/17}16 ... Let us now consider

geo®

the nodes {@a; }ien

geo

two sets of points in R¢ ,
{ai}ien,o {ai}ien,e.- (13.1)

Let T: K — R? and T : K — R be the mappings defined as follows:

S vi@a,  T@)=T@+ Y. Gi(@)(a;—a). (13.2)

1€ENgeo i€Ngeo

Notice that T, T € [ﬁgeo] Let us set K := T(K) and K := T(K). The
subscripts K and K are henceforth omitted for the geometric mappings T
and T to simplify the notation.

The setting we consider is as follows. We assume that we have at hand a
mesh sequence | (’771);167.[ such that every cell K €Ty, is generated from the
reference cell K using the geometric mapping T which we assume to be a
well-behaved diffeomorphism. By using the geometric mapping T' defined in
(13.2), one constructs a new mesh 7, composed of (possibly curved) cells
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K that are perturbations of the cells K. Our goal is to estimate the finite
element interpolation error when working with the geometric mapping 7'.
Assuming that T : K — K is a reasonable diffeomorphism, our first step
is to ascertain that T' : K — K is also a diffeomorphism with reasonable
smoothness properties. This is done by making sure that K is close to K,
i.e., that max;eny,,, ||@; — @il s2(rae) is small enough. The small parameter that

comes into play is the nondimensional ratio h/{p, where h is the diameter of
the mesh cell K or K and ¢p is the diameter of the domain D.

Exarriple 13.2 (1D). Let us consider t}ie Py 1 Lagrange element (ngeo := 3)
with K := [0, 1]. Consider the two cells K = K := [0, h] with the assumption
h <« fp. Consider the Lagrange nodes a; := 0, ag := %h, as = h, and
a; = 0, a3 = 1h+ 1h2, @y := h. Then T(Z) = Zh and T(Z) = Th +

Z(1—2) 7. Notice that in this example T is afﬁne (|DT|| = h, HDQTH =0)
and T is quadratlc (IDT@)|| = h(1 4+ 7~ — 22 ) |D?T (z)|| = 2h , and
|D3T(%)|| = 0), and T converges to T as % — 0. O

13.2.2 Bounds on the derivatives of T and 7!

The (Fréchet) derivatives of T and T of order m > 1 at a point & € K are
denoted by D™T'(z) and Dmf(ﬁ), respectively (the superscript is omitted
if m = 1). Recall from Appendix B that D™T and D™T are members of
Mm(Rd ., R%; Rd) i.e., they are multilinear maps from R?x ... xR? to R?
(i.e., DT and DT are linear maps in £(R?;R%), D>T and D2T are bilinear
maps in Mz (R4, R?% R?), etc.). For every map A € Cm(K,Rq), g > 1, and
all T € I?, we set

|ID™A(&)(hy, ..., h Pon)lle2 (Re)

|D™A(Z)|p = 12 =
hi,...hm€ER? ||h1||£2(Rd) ||hmHg2(Rd

(13.3)

The notation for the subscript p is motivated by the fact that for all £ > 0,
|DF1A(Z)|p = 0 for all € K if and only if A is [Py 4]? -Valued Note that
the right-hand side of (13.3) is the canonical norm in M,,(R%, ... R% R?).
We use the shorthand notation || D™ A|| := || |DmA(zE)\pHLOO(f() for all m > 1.

Let us first identify a condition ensuring that T is a C!-diffeomorphism
with reasonable bounds on DT, D(T '), and det(DT).

Lemma 13.3 (Bound on DT, D(T')). Let T,T be defined in (13.2).
Assume that T is a C'-diffeomorphism, Pyeo C C'(K;R), and there is c; €
[0,1) s.t

I(DT)H > 1DYillllai — @illegay < 1. (13.4)
1€Ngeo

Then T is a C'-diffeomorphism and the following holds true for all T € K:
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IDT|| < (1 + )| DT, (13.5)

DT < (1= e) (DT) 7| (13.6)

(1=c1)?|det(DT(2))| < |det(DT(&))| < (1+¢1)*|det(DT(@))|.  (13.7)

Proof. This is Theorem 3 in [78]. The definition of T in (13.2) implies that
DT (%) = DT(z) + E(@) = DT(Z)(I + (DT) ' (z)E(@)),

with E(T)(€) := Zze/\fgw Di(z )(€)(a;—a;). Owing to the assumption (13.4),

we infer that ||(DT) LE| < ¢; < 1. This immediately implies that the map-
ping I + (DT)~Y(z)E(Z) is invertible, i.e., DT (&) is invertible and

IDT| = |IDT(I + (DT)'E)| < (1 + e1)| DT,
I(DT) || = (I + (DT) ' B)" (DT) M| < (1 — 1) M [(DT) .

Since det(DT) = det(DT) det(I 4+ (DT)'E) and ||I + (DT) 'E|| < 14 ¢,
the upper bound in (13.7) results from

|det(DT)| = |det(DT)| x |det(I + (DT)"'E)| < |det(DT)|(1 + ¢1)%,

where we used that |det(A)| < ||A||? for any endomorphism in R¢. The lower
bound is shown similarly. a

Remark 13.4 (Regularlty of cho) In practice, the smoothness assump-

tion Pgeo cct (K R) is satisfied since Pgeo is usually composed of smooth
(polynomial) functions; see (8.1). O

We now bound the higher-order derivatives of T' and T—!.

Lemma 13.5 (Higher-order derivatives). Assume (13.4). Assume that
there is an integer k > 1 s.t. T 1is C**1_diffeomorphism and that Pyeo C

Ck“(f(; R). Then T is a C*+1-diffeomorphism. Moreover, assume that there
are real numbers ca, ..., Cr41 S.1.

|ID™T|| < e ||DT||,  Vm € {2:k+1}. (13.8)

Let k== ||DT||||D(TY)|| and ¢y be defined in (13.4). Then for every integer
m € {2:k+1}, there is c_,, depending on K, c1,...,Cm S.1.

ID™T )| < || D(TH)|™ (13.9)

Proof. This is Theorem 4 in [78]. The assumption lggeo C C'k+1(IA( ;R) implies
that T is of class C**1, and it has already been established in Lemma 13.3
that T is a diffeomorphism since (13.4) holds true. Let us prove (13.9) for
m = 2. Using the chain rule (see Lemma B.4) and the identity T=-}(T(Z)) =
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Z, we infer that
DXT~1)(h1, ho) = =D(T~)(D*T((DT) " (ha), (DT) " (ha))),
for all hy, hy € RY. Using that ||D(T~1)|| = ||(DT) ||, this implies that
1D~ < IDT~HIID*TI(DT)~* = [|ID* T DT,

Owing to (13.6) and (13.8), we infer that [|D2(T~1)|| < c_ok||D(T1)||? with
c_g = co(1 — c1)73. The rest of the proof is left as an exercise. m|

13.3 Interpolation error on nonaffine meshes

The goal of this section is to establish approximation properties of the finite
element defined in Proposition 9.2 using the transformation ¢k (v) ;= vo T,
where the nonaffine geometric mapping T is defined in (13.2) as a perturba-
tion of the geometric mapping T. We adopt the same notation and definitions
as in §13.2. We proceed as in Chapter 11: we first study how the Sobolev
norms are transformed by T and then we apply these results to bound the
interpolation error.

13.3.1 Transformation of Sobolev norms

We first state a result on the comparison of Sobolev norms. The main
difference with respect to the affine case (see Lemma 11.7) is that now
the full Sobolev norm, and not only the seminorm, appears on the right-
hand side. To be dimensionally consisten‘lc, we consider the Sobolev norm
lollwerry = (Ciegon {p' v ’;V,W(K))E (recall that ¢p := diam(D)).
Recall that the usual seminorm in WP (K) involves all the derivatives, i.e.,

1
[vlwm.re (i) 1= (Z\a|:m ||8avH’£p(K)) ", and that this seminorm is equivalent
to || [D™v|e| e (), Where [D™v|p is defined in (13.3). When analyzing geo-
metric mappings based on Q¢ Lagrange elements, it is useful to consider a
different seminorm which does not include the mixed derivatives. For every
map A € C™(K;RY), ¢ > 1, we define the following seminorms:

| D™ A(Z)|g = Ae{max , [ D™A(Z)(e; ..., e)llema, (13.10)
e €1,...,€4
where {ey,...,eq} is the canonical Cartesian basis of R?. The notation for

the subscript is motivated by the fact that for all k > 0, |D¥*1A(Z)|g = 0
for all Z € K if and only if A is [Qy 4]9-valued (see Exercise 13.2). Notice
that (13.10) defines only a seminorm and that |[D™A(Z)|g < |D™A(Z)|p for

~

all Z € K. We then introduce the associated seminorm over W™ (K;RY),
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|[A]|Wm‘p(f<) = || |D7"A(5§)|@||L,)(f<). (13.11)

The seminorm \[A]\Wm)p( &) involves only the pure partial derivatives of A of

order m, i.e., the mixed derivatives are not involved.

Lemma 13.6 (Norm scaling by pullback). Let T, T be defined in (13.2).

Let the integer k > 1 satisfy the assumptions of Lemma 13.5, i.e., T is a
C*+L_diffeomorphism, Pyeo C C*H(K;R), and (13.8) holds true. Assume

that there are constants cy, ..., ¢, s.t.
cither ||[D™T|| < ¢ 65 ™|DT|™, Vm € {2:k+1}, (13.12)
or [D™T) < ¢, 05| DT|™,  Vm e {2:k+1}, (13.13)
recalling the shorthand notation | D™T|| := || \DmT(Q)thLw(f{) and defining
similarly [D™T) = || |DmT(:’B\)|QHLw(IA{). Then for every integer | > 0 and
all p € [1,00], there is ¢, depending only on K, c1,...,Cry1, Coy o\ Clyqs Ds

and K, s.t. the following holds true for all v € W'P(K) with K = T(K):

either €[00 Ty, g < ¢ ldet(DT)~ WP DT ol (13.14)

L°°(K)
or  Lp[vo Ty, < clldet(DT) 1||LOO(K IDT| vllwrn (i), (13.15)
and
~ 1 ~
olwerr) < e ldet(DT)7 . o IDE D oo Ty (1316)

Proof. Proof of (13.14). Assume first that [ > 2. Using the chain rule (see
Lemma B.4) together with the assumption (13.12), we infer that

ID'weT)@)p<c Y |(D"0)T@)e Y D T@)p...|D"T(@)
me{l:1} |r|=tl
<l IDT|N Y LBI(D™0)(T(@))]e,
me{l:1}

for all 7 € K , where |r| :=ry +...+ 7, and ¢ is generic constant having the
same dependencies as in the assertion. Raising to the power p, integrating
over K, changing variables on the right-hand side so as to integrate over K,
and since |v o T|Wl,p(f<) < || |D (v o T)(®)[p| 1o (x), We infer that

00Ty, gy < 6 IDTIP 32 5" [ 1D @) Elet(DT (@) da
me{l:1}

We conclude the proof of (13.14) for [ > 2 using the estimate (13.7) on the
determinant. The proof for [ = 0 is evident. The proof for [ = 1 can be done
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as above by using (13.5) instead of (13.12). The proof of (13.15) is similar
once one realizes that the chain rule preserves the pure derivatives of T, i.e.,

ID'woT)@)lg<ec Y [(D™)(T@)e ) ID"T@)g... D T@)lo-
me{l:1} |r|=t

The estimate (13.16) is derived similarly by using the bound (13.9). O

Remark 13.7 (Assumption (13.8)). Since |DT| is proportional to the
diameter of the cell generated by the nodes {a1, ..., an,, }, it is reasonable to

assume that (¢5' |DT|)™* < 1if the diameter of K is small enough. In this
case, the assumption (13.12) implies (13.8). In conclusion, the bound (13.8)
from Lemma 13.5 has to be included in the assumptions of Lemma 13.6 only
when invoking the assumption (13.13) (pure-derivatives case). O

13.3.2 Bramble—Hilbert lemmas in Qy 4

We now formulate the Bramble-Hilbert lemma for polynomials in Qg (this
is the counterpart of Lemma 11.9 stated for polynomials in Py, 4). It is at this
stage that the seminorm based on pure derivatives enters the analysis.

Lemma 13.8 (Q;-Bramble-Hilbert). Let S be a Lipschitz domain in RY.
Letp € [1,00]. Let k > 0 be an integer. There is ¢ such that

0 o+ alheags) < el (13.17)

Corollary 13.9 (Q-Bramble—Hilbert for linear functionals). Under
the hypotheses of Lemma 13.8, there is ¢ such that the following holds true
for all g € WFLP(S) vanishing on Qg g

lg(v)] < e ||g||(Wk+1,p(S))/\[v]|Wk+1,,,(S), Yo € Wk-s-l,p(S’). (13.18)

Proof. The estimate (13.17) is proved in Bramble and Hilbert [41, Thm. 1].
The estimate (13.18) is proved in [41, Thm. 2]. O

13.3.3 Interpolation error estimates

We are now in the position to present the main result of this section.

Theorem 13.10 (Local interpolation). Let T, T be defined in (13.2) and

~

let K :=T(K). Let p € [1,00]. Let the integer k > 1 satisfy the assumptions
of Lemma 13.5. Assume that

cither (13.12) holds and Py 4 C P C WFP(K) — V(K),  (13.19)
or (13.13) holds and Qg C P ¢ WHIP(K) — V(K).  (13.20)
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(Recall that (13.12)—(13.13) are the hypotheses of Lemma 13.6.) Let Tk be
the interpolation operator defined in (9.6). Letl € {1:k+1} be an integer s.t.
Whe(R) < V(E). Let

A= [det(DT)| o ) ldet(DT) My ), 4 2= [DTIDET ).

There is ¢, only depending on Kk, c1,...,Cry1, Cyy. -, Cpiy, D, and IA(, s.t. for
all v € WHP(K) and all m € {0:1},

1 m p— —~ —m
v = Zie () lwmagae) < e AP R™ G | DT ol i (13.21)

Proof. (1) Let us prove the assertion assuming (13.19). Using (13.16) from
Lemma 13.6 and the commuting property ZTx(w) o T = Ig(w o T) (see
Proposition 9.3), we infer that

~ 1 ~
0 = i@l agie) < elldet T2 _ ) [DE ™G~ Zg @)y ey
with ¥ := v o T. Just like in the proof of Theorem 11.13, the assump-
tions (13.19) imply that there is ¢ s.t. ||v — If((ﬁ)HWm)p(f() < C|5|Wz,p(f<)-
This, together with (13.14), proves the claim since

[0 = Zic(@)lwrse) < e detDDT . 2 IDE I Bl

~ 1 ~ 1 ~ ~
< c[det(DT) |} _ o I4et(DT) 7 _ o [DE D™ DTN ol s
(2) The only change in the above argument when proving (13.21) assuming
(13.20) is that ||ﬁ—If((ﬁ)HWm,p(f<) < c|[ﬁ]\W,,,,(f{) owing to the (13.17) from
the Bramble-Hilbert lemma. We then conclude using (13.15). O

Remark 13.11 (Key assumptions). The key assumptions to be verified
for Theorem 13.10 to hold are either (13.4) and (13.12) for Px-based geomet-
ric mappings or (13.4), (13.8), and (13.13) for Qx-based geometric mappings.
Of course, the above theory makes sense only for meshes for which the num-
bers A, K, C1,...,Chil, Chy--. 702',—‘,-1 are uniformly bounded with respect to
K € 7T, and h € H. To ensure that these numbers are uniformly bounded,
it is necessary to make assumptions on the geometric mappings T" and on
how far the geometric nodes a; lie from a,;. Examples are given in the forth-
coming sections. Notice that the theory can be applied with T' = T as will
be demonstrated in §13.5 for Q;-quadrangles. In this case, (13.4) is trivial to
verify. O

Remark 13.12 (Extensions). Generalizations of the above ideas can be
found in Bernardi [20], Brenner and Scott [47, §4.7], Ciarlet [76, §4.3-4.4],
Ciarlet [76], Lenoir [132], and Zldmal [203, 204]. O
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13.4 Curved simplices

Let us now describe how the above technique can be applied with curved Ps-
simplices, i.e., we set k := 2. Let us assume for the time being that we have
at hand a mebh T composed of affine simplices. Let K € 7;,. Lemma 11.1
implies that

. ~ h~ - ~ h-
PR < o7 <=E, PR < p@) < K. (13.22)
hg PR hi Pi

Let us define px = pp and hg = hgz. Assume that the simplicial mesh

sequence (Tp)nen is shape regular (see Definition 11.2), i.e., there is oy s.t.

o = Z—f < oy for all K e 7} and all h € H. Let us consider one element K €
K

Th, and let {ai}ien,., be its geometric nodes. Assume now that by means of
some algorithm (see, e.g., Example 13.1), we construct the points {@;}icn,.,
from the set {@;}icn,., and define the corresponding cell K using (13.2); see
Figure 13.1 in dimension d = 2 where nge, := 6. Let {p := diam(D). Assume
that this construction is done so that there is a constant c, such that for all
KeTypandall h € H,

iglj\?:e(o ||(11 — 6i||p(Rd) S Cafglh%(, (1323)

This assumption is reasonable if the midpoint on each edge is constructed as
explained in Example 13.1.

The key assumptions to be verified for Theorem 13.10 to hold true are
(13.4) and (13.12). Using |[D(T7)|| < hgpg' < oshghZ! = ophghyl,
we observe that the left-hand side of (13.4) can be bounded by the fac-
tor (cah > ien,., 1DVil)oy }ég which is less than 1 for ’l}—g small enough,
ie., (13.4) holds true for h—K small enough. Using that D*T = 0 and
hi < oﬁhK||DT|| owing to (13.22), we infer that

|D2T|<( 3 w%n) s [l — @

i€Ngeo

< (ana Y 1D%00) 65 DT

1€Ngeo

Notice also that || D3T|| = 0. Hence, (13.12) holds true for all k¥ > 1. Moreover,

since T is affine, A =1 and x < aup—f. In conclusion, assuming that the mesh
K

sequence (ﬁ)hey is shape-regular, there exists hg > 0 so that Theorem 13.10
implies that there is ¢ (depending on the shape-regularity parameter o)
such that for all p € [1,00], all K € Tp, all h € H N (0, hy), every integer
1€{0:k+1} st. WHP(K) < V(K) (i.e., WHP(K) is in the domain of Tx),
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all v € WhP(K), and every integer m € {0:1},
[0 = Tic(0)lwmoiey < L5 T [0l (13.24)

Remark 13.13 (Extensions). An algorithm that constructs Ps-simplices
in dimension two is described in Ciarlet and Raviart [78, p. 240], Ciarlet [77,
§4.3], Ciarlet [76, p. 247]. An algorithm that constructs curved simplices of
any order in any dimension and that satisfies the assumptions of the pertur-
bation theory in §13.2 is described in Lenoir [132]. It is a recursive technique
based on the following principle: the construction of curved P,, 1 simplices
that approximate the boundary with O(h™%2) accuracy relies on the exis-
tence of a construction technique of curved P,, simplices that approximate
the boundary with O(h™*!) accuracy, m > 1. a

13.5 Q;-quadrangles

Let us now consider a mesh where all the cells are nondegenerate convex
quadrangles in R2. All the cells can be generated from the unit square K :=
[0,1]? using geometric mappings T' € [Q;(K)]?; see Figure 13.2. T' maps the
edges of K to the edges of K, but unless K is a parallelogram, T' is not
affine. We are going to apply the theory from §13.2 with K = K, T =T,
and a; = a;, for all i € {1:4}.

as

=)

Fig. 13.2 Nonaffine mapping from the R ay
unit square to a quadrangle.

Upon identifying the points a;cyi.4y with column vectors and DT with
the Jacobian matrix, a simple computation shows that

DT (x)
=(az—a; +22(a3 —as+ a1 —az),as —a; +zi(az — as + a1 — az))

= ((1 = 2)(az — a1) + 72(az — aq), (1 = 71)(as — a1) + 71(az — az)),

for all T := (Zy,7,) € K. It follows from the first equality that det(DT(Z))
is in Py, implying that max;,z |[det(DT(Z))| = max;e(i.4) |det(DT(@;))|
since we assumed that K is convex. Let P; be the parallelogram formed by
a;_1, a;, a;y1 (with the convention ag := a4 and a; := aj). It can be
verified that det(DT'(a;)) = |P;|. As a result, letting Smin = min;eqy.43 [P,
Smax 1= MaX;e(1:4) | P, we infer that
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< 1
)= Smin.
Let di(Z), d2(Z) be the columns of DT(Z) and 6(Z) be the angle formed
by these two vectors. The vector dy (&) is a convex combination of the sides
(as — a1) and (a3 — a4), whereas the vector da(Z) is a convex combination
of the sides (a4 — a1) and (a3 — a2). The angle 6(Z) takes its extreme values
at the vertices of K, say 61,...,04. Let h = (h1,hy) € R? with ||k, = 1.
Then,

||det(DT)HL0°([?) S Smax; ||det(D(T71))||L°°(IA(

(13.25)

IDT(@)(R)|72 = hilldyl|7 + B3|l dal7 + 21 hody-do
> hilldil|7 + h3lldal? — 2|hal[heldylez]|dz ez cos(9))|
> hilldi |7 (1 —[eos()]) + (1 — hi)llda |72 (1 — |cos(6)])
> min(||dy[7, [|d2]|7) (1 — |cos(8)]),

where dependencies of dy, ds, and 6 on Z have been omitted. Denoting by
Pmin the length of the smallest side of K and v := max;c(;.4) [cos(0;)], we

infer that | DT(Z)(y)l¢z > hmin(1—7) for all y with ||yll;z = 1and all Z € K,
implying that |[D(T~ )| = [|(DT)7Y| < (Amin(1 — 7))~ By proceeding
similarly, we also obtain that | DT|| < 2hmax and [D™T] = 0 for m > 2,
where hyax is the length of the largest side of K. In conclusion, we have

1

1D < g

IDT|| < 2hmax, [D'T] =0, VI >2. (13.26)

The key assumptions to be verified for Theorem 13.10 to hold true are
(13.4), (13.8), and (13.13). Assumption (13.4) trivially holds since T = T.
Assumption (13.8) trivially holds for m > 2, and |D*T|| < ||a; — a2 + a3 —

agllez < 2hmax < (ﬁhﬁ DT||. Assumption (13.13) holds since (13.26)

implies that [D™T] = 0 < ¢/, {5 ™| DT|™ for all m > 2. Furthermore,

owing to (13.25) we have A < == and owing to (13.26) we have x <
2hxnax

hmin(lf'Y)-

for Q;-quadrangular meshes is to assume that there is oy such that for all

KeTypandall h € H,

Smax(K) thax(K)
e (Smin(K) " Pmin (KO) (1 — 7(}())) < oy (13.27)

Then, if the Qi-quadrangular mesh sequence is shape-regular in the above
sense, Theorem 13.10 implies that there is ¢ (depending on the shape-
regularity parameter oy) such that for all p € [1,00], all K € Ty, all h € H,
every integer | € {0:k + 1} s.t. WhP(K) — V(K) (i.e., W'P(K) is in the
domain of Zx), all v € WHP(K), and every integer m € {0:1},

These bounds show that a reasonable notion of shape-regularity

[0 = Zr () lwma ) < ¢lp by ™ [ollwi - (13.28)
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Remark 13.14 (Pure derivatives). Here, the critical assumption (13.13)
hinges on the property [D?T] = 0. This assumption would not have been
true if we had used the full seminorm (involving the mixed derivative), since

a simple computation shows that ||D?T || = ||(a3 — a4) + (a1 — az)||¢=, yield-
ing /2(1 + cos(0; + 04))h%. + (hmax — hmin)? < |D?*T|| < 2hmax, thereby

showing that | D?>T|| ~ | DT|| (unless K is a parallelogram). The term hl};m
in (13.28) would then be replaced by h;{m, which would not give any conver-
gence for m = 1. The reader is referred to Ciarlet and Raviart [79, pp. 245—
247] and Girault and Raviart [107, p. 104] for more details. O

13.6 Qy-curved quadrangles

We now describe how to construct meshes composed of Qs-curved quadran-
gles and how to bound the interpolation error on such meshes. Assume that
we have at hand a sequence of Q;-quadrangular meshes (7}, )rcw that is shape-
regular in the sense of §13.5, i.e., (13.27) holds true for all K € 75, and all
heM. Let K € Ty, let {ay,.. a4} be the vertices of K, and let {@s, . .., as}
be the midpoints of the four edges of K, see Figure 13.1. Assume that the
curved cell K is constructed by means of the technique explained in Exam-
ple 13.1, i.e., we assume that the new points {a,...,as} are positioned so

that the following criterion is satisfied for all K € T and all h € H:

max_||a; — @;l;z(re) < clp' (13.29)

ic{1:8} D max

Let T be the mesh thus constructed for all h € H. Let us verify that the
assumptions (13.4), (13.8), and (13.13) hold true for all K € 75 and h € H.
Starting with (13.4), we observe that [|[(DT) ™| < (hmin(1—7))"! < Zhyk,
owing to (13.27), so that

I(DT)~!| > ID¢illlai — @iller @2y < coglp hmax, (13.30)
i€{1:8}

which is less than 1 provided the cells are small enough. Moreover, using the
estimates || D2T|| < 2hmax (see Remark 13.14) and | DT > > hin(1 =), we
infer that | D2T|| < || D2T|| + cl, k2, < hmax < ¢ aﬁ||DT|| which proves

D ""max

(13. 8) for m = 2. Moreover, [D™T|| < b5t h2,,, < ¢ hmax < /o3| DT|| since

D ""max
D’”T = 0 for all m > 3, and this proves (13.8) for all m > 3. Furthermore,
[DT] < ctp'h2,. < clp'o?|| DT since [D*T] = 0, and [D™T] = 0 for all
m > 3, and this proves (13.13). Finally, we have already seen that the quan-
tities % := || DT D(T1)|| and A = ||det(DT)|| o (2, | det(DT) Y| e 7y
are bounded owing to the regularity of the mesh sequence. In conclusion, if
the Qi-quadrangular mesh sequence (ﬁ)heg{ is shape-regular, there exists
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ho > 0 so that Theorem 13.10 implies that there is ¢ (depending on the
shape-regularity parameter oy) such that for all p € [1,00], all K € T,
all h € H N (0,hg), every integer | € {0:k + 1} s.t. WHP(K) — V(K)
(i.e., WhP(K) is in the domain of Zx), all v € W'P(K), and every integer
m € {0:1},

[0 = Zr () lwma ) < ¢lp by ™ [ollwir - (13.31)

Exercises

Exercise 13.1 (Chain rule). Let f € C3*(U;W;) and g € C3(Wy; Wa),
where V, Wy, Wy are Banach spaces and U is an open set in V. (i) Evaluate
the pure derivatives D?(g o f)(z)(h,h) and D3(g o f)(x)(h,h,h) for z € U
and h € V. (ii) Rewrite these expressions when f and g map from R to R.

Exercise 13.2 (Pure derivatives, Qy 4-polynomials). Let {€;};c(1.4) be
the canonical Cartesian basis of R%. Let k > 1. Verify that D**1q(e;, ..., e;) =
0 for all 4 € {1:d} if and only if ¢ € Qy, 4. (Hint: by induction on d.) What is
instead the characterization of polynomials in Py 4 in terms of D*¥+1g?

Exercise 13.3 (Lemma 13.5). Complete the proof of Lemma 13.5 by prov-
ing (13.9) for all m < k + 1. (Hint: use induction on m and the chain rule
formula (B.4) applied to T~(T(Z)).)

Exercise 13.4 (Tensor-product transformation). Assume the transfor-
mation T' has the tensor-product form T'(Z) = >, q.qy t;(%;)e; for some
univariate function t;, for all j € {1:d}, where {e;};c(1.q) is the canon-
ical Cartesian basis of R?. (i) 1Show that (13.15) can be sharpened as

|[on]|W,,,p(f<) < c||det(DT)_1Him(f()||DT||l\[w}|Wl,p(K). (Hint: recall that

[w]wrs (k) is a seminorm and there exists a uniform constant ¢ so that
i [wlwis k) < cllwllwerx).) (ii) What is the consequence of this new bound
on the error estimate (13.21) under the assumption (13.20)?

Exercise 13.5 (Q;-quadrangles). Prove that det(DT'(a;)) = |P;|, where
P; is the parallelogram formed by a;_1, a;, a;+1 (with ag := a4 and a5 :=
a1). (Hint: see §13.5.)

Exercise 13.6 (Butterfly subdivision algorithm). Consider amesh com-
posed of four triangles with the connectivity array such that j_geo(1,1:3) :=
(3,4,5), j_geo(2,1:3) := (0,4,5), j_geo(3,1:3) := (1,3,5), jgeo(4,1:3) :=
(2,3,4). Let m be the midpoint of the edge (z3,z4). Let Zp := (0,0),
zy = (1,0), 22 := (0,1), 25 == (3,1), 24 == (0,3), 25 := (3,0). Con-
sider now the curved triangle given by the Py geometric mapping T' that
transforms 2; to z; for all i € {0:5}. Let {fo,..., fr} € R. Let p € Py 5 be the
polynomial defined by p(2;) := f; for all i € {0:5}. (i) Compute p(T~1(m)).
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(ii) Consider two additional points zg, z7 and two more triangles given by
j-geo(5,1:3) := (2,3,6), jgeo(6,1:3) := (2,4, 7). Let T” be the Py geometric
mapping that transforms z; to z; for all i € {2:7}. Let p’ € P2 5 be defined by
P'(2;) :== fiforalli € {2:7}. Compute 1 (p(T~(m))+p ((T")~'(m))). Note:
the name of the algorithm comes from the shape of the generic configuration.
The algorithm is used for three-dimensional computer graphics. It allows the
representation of smooth surfaces via the specification of coarser piecewise
linear polygonal meshes. Given an initial polygonal mesh, a smooth surface
is obtained by recursively applying the butterfly subdivision algorithm to the
Cartesian coordinates of the vertices; see Dyn et al. [93].



Part 1II, Chapter 14
H (div) finite elements ®

Check for
updates

The goal of this chapter is to construct R%valued finite elements (K, P, X))
with d > 2 such that (i) Py 4 = [Pxq4]® C P for some k > 0 and (ii) the
degrees of freedom (dofs) in X' fully determine the normal components of
the polynomials in P on all the faces of K. The first requirement is key for
proving convergence rates on the interpolation error. The second one is key
for constructing H (div)-conforming finite element spaces (see Chapter 19).
The finite elements introduced in this chapter are used, e.g., in Chapter 51
to approximate Darcy’s equations which constitute a fundamental model for
porous media flows. The focus here is on defining a reference element and
generating finite elements on the mesh cells. The estimation of the inter-
polation error is done in Chapters 16 and 17. We detail the construction for
the simplicial Raviart—Thomas finite elements. Some alternative elements are
outlined at the end of the chapter.

14.1 The lowest-order case

We start by considering the lowest-order Raviart—Thomas finite element. Let
d > 2 be the space dimension, and define the polynomial space

RTo 4 :=Po,a ® P . (14.1)

Since the above sum is indeed direct, RTy 4 is a vector space of dimension
dim(RTo,q) = d + 1. A basis of RTo is {(§), (9), (Z)}. The space RTy 4
has several interesting properties. (a) One has Py 4 C RTy 4 in agreement
with the first requirement stated above. (b) If v € RTy 4 is divergence-free,
then v is constant. (c) If H is an affine hyperplane of R? with normal vector
vy, then the function v-vy is constant on H for all v € RTy 4. Writing
v(x) = a+bx with a € R? and b € R, we indeed have (v(z;) —v(x2))- vy =
b(xy —x2) vy =0 for all 1,z € H.
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Let K be a simplex in R? and let Fx be the collection of the faces of K.
Each face F' € F is oriented by a fixed unit normal vector ng, and we set
vp = |F|ng. Let X be the collection of the following linear forms acting on

RTo,d:
1

Since v-vp is constant on F, U%(v) = 0 implies that v|p-vF = 0 in agreement
with the second requirement stated above. Note that we could have written
more simply ok (v) := [, (v-np)ds, but the expression (14.2) is introduced
to be consistent with later notation. In any case, the unit of of,(v) is a surface
times the dimension of v. A graphic representation of the dofs is shown in

Figure 14.1.

Fig. 14.1 RT 4 finite element in dimensions two (left) and three (right). Only visible
degrees of freedom are shown in dimension three. (The arrows have been drawn outward
under the assumption that the vectors vr point outward. The orientation of the arrows
must be changed if some vectors vr point inward.)

Proposition 14.1 (Finite element). (K,RT( 4, X) is a finite element.

Proof. Since dim(RTy 4) = card(X) = d + 1, we just need to prove that
the only function v € RTy 4 that annihilates the dofs in X' is zero. Since
v|p-VF is constant and has zero mean-value on F, we have v|p-vp = 0 for
all F € Fg. Moreover, the divergence theorem implies that [, (V-v)dz =
> rere Jp(vnp)ds = 0. Since Vv € P4, we infer that V-v is zero, so
that v € Py 4. Hence, v-vp vanishes identically in K for all F' € Fg. Since
span{vr }rer, = R? (see Exercise 7.3(iv)), we conclude that v = 0. O

Since the volume of a simplex is |K| = L|F|hg for all F € Fg where hj
is the height of K measured from the vertex zp opposite to F, one readily
verifies that the shape functions are

0 (z) := ;TI?I( —2p), Yz eR? VFe Fg, (14.3)
where tp i := 1 if v points outward and ¢z x := —1 otherwise (i.e., tpx =

np-ng where ng is the outward unit normal to K). The normal component
of 8%, is constant on each of the (d+ 1) faces of K (as expected), it is equal to
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1 on F and to 0 on the other faces. See Exercise 14.1 for additional properties
of the RT 4 shape functions.

14.2 The polynomial space RT} ,

We now generalize the construction of §14.1 to an arbitrary polynomial order
k € N. Let d > 2 be the space dimension. Recall from §7.3 the multi-index
set Ay.q = {a € N?| |a| < k} where |a] := a1 + ... + ag. We additionally
introduce the subset A}, := {o € Aya|lal = k}. For instance, Ay, =
{(07 0), (1,0), (0, 1)} and “411{,2 = {(17 0), (0, 1)}

Definition 14.2 (Homogeneous polynomials). A polynomial p € Py 4
is said to be homogeneous of degree k if p(x) = ZaeAgd aax® with real
coefficients an. The real vector space composed of homogeﬁeous polynomials
1s denoted by IP’E)d or ]P’E when the context is unambiguous.

Lemma 14.3 (Properties of ]P)E,d)' We have ©-Vq = kq (Euler’s identity)
and V-(xq) = (k + d)q for all ¢ € P}/,

Proof. By linearity, it suffices to verify the assertion with ¢(x) = x¢
for all o € Ag,w We have x-Vq = Zie{l:d} oG]t ...xf”_l NS

(Xieq1:ay ®i)a = kq. Moreover, the assertion for V-(zq) follows from the
observation that V-@ = d and V-(zq) = ¢V-x + x-Vq. O

Definition 14.4 (RTy 4). Let k € N and let d > 2. We define the following
real vector space of R%-valued polynomials:

RT; q :=Pra @ Py, (14.4)

The above sum is direct since polynomials in x P %.a are members of ]P’,ch1 ds
whereas the degree of any polynomial in Py, 4 does not exceed k.

Example 14.5 (k =1, d = 2). dim(RT5) =8 and {(}), (5 ), (§). (9),
(IOI), (IOQ), <1ﬁ2)’ (x;?)} is a basis of RT ». O
Lemma 14.6 (Dimension of RTy ;). dim(RTy 4) = (k+d+ 1)(k+d 1), in
particular diim(RTy 2) = (k+1)(k+3) and dim(RT 3) = 5(k+1)(k+2)(k+4).

Proof. Since dim(Py 4) = (k+d) dlm(PEd) (k+g "), and the sum in (14.4)

is direct, dim(RTy, 4) = d(ki‘d) + (’“rg 1) (k+d+ 1)(k+2—1). O

Lemma 14.7 (Trace space). Let H be an affine hyperplane in R with
normal vector nyg, and let Ty : R™1 — H be an affine bijective mapping.
Then vjgnp € Pya_10Ty" for allv € RTy 4.
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Proof. Let v € RTy, g withv =p+xq,p € Py 4,and g € ]P’E’d. Let x € H and
set y 1= Tgl(m). Since the quantity x-ny is constant, say x-ny =: cy, we
infer that (vjg-nu)(®) = (pjg-nu)(@) + (wnm)g(z) = (po Tu)nu)(y) +
cr(qoTy)(y). Hence, (vigny)oTy = (poTu)ny +cu(qoTy), and both
terms in the sum are in P 41 by virtue of Lemma 7.10. a

Remark 14.8 (T ). Consider a second affine bijective mapping Ty : R
H. Since S := Tgl o Ty is an affine bijective mapping from R4~1 onto itself,
we have Py g1 08 = Py q-1. Hence, Pr 41 0 Tf}l =Prg-1080 T’gl =
Pra—10 Tgl. This proves that the assertion of Lemma 14.7 is independent
of the mapping Ty. O

Lemma 14.9 (Divergence). V-v € P4 for all v € RTy 4, and if the
function v is divergence-free, then v € Py, 4.

Proof. That Vv € Py 4 follows from v; € Ppyqq for all ¢ € {1:d}. Let
v € RT}, 4 be divergence-free. Since v € RTy, 4, there arep € P, sand g € ]P’I,id
such that v = p+axq. Owing to Lemma 14.3, we infer that V-p+ (k+d)g = 0,
which implies that ¢ = 0 since ]P’gd NPy_1,¢ = {0} if £ > 1. The argument
for k = 0 is trivial. Hence, v =p € Py 4. O

14.3 Simplicial Raviart—Thomas elements

Let &k € N and let d > 2. Let K be a simplex in R%. Each face F € Fx of
K is oriented by the normal vector vp := |F|np (so that |vp|lez = |F)).
The simplex K itself is oriented by the d vectors {vk ; := |Fj|nr,}jcqi:ay
where {Fj}jcq1.qy are the d faces of K sharing the vertex with the lowest
index. Note that {vk ;}jeq1.ay is a basis of R? (see Exercise 7.3(iv)), and
this basis coincides with the canonical Cartesian basis of R? when K is the
unit simplex. The dofs of the RT}, 4 finite element involve integrals over the
faces of K or over K itself (for k > 1). Since the face dofs require to evaluate
moments against (d — 1)-variate polynomials, we introduce an affine bijective
mapping Tr : Sl 5 Fforall F € Fk, where S4-1 ig the unit simplex of
R?~1; see Figure 14.2. For instance, after enumerating the d vertices of S9!
and the (d + 1) vertices of K, we can define T such that the d vertices of
Sa-1 are mapped to the d vertices of F' with increasing indices.

Definition 14.10 (dofs). We denote by X the collection of the following
linear forms acting on RTy, 4:

1
Ol (V) = 7 /F(’U-I/F)(Cm oTxt)ds, VF € Fg, (14.5a)

1
75m (V) :ZW/K(U'VK,J‘)wmdxa Vje{l:d},  (14.5b)
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Fig. 14.2 Reference face Sd-1 and mapping Tr for d = 2 (left, the face F is indicated in
bold) and d = 3 (right, the face F' is highlighted in gray).

where {Gm}meqi:nt, y 15 @ basis of Py a1 with nty o= dim(Pg 1) = (7757
and {wm}me{lzngh} is a basis of Pr_1,q with ng = dim(Py_1,4) = (d',:ﬁf)
if k> 1. We regroup the dofs as follows:
2;' = {U%m}me{l-nghp VF € .7:](7 (146&)
X = {05 m(myeft:dyx{1:n5, }- (14.6Db)

Remark 14.11 (dofs). The unit of all the dofs is a surface times the dimen-
sion of v. We could also have written 0§, (v) := Ot S5 (v-€;)¢r, dz for the
cell dofs, where {f is a length scale of K and {e;};e(1.q4} is the canonical
Cartesian basis of R%. We will see that the definition (14.5b) is more natural
when using the contravariant Piola transformation to generate other finite
elements. The dofs are defined here on RT}, 4. Their extension to some larger
space V(K) is addressed in Chapters 16 and 17. O

Lemma 14.12 (Invariance w.r.t. Tr). Assume that every affine bijective
mapping S : 871 = §9=1 leaves the basis {Cntmeqiing,y globally invariant,
ie., {CGntmeqiint 3 = {Gn 0 Stmeqint, - Then for all F € Fi, the set py
is independent of the affine bijective mapping Tr.

Proof. Let T, Tr be two affine bijective mappings from §d:1 to F. Then
S = T_1 o Ty is an affine bijective mapping from S?1 to S?~1. Let m €
{1:n h} The invariance assumption implies that there exists ¢,, n € {1:nf, },
s.t. G 08 = (,. Hence, with obvious notation we have

Flofm(o) = [ (@we)(Gn o Tr ) ds
— [ R (o)) ds = [ (wup) (Gt ds = [Floh, (o). O
F F

Example 14.13 (Vertex permutation). For every affine bijective map-
ping S : S9! — 591 there is a unique permutation o of the set {0:d—1}
s.t. 8(2;) = Z,(;) for all i € {0:d—1}, where {Z;};icf0.4—1) are the vertices of
Sd_l. Then the above invariance holds true holds true iff all the vertices of
S4=1 play symmetric roles when defining the basis functions {¢p }e (Lenf }-
For instance, for d := 2, §! := [0,1], and k := 1, the basis {1,s} of Py ; is
not invariant w.r.t. vertex permutation, but the basis {1 — s, s} is. O
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A graphic representation of the dofs is shown in Figure 14.3. The number
of arrows on a face counts the number of moments of the normal component
considered over the face. The number of pairs of gray circles inside the triangle
counts the number of moments inside the cell (one circle for the component
along v 1 and one for the component along v o).

Fig. 14.3 Degrees of freedom of RT}, 4 finite elements for d = 2 and k = 1 (left) or k =2
(right) (assuming that all the normals point outward).

Lemma 14.14 (Face unisolvence). For allv € RTy 4 and all F € F,
[o(v) =0, Vo € £5] < [vpvr=0] (14.7)

Proof. The condition o(v) = 0 for all ¢ € X%, means that vp-vp is orthog-
onal to P g1 © Tgl. Since Lemma 14.7 implies that vp-vr € Py g1 0 Tgl,
we infer that vpvr = 0. O

Proposition 14.15 (Finite element). (K,RTy 4,Y) is a finite element.

Proof. We have already established the assertion for k£ = 0. Let us consider
k > 1. Observe first that the cardinality of > can be evaluated as follows:

card(¥) = dn, + (d + 1)ng, d(ﬁfIl) +(d+1)(d+:_1>
_ (d+k-1) ) d+1
T @D < ;

) = dim(RT},q).

Hence, the statement will be proved once it is established that zero is the
only function in RT} 4 that annihilates the dofs in X. Let v € RTj 4 be
such that o(v) = 0 for all ¢ € ¥. Owing to Lemma 14.14, we infer that
vp-vp = 0 for all F € Fg. This in turn implies that [, v-(VV-v)dz =
— [ (V-v)?da. Observing that VV-v is in Py_y 4 (recall that Vv € Prq
from Lemma 14.9), the assumption that o(v) = 0 for all o € X° (ie., v is
orthogonal to Px_; 4), together with the above identity imply that V-v = 0.
Using Lemma 14.9, we conclude that v € Py g and vjp-vp = 0 for all F' € Fp.
Let j € {1:d}. Since vk ; = vp, = |Fj|np, for some face F; € Fg, we infer
that v(z)-vk,; = Aj(z)r;(x) for all © € K, where A, is the barycentric
coordinate of K associated with the vertex opposite to F; (i.e., A; vanishes
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on Fj) and r; € Py_yq; see Exercise 7.4(iv). The condition o(v) = 0 for
all 0 € X implies that [} (v-vk ;)rjde = 0, which in turn means that

= [k )rjde = [ Ajr? dz, thereby proving that r; = 0 since \;
is positive in the interior of K. Hence, v-vk ; vanishes identically for all
j € {1:d}. This proves that v = 0 since {vk ;}je(1:q} is a basis of RY. O

The shape functions {6;};cn associated with the dofs {o;};cn defined
in (14.5) can be constructed by choosing a basis {¢; };car of the polynomial
space RT} 4 and by inverting the corresponding generalized Vandermonde
matrix V as explained in Proposition 5.5. Recall that this matrix has entries
Vi; = 0j(¢;) and that the i-th line of V! gives the components of the shape
function 6; in the basis {¢; }iear. The basis {¢; }ienr chosen in Bonazzoli and
Rapetti [31] (built by dividing the simplex into smaller sub-simplices following
the ideas in Rapetti and Bossavit [163], Christiansen and Rapetti [70]) is
particularly interesting since the entries of V~! are integers. One could also
choose {¢; }icn to be the hierarchical basis of RT}, 4 constructed in Fuentes et
al. [103, §7.3]. This basis can be organized into functions attached to the faces
of K and to K itself in such a way that the generalized Vandermonde matrix
V is block-triangular (notice though that this matrix is not block-diagonal).

Remark 14.16 (Dof independence). As in Remark 7.20, we infer from
Exercise 5.2 that the interpolation operator I?( associated with the RT 4
element is independent of the bases {¢m}me(1:nt,y and {tm}mef1:ng,} used
to define the dofs in (14.5). This operator is also independent of the mappings
Tr and of the orientation vectors {vr}rer, and {vi ;}jeq1:a;- O

Remark 14.17 (Literature). The RT, , finite element has been introduced
in Raviart and Thomas [164, 165] for d = 2; see also Weil [198, p. 127],
Whitney [199, Eq. (12), p. 139] for k& = 0. The generalization to d > 3 is
due to Nédélec [151]. The reading of [151] is highly recommended; see also
Boffi et al. [29, §2.3.1], Hiptmair [117], Monk [145, pp. 118-126]. The name
Raviart-Thomas seems to be an accepted practice in the literature. a

14.4 Generation of Raviart—Thomas elements

Let K be the reference simplex in RY. Let Tr be an affine simplicial mesh. Let
K= TK(K) be a mesh cell, where Tk : K — K is the geometric mapping,
and let Jx be the Jacobian matrix of Tk. Let F' € Fk be a face of K. We
have F' = Ty (F') for some face F' € F. Owing to Theorem 10.8, it is possible
(using the increasing vertex-index enumeration) to orient the faces F and F
in a way that is compatible with the geometric mapping Tk . This means that
the unit normal vectors np and Nz satisfy (10.6b), i.e., np = % (R ) with
&4, defined in (9.14a). In other words, we have
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1
npoTy s =ex—— T fig, 14.8
F K|F K”J[—{ ﬁﬁ”Z? K F ( )
where e = ﬁ:%gl = +1. Recalling that vp = |Finp, Uz := |ﬁ|ﬁﬁ and

that |F| = |det(Jx)||| T % ﬁﬁ||52|ﬁ| owing to Lemma 9.12, we infer that
v o Ty p = det(J) I D (14.9)

Due to the role played by the normal component of vector fields on the
faces of K, we are going to use in Proposition 9.2 the contravariant Piola
transformation

P& (v) = det(Jr)J ' (v o Tk) (14.10)

to define Raviart-Thomas elements on K from a reference Raviart—Thomas
element defined on K. For scalar fields, we consider the pullback by the geo-
metric mapping, i.e., ¥%(¢) := g o Tk. Finally, we orient K and K with the

d vectors {vk ; = |Fj|nF,; }je1.qp and {I//\R’j = |Fj|np, }jeq1:a) associated
with the d faces of K and K that share the vertex with the lowest index, i.e.,

we have F; = Tk (ﬁj) for all j € {1:d}. The above considerations show that
vijoTk = det(JK)J;(Tﬁf(j for all j € {1:d}.

Lemma 14.18 (Transformation of dofs). Let v € C°(K) and let q €
C°(K). The following holds true:

ﬁ /F(v'VF)qu = |;?w| /ﬁ(lﬂ?{(v)Aﬁ)wi(q) ds, VF € Fg, (14.11a)
L/ (vvk j)gde = é/ (Q/,d (0)-Dp VU5 (q)dF, Vj € {1:d}. (14.11b)
|K| Jk 7 K| J& K R.j/VK )

Proof. The identity (14.11a) is nothing but (10.7a) from Lemma 10.4, which
itself is a reformulation of (9.15a) from Lemma 9.13 (the fact that Tk is affine
is not used here). The proof of (14.11b) is similar since

t/<vqaanqu::jﬂ<vo1ao<ukdozaowi<mkquKnda
K K

— [ k()P 0 (@ldet (1)) 43

R
and since Ty is affine, we have |K| = |det(Jx)| | K]. O

Proposition 14.19 (Generation). Let (I?,IT’, 2’) be a simplicial RTy, 4 ele-
ment with face and cell dofs defined using the polynomial bases {Cm}me{l:nﬁh}
and {wm}me{lzngh} (ifk > 1) of Py a—1 and P_1 g, Tespectively, as in (145)
Assume that the geometric mapping Tk is affine and that (14.9) holds true.
Then the finite element (K, Py, X k) generated using Proposition 9.2 with
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the contravariant Piola transformation (14.10) is a simplicial RTy 4 finite
element with dofs

1

Th(0) = T /F (019) (G © Tigy) ds, VF e Fi,  (14.123)
1 _ .

%5m() = 7 /K (vvic;)(mo Ty da, V)€ {1:d),  (14.12b)

where T f := TK|ﬁ oTs is the affine bijective mapping from S4-1 to F that

maps the d vertices of S4=1 to the d vertices of F' with increasing indices.

Proof. See Exercise 14.4 for the proof that Px = RT} 4. Use Lemma 14.18
to prove (14.12a)—(14.12b). O

Remark 14.20 (Unit). Given some length unit L, the shape functions scale
as L'~ since the unit of all the dofs is L. a

Remark 14.21 (Nonaffine meshes). Proposition 9.2 together with the
map z,bg( defined in (14.10) can still be used to generate a finite element
(K, Pg, Xk) if the geometric mapping Tk is nonaffine. The function space
Py and the dofs in Yk then differ from those of the RT}, 4 element. a

14.5 Other H (div) finite elements

14.5.1 Brezzi-Douglas—Marini elements

Brezzi-Douglas—Marini (BDM) elements [49, 50] offer an interesting alter-
native to Raviart—Thomas elements since in this case the polynomial space
is P :=Pyq C RT}; 4, £ > 1. This space is optimal from the approximation
viewpoint. The price to pay for this simplification is that the divergence oper-
ator V- is surjective from P 4 onto P,_1 4 only. This is not a limitation if the
functions one wants to interpolate are divergence-free (or have a divergence
that belongs to Px_1 4).

Let K be a simplex in R%. The dofs of BDM elements are attached to
the (d 4+ 1) faces of K and to K itself (for k& > 2). The face dofs are the
same as for Raviart-Thomas elements, i.e., the linear forms J%M defined
in (14.5a) for all F € Fx and every m € {1:nl } with nf, = dim(Py 4_1).
Note that the cell dofs for Raviart—Thomas elements are moments against a
set of basis functions of P;,_; 4, whereas those for BDM elements are moments
against a set of basis functions of the Nédélec polynomial space Nj_s 4 intro-
duced in the next chapter (see §15.2). At this stage, it is sufficient to know
that Pr_24 € Niy_24 C Pr_1 4 and that dim(Nk,QQ) = (k‘ — 1)(/€ + 1) and
dim(Nj_2,3) = 3(k — 1)(k + 1)(k + 2) (see Lemma 15.7). We define
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5, (v) ::/Kv-q,z?mdx, Vm € {1:75,}, (14.13)

where {'@m}me{lzﬁ:h} is a basis of N _2 4 and 1, := dim(Nj_5 ). Let us set
=0 rerrme(iing,} Y05 meq ag, -

Proposition 14.22 (Finite element). (K,Py 4, X) is a finite element.
Proof. See Boffi et al. [29, p. 88]. |

Hierarchical basis functions for the BDM element are constructed in
Ainsworth and Coyle [6], Schéberl and Zaglmayr [176].

Remark 14.23 (Generation). Generating BDM elements also involves the
covariant Piola transformation 5. (w) := Jk (w o Tx) defined in (9.9b), so

that [ v, dz = ex [z Y& (V) Y% (Pr) AT with e = ﬁf}:%i%l =+1. O

14.5.2 Cartesian Raviart—Thomas elements

Let us briefly review the Cartesian Raviart—Thomas finite elements. We refer
the reader to Exercise 14.6 for the proofs. For a multi-index a € N¢, we
_____ o, composed of d-variate
polynomials whose degree with respect to x; is at most «; for all ¢ € {1:d}.
Let k € N and define

RTkD,d = Qugi kX oo XQp ke kg1 (14.14)

Since dim(Qp41. 5, %) = ... = dim(Qx,._ g x+1) = (k+2)(k+ 1)1, we have
dim(RTEd) = d(k + 2)(k + 1)4=1. Moreover, one can verify that

Ve Qk,da Vg VH c Qk’dflngl, (14.15)

for all v € RTE 4 and every affine hyperplane H in R? with normal vector
vy parallel to one of the vectors of the canonical basis of RY and where
Ty : R — H is any affine bijective mapping.

Let K be a cuboid in R%. Each face F' € Fg of K is oriented by the normal
vector vp with ||[vg|;2 = |F|. Let Tr be an affine bijective mapping from
[0,1]971 onto F. Let us orient K using vy ; := |Fjle; for all j € {1:d}, where
{e;};eq1:ay is the canonical basis of R? and |F}| is the measure of any of the
two faces of K supported in a hyperplane perpendicular to e;. Let X be the
set composed of the following linear forms:

1
Ol (V) = 0 /F(v-up)(cm oTy')ds, VF € Fr, (14.16a)

1
05 (V) = & /K(1;~VK7j)wj,m dz, Vi € {1:d}, (14.16b)
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where {Cnl}imeqiint ) is a basis of Qga-1 with nf, == (k+ 1)?1, and
{wj,m}me{lzn;?h} is a basis of @k,.“,k,k—l,k,“.,k with ngh = k‘(k) + l)d_l if
k > 1, with the index (k — 1) at the j-th position for all j € {1:d}.

Proposition 14.24 (Finite element). (K, RTEd,E) is a finite element.

Cartesian Raviart-Thomas elements can be generated for all the mesh
cells of an affine mesh composed of parallelotopes by using affine geomet-
ric mappings and the contravariant Piola transformation (recall, however,
that orienting such meshes and making the orientation generation-compatible
requires some care; see Theorem 10.10).

Example 14.25 (Shape functions and dofs for RTf,). Let K := [0, 1]%.
Let F; and Fyy; be the faces defined by z; = 0 and z; = 1, respectively, for
all i € {1:d}. Using the basis function ¢; := 1 for Qg q—1, the 2d dofs are
the mean-value of the normal component over each face of K, and the shape
functions are 0% (z) := (1 — 2;)np, and 6%, (x) = znp, for all i € {1:d}.
The dofs are illustrated in Figure 14.4. O

i

Fig. 14.4 Degrees of freedom of the lowest-order Cartesian Raviart—Thomas element
]RT(I)jd in dimensions two (left) and three (right, only visible dofs are shown).

Remark 14.26 (Other elements). Alternative elements are the Carte-
sian Brezzi-Douglas—Marini elements in dimension two, the Brezzi-Douglas—
Durédn—Fortin elements in dimension three (see [49, 50]), and their reduced
versions by Brezzi-Douglas—Fortin—Marini [51]. O

Exercises

Exercise 14.1 (RTy 4). (i) Prove that fK LF,KB% dxr = e¢p — ¢k, where 0%
is defined in (14.3), and ¢p, ci are the barycenters of F' and K, respectively.
(Hint: use (14.3) and [, xds = |F|cp.) Provide a second proof without
using (14.3). (Hint: fix e € R, define ¢(x) = (x—cF)-e, observe that V¢ = e,
and compute e- [, 0% dz.) (ii) Prove that Y o Ferx |F|6%(x) @ np = 1 for
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all x € K. (Hint: use (7.1).) (iii) Prove that v(z) = (v)x + 2(V-v)(z — ck)
for all v € RTy 4, where (v)g := ﬁ fK v dz is the mean-value of v on K.

Exercise 14.2 (RTy 4 in 3D). Let d = 3. Let F;, i € {0:3}, be a face of K
with vertices {a,,ap, ag} s.t. ((zy—2,)%(2p — 2,)) ng|p, > 0. (i) Prove that
VApxV Ay = Fgt and prove similar formulas for VAgx VA, and VA, x VA,
(Hint: prove the formula in the reference simplex, then use Exercise 9.5.) (ii)
Prove that Of = —2(A VA X VA + A VA XV A, + A VA, xV ). Find the

counterpart of this formula if d = 2.

Exercise 14.3 (Piola transformation). (i) Let v € CY(K) and ¢ €
C%(K). Prove that [, qVwde = [pv¢%(q)V-¥5(v)dz. (ii) Show that
[ v-0da = ex [ Y5 (v)4p5(6)dT for all 8 € C*(K).

Exercise 14.4 (Generating RT; ). (i) Let ¢ € R?, ¢ € ]P’E,d, and
A € R4 Show that there is r € Pr_1,4 such that ¢(Ay + ¢) =
q(Ay) + r(y). (ii) Defining s(y) := ¢(Ay), show that s € Pllid,. (iii) Prove
that (&) 1 (RT}.q) C RTy 4. (iv) Prove the converse inclusion.

Exercise 14.5 (BDM). Verify that card(X) = dim(PPx 4) for d € {2, 3}.

Exercise 14.6 (Cartesian Raviart—Thomas element). (i) Propose a
basis for RTg, and for RTg in K := [0,1]%. (ii) Prove (14.15). (iii) Prove
Proposition 14.24.
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®

Check for
updates

H (curl) finite elements

The goal of this chapter is to construct R%valued finite elements (K, P, X))
with d € {2, 3} such that (i) Py q C P for some k > 0 and (ii) the degrees of
freedom (dofs) in X fully determine the tangential components of the poly-
nomials in P on all the faces of K. The first requirement is key for proving
convergence rates on the interpolation error. The second one is key for con-
structing H (curl)-conforming finite element spaces (see Chapter 19). The
finite elements introduced in this chapter are used, e.g., in Chapter 43 to
approximate (simplified forms of) Maxwell’s equations which constitute a
fundamental model in electromagnetism. The focus here is on defining a ref-
erence element and generating finite elements on the mesh cells. The interpo-
lation error analysis is done in Chapters 16 and 17. We detail the construction
for the simplicial Nédélec finite elements of the first kind. Some alternative
elements are outlined at the end of the chapter.

15.1 The lowest-order case

Let us consider the lowest-order Nédélec finite element. Let d € {2,3} be the
space dimension, and define the polynomial space

No,g :=Poq ® 81,4, (15.1)

where S 4 == {q € P, | g(x)-x = 0}, i.e.,

S 2 :=span { ( S )} , Si,3 := span { ( —xog ), ( o ), (7;0? ) } . (15.2)

Z2 —Z1

The sum in (15.1) is indeed direct, so that dim(Ny4) = @ = d (ie.,
d=3ifd=2and d =6 if d = 3). Note that d’ is the number of edges of
a simplex in R?. The space Ny 4 has several interesting properties. (a) One

has Py 4 C Ny g4 in agreement with the first requirement stated above. (b)
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The gradient of v € Ny 4 is skew-symmetric. Indeed, only the component
q € S; 4 contributes to the gradient, and the identity 0,,.,(q(x)-x) = 0,
i # j, yields 0;q; + 0;¢; = 0. (c) If v € Ny 4 is curl-free, then v is constant.
Indeed, v being curl-free means that Vv is symmetric, which implies Vv = 0
owing to (b). (d) The tangential component of v € Ny 4 along an affine line
in R¢ is constant along that line. Let indeed @,y be two distinct points
on the line, say L, with tangent vector t;. Then there is A € R such that
tr, = Mz — y) and since v = r + q with r € Py 4 and g € S; 4, we infer that
v(x)tr —v(y)tr = (q(x) — q(y))tr = A\g(x —y)(x —y) = 0.

Let K be a simplex in R? and let Ex collect the edges of K. Any edge E €
Ex is oriented by fixing an edge vector tg s.t. [[tg|/;2 = |E|. Conventionally,
we set tg 1= 2z, — zp, Where 2, 2, are the two endpoints of E with p < q.
We denote by X' the collection of the following linear forms acting on Ny 4:

1
0% (v) = E/(’u-tE)dl, VE € &x. (15.3)
E
Note that the unit of 0%,(v) is a length times the dimension of v. A graphic

representation of the dofs is shown in Figure 15.1. Each arrow indicates the
orientation of the corresponding edge.

4
3
1 3
Fig. 15.1 Degrees of freedom of the Ny 4
finite element in dimensions two (left) and 1 2
dimension three (right). 2

Proposition 15.1 (Face (edge) unisolvence, d = 2). Let v € Ngo. Let
E € &k be an edge of K. Then o4, (v) = 0 implies that vjp-tg = 0.

Proof. Since we have established above that v|p-tg is constant, the assertion
follows readily. O

Proposition 15.2 (Finite element, 2D). (K,Ny 3, Y) is a finite element.

Proof. Since dim(Np 2) = card(X) = 3, we just need to verify that the only
function v € Ny o that annihilates the three dofs in X is zero. This follows
from Proposition 15.1 since span{tg}pce, = R2. O

The above results hold also true if d = 3, but the proofs are more intricate
since the tangential component on an affine hyperplane of a function in Ny 3 is
not necessarily constant. Let F' € Fx be a face of K and let us fix a unit vector
ngr normal to F. There are two ways to define the tangential component
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of a function v on F: one can define it either as vxng or as IIp(v) =
v — (v-np)np. We will use both definitions. The first one is convenient when
working with the Vx operator. The second one is more geometric. The two
definitions produce ¢?-orthogonal vectors since (vxnp)-IIr(v) = 0 as shown
in Figure 15.2.

Fig. 15.2 Two possible definitions of the fa
tangential component of a vector.

Proposition 15.3 (Face unisolvence, 3D). Letv € Ny 3. Let F' € Fi be
a face of K and let Ep be the collection of the three edges of K forming the
boundary of F'. Then o4 (v) =0 for all E € Ep implies that vjpxnp = 0.

Proof. Let 52 be the unit simplex in R2. Let Tp : 52 - F be defined by
Tr(0,0) := zp, Tr(1,0) := 24, Tr(0,1) := z,, where z,, 24, 2, are the three
vertices of F enumerated by increasing vertex-index. Let Jg be the 3x2
Jacobian matrix of Tr. Note that for all ¥ € R? the vector Jp¥ is parallel
to F and Tp(y) — zp = Jry. Let v =r + q with r € Py 3 and g € Sq 5. Let
us set ¥ := JLIp(voTr) and let us show that v € Ny 5. For all g € R?, we
have

y0(y) =y (Jplr(v(Tr(9)) = - Jplr(r + a(Tr())))
=g (Jpllr(r+ q<z,,> +a(Jr9)))
= g-plr(r+a(2)) + Jry)-(aJry)).
Setting ¢ J}H (r + q(z,)) € R? and using that g € S; 3, we infer that
Yy-v(y) = y-¢. Since v E]P1 2, we have © = 7+ ¢ where 7 € Py 5 and q € P! 9

Then y-7 + 7-q(y) = y-¢ for all y € R2. This implies that the quadratic form
Y-q(y) is zero. Hence, ¥ € Ny 2. Let now E be any of the three edges of S2.
Then E := Tr(FE) is one of the three edges of F. We obtain that

/A(ﬁ-té)dlA: /A(J}HF(UOTF))'tEdZ\
E E

/(voTF)tEdl 12| v.tEd1:|E|a}3(v)=0.
B |E]

Since ¥ € Ny 2 annihilates the three edge dofs in §2, Proposition 15.2 implies
that © = 0. After observing that im(I/1r) is orthogonal to ker(JL), we con-
clude that the tangential component of v on F is zero. O



176 Chapter 15. H (curl) finite elements

Proposition 15.4 (Finite element, 3D). (K,Ng3,X) is a finite element.

Proof. Since dim(Ng3) = card(X) = 6, we just need to verify that the
only function v € Ny 3 that annihilates the six dofs in X is zero. Face
unisolvence implies that vjpxnp = 0 for all F' € Fg. Let (e1, ez, e3) be
the canonical basis of R®. Using (4.11), we infer that [, (Vxwv)-e;dz =
- faK(van)ei ds = 0, where ng is the outward unit normal to K. Since
V xw is actually constant on K, we have Vxv = 0, and we have seen that
this implies that v € Py 3, i.e., v = Vp for some p € P; 3. Integrating Vp
along the edges of K, we infer that p takes the same value at all the vertices
of K. Hence, p is constant, which in turn implies that v is zero. a

One can verify that the shape functions are such that
0%(x) = Mp(2)VAg — N(2)V A, VE € &k, (15.4)

for all z € K, with tg := z,—z,. For every E’ € i, we have 0%t = dppr.
We refer the reader to Exercise 15.3 for additional properties of the N 3 shape
functions.

15.2 The polynomial space N 4

Let k € N and let d € {2,3} (the material of this section extends to any
dimension d > 2). Let IP’II;{ 4 be the space of the homogeneous polynomials of

degree k (see Definition 14.2). Set P}l ; := [P}l ;¢ and Py, 4 := [Py 4]*.

Definition 15.5 (Ny 4). We define the following real vector space of Re-
valued polynomials:

Nk7d = Pk,d @Sk+17d, with Sk+17d = {q (S ]PI];I_,'_Ld | q(.’I)):B = O} (155)
Note that the above sum is direct since Py g NSki1,04 C PraN ]P’EH?d = {0}.

Example 15.6 (Space Ss,4). The set {(—x3,7122)7, (z122,—23)7} is a
basis of Sp, and the set {(—3,x122,0)7, (—2%,0,2123)7, (v172, —23,0)T,
(0, =23, mox3) T, (2123,0, —27)T, (0, zaw3, —23)7, (w3, —w123,0)7, (0, 2123,

—x122)"} is a basis of S3 3. Note that dim(Sz2) = 2 and dim(Sz3) =8. O
Lemma 15.7 (Dimension of Ny ). Let k € N and d > 2. We have

. k+d+1)!
dlm(Nk7d) = k'((dl)w (156)

Hence, dim(Ny2) = (k + 1)(k + 3) and dim(Ny,3) = $(k + 1)(k + 3)(k + 4).
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Proof. (1) Let us first prove that the map ¢ : ]Pg,d Sp—=axp€E IF’EH,d is
surjective. By linearity, it suffices to prove that for each monomial ¢ € P} 1.4
s.t. q(x) == x* with |a] := k + 1, there is 7 € P} ; such that ¢(z) = z-r(x).
Let {€;}icq1.qy be the canonical Cartesian basis of R<. Since |a| = k+1 > 1,
there exists i € {1:d} s.t. a; > 1. Setting r(z) == 2" ... 2% " ...25%;, we
have r € P}l ; and g(z) = z-r(x).

(2) Observing that ker(¢) = Sg.q, the rank nullity theorem implies that
dim(Sy,q)+dim(im(¢)) = dimP} ;, i.e., dim(Sg 4) = ddim P} ;—dim P}, , =
d(kJrZ*l) - (k+d) = (kﬂf*l)( ktdy — p_(Rd-D! - The sum in (15.5) being

k+1 T k+1 (k+1)I(d—2)!
direct, we conclude that
dim(Ny q) = ddim(P,q) + dim(Sk+1,4)
(k+d)! (k+ad)! (k+d+1)!
= — 7 kE+1 = . O
pa—n T PV a2 T - D+ 2)

Lemma 15.8 (Trace space). Let H be an affine hyperplane in R?, let ng
be a unit normal vector to H, and let Ty : R*™Y — H be an affine bijec-
tive mapping with Jacobian matriz Jg. Let Iy (v) := v — (v-ng)ng be the
(2-orthogonal projection of v onto the tangent space to H (i.e., the linear
hyperplane in R? parallel to H). Then J};HH(’U‘H) € Npg_10 Tf}l for all
v E Nk,d~

Proof. Identical to the proof of Proposition 15.3. O

Lemma 15.9 (d = 2). Nyy = Rz (RTy ), where Rz is the rotation of
angle 5 in R2, i.e., R-x = (—x9,21)" for all x = (x1,22)" € R2.

Proof. See Exercise 15.4. O

Lemma 15.10 (Curl). Assume d € {2,3}. Then Vxv € Py 4 for all v €
Ny a, and if Vxv = 0, there is p € Pry1,q4 such that v = Vp (that is,
v E ]Pk,d)-

Proof. That Vxv € Py 4 results from Ny g C P;41 4. The condition Vxv =0
together with v € Ny g C Pyy; 4 implies that there is p € Py42 4 such that
v = Vp. The definition of Ny 4 implies that v = Vp; 4+ Vpy with p; € Pry1.4
and Vpy € Si41,4. We infer that pa(z) — p2(0) = fol Vpa(tz)-(te)t=1 dt = 0,
which means that p, is constant. Hence, v = Vp; with p1 € P11 4. |

15.3 Simplicial Nédélec elements

Let k € N and let d € {2,3}. Let K be a simplex in R?. In this section, we
define the dofs in order to make the triple (K,Nj 4, 2) a finite element. The
construction can be generalized to any dimension.
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15.3.1 Two-dimensional case

Let us orient the three edges E € £k of K with the edge vectors tg. Let us
orient K with the two vectors {tx ;};c(1,2) which are the edge vectors for the
two edges of K sharing the vertex with the lowest enumeration index. Note
that {tx ;}jeq1,2} is a basis of R%. Let Tg be an affine bijective mapping
from the unit simplex S* := [0,1] in R onto E. We define the dofs of the
two-dimensional Nédélec element (K,Ny, 2, X) as follows:

UeE,m(U) = % L(Ui];)(ﬂ,m ] Tgl) dl, VE € 5[(, (1573)
1 .
aj—ym(v) = m /K(v'tK,jWJm dz, Vi e {1:2}, (15.7b)

where {im me{1:ne,} is a basis of Py 1 with ng, := dim(Py1) = k + 1, and
{¥m}tme(iine,} is a basis of Py_j o with ng, = dim(Py_12) = 1k(k+ 1) if
k> 1.SinceNg 2 = Rz (RT%,2) owing to Lemma 15.9 and since the above dofs
are those of the RT}, » finite element once the edges (faces) are oriented by the
vectors vg := Rz (tg) and K is oriented by the vectors vi ; = Rz (tx,j), it
follows from Proposition 14.15 that the triple (K,Ny 2, X) is a finite element
for all £ > 0. The unit of all the above dofs is a length times the dimension
of v.

Remark 15.11 (2D Piola transformations). Owing to the identity AT =
det(A)R%lA_le for all A € R?*2, the two-dimensional contravariant and

covariant Piola transformations satisfy Rz (4% (v)) = ¥% (Rz (v)). O

15.3.2 Three-dimensional case

Let K be a simplex (tetrahedron) in R3. Let £x be the collection of the six
edges of K and let Fx be the collection of the four faces of K. Each edge
E € &k is oriented by the edge vector tg := z4 — z,, where z,, z, are the
two vertices of E with p < ¢ (note that ||tg||;z = |E|). Each face F € Fk is
oriented by the two edge vectors {tp;}jeq1,2y With tpy = 24 — 2p, tpp =
Zr — 2zp, Where z,, 24, 2, are the three vertices of F' with p < ¢ < r. Note
that the unit normal vector np is then defined as tp1Xtra/||tr1 Xtra| e;
see for instance (10.9). Note also that {tr;},c(1,2) is a basis of the tangent
space of the affine hyperplane supporting F'. Finally, the cell K is oriented
by the three edge vectors {tx ;}jeq1.3) With tx 1 1= 24 — 2, tx o 1= 2, — 2p,
ti 3 = 25 — Zp, Where 2, 24, 2, 2, are the four vertices of K with p < ¢ <
r < s. Note that {tf ;};e(1:3) is a basis of R3. In order to define dofs using
moments on the edges and moments on the faces of K, we introduce affine
bijective mappings T : S? — F and Tg : S* — E, where S? is the unit
simplex in R? and S! is the unit simplex in R; see Figure 15.3. For instance,
after enumerating the vertices of S', S2, these mappings can be constructed
by using the increasing vertex-index enumeration technique of §10.2.
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E T,

Fig. 15.3 Reference edge S and reference face 52 with the corresponding mappings.

Definition 15.12 (dofs). The set X is defined to be the collection of the
following linear forms acting on Ny, 3:

1

05 m(v) = 3] /E(v-tE)(,um oT,')dl, VE €&k (15.8a)
1 .

oh s m(v) = E/F(v-tp,j)(gm oT5Y)ds, VF e Fi,Vje{l,2}, (15.8b)

1 .

05 m(v) 1= m /K(v.tKJWJm dz, v e {1,2,3}, (15.8¢)

where {fum tme{1:ne,} is @ basis of Py with ng, :=k + 1, {Gn}tmeqiing,y 08

a basis of Py_1 with nf, = %(k + 1Dk if k> 1, and {wm}me{l:ngh} is a

basis of Py_a,3 with nS, = %(k + Dk(k—1) if k > 2. We regroup the dofs as
follows:

EE‘ = {JEE,m}me{lzn:h}a VE € &k, (1593)
Sk = {0k jm )} Gam)e(1.2)x (1inf, ) VE € Fr, (15.9b)
X :={0] m}jmye{1:3)x{1:ne, }- (15.9¢)

Remark 15.13 (dofs). The unit of all the dofs is a length times the
dimension of v. For the cell dofs, we could also have written of,, (v) =
07 [ (v-e;)¥, da, where {x is a length scale associated with K and
{e;}je{1:ay is the canonical Cartesian basis of R?. We will see that the defi-
nition (15.8¢) is more natural when using the covariant Piola transformation
to generate Nédélec finite elements. The dofs are defined here on Ny, 4. Their
extension to some larger space V' (K) is addressed in Chapters 16 and 17. O

Lemma 15.14 (Invariance). Assume that every affine bijective mapping
S : 8" — S (resp., S : S% — 5?) leaves the basis {fim}me{1:ne.} (TeSP.,
{Cntmeqiint,y) globally invariant. Then for all E € Ex and all ' € Fi, the

set X%, and Elfm are independent of the affine bijective mapping Ty and Tr,
respectively.

Proof. Similar to that of Lemma 14.12; see also Example 14.13 for the invari-
ance w.r.t. vertex permutation. O

The following result is important in view of H (curl)-conformity.
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Lemma 15.15 (Face unisolvence). Let v € Ny 3 and let F € Fg be a
face of K. Let Er be the collection of the (three) edges forming the boundary
of ', let X% := Upgee, X%, and let np be a unit normal to F'. We have the
following equivalence:

[o(v) =0, VoeXLUuXy] < [vpxnp=0] (15.10)
Moreover, both assertions in (15.10) imply that (Vxv) p-np = 0.

Proof. We only need to prove the implication in (15.10) since the converse is
evident. The proof is an extension of that of Proposition 15.3 accounting for
the richer structure of the dofs. We introduce @ := JLIIr(v o Tr). It can be
shown that v € Ny o; see Exercise 15.6. The unit simplex 52 is oriented by
the two edge vectors {Ej}je{lvg} s.t. Jpt; = tpj o Ty for all j € {1,2}. For
the face dofs, we have

1 o~ N 1 ~ —~
o L= /§2<<J}<v— (v-nr)nr) 0 Tp)E)Cn 3
= g o (@ @nrne) ) o TG ds

= —= R (('U'tF,j) OTF)Cm dg

2

-
N
n

= 57 | (©tr)(Gn o Tp') ds = 0l (v) = 0.
IFl e 7
One proves similarly that the edge dofs vanish. This proves that v = 0
because ¥ € Ni 2. Since J} has full rank, we infer that /T (v|r) = 0, which
implies that v|pxng = IIp(vjp)xnp = 0. Finally, (Vxv)|p-np = 0 imme-
diately follows from vjpxnpg = 0. a

Proposition 15.16 (Finite element). (K,Ny 3, %) is a finite element.

Proof. Observe first that the cardinality of X' can be evaluated as follows:

k+1 k+1
card(z)3ngh+2x4n§h+6ngh3< ‘; )+8< ; )+6(k+1)

. %(k +1)(k +3)(k + 4) = dim(Ny.5).

Hence, the assertion will be proved once it is established that zero is the only
function in Ny 3 that annihilates all the dofs in X. Let v € Ny 3 be such
that o(v) = 0 for all o in X. We are going to show that v = 0. Owing to
Lemma 15.15, vjpxnp = 0 and (Vxv)|p-np = 0 for every face F' € F.

(1) Let us prove that w := Vxv = 0. Since w € P, 3 C RT}, 5, it suffices to
prove that w annihilates all the dofs of the RT}, 3 element. Since wjp-np =0,
w annihilates all the dofs associated with the faces of K. In addition, if & > 1,
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we observe that [, w-gdz = [, Vxv-gdx = [, v-Vxqdzforallqg e Py_1 3,
since vxng = 0 on 0K, where ng is the outward unit normal to K. This
in turn implies that [, w-gdz = 0 since Vxq € Py_s3 and o(v) = 0 for
all ¢ € X° if £k > 2. The statement is obvious if ¥ = 1. In conclusion,
Vxv=w=0.

(2) Using Lemma 15.10, we infer that there is p € Py 3 such that v =
Vp. The condition vxng = 0 on JK implies that p is constant on 0K.
Without loss of generality, we take this constant equal to zero. This in turn
implies that p = 0 if k¥ < 2 (see Exercise 7.5(iii)), so that it remains to
consider the case k > 3. In this case, we infer that p = A\y...A3r where \;,
i € {0:3}, are the barycentric coordinates in K and r € Pj_3 3. Writing
this polynomial in the form r(z) = |, <;_3aa®®, we consider the field
q(x) = Z\a|§k73 ﬁaaxlazael, where e; is the first vector of the canonical
Cartesian basis of R3. Since q € Py_s 3, the fact that o(v) =0 for all 0 € X°
implies that fK v-qdr = 0. Integration by parts and the fact that pjgx = 0
yield 0 = [ v-qdz = — [(.pV-gqdz = — [} Ao... Agr® dz. In conclusion,
r =0, so that v = Vp =0. a

The shape functions {6;};car associated with the dofs {o;};cn defined
in (15.8) can be constructed by choosing a basis {¢;};cn of the polyno-
mial space N, 3 and by inverting the corresponding generalized Vandermonde
matrix as explained in Proposition 5.5. Recall that this matrix has entries
Vi; = 0;(¢;) and that the i-th line of V! gives the components of the shape
function 6; in the basis {¢;};car- The basis {¢;};ca chosen in Bonazzoli and
Rapetti [31] (built by dividing the simplex into smaller sub-simplices follow-
ing the ideas in Rapetti and Bossavit [163], Christiansen and Rapetti [70]) is
particularly interesting since the entries of V~! are integers. One could also
choose {¢;}ien to be the hierarchical basis of Ny 4 constructed in Fuentes
et al. [103, §7.2]. This basis can be organized into functions attached to the
the edges of K, the faces of K, and to K itself, in such a way that the gen-
eralized Vandermonde matrix V is block-triangular (notice though that this
matrix is not block-diagonal). For earlier work on shape functions and basis
functions for the Ny, 5 element, see Webb [197], Gopalakrishnan et al. [109].

Remark 15.17 (Dof independence). As in Remark 14.16, the results from
Exercise 5.2 imply that the interpolation operator Zj associated with the
Ni,s3 element is independent of the bases {tim tme(1:ne,}> {Cmtmeiint y, and
{¥m}me(1:ne,} that are used to define the dofs in (15.8). The interpolation
operator is also independent of the mappings Tr, Tr and of the orientation
vectors {tE}EegK, {tF,j}FE]-'K,jE{lz}v and {tK,j}je{1,2,3}' .

Remark 15.18 (Literature). The Ny, 4 finite element has been introduced
by Nédélec [151]; see also Weil [198], Whitney [199] for k& = 0. It is an accepted
practice in the literature to call this element edge element or Nédélec element.
See also Bossavit [36, Chap. 3|, Hiptmair [117], Monk [145, Chap. 5]. O
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15.4 Generation of Nédélec elements

Let K be the reference simplex in R3. Let Th be an affine simplicial mesh. Let
K = Tk (K) be a mesh cell where Tk : K — K is the geometric mapping,
and let J K. be the J acoblan matrix of TK Let F' € Fk be a face of K. We have
F = Tx(F), where F € Ff is aface of K. Similarly, let E € Ex be an edge of
K. We have E = TK(E) where E € Ep is an edge of K. Using the increasing
vertex-index enumeration, Theorem 10.8 shows that it is possible to orient
the edges F and F in a way that is compatible with the geometric mapping
Tk . This means that the unit tangent vectors 7 and T satisfy (10.6a), i.e.,
T = P% (T5) with &% defined in (9.14b). In other words, we have

1

T Ts. 15.11

[ A e et (15.11)

Since tp = |E|tg, T = |E|ZE and since |E| = ||JK:FE||Z2|E| owing to
Lemma 9.12, we infer that

Ty 5 = Itz (15.12)

We also orient the faces of K by using the two edge vectors originating from
the vertex with the lowest index in each face. We finally orient K by using
the three edge vectors originating from the vertex with the lowest index in
K. Reasoning as above, we infer that

trjoTyp = Ixtp ; Vi €{1,2} ti 0Tk =ity ;, Vi€ {1:3}. (15.13)
Recall the covariant Piola transformation introduced in (9.9b) such that
Y (v) == Tk (voTk), (15.14)
and the pullback by the geometric mapping such that % (q) := ¢ o Tk.

Lemma 15.19 (Transformation of dofs). Let v € C°(K) and let q €
C°(K). The following holds true:

1 ~

E[E(v.twqdl / (¥ic (v)25)0% (q) d, VE € &k,

1 I~ .
|F/F(v.tp,j)qu ww/la(zﬁ?((v).tﬁ’j)w%{(q) 45, WF e Fe, je 1,2},
1 1 o -

1K1 /K(U.tK’j)qu IRl /z?(wK(”)'t”,j)wi(Q) dz, Vj e {1:3}.

Proof. The first identity is nothing but (10.7b) from Lemma 10.4, which itself
is a reformulation of (9.15b) from Lemma 9.13 (the fact that Tk is affine is
not used here). The proof of the other two identities is similar to (9.15b)
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using (15.13) and the fact that ds = H ds, dz = % dz since Tk is affine.

For instance, we have

||
vitp;)gds = / vtp ;) (qoTy 5)—= ds
|F|/ j |F| J K\F K|F |F|

- F /A((JM(J}—;W) o Ty % () d5

|F|/ ¢K wK() O

Proposition 15.20 (Generation). Let (K, P,%) be a simplicial Nédélec
element with edge, face, and cell dofs defined by using the polynomial bases

{,um}me{l n,}s {Cm}me{l nf} (if k > 1), and {¢m}me{1 ng,} (if k > 2) of
Pri1, Pr_1,2, and Py_o 3, respectwely, as in (15.8). Assume that the geometric
mapping Ty s affine and that (15.12)—(15.13) hold true. Then the finite
element (K, Pi, X'k ) generated using Proposition 9.2 with the covariant Piola
transformation (15.14) is a simplicial Nédélec element with dofs

1
g m(v) = 3] /E(v-tE)(umOTI;)IE) di, VE € &k, (15.15a)

1 .
Ulff—",j,m('v) = m /F(”'tFJ)(CmOT};,lF) ds, VF € Fg,Vj € {1,2},
(15.15b)

1 _ .
U;m(v):m/}((v-tK,j)(l/)moTKl)dx, Vje{1,2,3},  (15.15¢)

where Tk g 1= TK|EOTE -8 5 E and Tk = K\FOT S2 5 I are the
affine bijective mappings that map vertices with increasing indices.

Proof. Let us first prove that Px = Ny 3. We can write Tk (%) := JxZ + bx
with J € R¥*3 and bx € R3. Let v be a member of Px. Then ¥%(v) = p+q
with p € Py, 3 and q € Sy11 3, yielding v = I po T + I go Ty . Since
each component of ¢ is in ]I”I,j+173, we infer that q o lel(a:) = Q(Jf_(lm —
J'bk) = g ®) + r(x), where r € Py 3; see Exercise 14.4. As a result,
v=(p+7r)+q, where p = J}Tﬁng €Pys3and g =Jx qo.,]IK Note
that p+r € Py 3 and go J]I_(l is a member of ]l”kJrLd, Wthh implies that q
is also in P}, 5. Moreover, (I @l ) = J'x)-qJ ) = 0 which in
turn implies that ¢ € Sg41,3. In conclusion, v € Nj 3, meaning that Px C
N 3. The converse statement follows from a dimension argument. Finally,
the definition of the dofs results from Lemma 15.19, and the properties of
the mappings Tk g and Tk r from those of Tk, Tp, and Tp. a

Remark 15.21 (Unit). The shape functions scale like the reciprocal of a
length unit. a
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Remark 15.22 (Nonaffine meshes). Proposition 9.2 together with the
map (15.14) can still be used to generate a finite element (K, Py, Y ) if
the geometric mapping Tk is nonaffine. The function space Pk and the dofs
in Y then differ from those of the Ny, 3 element. a

15.5 Other H (curl) finite elements

15.5.1 Nédélec elements of the second kind

Nédélec elements of the second kind [152] offer an interesting alternative to
those investigated in §15.3 (and often called Nédélec elements of the first
kind) since in this case the polynomial space is P := Py 4 C Np 4, k > 1.
This space is optimal from the approximation viewpoint. The price to pay
for this simplification is that the curl operator maps onto P;_; 4. This is not
a limitation if the functions to be interpolated are curl-free.

Let K be a simplex in R3. The dofs are attached to the edges of K, its
faces (for k > 2), and to K itself (for k& > 3). The edge dofs are defined
in (15.8a) as for the elements of the first kind, whereas the face dofs are
moments on each face of K of the tangential component against a set of basis
functions of RTy_2 2 up to a contravariant Piola transformation (instead of
basis functions of P;_1 o for the elements of the first kind), and the cell dofs
are moments against a set of basis functions of RT;_33 (instead of basis
functions of Py_s 3 for the elements of the first kind). It is shown in [152]
that the triple (K, P, ) is a finite element. Hierarchical basis functions for
the Nédélec element of the second kind are constructed in Ainsworth and
Coyle [6], Schoberl and Zaglmayr [176].

15.5.2 Cartesian Nédélec elements

The Cartesian version of Nédélec elements have been introduced in Nédélec
[151, pp. 330-333]. Let us briefly review these elements (see Exercise 15.8
for the proofs). We focus on the case d = 3, since two-dimensional Cartesian
Nédélec elements can be built by a rotation of the two-dimensional Cartesian
Raviart—-Thomas elements from §14.5.2. Let k € N and define

O
N3 = Qi1 k41X Qo1 kb1 X Qb 1,541, (15.16)

where the anisotropic polynomial spaces Qg a,,05 are defined in §14.5.2.
Since the three anisotropic spaces in (15.16) have dimension (k + 1)(k + 2)2,
we have dim (N} ;) = 3(k + 1)(k + 2)2.

Let K := (0,1)3 be the unit cube in R3. Let Fg collect the six faces of K,
and let Ex collect the twelve edges of K. Let T, F € Fi (resp., Tg, F € Ek)
be an affine geometric mapping from [0, 1]? onto F (resp., [0, 1] onto E). Let
#* := 1 be the canonical basis of R. We orient E € €k using tg = JEtAC,
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where Jg is the Jacobian matrix of Tx. Let {tﬁ }ieq1,2) be the canonical basis
of R%. We orient F' € Fg by using tp,; = inTj for all j € {1,2}, where
Jg is the Jacobian matrix of Tw. We orient K by using the canonical basis
{tx; = ej}jeqi.3y of R3. Let X be the set composed of the following linear
forms:

1
75m(®) = T /E(v-tE)(um oTZ V) dl,  VE€ &g, (15.17a)

1 .
7rsm() = 1 [ 0t G o T s, ¥ € Fie, v € (1,2,
(15.17b)

1 .
ojcv’m(v) = |K|/ (v-tg ;)Y)mde, v e {1,2,3}, (15.17¢)
K

where {fim }me{1:ne,} is @ basis of Py with ng, ==k + 1, {Gjm}bmeiont, y i
a basis of the space Q1 if j = 1 and Qp_1 4 if j = 2, with nf, = (k+ 1)k
(if k > 1), and {%,m}me{l:ngh} is a basis of the space Qg r—1,-1 if j = 1,
Qkfl)k,kfl lfj = 2, and Qkfl,kfl)k lf] = 3, with ’I’Lgh = (k+ 1)]€2 (lf k > 1).

Proposition 15.23 (Finite element). (K, NE3, X)) is a finite element.

Cartesian Nédélec elements can be generated for all the mesh cells of an
affine mesh composed of parallelotopes by using affine geometric mappings
and the covariant Piola transformation. Recall however that orienting such
meshes requires some care; see Theorem 10.10.

Exercises

Exercise 15.1 (S1,4). (i) Prove that for all ¢ € S; 4, there is a unique skew-
symmetric matrix Q s.t. g(x) = Qz. (ii) Propose a basis of 81 4. (iii) Show
that g € Sy 3 if and only if there is b € R? such that q(z) = bx=.

Exercise 15.2 (Cross product). (i) Prove that (Ab)x(Ac) = A(bxc) for
every rotation matrix A € R3*3 and all b,c € R®. (Hint: use Exercise 9.5.)
(ii) Show that (axb)xc = (a-c)b — (b-c)a. (Hint: (axb), = e;rja;b; with
Levi-Civita tensor e;; see also the proof of Lemma 9.6.) (iii) Prove that
—(bxn)xn + (bn)n = b if n is a unit vector.

Exercise 15.3 (No3). (i) Prove (15.4). (Hint: verify that t5-VA, = 1 and
tp-VA, = —1.) (ii) Prove that v = (v) k + 3 (Vxv)x (x —ck) for all v € Ny 3,
where (v) i is the mean-value of v on K and ck is the barycenter of K. (Hint:
Vx(bxz) = 2bfor b € R3.) (iii) Let 8% be the shape function associated with
the edge F € £. Let F' € F with unit normal ngr pointing outward K.
Prove that (6%)|rxnkp = 0if E is not an edge of F, and [}, 0%, xng pds =
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tp,r(cg — cp) otherwise, where ¢ is the barycenter of E, ¢y that of F, and
tpr = —1if ngrxtg points outward F, tg r = 1 otherwise. (Hint: use
Lemma 15.15 and Exercise 14.1(ii).) (iv) Let Fg collect the two faces sharing
FE € Ek. Prove that fK GCE dr = % ZFEJ:E LE,F(CF — CK)X(CE — CF). (Hint:
take the inner product with an arbitrary vector e € R? and introduce the
function 9 () := Llex(x — ck).)

Exercise 15.4 (Rotated RT 3). Prove Lemma 15.9. (Hint: observe that
Rz (Py2) =Py and Spy12 = Rz (‘”)Plliz-)

Exercise 15.5 (Hodge decomposition). Prove that for all k£ € N,
Pit1,0=Npa® VPII;:I+2,d-
(Hint: compute Ny 4 N V]P&_Zd, and use a dimension argument.)

Exercise 15.6 (Face element). We use the notation from the proof
of Lemma 15.15. Let F' € Fg. Let Tp : S2 5 F be an affine bijective
mapping. Let Jr be the Jacobian matrix of Tr. Let v € N3 and let
v :=JL(I3 — nr@nr)(voTr). Show that ¥ € Ny ». (Hint: compute y' 9 ()
and apply the result from Exercise 14.4.)

Exercise 15.7 (Geometric mapping T4). Let A be an affine subspace of
R? of dimension [ € {1:d—1},d > 2. Let a € A and let Pa(x) := a+ITa(x—
a) be the orthogonal projection onto A, where IT4 € R?¥9, (i) Let n € R? be
such that n-(x —y) = 0 for all ¢,y € A (we say that n is normal to A). Show
that ITyn = 0. Let t € R? be such that a +t € A (we say that t is tangent
to A). Show that IT4(t) = t. (ii) Let ¢ € Py, and let §(z) := q(T; 'oPa(x)).
Compute Vq. (iii) Show that there are ¢y, . .., t; tangent vectors and ¢y, ..., ¢
polynomials in Py, such that Vq(z) =3 c1. qs(T ' (z))t, for all x € A.
(iv) Let t be a tangent vector. Show that there is p1 € Py ; such that t-Vg(x) =
(T (@)).

Exercise 15.8 (Cartesian Nédélec element). (i) Propose a basis for NE?).
(ii) Prove Proposition 15.23. (Hint: accept as a fact that any field v € NE3
annihiliating all the edge and faces dofs defined in (15.17) satisfies v|p xnp =
0 for all F' € Fk; then adapt the proof of Lemma 15.16 by using the RTE3
finite element defined in §14.5.2.)



Part III, Chapter 16

Local interpolation in H(div) ®

Check for

and H (curl) (T) hedita

In this chapter and the next one, we study the interpolation operators asso-
ciated with the finite elements introduced in Chapters 14 and 15. We con-
sider a shape-regular sequence (7,)ney of affine simplicial meshes with a
generation-compatible orientation (this is possible owing to Theorem 10.8).
In the present chapter, we show how the degrees of freedom (dofs) attached
to the faces and the edges can be extended by using the scale of the Sobolev
spaces. On the way, we discover fundamental commuting properties of the
interpolation operators embodied in the de Rham complex. In the next chap-
ter, we study a different way of extending the dofs attached to the faces and
the edges by requiring some integrability of the divergence or the curl.

16.1 Local interpolation in H (div)

The goal of this section is to extend the dofs of the RT}, 4 finite element intro-
duced in Chapter 14 and to study the properties of the resulting interpolation
operator.

16.1.1 Extending the dofs

Let K € Tp, be a simplex in R? with d > 2. We generate a RT}, 4 finite
element in K from the RT}, 4 finite element in the reference cell K by using

Proposition 14.19. Hence, the dofs in K consist of the following face dofs and
cell dofs (if £ > 1): For all v € RTy, 4,

1
T (®) = /F(v-yF)(gm 0 Tich) ds, VF e Fr,  (16.1a)

1
5 m (V) ::m/K(U'VK,j)(wmoszl)dI, Vje{l:d},  (16.1b)
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where {Gn}meqi: i }s {¥mtme{1ine,} arve bases of Py g1, Pr_14 (K > 1),
respectively, vp is the normal vector orienting F, {vk ; := |F Inr; tieqi:ay
are the vectors orienting K, and Tk r : Ggd-1 F, Tk : K — K are geo-
metric mappings. The local dofs in K are collectively denoted by {0k i tienr-

We are going to extend the above dofs to the following functional space:

VYK):=W*P(K), sp>1l,pe(l,o0)ors=1p=1, (16.2)

recalling that W*P(K) := W*P(K;R%). The idea behind (16.2) is to invoke
a trace theorem (Theorem 3.15) to give a meaning to the face dofs. Fixing
the real number p in (16.2), one wants to take s as small as possible to make
the space V4(K) as large as possible. Thus, we can assume without loss of
generality that s < 1. We can also take p = 0o and s = 1 in (16.2).

Proposition 16.1 (Extended dofs). Let V4(K) be defined in (16.2). Let
Vd(I/(\') be defined similarly. Then the contravariant Piola transformation 1#?(
is in L(Vd(K);Vd(I?)). Moreover, the local dofs are in L(VI(K);R) and
there is ¢ s.t. for allv € VY(K), all K € Ty, and all h € H,

d—1-2
max oxi(0)] < ey ([ollzoge) + Hiclolweni)- (16.3)

Proof. (1) Let v € V4(K). Since the mesh is affine and 9% (v) := A% (voT¥)
with A} := det(,,HK)Jl}l, we can apply Lemma 11.7 to obtain

_1 d—1-2
1% ()l o) < Ak N2 |detTx) 77 [0llLor) < ¢ hye P llvllLo),
(K)

where the second bound follows from the regularity of the mesh sequence.
Moreover, letting yx = |det(Jx )| Tk ||% if s <1 and yx :=1if s =1, as
in Lemma 11.7, we obtain

1
%% ()l o () <07K||A lle2 [T s [|72 | det (T r) [ 7 [v]w sn (1)
<d h;; ' S‘v|WS:P(K)7

where the second bound follows from the regularity of the mesh sequence.
The above bounds show that ¥% € L(V4(K); V4(K)) with

1—

s d
195 )l o i) + E [ @)y ey < chie 7 (Tl + b olw o)

where £ := 1 is a length scale associated With the reference cell K.
(2) Since the local dofs in K are s.t. og,; 1= 0; 0 wK for all ¢ € N, we need

to bound the reference dofs {G;}ien. Let © € V(K). If 5; is a cell dof,
we have |7;(v)] < ¢ AHUHL,,(K) whereas if 7; is a face dof, we have |5;(?)| <
|1l o) T 0% 0w o)) 0Wing to Theorem 3.15 since sp > 1if p € (1,00)
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and s = 1 if p = 1. The above bound on 1§ shows that the local dofs in K
are in £L(V4(K);R) and that (16.3) holds true. O

16.1.2 Commuting and approximation properties

In this section, we study the properties of the local Raviart—-Thomas inter-
polation operator
T VYK) - RTy 4 (16.4)

with V4(K) defined in (16.2). Recall that for all v € V4(K), T& (v) is defined
as the unique polynomial in RT}, 4 s.t. the function (Z%(v) — v) annihilates
all the RT}, ¢ dofs. Let us start with an important commuting property. Let
TP VP(K) := LY(K) — Py 4 be the L%-orthogonal projection onto Py 4, i.e.,
[5 (TR (¢) — ¢)gda = 0 for all ¢ € L*(K) and all g € Py, 4; see §11.5.3.

Lemma 16.2 (Commuting with V-). The following diagram commutes:

VY(K) VP (K)
T Iy
V.
RT 4 Py a

where V(K) := {v € VY(K) | V-w € VP(K)}. In other words, we have
VA(Z&(v) = IX(Vwv),  Vve VI(K). (16.5)

Proof. Let v € Vd(K). Since the divergence operator maps RT, 4 to Py 4 by
Lemma 14.9, we have V-(Z&(v)) € Py 4. Therefore, it suffices to show that
[ (TR (V) = V(I (v)))gda = 0 for all ¢ € Py 4, and by definition of I},
this amounts to [, (V-¢)gdz = 0 for all ¢ € Py 4 where ¢ := v — I (v).
Note that by definition ¢ annihilates all the dofs of the RT}, 4 element in K.
Integrating by parts and decomposing the boundary integral over the faces
in Fg, we infer that

/K(V‘C)qdff:—/KC'quﬂC‘F Z ¢nk|rqrds,

FeFk F

where n is the outward unit normal to K. If k > 1, we use that {vi ;}je1:a)
is a basis of R? and {¢m}me{1:n§h} is a basis of Py_1,4 to infer that there

are real numbers o, s.t. Vg = 3,001 gy Zme{lzn?l } &mVK,j (Ym0 ).
Recalling that ¢ annihilates all the cell dofs, we obtain

/ ¢-Vqgdx =0.
K
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If £ = 0, this equality is trivial. Let us now consider the integrals over the
faces of K. For all F' € Fg, we use that vp = |F|np and np = +ngp,

qFo TI;lF € Py, q—1 owing to Lemma 7.10, and that ¢ annihilates all the face
dofs attached to F' to infer that

F

O

This concludes the proof.

Example 16.3 (Gradient interpolation). Let us set s = p:=1 in (16.2
Let ¢ € W2?(K). Then V¢ € WHY{(K) = V4(K), and since V-(V¢)

LY(K), we have V¢ € V4(K). Lemma 16.2 implies that V-Z% (V)

T} (Ad).

~

ol m

Theorem 16.4 (Approximation, r > 1). Let Z4 be the RTy 4 interpo-
lation operator in K. There is ¢ s.t. for every integers r € {1:k + 1} and
m € {0:r}, allp € [1,00], allv € W"P(K), all K € Tp,, and all h € H,

|'U — I?{(U)|W7n,p(K) S Ch%ﬁmlv|wr,p([(). (16.6)

Moreover, for every integers r € {0:k+1} and m € {0:7}, all p € [1, 0], all
v € VYK) such that V-v € W™P(K), all K € Ty, and all h € H, we have

V-(v = Tk (0) wmn (k) < el ™ [V-0lwra k) (16.7)

Proof. Let us start with (16.6). We apply Theorem 11.13. The contravariant
Piola transformation 4% is of the form (11.1) with AS, := det(Jx)J ", which
satisfies the bound (11.12) with v := 1. Moreover, we can take [ := 1 in
Theorem 11.13 since lep(l?) < V4(K). Since I < k + 1, we can apply the
estimate (11.14), which is nothing but (16.6). Finally, to prove (16.7), we use
Lemma 16.2 to infer that V-(v — I3 (v)) = V-v — I (V-v), and we conclude
using Lemma 11.18 (Px = Py 4 since the mesh is affine). m|

Remark 16.5 (Error on the divergence). It is remarkable that the bound
on V-(v — I (v)) only depends on the smoothness of V-v. This is a direct
consequence of the commuting property stated in Lemma 16.2. a
Theorem 16.6 (Approximation, r > %) The estimate (16.6) holds true
forallr € (%,1), m=20, allp € (1,00), allv e W"P(K), all K € Tp, and
all h € H, and ¢ can grow unboundedly as r | %.

Proof. We first prove the following stability property:
I1Z5 ()l Lr i) < c(llvllex) + Riclvlw e ), (16.8)

for all v € W™P(K), all K € Ty, and all h € H (notice that v € V4(K) since
rp > 1). The triangle inequality, Proposition 12.5, and the regularity of the
mesh sequence imply that



Part III. FINITE ELEMENT INTERPOLATION 191

d11-d
IZ5 @)llzo ) < Y low i@ 10xillLe) < bl "> loxi(v)

1EN 1EN

Hence, (16.8) follows from the bound (16.3) on the local dofs in K. Since
Py o C RT}, 4 is pointwise invariant under I}i{, we infer that

o~ Tk @)lze < inf (o~ allrao + 1Zk (0~ @) o)
<c¢ inf (||v—QHLp(K)+hK\U—Q|W7‘~P(K))
qEPO,d
< h|vlw e (),

where we used (16.8), [v — qlw r»(x) = |v|w rr(K) since q is constant on K,
and the fractional Poincaré-Steklov inequality (12.14) in K. O

16.2 Local interpolation in H (curl)

The goal of this section is to extend the dofs of the Ny, ¢ finite element intro-
duced in Chapter 15 for d = 3 and to study the properties of the resulting
interpolation operator.

16.2.1 Extending the dofs

Let K be a simplex in R? with d = 3. We generate a Ny, 4 finite element in K

from the Ni, 4 finite element in the reference cell K by using Proposition 15.20.
Hence, the dofs in K consist of the following edge dofs, face dofs (if k& > 1),
and cell dofs (if k£ > 2): For all v € Ny 4,

1
0pm(v) = | /E('v-tE)(um oTIE}E) dl, VE €&, (16.9a)
1 .
ofw,m(v) = W /F(v-tﬂj)((m oTI;lF) ds, VF € Fg, Vj € {1,2}, (16.9b)
c 1 — .
n0) = g [ (0t) (0 0Tt e, Vi € (1,2.3), (16.9¢)

where {Mm}me{l:ngh}a {Cm}me{lzngh}v and {wm}me{lzngh} are bases of Py, 1,
Pr_12 (K > 1), and Py_o3 (k > 2), respectively, tg is the tangent vec-
tor orienting F, {tp,j}je{w} the two tangent vectors orienting F, and
{tK,j}je{1,2,33 the three vectors orienting K, and Tk r : Sl B, Tk r :
52 - F,and Tk : K — K are geometric mappings. The local dofs in K are
collectively denoted by {0k ;}ien

We are going to extend the above dofs to the following functional space:

VYK)=WP(K), sp>2,pe(l,0)ors=2,p=1, (16.10)
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The idea behind (16.10) is again to use a trace theorem (Theorem 3.15)
to give a meaning to the edge (and face) dofs. Fixing the real number p
in (16.10), we want to take s as small as possible to make the space V¢(K)
as large as possible. Thus, we can assume without loss of generality that
s<1lifpe(2,00)and s <2ifpe[l,2]. We can also take p = oo and s =1
in (16.10). We consider the norm ||-||y s.» () defined as follows: If s € (0,1]
(i.e., if p € (2,00]), we set

5:=0, lvllwr k) = lvllLr k) (16.11a)
whereas if s € (1,2] (i.e., if p € [1,2]), we set

S0 olwenio = 0o + hxlolw g (16.110)

Proposition 16.7 (Extended dofs). Let V¢(K) be defined in (16.10). Let
VC(IA() be defined similarly. Then the covariant Piola transformation v is
in L(VE(K); V¢(K)). Moreover, the local dofs are in L(V<(K);R), and there
is ¢ s.t. for allv e VS(K), all K € Ty, and all h € H,

1—4

max ok i (V)] < che " ([v]lwenx)y + hiclvlw rx))- (16.12)
Proof. (1) Let v € V¢(K). Since the mesh is affine and 9§ (v) := A% (voTk)
with A% = J}, we can proceed as in the proof of Proposition 16.1 and invoke
Lemma 11.7 to show that 1/:}( € L(V¢(K); V¢(K)) with ||¢§<(U)||Wg)p(f() +

1—4

U5 ()l ow (i) < chg " ([[vllw =0 () + R |vlw =p(k)), where the norm
H-||W§,p(f() is defined similarly to |||y =.0(x) using £z := 1.
(2) To bound the local dofs, we invoke Theorem 3.15 and proceed again as
in the proof of Proposition 16.1. O

16.2.2 Commuting and approximation properties

In this section, we study the properties of the local Nédélec interpolation
operator

I;{ : VC(K) — N;%d (16.13)
with V¢(K) defined in (16.10). Recall that for all v € V¢(K), I%(v) is
defined as the unique polynomial in Ny, 4 such that the function (Z§ (v) —v)
annihilates all the N 4 dofs.

Lemma 16.8 (Commuting with V). The following diagram commutes:

. \Y%
Ve(K) — VY(K)
T Ty
V x
Nj.q RT 4

3
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where V¢(K) = {v € V(K) | Vxv € VY(K)}. In other words, we have
V(T4 (v) =IE(Vxv),  VYve V(K). (16.14)

Proof. Let us first observe that VXN g C Py g C RTy ¢ (see Lemma 15.10),
which implies that Vx maps Nj, 4 to RTj, 4. Note also that V x maps VC(K)
to VI(K) by definition of these spaces. Let v € V¢(K). The proof of (16.14)
consists of showing that & := Vx(Z%(v)) — Z&(Vxv) € RT 4 annihilates
all the dofs of the RT}, 4 finite element in K. Let us set ¢ := v — Z%(v) and
€ :=Vxv —TL(Vxw), so that we have

8 = Vx(Z%(v)) — Vxv + Vxv — I (Vxw) = € — VxC.

(1) Let us consider first the dofs attached to K for k > 1. Let e be a unit
vector in R? and let ¢ € Pj_1,4. We want to show that fK d-eypdx = 0. Since
& annihilates all the cell dofs of the RTy 4 element, we have | r&epdr =
0, so that [, d-epdzr = — [,(Vx()-eppdz. Using the integration by parts
formula (4.8a), we have

| wxgrevdr= [ ¢vxten) = ¥ [ clnerers s

FeFk

If k > 2, we use that ¢ annihilates the cell dofs of the Ny, 4 element to infer that
Jx ¢-Vx(ep) = 0. If k = 1, this equality is obvious. Moreover, since ¢ also
annihilates the face dofs of the Ny, 4 element and since the vector (ng|rxe)
is tangent to F, we infer that [ ¢{-(ngpxe)ipds = 0 for all F € Fg. In
conclusion, [, (Vx¢)-epdx =0, so that [, 8-eipdx = 0.

(2) Let us now consider the dofs attached to a face F' € Fi. We want to show
that [, d-npyds =0 for all ¢ € Py 4. This is a sufficient condition to anni-
hilate the RT}, 4 dofs attached to F, since for all ¢ € Py 41, there exists ¢ €
Pk,q such that ¢p = qo TI}}F owing to Lemma 7.10. Since & annihilates the
face dofs of the RT}, 4 element, we have [, d-npipds = — [.(Vx{)-npyds.
Moreover, since VX (¢) = Viyx¢ + ¥V x¢ and ¢ annihilates the face dofs
of the Nj 4 element, we infer that

[ @x¢rnrvds = [ Ix(wernpds— [ ¢nexvi)ds
:/FVXWC)'TLFCISZ/BFWC)'TF(U: > /EC'("'F|E¢)dl,

Ee€ér

where we used the Kelvin-Stokes formula (16.15) with 77 being the unit
vector tangent to OF whose orientation is compatible with that of ng, and
where we decomposed the integral over OF into the integrals over the edges
composing F. Since Tg|g is tangent to the edge E' and ¢ annihilates the edge
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dofs of the N ;4 element, we obtain fF(VxC)-nF¢ ds = 0. Hence, we have
fF d-npds =0, and this concludes the proof. O

Lemma 16.9 (Kelvin—Stokes). Let K be a simpler in R®. Let F be a
face of K with orientation defined by ng and with boundary OF. Let Tr be
the unit vector tangent to OF whose orientation is compatible with that of

np, i.e., for allx € OF, the vector Tp(z)xnp(x) points outside of F'. The
following holds true for all w € V¢(K):

/(wa)np ds = w-Tp dl. (16.15)
F OF
Theorem 16.10 (Approximation, » > 1 or r > 2). Let IS, be the local

Ny.q interpolation operator. There is c s.t. the following holds true:
(i) If p € (2,00], then we have

v — L (V) lwmr (k) < chiy " vlw o). (16.16)

for every integers r € {1:k+1} and m € {0:7}, allv € W™P(K), all K € Ty,
and all h € H.

(ii) If p € [1,2], the estimate (16.16) holds true if k > 1 for every integers
re{2:k+1} and m € {0:r}, allv € W™P(K), all K € Ty, and all h € H,
whereas if k = 0, we have

v = Zx (v)|lwme (k) < € (h%(_m‘vh)vl,?([() + hi(_m|’v|wz,p(;()), (16.17)

for allm € {0,1}, allv €e W?P(K), all K € Tp,, and all h € H.
(iii) Finally, we have

|V><(’v — I%('U)”me([{) S Ch;(_m|v><v|wr,p([()7 (1618)

for every integersr € {1:k+1} and m € {0:r}, allp € [1,00], allv € V°(K)
such that Vxv € WTP(K), all K € Ty, and all h € H.

Proof. Let us start with (16.16) and (16.17). We apply Theorem 11.13. The
covariant Piola transformation %% is of the form (11.1) with AS. := JL,
which satisfies the bound (11.12) with v := 1. Moreover, we can take [ := 2
if pe[1,2] and [ :=1if p € (2, 00] since in both cases we have W“’(I?) —
VC(IA(). If p e (2,00] orif p € [1,2] and k > 1, we have | < k + 1, so that
we can apply the estimate (11.14), which is nothing but (16.16). In the case
where p € [1,2] and k = 0, we apply (11.15), which is nothing but (16.17).
Finally, to prove (16.18), we use Lemma 16.8 to infer that Vx (v —Z% (v)) =
Vxv —I%(Vxwv), and we conclude using Theorem 16.4. O

Remark 16.11 (Error on the curl). It is remarkable that the bound on
Vx(v — I§(v)) only depends on the smoothness of Vxwv. This is a direct
consequence of the commuting property stated in Lemma 16.8. O
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Theorem 16.12 (Approximation, r > %) There is ¢, unbounded as ri%,
such that:

(i) If p € (2,00), the estimate (16.16) holds true for all r € (%, 1), m=0, all
veW™P(K), all K € Ty, and all h € H.

(ii) If p € (1,2], the estimate (16.16) holds true if k > 1 for all r € (%,2), all
m € {0,1}, allv € W™P(K), all K € Ty, and all h € H, whereas if k = 0,
we have

v — T (0) lwmo (i) < € (hig ™ olw ey + b "olw o)), (16.19)
forallr € (%,2), allm € {0,1}, allv e W™P(K), all K € Ty, and allh € H.

Proof. Let us set [ :=2ifp e (1,2] and [ :=1if p € (2,00). Let r € (%,l)7 SO
that W™?(K) < V¢(K). Combining the bound from Proposition 12.5, the
regularity of the mesh sequence, and the estimate (16.12) on the local dofs,
we infer the stability estimate

1Z5 ()l () < c(lvllw e i) + Picl0lwre (i),

with 7:=0if r € (0,1] and 7 :=1if r € (1,2).
(i) Assume that p € (2,00). Then r < 1 so that ||v||wrrx) = [|[V]Lrx)-
Since Py ¢ C Ny, 4, we infer that

v = Zg () llzoxy < ¢ nf (v —allrx) + 1Tk (v — @)oo x))
q€Py 4

<c inf v — P + hy|v P )

= (qepa,d | qllzr(x) xvlw (K))
where we used that |[v — qlwr»(x) = |V|lwrr(k). The estimate (16.16)
with m = 0 follows from the fractional Poincaré—Steklov inequality (see

Lemma 12.12).
(ii) Assume that p € (1,2). Then r € (1,2) so that ||v|lw s ) = ]l x) +
hr|vlw1r (k). Let n:=min(1, k). Since n <k and n < 1 < 7, proceeding as
above, we infer that

v —Zx(v)llLrx) < (qeii}f (Ox(v—q)+ Wic|vlw o (1))
with ¢ (v—q) := [[lv—q||prx) +hK|v—q|w1r k) Using the inverse inequal-
ity |Z5 (v — @)|lw i (r) < chie |Z% (v — q) || po(x) (see Lemma 12.1) and pro-
ceeding again as above, we infer that

[0 = Tic@lwoogo < (il hildrc(o = q) + b olw o).
n,d

If kK > 1, we have n = 1, and the estimate (16.16) follows from Corollary 12.13
for all m € {0,1}, whereas if k¥ = 0, we have n = 0, and the estimate (16.19)
for all m € {0,1} follows from the fractional Poincaré-Steklov inequality. O
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16.3 The de Rham complex

In this section, we introduce the notion of de Rham complex, and we reinter-
pret the previous commuting properties from Lemma 16.2 and Lemma 16.8
in this context. We assume that d = 3; see Remark 16.17 below to adapt the
material when d = 2.

Definition 16.13 (Exact cochain complex). Let I > 2 be an integer. A
cochain complex is composed of a sequence of Banach spaces (V;)ieqo:1y and
a sequence of linear operators (d;)icq1:1; between these spaces

Vo s Vi Vil v "™y v Sy, (16.20)

such that for all i € {1:1}, im(d;) is closed in V; and if i < I, im(d;) C
ker(d;1+1) (this means that d;11 o d; = 0). The cochain complex is said to be
exact if im(d;) = ker(d;1) for all i € {1:1—1}.

The exactness of a cochain complex is useful since it gives a simple way
of knowing whether an element v; € V; is in im(d;) by checking whether
di+1(v;) = 0. In this book, we focus on one fundamental example of cochain
complex, namely the de Rham complex which involves the gradient, curl, and
divergence operators.

Proposition 16.14 (de Rham complex). Let D be a Lipschitz domain
in R3. Assume that D is simply connected and that OD is connected. The
following cochain complex, called de Rham complex, is exact:

R -5 HY(D) - H(curl; D) X5 H(div; D) > L*(D) -2 {0}, (16.21)

where © maps a real number to a constant function and o is the zero map.

Proof. That ker(V) = R, ker(Vx) = im(V), and ker(V-) = im(Vx) are
well-known facts from calculus since D is, respectively, connected, simply
connected, and has a connected boundary. Finally, that im(V-) = L?(D) is
proved in Lemma 51.2. m]

Proposition 16.15 (Discrete de Rham complex). Let k € N. The fol-
lowing cochain complex, called discrete de Rham complex, is exact:

R-5Poi1s —Nug 5 RT3 5 Ps -2 {0} (16.22)

Proof. ker(V) = im(i) is obvious, and ker(Vx) = im(V) follows from
Lemma 15.10. For ker(V-) = im(Vx), ker(o) = im(V-); see Exercise 16.6.
O

We now connect the above two de Rham complexes by means of interpo-
lation operators. Let K be a simplex in R? d = 3. Let p € [1,00) and let s
be such that sp > 3if p > 1 or s = 3 if p = 1. Recall the following functional
spaces where VP(K) := L}(K):
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VE(K) = {f e WP(K) | Vf € W* 5P(K)}, (16.23a)
Ve(K):={ge W sP(K) | Vxg € W 2P(K)}, (16.23D)
VYK):={ge W ??(K)| Vg e V>K)} (16.23¢)

Lemma 16.16 (Commuting diagrams). Let k € N. Let K be a simplex
in RY, d = 3. Let I§+1,K be the interpolation operator associated with the
canonical hybrid element of degree (k + 1) defined in §7.6. Let T, i be the
N, 3 interpolation operator, let IS,K be the RT,. 4 interpolation operator, and
let IE,K be the L?-orthogonal projection onto Py 4. The following diagrams
commute:

V x

VE(K) Ve(K) VI(K) VP(K)
ik 7y K IS,K IE,K
\Y V x .
PN+1,d > de > RTm,d Pn,d

Proof. Recalling Lemma 16.2 and Lemma 16.8, it only remains to prove that
the leftmost diagram commutes. This is done in Exercise 16.3. a

Remark 16.17 (2D). There are two possible versions of Lemma 16.16 if
d = 2, using either the operator Vx f := 0 fo — O f1 or the operator V=+ f :=
(—0of,01f)7. One can show that the following two diagrams commute:

1 . . -
Ve(r) Ve VAE) Ve VOK)  VEK) e VE(K) e VP(K)
| | Ee B [Tax [T [T
V- \Y% V %
]P)K—‘rl,d - RTn,d ]Pn,d ]Pn+1,d - N/-c,d ]Pn,d

with V&(K) defined in (16.23a) with sp > 2 if p € (1,00) or 5 = 2 if
p =1 V(K) = {g € W »P(K)|Vxg € L'(K)}, and VI(K) :=
Rg(VC(K)) ={g € sti’p(K) | V-g € VP(K)}, where Rz is the rota-
tion matrix of angle 7 in R2. O

Remark 16.18 (Cuboids). The commuting diagrams from Lemma 16.16
can be adapted when K is a cuboid by using the Cartesian Raviart-Thomas
and Nédélec spaces from §14.5.2 and §15.5.2. a

Remark 16.19 (Literature). The construction and analysis of finite ele-
ments leading to discrete de Rham complexes has witnessed significant pro-
gresses since the early 2000s and has lead to the notion of finite element
exterior calculus; see Arnold et al. [11, 12]. Regularity estimates in Sobolev
(and other) norms for right inverse operators of the gradient, curl, and diver-
gence can be found in Costabel and McIntosh [83]. O
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Exercises

Exercise 16.1 (V4(K)). Show that V(K defined in (16.2) can be used in
the commuting diagram of Lemma 16.2 after replacing L' (K) by W*~1P(K).
(Hint: use Theorem 3.19.)

Exercise 16.2 (Z%). Prove that the estimate (16.6) holds true for all r €
[1,k+ 1], r € N, every integer m € {0:|r]}, and all p € [1,00). Prove that
(16.7) holds true for all r € [0,k + 1], r ¢ N, every integer m € {0:|r]}, and
all p € [1,00). (Hint: combine W™P-stability with Corollary 12.13.)

Exercise 16.3 (de Rham). Prove that the leftmost diagram in
Lemma 16.16 commutes. (Hint: verify that VZ% (v) — Z5(Vv) annihilates
all dofs in Ny, 4.)

Exercise 16.4 (Poincaré operators). Assume that K is star-shaped with
respect to a point @ € K. Let f and g be smooth functions on K. Define
PE(g)(z) = (x —a) [y g(a+t(z —a)) dt, P*(g)(x) i= —(z —a)x [, gla+
t(x — a))dt (if d = 3), and PY(f)(z) := (x — a) fol fla+t(x—a))titdt
Verify that (i) VPe(g) = g if 0,9; = 0;¢; for all ¢, j € {1:d}; (ii) VxP°(g) =
g if V-g = 0; (iii) V-P4(f) = f.

Exercise 16.5 (Koszul operator). (i) Let v € ]P’Hd with d = 3. Prove that
V(zv) —xx(Vxv) = (k+ 1)v and —Vx (zxv) +z(V-v) = (k+2)v. (Hint:
use Euler’s identity from Lemma 14.3.) (ii) Prove that Py 4 = VPry1.4 @
(xXPr_1,q) = VXPri1,q®(xPr_1,q4). (Hint: establish first these identities for
homogeneous polynomials.) Note: defining the Koszul operators k8(v) := x-v
and k°(v) := —xxv for vector fields and k%(v) := xv for scalar fields, one
has k8(Vq) = kq (Euler’s identity) and V-(k%(q)) = (k+d)q for all ¢ € Py 4
and V(x8(q)) + k°(Vxq) = (k +1)g and Vx(k°(q)) + &4 (V-q) = (k+2)g
for all g € ]P’Ilid; see [11, Sec. 3.2].

Exercise 16.6 (V'RTk,d and VXNhg). (1) Prove that V-RT;%C[ = Pga-
(Hint: prove that V- : Py g — Py q is injective using Lemma 14.3.) (ii)
Let us set RT} =" := {v € RTy 4 | V-v = 0}. Determine dim(RT{y=) for
d € {2,3}. (iii) Show that ]RTdiV:O = VxPyi1,3. (Hint: use Lemma 14.9.)
(iv) Prove that R’]l‘g“é 0= VxNk 3. (Hint: use the rank nullity theorem.)

Exercise 16.7 (VPy414 and VxPyy13). Let &k € N. (i) Set P, =
VPj41,4. Show that dim(Pj ;) = (k+g+1) — 1. (ii) Assume d = 3. Set
Py ; := VxPj 1 5. Show that dim(P{ 5) = 3("3*) — (*17)+1 = 3(*1") - (*3?)
(with the convention that ( ) = 0). (Hint use the exact cochain complex

]P’Od—>Pk+2d—>]P’k+1d—>]Pkd—>]Pk 14 — {0}.)



Part III, Chapter 17

o)

Local interpolation in H(div) )
and H (curl) (II) eskia

In this chapter, we continue our investigation of the interpolation operators
associated with H (div) and H (curl) finite elements. As before, we consider a
shape-regular sequence (7p,)nep of affine simplicial meshes with a generation-
compatible orientation. The key idea here is to extend the degrees of freedom
(dofs) on the faces and the edges by requiring some integrability of the diver-
gence or the curl of the function to be interpolated. This approach is useful
when such integrability properties can be extracted from a PDE solved by the
function in question, as it is often the case in applications (see, e.g., Chap-
ter 51 for Darcy’s equations and Chapters 43—44 for Maxwell’s equations).
The crucial advantage of the present approach over that from the previous
chapter based only on the scale of Sobolev spaces is that interpolation error
estimates with lower smoothness requirements can be obtained. On the way,
we also devise a face-to-cell lifting operator that will be useful in the analysis
of nonconforming approximations of elliptic problems in Chapters 40—41.

17.1 Face-to-cell lifting operator

Let us first motivate our approach informally. Let K € 7}, be a mesh cell and
let ' € Fig be a face of K. Let v be a vector field defined on K. We are
looking for (mild) smoothness requirements on the field v to give a meaning
to the quantity [,.(v-nk)¢ds, where ¢ is a given smooth function on F' (e.g.,
a polynomial function) and ng is the outward unit normal vector on 0K.
We have seen in §4.3 that it is possible to give a weak meaning in H-z (OK)
to the normal trace of v on K by means of an integration by parts formula
if v e H(div; K) := {v € L*(K) | Vv € L?*(K)}. In this situation, one can
define the normal trace 3, (v) € H~2(9K) by setting

(b0l on = [ (oY) + (Voju@)de,  (7)
K
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for all » € Hz (DK, where w(¢) € H'(K) is a lifting of ¢, i.e., Yo (w(¥)) =
¥, where 75, : H'(K) — H?z(OK) is the trace map. Then one has Y (v) =
Vg Nk whenever v is smooth, e.g., if v € H(div; K) N C°(K). However,
the above meaning is too weak for our purpose because we need to localize
the action of the normal trace to functions 1 only defined on a face F|, i.e.,
1 may not be defined on the whole boundary 0K. The key to achieve this is
to extend v by zero from F' to 0K. This obliges us to change the functional
setting since the extended function is no longer in H 3 (0K). In what follows,
we are going to use the fact that the zero-extension of a smooth function
defined on a face F' of 0K is in Wl_%’t(aK) if t < 2. Let us now present a
rigorous construction.
Let p, g be two real numbers such that

2d

> 2, s 24
p 1574

(17.2)
Notice that ¢ > 1 since d > 2. Let v be a vector field on K s.t. v € LP(K)
and Vv € LY(K). Let p € (2,p] be such that ¢ > ;%' This is indeed possible
since p > 2 and the function z — ;ﬁ - is increasing over R, . We are going to

construct a lifting operator (see Lemma 17.1 below)

LE WP (F) — WhP'(K), (17.3)

with conjugate number 7' s.t. %—i— ]% =1, so that for all ¢ € W%’F(F), LE(9)
is a lifting of the zero-extension of ¢ to 0K, i.e.,

Ve (LR (D)) jor\r =0, V5 (LE(9)F = ¢. (17.4)

Notice that the domain of LE is Wl_%’t(F) with ¢ := p’ < 2, which is
consistent with the above observation regarding the zero-extension to K of
functions defined on F. We also observe that

LE(¢) e W' (K) N LY (K), (17.5)

with conjugate numbers p’, ¢’ s.t. % + i =1, % + % = 1. Indeed, LE(¢) €
Whe' (K) just follows from p/ < p' (i.e., p < p), whereas LE(¢) € LY (K)
follows from WP (K) < L7 (K) owing to the Sobolev embedding theorem

(Theorem 2.31) (since ¢’ < d’ig, as can be verified from d > 2 > p’ and

]%f%:lf(%Jr%)glf%:%becauseqz%). o
With the lifting operator L¥ in hand and fixing ¢ € W#? (F), we define
the linear form 4 on V4(K) :={v € LP(K) | V-v € LY(K)} s.t.

5o () = /K (v VLE@) + (Vo)LE(9)) do. (17.6)
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The right-hand side of (17.6) is well defined owing to Holder’s inequality, and
whenever the field v is smooth, we have

5ov) = | nnf@E@)ds = [(@nods, a7
oK F
where the second equality follows from (17.4). Thus, the linear form v +—
04(v) is an extension of the linear form v — [}.(v-nk)¢ ds, which is meaning-
ful for smooth fields v € C°(K). This extension is bounded for allv € V4(K),
ie,v e LP(K), V-w e LYK) with p > 2, ¢ > recall that the function
¢ is fixed here).
Let us now turn our attention to the construction of the operator Lfl,f .

¥a

Lemma 17.1 (Face-to-cell lifting). Letp > 2 and ¢ > 22+7dd Let p €
(2,p] be such that ¢ > % Let K € Ty, be a mesh cell and let F € Fg

be a face of K. There exists a lifting operator L% : WP (F (F) — WL (K (K)
satisfying (17.4), and there exists c s.t. the following holds true:

1,4
pp

d —14+2
Wil LE Dl ey + hie ILEO)lpw ey < chi” 7181 1 s (A7)

for all ¢ € W%’ﬁl(F), all K € Ty, all F € Fi, and all h € H, with the norm

1
o]l Wi () = 61l 17 () + h7| 8] w5y

Proof. (1) The face-to-cell lifting operator LE is constructed from a lifting
operator L on the reference cell. Let K be the reference cell and let F' be
one of its faces Let us define the operator LK WP (F (F) — WL (K).
For every function @ € Wl (F), let ¢ denote the zero-extension of
P to oK. Owing to Theorem 3.19, w is in WP (8K) since %:~11<1

5o
(i.e., p > 2), and we have ||1/J|| 1 oR = |||

() with the norm
Hw” 1, = ¥l 5 +€’i|z/}| 1 - and £ = 1is a length scale
(F) K We'" (F)

1 =
pP

assoc1ated With K. Then we use the surjectivity of the trace map 7?{ :

Wi (K) — W%’ﬁl(af() (see Theorem 3.10) to define Lf((w) e WL (K)
= b K —~ <

such that 7% (LE (1)) = ¢ and [ILEW) e z) < Czllw\lwﬁp(am

HLK( Wlwrs 7y < Y W (B with € := ¢;¢y. By construction, we have

’YaK(LK(z/J))\F = and ’Yaf((Lg(w))\aK\F 0.
(2) We define the lifting operator L : W3 ? (F) — WL¥ (K) by setting

ie.,

LE(9)(@) = LE (6 0 Ty ) (T (@), Vo € K. Vo e WHP(F), (17.9)
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where T : K — K is the geometric mapping and Fi= Tgl(F). By defini-
tion, if © € F', then T := Ty Ya) e F and TKlF( ) = x, so that

B (LE6)(@) = 15 (LE (60 Ty 1)) (@) = 6(Ty (@) = b(a),

whereas if x € 9K \ F, then & € 9K \ F, so that 'yg (L f;((gb Ty p))(@) = 0.
The above argument shows that (17.4) holds true.
(3) It remains to prove (17.8). Let us first bound |LE (¢) g1, (i)~ Notice that

the definition of L% is equivalent to LE (¢) o Tk (Z) := LK(¢>o Ty 7)(®), that

is, V5 (LK (¢)) == LI?(i/)F(qS))7 where % is the pullback by Tk, and 9%, is
the pullback by T K|F- We infer that

1
7

ILE D)l 1) < el leeldet @) [ ILE (W8 (0)) Iy ()
< IR e ldet(Trc) |7 LK (05 (6 Dl (&)

< I e ldet(Tr) | 056 wh 5y

where the first inequality follows from (11.7b) in Lemma 11.7 (transforma-
tion of Sobolev seminorms by a pullback), the second is a consequence of
P > p (since p < p), and the third follows from the stability of the ref-

erence lifting operator Lg. Using now the estimate (11.7a) in Lemma 11. 7
and the regularity of the mesh sequence, we infer that |[¢% (¢ )|| 1 (F) <
cldet(Jr) 75\\¢||W%,5/(F), where Jp is the Jacobian of the mapping Ty 5 :
F > F. Combining these bounds, we obtain
1 1
ILE (@)l () < CHﬂz}lllﬂldet(JK)W\det(JF) 7ol

—ptd(s-
< hpe ||¢||

’

w? (F)

where the second bound follows from the regularity of the mesh sequence.

This proves the bound on |LE (@) lw.w 5y in (17.8). The proof of the bound
on ||[LE (¢ &)\l L (i) uses similar arguments together with WL (K) < L7 (K)
owing to the Sobolev embedding theorem and ¢’ < p - (as already shown

above). O

17.2 Local interpolation in H(div) using liftings

Let K € Tp, be a mesh cell. Our goal is to show that one can extend the local
dofs {0k ;}ien of the RTy 4 element to the functional space
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VYK):={ve L’(K)|VwveL4K)}, p>24q> (17.10)

2+d

Notice that ¢ = 2 is always legitimate in (17.10). (Generally, one wants to take
p and ¢ as small as possible in order to make the space V9 (K) as large as pos-
sible.) We are going to proceed as follows: we first show that the reference dofs
{0 }ien of the RT}, 4 element can be extended to L(VY(K);R) (we use the
same notation for the extended dofs for simplicity), where V4(K) is defined
as in (17.10). Then we establish that the contravariant Piola transformation
P is in L(VI(K); Vd( )). Owing to Proposition 9.2, we are then going to
conclude that the local dofs {0k ; := G;0t% }icn are in L(VI(K);R). Recall
that the reference dofs are defined as follows: For all ¥ € RTy, 4,

A;mA : |F|/ (v-Uz) CmoTﬁ_l)dfs\, VF € Fg, (17.11a)
G5 (D) = |K|/ (0-Uz ;)m d, Vj € {1:d}, (17.11b)

where {Cm}me{l:nih}’ {¥m}me1ine,} are bases of Py g1, Pr_14 (K > 1),
respectively, {Vg = [F|np}p.r_ and {vg |F InE, }jeqi:qy are the
I J

normal vectors orienting the faces of K and K itself, respectively, and
Ts: Si-1 4 F iAs an affine geometric mapping.
Let © € V4(K). For the reference face dofs, inspired by §17.1, we set

G (D) 1= kﬁ/}{(@VL}:{(CmoT;l)Jr(V-v) K(GnoTsh) a2, (17.12)

where €RF ‘T MpNgp = +1, ng is the outward unit normal to K, and

Lg is the face-to-cell lifting operator on the reference element K. For the
reference cell dofs, we still use (17.11b).

Lemma 17.2 (Extended reference dofs). (i) The definitions (17.11a)
and (17.12) coincide on RTy 4. (ii) The extended reference dofs are s.t.

{Gitien C LIVY(E);R).
Proof. (i) For all v € RTy, 4, the divergence formula and (17.4) imply that

@) = p [ @LEGu T 5= [ (G760 T, )

showing that (17. 11a) and (17.12) coincide on RT} 4.
(ii) Since ¢, © Tﬁ is a smooth function on F, LK 7 (Gmo Tjgl) e WP (K)n

LY (IA(), where p’,q¢' are the conjugate numbers of p,q. Hence, Holder’s
inequality implies that

. d—1 -4
ot @) <P Bl gy + i IV Bl o)) (17.13)



204 Chapter 17. Local interpolation in H (div) and H (curl) (II)

where £ := 1 is a reference length for K. This shows that the extended

reference face dofs are in £(V9(K);R). For the extended reference cell dofs,

we simply have

~,d—1— p
| ( )< CEK ||'U||Lp(K)a (17.14)

since 10z e < A2 {nnepingy © LR, and [z <
qd—4d
ls " Hv”m(}?) owing to Holder’s inequality.

Proposition 17.3 (Extended local dofs). Let K € T;, be a mesh cell.
Let V(K be defined in (17.10). Let VI(K) be defined similarly. (i) The
contravariant Piola transformation %% is in LVYK): VYEK)). (i) The
extended local dofs

oii=0i0% VIK) =R,  VieN, (17.15)

are in L(VI(K);R), and there is ¢ s.t.

_ _4d 1—4
max o (v)] < ehi! (A ollra) + by *IV-Ollo ), (17.16)

for allve VYK), all K € Ty, and all h € H.
Proof. (1) Let v € V4(K). Since the mesh is affine and 9% (v) := A% (voTk)
with A%, := det(JK)Jl_(l, we infer, as in the proof of Proposition 16.1, that
1 , d-1-4
195 ()l o) < cllA%NleldetTr)| 7 [ollpo) < e " llollpox)-

Moreover, since V-4 (v) = det(Jx)(V-v) o Tk owing to (9.8¢), we infer that

_1 d(1-1)
IV-%5 ()l oy = 1det@i) 7 I Vvl Lagrey < chye IVl Lagre),
where we used the regularity of the mesh sequence. The above bounds show
that ¥¢ € L(V4(K); VI(K)) with
_d d 1—4 dq
éf(p ||¢K(U)HLp(f() + EI? ! Hv"‘:bK('U)”Lq(f() <
_ —d 1—4
ehS (i Tollogaey + by *IV-0llLagio))-

(2) The assertion on the extended local dofs follows from the above bound
on % and the bounds (17.13)-(17.14) on the extended reference dofs. [

Remark 17.4 (Extended local dofs). The reader is invited to verify (see
Exercise 17.2) that for all v € V4(K), all F € Fg, and every integer m €

{Lngh}a
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Ot n(0) = excr /K (0 VLE (G o T + (V) LE (G0 Ty ) dar, (17.17)

with Tk p 1= K|FOT €k, r =npng = =1, and L% defined in (17.9). For
all v € RTy 4, and more generally, for all v € W*P?(K)NV4(K) with sp > 1,
p € (1,00) or s = 1, p = 1, we recover that o}, (v) = |11m‘ Jr(0vE)(Gn o

TK F) ds, where vp = |F|np is the normal vector orienting F. Concerning
the extended local cell dofs, it follows from Lemma 14.18 that of,, (v) =
} and j € {1:d},
where {Vk j}jeq1.q) are the d normal vectors orienting K. O

W Jie (VK ) (Ym0 Ty')dx for every integers m € {1:n9,

Using the extended dofs to define Z4& : V4(K) — RTy 4, we can now
derive an estimate on ||v — Z§t (v)| p2(x) for all v € H"(K) with r € (0, 1].
This result complements Theorem 16.6 which is valid only for r € (%, 1].

Theorem 17.5 (Approximation, r € (0,1]). For allr € (0,1] and all ¢ >

2+d’ there is ¢, unbounded as either v | 0 or q | Qﬁd, such that

1 1
-9
lo = T @)n2a0) < ¢ (Riclolm oo +hic "0 2 IV0lla),  (17.18)

for allv e H"(K) with V-v € LI(K), all K € Tp, and all h € H.

Proof. Let v € H"(K) be s.t. Vov € LY(K). If 2r > d (ie., if r = 1 and
d = 2), let p be any real number larger than 2. If 2r < d, let p := dfcér
(note that p > 2 since r» > 0). Owing to the Sobolev embedding theorem
(Theorem 2.31), we have H"(K) < LP(K) which implies that v € V4(K),
so that Z¢(v) is well defined. Moreover, since H"(K) < LP(IA(), we have
10l Loy < €0l g2y + [0l g (i) for all ¥ € H"(K). Taking ¥ := v o Tk
and using the regularity of the mesh sequence, this gives

hy! Hv”LT’(K <chg (||’UHL2(K +hK|v|HT(K)) (17.19)

Using again the regularity of the mesh sequence, Proposition 12.5, and the
bound (17.16) on the local dofs, we infer that

_d
hoe | Tk ()| p2(xe) < chye max lok,i(v)]

) 1—4
< & (h" [vlleocre) + g V-0l Laiy)- (17.20)
Combining (17.19) with (17.20) leads to

, 1-d(1-1)
IZ5 )2y < e (ol + hiclolanio + i * 2 IV-llka) )-

Since Py 4 C RT}, 4 is pointwise invariant under Z¢%, we infer that
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v = I (0)l|lz2x) = inf [lv — g+ T (v — @)||2x)
q€Py a4
< chielvlgry+ inf Tk (v — @)ll2x),
q€Py g

where we used the fractional Poincaré-Steklov inequality (12.14) in K (and
r < 1). Moreover, the above bound on Z¢ together with |v — qlar (k) =
|v| (k) and V-q = 0 for all g € Py 4 implies that

, 1-d(L-1)
1T 0~ @)ooy < e(llo— gl + kol g 190 gy )-
Taking the infimum over q € Py 4 and invoking again the fractional Poincaré—-
Steklov inequality (12.14) leads to the bound (17.18). O

Remark 17.6 (Quasi-interpolation). We construct in Chapter 22 a quasi-
interpolation operator Zi® s.t. |jv — Ig’av(v)HLz(K) < chi|v|ar (g for
all v € H"(Dk), r € (0,1], where Dg is a local neighborhood of K (see
Theorem 22.6). Thus, contrary to the canonical interpolation operator I,‘f,
the quasi-interpolation operator Ig"w gives an optimal error estimate for all
r > 0 without making any assumption on the divergence of the vector field
that is approximated. We are going to invoke I}c}’av instead of IS most of the
time in the rest of the book. O

17.3 Local interpolation in H (curl) using liftings

In this section, we assume that d = 3. Let K € T, be a mesh cell with
outward unit normal ng. Our goal is to show that one can extend the local
dofs {0k ;}ien of the N 4 element to the functional space

VO(K) = {v e L(K) | Vxv € LP(K), vxng € LP(0K)},  (17.21)

where p > 2. We proceed as in §17.2: the idea is to use face-to-cell lifting
operators to give a (weak) meaning to the face dofs, together with additional
edge-to-face lifting operators to give a (weak) meaning to the edge dofs.

Let us start with the reference dofs {7;};en of the Ny 4 element and let
us show that these dofs can be extended to £(VE(K);R) (we use the same
notation for the extended dofs for simplicity), where V°(K) is defined simi-
larly to (17.21). Recall that the reference dofs are defined as follows: For all
vE Nk’dl
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E 'rn

e = |E|/ ) (o) dl,  VE € &, (17.22a)

o~

5 (@) 1|ﬁ|/ﬁ 5,)(CnoTo 1) ds, VE € F,Vj € {1,2}, (17.22b)
e F

~

e 1 ~ - .
05 (V) = |?| /]A((v 7 ) ¥m dz, Vi € {1:3}, (17.22¢)

where {um}me{lzn:h}, {Cm}me{lzngh}v and {wm}me{lzngh} are bases of Py 1,
Pr_12 (k > 1), and Pr_23 (k > 2), respectively, the tangent vectors
{tE}Eesfg {tﬁ,j}ﬁé}—f{\,je{lﬂ}’ and {tz ;}je(1,2,3) orient the edges of K, the
faces of I/(\', and K itself, respectively, and T : St - E and Ts : S2 5 F
are affine geometric mappings.

Let v € V¢(K). One does not need to change the definition of the cell
and face dofs, i.e., we still use (17.22b)—(17.22¢). The difficulty consists of
extending the edge dofs defined in (17.22a). Let E € &g be an edge of K

and assume that E is an edge of a face Fe Fg. By proceeding as in §17.1
p(d—1)
+d 1

can define an edge-to-face lifting operator LF WP ( ) — WL (F (F ) Then
Lg = L;:{ o Lg : W%’p/(A) — WP (K) is a bounded edge-to-cell lifting

operator since Wh?' (F) —» W (F (F). We extend the reference edge dofs as
follows:

(we take p = p > 2 and ¢ = p, noticing that ¢ > £5 5 and g > ), we

+ A(I/;X’ﬁl?lﬁ)'VLE(,um OTél)dé\), (17.23)
F

with €z 7 5 = ?f(ﬁ@-?g, where ?f(ﬁ is the unit vector tangent to 9F with
the (unique) orientation that is compatible with ﬁfflﬁ’ ie., ’?f(ﬁ X ﬁfqﬁ
points outward F a.e. on OF, ng being the outward unit normal to K.

Lemma 17.7 (Extended reference dofs). (i) The definitions (17.22a)
and (17.23) coincide on Ny, 4. (ii) The extended reference dofs are s.t. {G; }ien

C L(VE(K);R).

Proof. (i) For all v € Ny 4, using the notation pg = pim 0 TEjl, we have
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where we used the definition (17.23) in the first line, the divergence theorem
in K and V-(Vx) = 0 in the second line, the definition of Lg and the fact

that Lg vanishes outside F in the third line, an algebraic identity on the curl
operator in the fourth line, and the Kelvin—Stokes formula (16.15) together

with the fact that LE vanishes outside E and the definition of ¢ 7 p.p in the
last line. This proves the first assertion.
(ii) Owing to Holder’s inequality, we bound the reference edge dofs as follows:

e ~ 1-2 ~ -2

\Ugym(”)\ < cﬁk(ﬂf( ||V><'U||Lp(f() +L5 ||'U><nf(||Lp(af())7
with the reference length scale £ := 1. Similarly, for the reference face dofs
and the reference cell dofs, we obtain

_2 _3
5L @) el [xhglpory 155m @) < lrle 850z
since |1/)\{13’J| < HﬁxﬁglﬁHez, vy € {1,2}, and |T/J\i\f(’]| < ||D]| g2, V5 € {1:3}.

This proves that {;}ienr C L(VE(K);R). O
Remark 17.8 (Edge dofs). The proof of Step (i) shows that 7% m(ﬁ) is

independent of the face FerFr 7 containing E if % is smooth enough. O

Proposition 17.9 (Extended local dofs). Let K € T be a mesh cell.
Let VS(K) be defined in (17.21). Let V<(K) be defined similarly. (i) The
covariant Piola transformation ¢, is in LIV (K); Ve(K)). (ii) The extended
local dofs

ok, =0, 0¢% : VY(K) =R, Vie N, (17.24)
are in L(V°(K);R), and there is ¢ s.t., for allv € V¢(K), all K € Tp, and
allh € H,
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_3 1_3

I;Ié%(lgl(,z(’v” S ChK (th ||v||LP(K) + hK P HVXUHL;J(K)
_2

+ hy” ||'U><nKHLP(aK)). (17.25)

Proof. (i) Corollary 9.9 gives Vx5 (v) = 9% (Vxv). Owing to Lemma 11.7,
we infer that

1% () Loy < 1det@x)| ™7 [Tk Nlez [0l Lo ()
IV x5 ) i) = I (Vx0) [ ) < ldet@ao) |5 105 2 1V 50 1 )
Invoking the regularity of the mesh sequence, we obtain
3 c 1—3 c
O 5 ()| oy + O * Vx5 (0) o i) <
_3 1-3
chic (b [olloqo+hoe " IV x0lpoe) ). (17.26)
Moreover, since (9.10) implies that iz = ||J}(nkx o Tk)|| 2" I (nk o Tk) a.e.

on QK (that is, for all # € OK s.t. Z lies in the interior of a face of K), we
have

W) xBgl o = [ @ o Ti)xaig]f, 3
= | I o T) I | Wk o 0 T (e e 0 T [ 05
Using the result from Exercise 9.5, we infer that
5 )%, o) =
| Tt T | et T [ (036 [ 5

We now use the transformation of the surface measure from Lemma 9.12,
ds = |det(Jx)| ! | Tk x| e ds, to obtain

e (@)xAgl?, o2 = /8 Tkl et @~ 05 (o) ds
< / 135 1 1T B et (Bi) P~ o e 12 ds.
0K

Using the regularity of the mesh sequence, we conclude that

1-2 - 1_%
ls 7 ||1/);((”)Xn1?”Lp(af() < chy "llvxnkllpeok)- (17.27)

(ii) We have shown in the proof of Lemma 17.7 that
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_3
max lo;(v)| <clp (éf(p ||U||Lp(f<)

1—-3 R —% o~ o~
o "IV oy + 5 H”X"knm(af())'

Then the assertion on the extended local dofs follows from the above bound
together with (17.26)—(17.27). O

Remark 17.10 (Extended local dofs). Let £ € £x be an edge of K
oriented by the unit tangent vector 7 and let F' € Fx be a face of K s.t. E C
OF. Let €k r.p = Tk, F|E'TE, Where Tk r is the unit vector tangent to OF
with the (unique) orientation that is compatible with ng p (i.e., Tk FxnK|p
points outward F'). The reader is invited to verify (see Exercise 17.4) that
for all v € V°(K) and every integer m € {1:ng, },

(@) = exr( [ (0 TLE G 0Tl o
K
o

where Lg((b)(y)A:: Lg(gﬁoTK‘E)(TgllF(y)) for all ¢ € W%’p/(E) andy € F,
LE(¢)(z) := Lg(gbOTKlE)(TI;l(a:)) forall x € K, and T p := Ty o Tp. If
v € Ny, 4, and more generally, if v € WP (K)NV(K) with sp > 2, p € (1, 00)
ors =2, p =1, werecover that 03,  (v) = ﬁ J5(0tE) (1m0 Ty ) dl, where
tg = |E|Tg is the tangent vector orienting E. Concerning the extended
local face and cell dofs, it follows from Lemma 15.19 that 0%,j,m(v) =
ﬁfF(vtF,j)(Cm o TI;IF) ds for all F € Fk and every integers j € {1,2}
and m € {1:nf,}, where {tp;};c(12) are the two tangent vectors orienting
F and Tk p := Ty © Tp, and that 05 (V) = ITlﬂ S (0tr ;) (Wm0 T;") dz
for every integers j € {1:3} and m € {l:ng }, where {tx ;}jc(1.3) are the
three tangent vectors orienting K.

Using the extended dofs to define Zf, : V°(K) — Ny, 4, we can now derive
an estimate of v — Z§ (v)| p2(k) for v € H"(K) with r € (3,1]. This result
complements Theorem 16.12 which is valid for r > 1.

Theorem 17.11 (Approximation, r € (1,1]). Letr € (3,1] and let p €

(2, ﬁ] There is ¢, unbounded as r | & (i.e., p | 2), such that

C r 1+3(l7%)
v — T (V)22 (x) < C(hK|'U|HT(K) +hyg ? ”VX'UHLP(K))’ (17.29)

for allv € H"(K) with Vxv € LP(K), all K € Ty, and all h € H.
Proof. See Exercise 17.3. (]
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Remark 17.12 (Literature). The space V°¢(K) defined in (17.21) has been
introduced in Amrouche et al. [9, Lem. 4.7], and Theorem 17.11 is established
in Boffi and Gastaldi [28]. One can also extend the dofs of the Ny 4 finite
element to {v € H"(K) | Vxv € H*(K)} with suitable smoothness indices
r, s. See, e.g., Monk [144, Lem. 2.3] for r = s = 1, Alonso and Valli [8, §5] and
Ciarlet and Zou [74, §3] for r = s € (4, 1], and Bermtdez et al. [19, Lem. 5.1]
for r € (3,1], s € (0,1]. O

Remark 17.13 (Quasi-interpolation). We construct in Chapter 22 a quasi-
interpolation operator Z,”™" s.t. [[v — Z;* (v)||2(x) < chii V| (D, for all
v € H"(Dg), r € (0,1], where Dk is a local neighborhood of K (see The-
orem 22.6). Thus, contrary to the canonical interpolation operator Zy, the
quasi-interpolation operator Z,"*" gives an optimal error estimate for all # > 0
without making any assumption on the curl of the vector field that is approx-
imated. We are going to invoke Z;"*" instead of Z; most of the time in the
rest of the book. O

Exercises

Exercise 17.1 (Lifting). Let D := (0,1)2. Let « := (21, 22)" and consider
the function ¢(x) := \/ﬁ (i) Compute limg, o ¢(x) and limg, o ().
(i) Without invoking a trace argument, prove directly that ¢ ¢ H*(D). (iii)
Construct a function ¢ € C*°(D;[0,1]) s.t. lim,, ;o ¥(x) = 0, lim,,+1 ¥ (x) =
0, lim,, 41 ¥(x) = 0, and lim,, o ¢¥(x) = 1.

Exercise 17.2 (Extended face dofs for RTy 4). (i) Let e r := np-ngp,
€RFI=NENR and e = det(Jx)/|det(Jx)|. Prove that ex r = € mek.

(ii) Prove (17.17). (Hint: show that L (G 0 Ticly) = LE (G 0 T51) 0 Ty
and use (9.8a).)

Exercise 17.3 (Zj). (i) Let r > § and p € (2, 3%5.]. Prove the stability esti-
14+3(3—-3)

mate || Z5 (v)llr2(x) < ¢ ([0llp2x) + Piclvlar ) + hie 7 7 IIVx0|lLex))

for all v € V°(K). (Hint: use the trace theorem (Theorem 3.10), the Sobolev

embedding theorem (Theorem 2.31), and reason as in the proof of Theo-

rem 17.5.) (ii) Prove Theorem 17.11. (Hint: proceed as in the proof of The-

orem 17.5.)

Exercise 17.4 (Extended edge dofs for Ny 4). Use the notation from
Remark 17.10. (i) Let w € C'(K) be a smooth function. Prove that ex g =
€x€r p.p where ex = det(Jx)/|det(J)|. (Hint: apply the Kelvin-Stokes
formula (16.15) to the shape function of the lowest-order Nédélec element
associated with E). (ii) Prove (17.28). (Hint: proceed as in Exercise 17.2(ii)
and use (9.8b).)
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Part IV, Chapter 18

From broken to conforming spaces ®

Check for
updates

In Parts IT and III, we have introduced many examples of finite elements
and devised techniques to generate finite elements in each cell of a mesh.
In Part IV, composed of Chapters 18 to 23, we show how these methods
can be used to build finite-dimensional spaces composed of piecewise smooth
functions whose gradient, curl, or divergence is integrable. We also devise
quasi-interpolation operators enjoying fundamental stability, approximation,
and commutation properties. These spaces and operators will be used repeat-
edly in Volumes II and III to approximate various PDEs and estimate the
approximation error. In the present chapter, we introduce broken Sobolev
spaces and broken finite element spaces based on a mesh from a family of
meshes (7;,)nes covering exactly a domain D C R?. Then we identify jump
conditions across the mesh interfaces that are necessary and sufficient for
every function in some broken Sobolev space to have an integrable gradi-
ent, curl, or divergence. These conditions lead to the notion of conforming
finite element spaces. Finally, we show how to construct L!-stable (local)
interpolation operators in the broken finite element space with optimal local
approximation properties.

18.1 Broken spaces and jumps

In this section, we are only concerned with broken Sobolev spaces and with
broken finite element spaces. Membership to broken spaces is defined by
requiring that some property be satisfied in each mesh cell without requiring
any continuity across the mesh interfaces.

18.1.1 Broken Sobolev spaces and jumps

The notions introduced hereafter will be used repeatedly in this book. We
consider R?-valued functions for some integer ¢ > 1.
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Definition 18.1 (Broken Sobolev space). Letp € [1,00] and s > 0 be a
positive real number. The space defined by

WP (T RY) := {v € LP(D;R?) | v € WHP(K;R?), VK € T},  (18.1)

1s called broken Sobolev space. This space is equipped with the norm

||UH€VS,:D(T,L;]RQ) = Z ||v||€[/s,p(K;Rq)7 (182)
KeTn

if p € [L,00) and [[v|lws.ce (7, re) = maxgeT;, [[Vllweo(xre) if p= 00. We
write WP(Ty,) :== WSP(Ty; R) when ¢ = 1.

An important notion in broken Sobolev spaces is the jump of functions
across mesh interfaces (see Figure 18.1). Recall from the Definition 8.10 that
the collection of the mesh interfaces is denoted by F}, and that for all F' € F,
there are two distinct mesh cells K;, K, € Tj, such that F = 0K; N 0K,.. The
interface F' is oriented by means of the unit normal vector np pointing from
Kl to Kr.

Definition 18.2 (Jump). Let F' := 0K; N 0K, € F; be a mesh interface.
Let v € W*P(Tp; RY) with s > % ifpe(l,00) or s >1if p=1 (notice that
(Vi) F € LM(F) and (vik,)|r € L*(F)). The jump of v across F is defined
as follows a.e. in F':

[v]F == vk, — vk, (18.3)

The subscript F' is dropped when the context is unambiguous.

Fig. 18.1 Jump of a piecewise smooth
function across the interface F := dK; N
OK;.

Remark 18.3 (Alternative definition). Another definition of the jump
where Kj, K, play symmetric roles consists of setting [v]} := vk, @ ng, | +
vk, ® Nk, |p, where ng g, i € {l,7}, is the unit normal to F' pointing
away from K, i.e., [v]r ® np = [v]}. The advantage of (18.3) over this
definition is that the jump [v]F is R%-valued instead of being R?*?-valued.
Both definitions are commonly used in the literature. O
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Remark 18.4 (Zero-jumps in W*?). Let p € (1,00) and s > %, orp=1
and s > %. Owing to Theorem 2.21, smooth functions are dense in W*?(D).
Let v € W#P(D) and let (v, )nen be a sequence in C*°(D)NW P (D) converg-
ing to v in W*P?(D). Let F' € F be a mesh interface. Then 0 = [v,]r — [v]r
as n — oo since the trace map is bounded on W#P?(D). Hence, 0 = [v] for
all F € Fy. This shows that functions in W#?(D) have a single-valued trace
in LY(F) for all F € F}. O

18.1.2 Broken finite element spaces

Let (IA( P, 2‘) be the reference finite element of degree k > 0, where P is
composed of R?-valued functions for some integer ¢ > 1. We assume that
P C L*°(K;RY) (this is a mild assumption since in general P is com-
posed of polynomial functions). Consider a T,-based family of finite elements
{(K, Pk, EK)}KeTh constructed as in Proposition 9.2 by using the geometrlc
mappings Tx : K — K and the transformations g : V(K) — V( K) for
all K € T,. We assume henceforth that 1x € L£(L®(K;RY), L®(K;R?)).
Recall that we denote by {0k ;}ica the local shape functions in K and by
{0k, }ien the local degrees of freedom (dofs).

Definition 18.5 (Broken finite element space). The broken finite ele-
ment space is defined as follows:

PP (Ti;RY) := {vn, € L®(D;RY) | Y (o) € P,VK € T} (18.4)
We simply write PP(Ty) whenever ¢ = 1.

Recalling that Pk := @bl_(l(ﬁ) (see (9.4a)), we have vy, € PP(Tp;RY) iff
vy ik € Pk for all K € Tj. The above assumptions on P and Y imply that
Pg C L>®(K;R?), which in turn means that PP(7,;R?) is indeed a sub-
space of L>(D;R?). Moreover, since functions in PP(7,;R?) can be defined
independently in each mesh cell, we have

dim(PP(Ty; R?)) = card(N) x card(Ts) =: negn x Ne, (18.5)

where ngp, is the number of dofs in b5 (i.e., the cardinality of the set N), and
N, is the number of mesh cells in 7;,. Then the set {0k i}k i)eT, xA7» Where
§K7i is the zero-extension of Ok ; to D, is a basis of PP(T5;R?). The functions
fx.i are called global shape functions in PP(Ty;RY).

Example 18.6 (Plecew1se polynomials). On affine meshes the choice
Pi= Py.q (resp., Pi= Qk,q) together with ¢k (v) :=vo Tk and ¢ :=1 (i.e.,

scalar-valued functions) leads to Pp(Tx) = {vn € L>®(D) | vp ik € Pp.g, VK E
Tn} (vesp., {vn € L¥(D) |vpx € Qra, VK € Tr}) since vy g € Prq iff
v o Tk € ]Plc,d (resp., Qk,d)' O
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Remark 18.7 (Connectivity array). In practice, the global shape func-
tions are enumerated, say from 1 to I. For the broken finite element space,
we have PP(T,;R?) = span{e1,...,pr} with I = ng,N.. The connection
between the local and the global shape functions is materialized by a connec-
tivity array j-dof : {1: N} xN — {1:1} defined such that ¥y got(m,n)|x,, =
Ok, i for all m € {1:N.} and all n € N. The most common approach to
define j_dof consists of enumerating first the dofs in the first cell, then in the
second cell, and so on, leading to j_dof(m,n) := (m — 1)ng, + n. O

18.2 Conforming finite element subspaces

Given a piecewise smooth function on the mesh 7}, either scalar- or vector-
valued, depending on the context, we want to find necessary and sufficient
conditions for this function to be in H(D), H(curl; D), or H(div; D). It
turns out that the answer to this question hinges on the continuity properties
of the function, its normal component, or its tangential component across the
mesh interfaces.

18.2.1 Membership in H!

The global integrability of the gradient of a piecewise smooth function is
characterized by the following result.

Theorem 18.8 (Integrability of V). Let ve WP(T;,; RY) with p € [1,00].
Then Vv € LP(D) iff [v]lr =0 a.e. on all F € Fj.

Proof. We prove the assertion for ¢ = 1. The general case is treated by
working componentwise. Let v € W (T,) and let C§°(D) be the set of the
smooth functions compactly supported in D. For all ¢ € C5°(D), we have

vV-@dr = /v V-&dr
/, Y RE

KeTy

- Z /KV(’U‘K){de]'F Z

/ vgng-Pds
KeT, KeT; 0K

-y /KV(’U‘K)qux-l- > /F[[v]]pnp@ds,

KeTh FeF;

where n g is the outward unit normal to K and nr is the unit vector defining
the orientation of F'.

(i) If [v]p = 0 ae. on all F € Fy, we infer from the above identity that
JpoV-@de = =3 kcr [ P V(vg)dz, which shows that v has a weak
gradient in LP(D) s.t. (Vv)|x = V(v|k) for all K € T;,. Hence, v € WhP(D).
(ii) Conversely let v € W1P(D). We can conclude by invoking Remark 18.4.
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Let us give a more direct proof. Owing to Lemma 18.9 below, we infer that
(Vu)k = V(yk) for all K € Tp. Hence, the above identity implies that
Y Fers Jplv]lpnp-®ds =0 for all @ € C§°(D). Let F € Fy be an arbitrary
interface. After localizing the support of @ in such a way that it intersects F’
and no other interface in 7y, it follows from the vanishing integral theorem
(Theorem 1.32) that [v]r = 0, since @|p-np can be arbitrarily chosen, and
[v]F € LY(F) because the trace map is bounded on W1?(D). O

Lemma 18.9 (Local weak derivative). Let p € [1,00] and let v €
WLP(D). Then V(vg) = (Vv)x a.e in K for all K € Ty,.

Proof. Let K € Ty, and let ¢ € C°(K). Let ¢ € C5°(D) be the zero-
extension of ¢ to D. For all v € W1P(D), we infer that

/V(U‘K)gbdx:—/ v g V-¢pdr
K K

:—/DUV-(Eda::/I)Vv@dx:/I((Vv)‘K-(bdx.

The assertion follows from Theorem 1.32 since ¢ is arbitrary in C§°(K). O

Figure 18.2 illustrates Theorem 18.8 in dimension one.

N

Fig. 18.2 One-dimensional example with two piecewise quadratic functions. The one on
the left is not in H!, the one on the right is.

18.2.2 Membership in H (curl) and H (div)

Let us now consider the integrability of the curl or the divergence of vector-
valued piecewise smooth functions. Let v € WLP(T;,) := WLP(T,: R, p €
[1,00). We also use the notation W*P(Ty,) = W*P(T;;R%), s > 0. The
jump of the tangential component of v (if d = 3) and the jump of its normal
component across a mesh interface F' € Fy, with ' := 0K;N0K,, are defined
as follows a.e. in F"

[vxn]r = (vik, xnr) — (Vg xnF) = [V]FxnF, (18.6a)

[vn]r = (vx,nr) — (Vg nr) = [V]FnF, (18.6b)

where [v]F is the componentwise jump of v across F' from Definition 18.2.
The subscript F' is dropped when the context is unambiguous.
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Theorem 18.10 (Integrability of Vx and V-). Let v € WLP(Ty,) with
p € [l,00]. (i) If d =3, Vxv € LP(D) if and only if [vxn]r =0 a.e. on all
F e Fp. (i) V-v € LP(D) if and only if [vn]p =0 a.e. on all F € Fy.

Proof. Proceed as in the proof of Theorem 18.8. See Exercise 18.1. O

Remark 18.11 (Extension). The statement of Theorem 18.10 can be
extended to functions v € W*P(Tp,) with s > 1% if pe (1,00) or s > 1if
p = 1. The following holds true: (i) If d = 3 and Vx(v|x) € LP(K) for
all K € Ty, then Vxov € LP(D) iff [vxn]p = 0 for all ' € Fy. (i) If
V-(vg) € LP(K) for all K € Ty, then Vv € LP(D) iff [v-n]r = 0 for all
Fere O

18.2.3 Unified notation for conforming subspaces

To allow for a unified treatment of H'-, H(curl)-, and H (div)-conformity,
we use the superscript x € {g, ¢,d} (referring to the gradient, curl, and diver-
gence operators), and we consider R%-valued functions with ¢ := 1 if x = g,
g=d=3ifx=c,andg=difx=d. Let p € [1,00) and let s > L if p > 1
ors>1if p=1. Let K € T, be a mesh cell and let F' € Fi be a face of K.
We define the local trace operators v p : W*P(K;R?) — LY(F;R?) s.t.

7%(,17(”) =AU F (g=t=1), (18.7a)
Vicr(v) :=vFpxnp (¢=t=d=23), (18.7b)
Vi p@) =vpnp  (¢=d, t=1). (18.7¢)

This leads to the following notion of v-jump: For all v € WP (Ty; R9),
[o]5 (@) := V5, p(0) (@) = VK, p(vk, ) (@) ae on F. (18.8)

Let (I? , ﬁg, X’8) be one of the Lagrange elements or the canonical hybrid
element introduced in Chapters 6 and 7. Let k > 1 be the degree of the finite
element. The corresponding broken finite element space is

PEP(Ty) = {vn € L=®(D) | ¢% (vnic) € P8, VK € Tp}, (18.9)

where 9% (v) := v o Tk is the pullback by the geometric mapping Tk . The
H'-conforming finite element subspace is defined as follows:

PE(Tp) := PE°(To) N H'(D). (18.10)

Similarly, let (IA( , 13C, X¢) be one of the Nédélec elements introduced in Chap-
ter 15, and let (IA( ,ﬁd,Ed) be one of the Raviart—-Thomas elements intro-
duced in Chapter 14. Let k& > 0 be the degree of the finite element. The
corresponding broken finite element spaces are
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PIP(Th) = {vn € Lo(D) | ¥ (vp ) € P°, VK € Tr}, (18.11a)
PP (Th) o= {vn € L¥(D) | ¢ (vp i) € P, VK € T}, (18.11b)
where 9% (v) = JL(v o Tk) is the covariant Piola transformation and

Pk (v) := det(Jx)J 5 (voTk) is the contravariant Piola transformation. The
corresponding H (curl)- and H (div)-conforming finite element subspaces are
defined as follows:

P (Th) = P;:’b('ﬂ) N H (curl; D), (18.12a)
P{(Ty) := Py°(Ty) N H(div; D). (18.12b)

The zero-jump conditions from Theorem 18.8 and Theorem 18.10 imply that

PE(T) = {on € PE®(Ta) | [oa]% = 0, VF € Fi}, (18.13)
PL(Th) = {vn € PE°(Th) | [on]s = 0, VF € Fp), (18.13b)
PX(Ty) = {vn € PM°(Th) | o] = 0, VF € F7). (18.13¢)

In the next chapters, we study the construction and the interpolation prop-
erties of the above conforming finite element subspaces. To stay general, we
employ the following unified notation with x € {g,c,d}:

Py (T R?) = {vn € Py (T RY) | [unly = 0, VF € Fr}, (18.14)
where P} P (Th;R?) is one of the broken finite element spaces defined above.

Remark 18.12 (2D discrete Sobolev inequality). We have PS(T;,) C
L*°(D)NH (D) by construction, but as shown in Example 2.33, if d > 2, there
exist functions in H!(D) that are unbounded. It turns out that in dimension
two, it is possible to derive a bound on the ||| Le-norm of functions in P¢(7)
that blows up very mildly w.r.t. the meshsize. This bound involves a global
length scale associated with D, say §p. More precisely, since D is Lipschitz,
one can show that there exist a length scale 6p > 0 and an angle w € (0, 27)
such that any point @ € D is the vertex of a cone €(x) C D, where €(x) is the
image by a translation and rotation of the cone € := {(r,0) | r € (0,6p), 0 €
(0,w)} defined in polar coordinates; see Lemma 3.4. Then assuming d := 2,
one can show (see Exercise 18.2 and Bramble et al. [42]) the following inverse
inequality, called discrete Sobolev inequality: There is ¢ > 0 s.t.

. i 5o\
Syt lonll=o < 65 lonllzzcoy + 1 (£2 ) I9onlacoy, (1815

for all vy, € PE(Th), all K € T, such that hix < $6p, and all h € H. O
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18.3 L!-stable local interpolation

In this section, we devise a local interpolation operator that is L'-stable and
maps L' (D) onto the broken finite element space PP (75,;R?) defined in (18.4).
The construction is local in each mesh cell. The key idea is to extend the dofs
of the reference finite element so as to be able to interpolate boundedly all
the functions that are in L!(D).

We assume that the geometric mappings Ty are affine for all K € Tp,
and that all the transformations ¢ are of the form ¢ g (v) := Ag (v o Tk)
(see (11.1)) where Ag € R9*7 gatisfies (see (11.12))

1Akl AR e < e |Txcllez |5 ez, (18.16)

with ¢ uniform w.r.t. K € T, and h € H, where Jg is the Jacobian matrix of
Tx. Let us define the adjoint transformation ¢ (w) := By (w o Tk ) where
By := |det(Jx)]Ax" . The terminology is motivated by the following identity:

(w7 ’U)LZ(K;RQ) = (¢K(w)7 wK(’U))LQ(]?;Rq)7 (18~17)

for all v € LP(K;RY), all w € LP' (K;R?), and all p € [1, 00] with %—F 5 =1
Indeed, we have

(65 (W), ¥k (0) L2 oy = /K [det (I )|(AT (w0 Tie), A (v 0 Tie)) 2 gy AT
:/ (w ] TK,’U o TK)p(Rq) dz = (w,v)Lz(K;Rq).
K

Moreover, we have |Bgl|le2|Bx'llez = [[Ax|el|Ag (e since [[Ak|e =
Ao A

We first extend the dofs of the reference finite element. Let p; € P for all
i € N be such that

1 . o PN

@(Pi,P)Lz(@Rq) = 0i(p), Vp e P. (18.18)
The function p; is well defined owing to the Riesz—Fréchet theorem (see either
Exercise 5.9 or Theorem A.16 applied here in the finite-dimensional space P
equipped with the L2-inner product weighted by |K|~1). This leads us to
define the extended dofs as follows:

SN 1 . -
GE0) == —=(0i,0) po(emay, VO € LN(KGRY). (18.19)

2 K |

We then define the interpolation operator s.t. for all Z € K ,

TL(0)(3) = > _61(0)0:(2), Vo€ L'(K;RY), (18.20)
ieEN
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We can take V(I?) = L1 (I?, RY) for the domain of Iﬁ?. One can show that

I}{ is actually the L2-orthogonal projection onto ]3; see Exercise 18.3.

Lemma 18.13 (Invariance and stability). Let Iﬁ? be defined in (18.20).
(i) P is pointwise invariant under Ig?. (ii) I% is LP-stable for all p € [1,00],
i.e., there is ¢ s.t.

1Z5 Ol iy < N0l ey VO € LARSRY.  (1821)

Proof. (i) Since 8? (p) =0i(p) for all p € P and all i € N, we obtain Iﬁ? (p) =
S ien 0i(0)8; = b. (i) Since P ¢ L®(K;R7), we have p; € L®(K;RY).
Holder’s inequality implies that

o~ Si—1~ ~
G5O < KT 1Bl e 700 B o

for all ¥ € LP(K;R%). We conclude that (18.21) holds true with ¢ :=
~ Py

Zlej\/uﬂ p”pi”Loo(f(;Rq)HHZ'HLp(f(;Rq)' 0
Consider now a mesh cell K € 7 from a shape-regular mesh sequence

(Th)nhen and let (K, Pk, Xk) be the finite element generated in K using the

transformation g (see Proposition 9.2). The assumption g (v) = Ag(v o

Tx) implies that ¢ (L' (K;R?)) = L'(K;R?). We extend the dofs in Y

to L'(K;RY) by setting U§(7i(’l}) = Eg(wK(v)), i.e., owing to (18.17),

1 . 1
Ug(,i(v):@(piva(v))L%l?;]Rq) |K‘(¢K (Pi), v) L2 () Ro), (18.22)

and we define the local interpolation operator in K s.t. for all x € K,

=Y ok, (Wki(®),  VveV(K):=L'(K;R?), (18.23)
iEN

recalling that the local shape functions are given by 6 ; = ¢K ( ;) for all
1 € N. The linearity of ¥ implies that

Ui (The) = (Z ok (v ») =N 5wk (0)8; = Th (vx (v).

iEN iEN

In other words, the following key relation holds true:

Tie = Vi’ o Ik oYk (18.24)
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One can show that I§< is the oblique projection onto Px = wgl (]3) parallel

to Qp with Qg = o' (ﬁ) Note that I§( is L2-orthogonal whenever the
matrix Ak is unitary; see Exercise 18.3.

Theorem 18.14 (Local approximation). Let T be defined by (18.23).
Let k be the degree of the finite element, i.e., [Py q]? C Pc Wk“’p(f(;]Rq).
(i) Px is pointwise invariant under T% . (ii) Assuming that the mesh sequence
is shape-regular, there is ¢ s.t. for allr € [0,k + 1], allp € [1,00) if r ¢ N or
allp € [1,00] if r € N, every integer m € {0:|r]}, all v € WMP(K;R?), all
KeTy, and allh € H,

v — Tk () |wmw(rcra) < B ™[0 wr (ke (18.25)

Proof. The property (i) follows from (18.24). The property (ii) for r € N
follows from Theorem 11.13 with [ := 0 since Iﬁ? is stable in L? owing to

Lemma 18.13. Taking m := r in (18.25) implies the W™ P-stability of Ig( for
every integer m € {0:k + 1}, i.e.,

|5 (W) [wmow (rcka) < Clwlwmo(may, — Yw € W™P(K;RY).  (18.26)
Since Iﬁ((g) = g for all g € Pk, (18.26) and the triangle inequality yield

"U — Ig((v)|W'nL,p(K;]Rq) = 1nf "U —g— Ig(('l} — g)|W'nL,p(K;Rq)
g€ Pk

<c inf |v—g|lwmr(gra)-
<c inf ju—glwmrrn

Invoking the bound (12.18) on infgepy [v — glwm.»(k;ra), We infer that the
property (ii) holds true for all r € N as well. O

Corollary 18.15 (Approximation on faces). (i) Let p € [1,00) and r €
(%Jﬂ—l—l] ifp>1orrell,k+1] ifp=1. There is ¢ s.t.
lv — Iﬁ((v)HLp(F;]Rq) < Ch;E |U|Wr,p(K;]Rq), (18.27)

for allv e WrP(K;R?), all K € Ty, all F € Fk, and all h € H, where the
constant ¢ grows unboundedly as rp | 1 if p > 1. (ii) Assume k > 1. Let

p € [l,00) and r € (%,k‘] ifp>1orre[lk] if p=1. There is c s.t.
r—1
V(v — Ilﬁ((v))HLP(F;]R'I) <chg? |’U|W1+7‘~P(K;Rq)7 (18.28)

for all v € WP (K;RY), all K € Ty, and all h € H, where the constant ¢
grows unboundedly as rp | 1 if p > 1.

Proof. For simplicity, we assume that ¢ = 1. The general case is treated
by reasoning componentwise. Let us prove (18.27). Assume first that r €
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[1,k + 1]. Owing to the multiplicative trace inequality (12.16), we infer that,
with 7 := v — Z% (v),

-1 o
Iilercey < e (i Wlzsce + Dl oIV )

Invoking (18.25) with m € {0,1} (note that m < |r]) shows that (18.27)
holds true in this case. Let us now assume that r € (%, 1) with p > 1. Let

qo € 1/);(1 (Pg,q) = Po,q be arbitrary. We have
1 1 1
hilnlleery < hillv = qollor(ry + h;;||I§((v) — qollzr (F)
< c (v = qollLr(r) + Biclolwro ey + 1 Z5 (v) = qoll o))
< c (v = aollLe(re) + Biclolwrn () + lv = Zhe () Lo (i)

where we used the triangle inequality in the first line, the fractional trace
inequality (12.17), the discrete trace inequality (12.10) and go € Py 4 in
the second line, and the triangle inequality in the third line. Invoking the
best-approximation estimate (12.15) from Corollary 12.13 (observe that ¢o is
arbitrary in Py 4) and (18.25) with m = 0 leads again to (18.27). Finally, the
proof of (18.28) is similar and is left as an exercise. O

We define Ifl : LY(D;RY) — PP(Tp;RY) s.t. for all v € LY (D;RY),
() =Tk (vk), VK €T (18.29)

The approximation properties of I}ul readily follow from Theorem 18.14.

18.4 Broken L*-orthogonal projection

Let K € T;, be a mesh cell. The L2-orthogonal projection Z% : L*(K;RY) —
Py is defined s.t. for all v € L*(K;RY),

(IR (v) — v, Q)2 (k) =0, Vg€ Pg, (18.30)
where Pp 1= 95" (P) and ¢k (v) := A (v o Tx). Since (18.30) implies that
Il = allizcpay = v = ZR N2k 00y + IR (V) =l T2y, (18:31)
we have the optimality property

Iy (v) = arg min [|v — g 12k ra)- (18.32)
q€Pk
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The stability and approximation properties of I}D( can be analyzed by using
the L'-stable interpolation operator Ig( introduced in the previous section.

Theorem 18.16 (Stability and local approximation). Let ZY be defined
by (18.30). Let k be the degree of the finite element, i.e., [Py q]? C P c
WHHLP(K:RY). Assume that the mesh sequence is shape-regular. (i) P is
pointwise invariant under I . (ii) Z% is LP-stable for allp € [1,00], i.e., there
is ¢ s.t. || Z% (V)| Lo iRy < c||vlle(rray for all v € LP(K;R?), all K € Ty,
and all h € H. (iii) There is ¢ s.t.

lv— III%(U)‘W’"“P(K;R‘I) < chliy ™ vlwre (kra), (18.33)

forallr € [0,k+1], allp € [1,00) if r €N or all p € [1,00] if r € N, every
integer m € {0:]r]}, allv € W"P(K;R?), all K € Ty, and all h € H.

Proof. (i) The pointwise invariance of Px under Z% follows from (18.30).
(ii) Stability. Let v € LP(K;R?). We observe that

d(2-1) d(2-1)
1% (0) 120 remey < chie” TR (0|22 s = chig

71)|

(Uvz-})((v))L2(K;R‘1)
a3 b

<chg |U||LP(K;]R‘1)||IK(U)||LP’(K;]R11)
A(Z-1+27—1)

<d by ”U”LP(K;R‘I)”I})((U)”LP(K;RG)

= [|v]| Loy |1 T8 (0) || Lo (e R

where we used the inverse inequality (12.3) (between LP and L?%), (18.30)
with ¢ := Z% (v), Hélder’s inequality (with 11; + ﬁ = 1), and again the inverse
inequality (12.3) (between LP and LP). This proves the LP-stability of Z%..

(iii) Local approximation. Since Iﬁ((v) € Pk and Py is left pointwise invari-

ant by Z%, we have
[0 = TR (0)lwmr(cpa) < [0 = The(0)lwmos(xc:0) + TR (0 = The () lwmo (¢ 2oy
< |o = e (W) lwmon esgay + chg™ TR (v = i (0)) | o (s oy
< v = T (0)lwmr(ma) + R [0 = i (0) | o iy
< "hi " olwes ke,
where we used the triangle inequality, the inverse inequality from Lemma 12.1,
the LP-stability of Z%., and the approximation property (18.25) of Ig(. O

We define ZP : LY(D;RY) — PP(Tp;RY) s.t. for all v € L'(D;RY),
P (v)k = Zp(v) for all K € Tp. One readily verifies that Zp is the
L?-orthogonal projection onto P,?(ﬁb; RY). The stability and approximation
properties of I,kl’ follow from Theorem 18.16.

Remark 18.17 (Approximation on faces). A result similar to Corol-
lary 18.15 holds true for Z% on the mesh faces. O



Part IV. FINITE ELEMENT SPACES 227

Remark 18.18 (Pullback). One cannot investigate the approximation
properties of I}} by introducing the L?-orthogonal projection onto P (i.e., the
operator I}() and using Theorem 11.13, since we have seen that 1/)}1 oIﬁ? Y%

is actually the oblique projection Ig( and not the L2?-orthogonal projection
I}}. The two projections Ig( and I}’( coincide when the matrix Ak is unitary
(see Exercise 18.3). This happens when vk is the pullback by the geometric
mapping Tk, i.e., when A is the identity as is the case for scalar-valued
elements. In this situation, Theorem 18.16 has already been established in
Lemma 11.18 (at least for r € {0:k + 1}). O

Remark 18.19 (Algebraic realization). To evaluate the L?-orthogonal
projection Z% (v) of a function v, one has to solve the linear system My X =
Y, where the local mass matrix has entries Mg pn = [ (0K m, Ok n)e2 vy dz
for all m,n € N, and the right-hand side vector Y has components Y;, :=
S5 (v,0K 1) 2 ey dz. Then we have I (v) = Y onen Xnbk n; see §5.4.2. 0O

Exercises

Exercise 18.1 (H (div), H(curl)). Prove Theorem 18.10. (Hint: use (4.8).)

Exercise 18.2 (Discrete Sobolev inequality). (i) Assume d > 3. Prove

_d
that [[on | Lo (x) < chye 2| Vonllp2(x) for all vy, € PEP(T;), all K € Ty, and
all h € H. (Hint: use Theorem 2.31.) (ii) Assume d = 2. Prove (18.15). (Hint:

let K € Tp, with hi < 57’37 let € K and let y have polar coordinates (r, §)
with respect to @ with r > %’ and 0 € (0,w), use that vy(x) = vi(y) —
s 9,vn(p,0) dp, decompose the integral as [; -dp = thK ~dp+ f,:K -dp, and

bound the two addends.)

Exercise 18.3 (Orthogonal and oblique projections). (i) Show that I}(
is the L?-orthogonal projection onto P. (Hint: observe that (p;, gj)ﬂ(f{;m) =
|K0;; for all 4,5 € N.) (ii) Prove that Ig( is the oblique projection onto

Py = 1/1;(1(?) parallel to Q% with Qp = @;{1(]3). (Hint: use (18.17).) (iii)
Show that Px = Qg if the matrix Ak is unitary, i.e., A}-{AK = AKA}'-{ =1,.

Exercise 18.4 (Approximation on faces). Prove (18.28).
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Main properties of the conforming C:?f
subspaces

updates

In this chapter, we continue the study of the interpolation properties of
the conforming finite element subspaces introduced in the previous chapter.
Recall that

PE(Tn; RY) = {vp, € PY°(ThsRY) | [on]s = 0, YF € Fi},

where P, ’b(Th; R?) is a broken finite element space, with ¢ € {1,d} depend-
ing on the superscript x € {g,c,d}, and the jump operator [-]} is defined
in (18.7). Recall that the H'-conforming subspace P¢(Ty) (¢ = 1) is built
using a Lagrange element or a canonical hybrid element of degree k > 1, the
H (curl)-conforming subspace Pg(7y) (¢ = d = 3) is built using a Nédélec ele-
ment of degree k > 0, and the H (div)-conforming subspace P3(Ty,) (¢ = d)
is built using a Raviart-Thomas element of degree k¥ > 0. The cornerstone
of the construction, which is presented in a unified way for x € {g,c,d}, is
a connectivity array with ad hoc clustering properties of the local degrees
of freedom (dofs). In the present chapter, we postulate the existence of the
connectivity array and show how it allows us to build global shape functions
and a global interpolation operator in Py (7). The actual construction of
this mapping is undertaken in Chapters 20 and 21. In this book, we shall
implicitly assume that the mesh 7}, is matching (see Definition 8.11) when
the conforming space Py (Tx;RY) is invoked.

19.1 Global shape functions and dofs

For all K € Ty, the local dofs are {ok ;}icar, and the local shape functions
are {0 ;}ien- Recall that {0k ;}icn is a basis of P and that {0k ;}ien is
a basis of £(Px;R). We start by organizing all the dofs and shape functions

{ok.i} ki) xnms {0k} (ki) e x A
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by grouping them into clusters, which we are going to call connectivity classes.
We assume that we have at hand a nonzero natural number I and a connec-
tivity array

jdof : ThxN — Ay = {1:1}. (19.1)
Without loss of generality we assume that the mapping j_dof is surjective,
i.e., for every connectivity class a € Ay, there exists (K,i) € TpxN s.t.
j-dof (K, i) = a. This hypothesis is nonessential and can always be satisfied
by rearranging the codomain of j_dof.

Definition 19.1 (Connectivity class). Two pairs (K, i), (K',i') € TpxN
are said to be in the same connectivity class if j_dof(K,i) = j_dof(K’,i').

We require that the mapping j_dof satisfies two key properties.
(1) The first one is that for all vy, € Py"°(7),

For all (K,i),(K’,i') in the same
[vn € PY(Th)] < | connectivity class, we have . (19.2)

O'K,i(vh\K) = 0K’ ('Uh|K’)

Thus, (19.2) means that for every function v, in the broken finite element
space P,i(’b(Th)7 a mecessary and sufficient condition for v, to be a mem-
ber of the conforming subspace Py (7},) is that for all a € Ay, the quantity
O'K,i('U}qK) is independent of the choice of the pair (K,4) in the preimage
jdotHa) = {(K',i) € ThxN | jdof(K',i') = a}.

(2) The second key property is that

VK € Ty, j-dof(K,-): N — A is injective, (19.3)

i.e., if (K,4) and (K,4') are in the same connectivity class, then i = ¢'.

We now construct global dofs and shape functions in P} (7). Since for all
a € Ap and all v, € Pf(Ty), (19.2) implies that the value of ok ;(vy k) is
independent of the choice of the pair (K,4) in the connectivity class a, it is
legitimate to introduce the following definition: For all a € Ay, we define the
linear form o, : P¥(Ty) — R s.t. for all vy, € P¥(Th),

oa(vn) == oki(VhK), Y(K,i) € j_dof (a), (19.4)

i.e., 04(vn) := oK i(vp i) for every pair (K,i) in the connectivity class a.
Observe that o, € L(P¥(T5);R). We now define the function ¢, : D — RY
for all a € Ap by

Ok if there exists i € N s.t. (K,i) € j.dof~!(a),
Palk :={ e (K1) €3 @ (195)

0 otherwise.

This definition makes sense since if (K, i)€ j_dof ~*(a) and (K,i’)€ j_dof ~!(a),
then i = ¢’ owing to (19.3).
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Definition 19.2 (Global shape functions and dofs). The functions p,
are called global shape functions, and the linear forms o, are called global
degrees of freedom (dofs).

For all a € Ay, let us introduce the following collection of cells:
To:={Ke€Ty| €N, (K,i)€ jdot '(a)}, (19.6)

ie., To ={K € T | a € jdof(K,N)}. A direct consequence of the defini-
tion (19.5) is that

supp(¢a) = ) K. (19.7)
KeT,

Lemma 19.3 (Conformity). For all a in Ay, ¢, € PE(Ty) and
Ua(@a’) = Oaa’> Va' € Ap,. (198)

Proof. Let a € Ay, and let us prove that ¢, € P¥(Ty). Since ¢, € P,f’b('ﬂ),
we prove the assertion by checking that the property on the right-hand side
of (19.2) holds true. Let a’ be arbitrary in Aj;. We need to show that the
quantity ox (k) is independent of the pair (K,i) € j-dof~!(a’).

(1) Assume first that o’ = a. Let (K, i) be an arbitrary pair in j_dof~!(a’).
Then j_dof(K,i) = a’ = a, and the definition of ¢, implies that ¢, = Ox ;.
Hence, o i(¢ajx) = 0k,i(0k,i) = 1 for all (K,i) € jdof~*(a’).

(2) Assume now that a’ # a. Let (K, i) be an arbitrary pair in j_dof1(a’).
If there exists j € N s.t. jdof(K,j) = a, then @, x = Ok ;. Notice that
J # i owing to (19.3), since j_dof(K,j) = a # o’ = j_dof(K,i). We infer in
this case that 0k i(pa|x) = 0Kk,i(0K,;) = 0 since j # i. If there is no j € N
s.t. j.dof(K,j) = a, then @4 x = 0 and again ok (¢4 k) = 0. To sum up,
ok,i(¢a)) = 0 for all (K,i) € j_dof~!(a’).

(3) In conclusion, the above argument shows that o,(p,) = 1 and o4/ (¢,) =0
if ' # a,ie., i0k,i(pqK) is independent of the pair (K,i) € j-dof~!(a’) for
all o’ € Ay, and (19.8) holds true. O

Proposition 19.4 (Basis). {y,}eca, is a basis of P(Ty), and {06 }aca,
is a basis of L(PF(Th);R).

Proof. Assume that ) . A, Naa vanishes identically on D for some real
numbers {A, }aca, . Using the linearity of o, and (19.8) yields

R § LT R P

a€Ap a€Ap

Hence, Ay = 0 for all ' € Ay, i.e., {¢ataca, is linearly independent. To
show that {¢,}ac4, is a spanning set of P}(Ty), let v, € P(Tx) and let us
set 05, 1= Up — D ca, Oa’ (Vn)par. We are going to prove that oy, x = 0 for all
K € Ty, and since 0y, € Py, we do so by showing that d; x annihilates all
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the local dofs in K, i.e., 0 i(dp k) = 0 for all i € V. Let K be an arbitrary
cell in Ty, let ¢ be an arbitrary index in N, and let a := j_dof(K,i). Then

0k,i(Onkx) = 0a(0n) = 0a(vn) — 04(va) =0,

where the first equality follows from the fact that 6, € P} (75) and the second
one from (19.8). We have thus proved that d;x = 0 for all K € T, and hence
that d;, vanishes identically because K is arbitrary. In conclusion, {¢g}aca,
is a basis of Py (7Ty). Since {¢q }aca, is a basis of PY(7), the identity (19.8)
implies that {0, }qc.4, is a basis of L(P(Tr);R). O

To sum up, we have shown that provided we have at hand a connectivity
array j-dof : T, x N — Ay, satisfying the properties (19.2) and (19.3), we
can build in a simple manner the global basis functions and the global dofs in
the conforming finite element subspace P} (75;R?). The actual construction
of the mapping j_dof will be undertaken in the following two chapters.

Remark 19.5 (Connectivity class). Another way to formalize the group-
ing of the dofs consists of introducing the equivalence relation R in T, XN
defined by (K,7) R (K', ') iff j_dof(K,i) = j_dof(K’,i). One can then rede-
fine Aj, to be the set of the equivalence classes for R. The elements of A;, are
then sets and are called connectivity classes. In this case, we write (K,i) € a
instead of j_dof (K, i) = a. We are going to adopt this equivalent viewpoint
from Chapter 20 onward. O

19.2 Examples

In this section, we illustrate the concepts developed in §19.1 for the spaces
PE(Th), P¢(Th), and PY(Th).
19.2.1 H'-conforming subspace P{(7,)

Let (IA{ , pe , e ) be one of the scalar-valued Lagrange elements of degree k > 1
introduced in §6.4 or §7.4, or one of the canonical hybrid finite elements of
degree k > 1 introduced in §7.6. The broken finite element space is

PEP(Th) i= {wn € L(D) | ¢ (vn) € PE, VK € Tp}, (19.9)

where 9% (v) := v o Tk is the pullback by the geometric mapping, and the
corresponding H'-conforming subspace is

PE(Ts) == {vn € PE>(Th) | [vnlr = 0, VF € F}. (19.10)

We have PS(T,) C Z#P(D) := W'?(D) = {v € LP(D) | Vv € L?(D)} for
all p € [1,00] (note that Z&2%(D) := H'(D)). We show in Figure 19.1 the
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connectivity classes generated by j_dof on a mesh composed of four triangles
with P, » Lagrange elements.

Fig. 19.1 P> > Lagrange nodes in the
same connectivity class for a mesh com-
posed of four triangles (drawn slightly
apart).

The Lagrange and the canonical hybrid finite elements of the same degree
generate the same space Pg(7y), but the shape functions and dofs differ
for k > 2. Some global shape functions in P§(75,) and P5(7,) in dimension
2 are shown in Figure 19.2 for Lagrange elements. The function shown in
the left panel is continuous and piecewise affine, and it takes the value 1 at
one mesh vertex and the value 0 at all the other mesh vertices. Because its
graph is reminiscent of a hat, this function is often called hat basis function
(and sometimes also Courant basis functions [84]). The functions shown in
the central and right panels are continuous and piecewise quadratic. The
function on the central panel takes the value 1 at one mesh vertex and the
value 0 at all the other mesh vertices, and it takes the value 0 at all the edge
midpoints. The function in the right panel takes the value 0 at all the mesh
vertices, and it takes the value 1 at one edge midpoint and the value 0 at the
midpoint of all the other edges.

Fig. 19.2 Global shape functions in dimension 2: Py o (left) and P2 2 (center and right)
Lagrange finite elements.

Let Ny, N, Nt, N. be the number of vertices, edges, faces, and cells
in the mesh Tp (recall that 7 is assumed to be a matching mesh). For a
simplicial Lagrange element, the number of Lagrange nodes per edge that
are not located at the extremities of the edge is (*]') (if k¥ > 2), the number
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of Lagrange nodes per face that are not located at the boundary of the face is
(kgl) (if £ > 3), and the number of Lagrange nodes per cell that not located

at the boundary of the cell is (kgl) (if £ > 4). These numbers are the same

for the canonical hybrid finite element. We will establish in Chapter 21 that

dim(PE(Tn)) = Ny + ("1 Ne + ("3 Ne+ (F31)Ne ifd=3, (19.11a)
dim(PE(Tn)) = Ny + ("7 ) Ne + (%5 ") Ne if d=2, (19.11b)
with the convention that for natural numbers n, m, (;‘L) = 01if n < m. In the

lowest-order case (k = 1), we have dim(P§ (7)) = Ny, and the connectivity
array j-dof coincides with the double-entry array j_cv defined in §8.3.

19.2.2 H/(curl)-conforming subspace P¢(7},)

Let (I?,ﬁc,fc) be one of the Nédélec finite elements of degree k > 0
described in Chapter 15. The broken finite element space is

PEP(Th) = {wn € L®(D) | %% (vnx) € P°, VK € Tp}, (19.12)

with the covariant Piola transformation 1% (v) := JL (v o Tk ), and the cor-
responding H (curl)-conforming subspace is

PE(Th) o= {vn € POP(Th) | [onlpxnr =0, VF € F3). (19.13)

We have PZ(Tn) C Z9P(D) := {v € LP?(D)|Vxwv € LP(D)} for all p €
[1,00] (note that Z%?(D) := H(curl; D)). A global shape function attached
to an edge is shown in the left panel of Figure 19.3 for the Ngo element.
Notice that the tangential component is continuous across the interface, but
the normal component is not.

Fig. 19.3 Global shape functions for the lowest-order Nédélec (left) and Raviart—Thomas
(right) elements in dimension 2.

Let Ne, N¢, N, be the number of edges, faces, and cells in 7;,. We will show
in Chapter 21 that
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dim(Pg (7)) = (T Ne + 2(* T N+ 3(MEH) Ve, if d =3,
dim(Pg(Tn)) = (") Ne +2(*1) N, if d =2,
with the convention that () := 0 if n < m. In the lowest-order case (k = 0),

we have dim(P§ (7)) = Ne, and the connectivity array j-dof coincides with
the double-entry array j_ce defined in §8.3.

19.2.3 H(div)-conforming subspace P (T;)

Let (IA{ , ISd, b5 4) be one of the Raviart-Thomas finite elements of degree k > 0
introduced in Chapter 14. The broken finite element space is

PIP(Ty) o= {oy € LMD) | 9 (v k) € P4, VK € Tp), (19.15)

with the contravariant Piola transformation % (v) := det(Jx) J &' (voTk).
The corresponding H (div)-conforming subspace is

PX(Ty) == {vn € PO°(T3) | [on]pnp =0, VF € F}. (19.16)

We have PZ(T;,) € Z4?(D) := {v € LP(D) | V-v € LP(D)} for all p € [1, ]
(note that Z42(D) := H(div; D)). A global shape function attached to a face
is shown in the right panel of Figure 19.3 for the RT( o element (the normal
component is continuous across the interface, but the tangential component
is not). We will establish in Chapter 21 that

dim(P3(Tn)) = ("3?)N; + 3(*3%) N, if d =3, (19.17a)
dim(P3(Tn)) = ("T) N; + 2(*3%) N, if d =2, (19.17b)
with the convention that () := 0 if n < m. Notice that the spaces P¢(Ty)
and PZ(T;,) have the same dimension when d = 2. In the lowest-order case

(k = 0), we have dim(Pg(T3)) = Nt, and the connectivity array j_dof coin-
cides with the double-entry array j_cf defined in §8.3.

19.3 Global interpolation operators

The goal of this section is to study the commuting and approximation prop-
erties of the global interpolation operators in the conforming finite element
subspaces P (Tp; R?) with x € {g,c,d}. Recall that ¢g=1ifx =g and ¢ =4d
if x € {¢,d} (and d = 3 if x = c¢). We start by introducing the global spaces

V*P(D) = {v e LY(D;RY) | vjx € VX(K), VK € T}, (19.18a)
V(D) = {v e V**(D) | [v]% =0, VF € F}}, (19.18b)
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where V*(K) is the domain of the local interpolation operator 75 (see Def-
inition 5.7). For instance, owing to Theorem 18.8 and Theorem 18.10 and
letting p € [1,00), admissible choices for these spaces are as follows:

VE(D) = W*P(D), withs>2ifp>lors=difp=1, (19.19a)
V(D) :=W*P(D), withs>2ifp>lors=2ifp=1, (19.19b)
VYD) :=W?*?(D), withs>Llifp>lors=1ifp=1  (19.19)

Recall that since Chapter 5 we have abused the notation regarding the
definition of the dofs. In particular, we have used the same symbols to denote
the dofs in £(Pk;R) and the extended dofs in L(V(K);R). We are going
to be a little bit more careful in this chapter and in Chapters 20 and 21.
More precisely, we are going to use the symbol o ; to denote dofs acting on
functions in Py and the symbol 6k ; to denote the extension of ok ; acting
on functions in V*(K). This means that the local interpolation operator

K - VX(K) — PK is s.t.

=Y Gki(v)ki(®), VeK. (19.20)
ieN

We assume that the extension of the dofs is done in such a way that the
following property holds true (compare with (19.2)): For all v € V¥P(D),

For all (K,),(K’,7') in the same
[ve V*(D)] = | connectivity class, we have . (19.21)

0k,i(VK) = 0K i (VK)

In other words, for every function v in V*®(D), a necessary condition for v
to be a member of the subspace V*(D) is that, for all a € Ay, the quantity
0k,i(vk) is independent of the choice of the pair (K, i) in j_dof ~'(a). (This
condition is not sufficient since the knowledge of the values of {Gr i (v|x) }ien
does not uniquely determine the function v|x.) We then define the global
interpolation operator Z} : V(D) — P¥(Ty) s.t.

I (v)(x) == Z 70(V)pa(x), Vo € D, (19.22)
a€Ap

where 7, (v) is defined by setting 7,(v) := ok i(v|x) for all (K,i) in the
connectivity class a, i.e., j_dof(K, i) = a, which makes sense owing to (19.21).
The definitions of o, and ¢, imply that

Ti) ik = 3 oxi(vr)ik: =Tic(vk), VK € Th. (19.23)
iEN

The above construction leads to the global interpolation operators:
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Tip i VE(D) = PE(Tw), I, : VE(D) = PE(Th), (19.24a)
Tip: VD) = PUT), Iy, : VYD) = PL(Th), (19.24b)

for Lagrange, canonical hybrid, Nédélec, and Raviart-Thomas elements,
respectively. We indicate explicitly the degree of the underlying finite ele-
ment in the notation to avoid ambiguities. (Recall that £ > 1 in (19.24a) and
k > 0in (19.24b).) Let us consider for k > 0 the L2-orthogonal projection

TP, - V(D) — P2(Th) == {vn € L=(D) | % (o) € P, VK € Tp},
(19.25)
where VP(D) := L*(D), ¥ (v) := det(Jx ) (v o Tk ), and PP := Py 4 if K is a
simplex and Pb .= Qp,a is K is a cuboid. Note that since the mesh is affine,
the factor det(J) is irrelevant in the definition of PP(7).

Lemma 19.6 (de Rham complex). Let us set

VE(D):={f e VeD)|VfecVD)}, (19.26a)
VeD):={ge VD) |Vxgec VYD)}, (19.26b)
VYD) :={ge VYD) |VgecV’D)]} (19.26¢)

Let k € N. The following diagrams commute:

VE(D) Ve(D) vV4(D) V>(D)
l"[ﬁ;—i—l,h lf,i h lI:ih lI};h (19.27)

Pgi(Th) P (Th) PY(T;) ——— P°(T3)
Proof. Combine Lemma 16.16 (and Remark 16.18) with (19.23). O

Remark 19.7 (Interpolation with extended domain). The commuting
diagram (19.27) shows that we can extend the domain of Z ; to V(D) :=
V(D) + VVE(D), that of Z¢ , to V(D) := VYD) + VxV(D), and that
of I, to VP(D) := V(D) + V-V®(D). Keeping the same notation for the
differential operators, this leads to the following commuting diagrams:

V x V-

VE(D) Ve(D) V(D) V(D)
lI§+1 h IE h Ig,h IE,h (19.28)
\Y
P, (Th) P(Th) ——— PY(Th) P2(Th)

For instance, for all v = w + V) € V(D) with w € V(D) and ¢ € V&(D),
we set Z7 1, (v) = I¢ ,(w)+VI;,, ,(¥). To verify that Z; , (v) is well defined,
we observe that if v = wy + Vi1 = wy 4+ Vo, then 91 — gy € Vg(D) o)
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that V(Z2, |, (41 —12)) = 5, (V(¢1 — 1)) =TI, Z¢ , (wy —wy). Thus, we have
IE,h('wl) +VI¢ K1, (Y1) = Iﬁ,h(wz) + VI k41, h('(/}Q) U

Let us now turn to the approximation properties of the global interpolation
operators defined in (19.24). Henceforth, the subscript k is omitted when the
context is unambiguous. The following results follow from the localization
property (19.23) combined with the corresponding local interpolation results,
and from Lemma 19.6 for the approximation properties on the divergence and
the curl.

Corollary 19.8 (H!-conforming interpolation). Let (T;,)new be a shape-
reqular sequence of aﬁine matching meshes. Let p € [1,00]. Let 1 be the small-
est integer such thatl > £ zfp > 1 orl:=difp=1. The following estimates
hold true, uniformly wrt p, with either I, = I : V&(D) — Pg(Ty) o
T, = IV : VE(D) — PE(Th), k > 1:

(i) If 1 < k+ 1, then for every integers r € {l:k + 1} and m € {0:r}, all
ve WP (D), and all h € H,

1

[0 = Zp () [y < ( S |v|ww<;<)> , (19.29)
KeTh
for p < o0, and |v — Tp,(v)|wm.e(7;,) < cmaxger, hie " [vlwre(k)-

(ii) If I > k 4+ 1, then for every integer m € {0:k + 1} all v € WHP(D), and
all h € H,

1

Tl < XX B blg) s (1930)

KeTh ne{k+1:1}

forp < oo, and [v =T (v)|wm.eo (1) < cMAXKeT; nefhr1:1} M - [Vlwnoo (k)

Corollary 19.9 (H(curl)-conforming interpolation). Let (T)nen be a
shape-reqular sequence of affine matching meshes. Let p € [1,00] and let | := 1
ifp>2andl:=2ifpell,2]. The following holds true, uniformly w.r.t. p,
with Iy : V(D) — Pg(Tr), k > 0:

(i) Ifp > 2 orif p € [1,2] and k > 1, then for every integers r € {l:k + 1}
and m € {0:7}, allv € W™P(D), and all h € H,

v — Z5; (0) | w o (73 <C( STl K)> : (19.31)
KeTy,
for p < oo, and |v — Ij (v)|w m.o (13,) < cmaxgeT;, Mg " [v|wroe(k)-

(i) Ifp € [1,2] and k = 0, then for every integer m € {0 1}, allv € W2P(D),
and all h € H,
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1

|v—zz<v>|wwm>§c( > D M ’”’lvwwm) - (1932)

KeTh, ne{1,2}

for p < oo, and |v — I§ (v)|wmee(7;,) < cMaAXK T, nef1,2} Vi | |VlWwno (K)-
(iii) For every integers r € {1:k + 1} and m € {0:r}, all v € V(D) with
Vxv € W"P(D), and all h € H,

1
|w<v—zz<v>>wwm><c( > M ””IVXvwwm) , (19.33)
KeTy,

Jorp < oo, and |V x (v =TI (v))|wm.(1,) < emaxgeT;, b ™|V X0 wroo k-

Corollary 19.10 (H (div)-conforming interpolation). Let (T,)newn be a
shape-reqular sequence of affine matching meshes. Let p € [1,00]. The follow-
ing holds true, uniformly w.r.t. p, with I : V4(D) — P3(Ty), k > 0:

(i) For every integers r € {1:k + 1} and m € {0:r}, all v € W"™P(D), and
all h € H,

p(r—m) ’
o THlw oy <o X olhni) (93
KeTn
Jor p < 00, and |[v — I} (v) |y m.o(75,) < cmaxger, M " vlw o (k)

(ii) For every integers r € {0:k + 1} and m € {0: 7‘} all v € V4(D) with
Vv e WrP(D), and all h € H,

1

V(0 — T30)) lworay < (Z W m>|Vv|er(K)) (1939)
K€eTh
for p < oo, and |V-(v — I (v)) [wm.o(75,) < cmaxger, B ™|V woen ()

19.4 Subspaces with zero boundary trace

In this section, we briefly review the main changes to be applied when
one wishes to enforce homogeneous boundary conditions to the functions
in P¥(Tp). Let p € [1,00) andlets>%ifp> land s =dif p = 1. We
consider the trace operator 4* : WP (T;,;R?) — L1(0D;R?) defined by

78(v) == vjap (g=t=1), (19.36a)
Y(v) :=vppxn (¢=t=d=3), (19.36b)
() = vgpn  (¢g=d,t=1), (19.36¢)
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where n is the outward unit normal to D. Notice that v*(v)|r = 7, r(v|x,)

for all F' € F? with F := 9K;NOD and Yk, F is the operator defined in (18.7)
for the mesh cell K;. We are interested in the following subspace of P} (7z):

Po(Th) = {vn € PE(Tw) [ v*(v) = 0} (19.37)

Definition 19.11 (Boundary & internal classes). We say that a connec-
tivity class a € Ay, is a boundary connectivity class if and only if o4(v) =0
forallv € P,;‘)O(’ﬁl). The collection of boundary connectivity classes is denoted

by AZ. The classes in A5, := Ap \ A are called internal connectivity classes.

We assume that the following properties hold true:

Yo, € PX(TR),  [Y5(vn) =0] <= [oa(vn) =0, Ya € A7], (19.38a)
Vv € V¥(D), [v*(v) =0] = [Ga(v) =0, Ya € AJ]. (19.38b)

We are going to show in Chapters 20 and 21 that these properties are indeed
satisfied by most of the finite elements considered in this book.

Example 19.12 (A?). For Lagrange elements, a € A iff o, is an evaluation
at a node located on dD. For canonical hybrid elements, a € A? iff o, is an
evaluation at a vertex located on 9D, or o, is an integral over an edge or a
face located on 0D. For Nédélec elements, a € Ag iff o, is an integral over
an edge or a face located on 9D, and for Raviart-Thomas elements, a € A?
iff o, is an integral over a face located on 0D. O

Proposition 19.13 (Basis). {SOa}aEA,OL 15 a basis ofP,iiO(ﬁ), and {UG}GEAZ
is a basis of £(P§70(771)§R)-

Proof. See Exercise 19.3. (]

Let V¥(D) be defined in (19.19). Since functions in V*(D) have a v*-trace
on JD, it is legitimate to set

Vo'(D) :={v € V¥(D) | v*(v) = 0}. (19.39)

The interpolation operator with prescribed boundary conditions
Ty Vo' (D) — Pt (Th) acts as follows:

ro()(x) == Z Ga(V)pa (), Vzx € D, (19.40)
acAp
and (19.38b) implies that
o) =T (v), Yv € V55 (D). (19.41)

Hence, the approximation properties of Zj, are identical to those of the
restriction of Zy to Vi*(D). Moreover, we have the following commuting prop-
erties.
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Lemma 19.14 V(de Rham complex with boundary prescription). Let
VE(D) :={v € VX(D) | v*(v) = 0} with V*(D) defined in (19.26), and

V(D) == {v e VP(D):= L'(D) | (v,1)2(py = 0}, (19.42a)
PLo(Th) := {von € P2(Th) | (vns 1)r2(p) = 0}. (19.42b)

Let k € N. The following diagrams commute:

- v . V x . \va
o (D) Vo' (D) Vs'(D) Vo' (D)
lI§+1,hO L ho lzg,hO lf}f (19.43)
\Y% V x V-
P§+1,0(Th) - P,g,o(’ﬁz) P,SO(E) P:,o(’ﬁz)

Proof. Observe that the tangential boundary trace of V f is zero if v8(f) =0
and that the normal trace of Vxg is zero if v°(g) = 0. O

Remark 19.15 (Extensions). The above argumentation can be adapted
to enforce a zero trace on a part of the boundary that corresponds to a
strict subset of the boundary faces in f,? . The details are left to the reader.
Furthermore, the commuting diagram (19.43) can be rewritten by using the
spaces V' (D), VE(D)+VVE(D), VE(D)+V <V (D), and VP (D)+V-Vi(D)
instead of Vi (D), V&(D), V&(D), V(D). O

Exercises

Exercise 19.1 (Connectivity classes). Consider the mesh shown in Fig-
ure 19.4 and let P§(7p) be the associated finite element space composed
of continuous Lagrange Ps finite elements. Assume that the enumeration of
the Lagrange nodes has been done with the increasing vertex-index technique
(see (10.10)). (i) What is the domain and the codomain of j_dof? (ii) Identify
j-dof~1(8) and j_dof~1(13). (iii) Identify 75 and Tro.

ot

1

6

Fig. 19.4 Illustration for Exercise 19.1.
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Exercise 19.2 (Stiffness, mass, incidence matrices). Let {\,},cq1:n,}
be the global shape functions in PP(7y). Let {6 }meq1:n.} be the global
shape functions in P§(7;,). (i) Recall the incidence matrix M € RNexNv
defined in Remark 10.2. Prove that VA, = >, c1.n.y M0 for all n €
{1: Ny }. (Hint: compute o¢,(VA,) where {O'fn}me{l:N?\} is the dual basis of
{0m}meqi: N,y i-e., the associated dofs.) (i) Let A € RNv*Nv be the Courant
stiffness matrix with entries A,/ := fD V-V dz for all n,n' € {1: N},
and let NV € RNexNe he the Nédélec mass matrix with entries Ny =

[ -0 dz for all m,m’ € {1: N.}. Prove that A = (M®)TN M,

Exercise 19.3 (Zero trace). (i) Show that ¢, € P} ((Ts) for all a € Aj.
(ii) Prove Proposition 19.13.

Exercise 19.4 (Approximability in LP). Let p € [1,00). Prove that
limpyo inf,, e pe(7;) [[v = vnlle(p) = 0 for all v € LP(D). (Hint: by density.)

Exercise 19.5 (Hermite). Let 7j, = {[zs, %i11]}icfo: 1y be a mesh of the
interval D := (a,b). Recall the Hermite finite element from Exercise 5.4. Spec-
ify global shape functions {0, i1 }icqo: 141} in Hp := {vn, € C'(D) | Vi €
{0:1}, Wh|[e;,2041] € P3}. (Hint: consider values of the function or of its deriva-
tive at the mesh nodes.) Can the bicubic Hermite rectangular finite element
from Exercise 6.8 be used to enforce C''-continuity for d = 27
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Face gluing C:?f
updates

The goal of this chapter and the following one is to construct the connec-
tivity array j_dof introduced in the previous chapter so that the two struc-
tural properties (19.2) and (19.3) hold true. In the present chapter, we focus
on (19.2), and more specifically we are going to see how we can enforce the
zero-jump condition [vp]% = 0 by means of the degrees of freedom (dofs)
on the two mesh cells sharing the interface F' € F; for v, in the broken
finite element space P} b(ﬁb) In particular, we identify two key structural
assumptions on the dofs of the finite element making this construction pos-
sible. The first assumption is called face unisolvence (see Assumption 20.1),
and the second one is called face matching (see Assumption 20.3). We first
introduce these ideas with Lagrange elements to make the argumentation
easier to understand. Then we generalize the concepts to the Nédélec and
the Raviart—Thomas finite elements in a unified setting that encompasses all
the finite elements considered in the book. The two main results of this chap-
ter are Lemma 20.4 for Lagrange elements and Lemma 20.15 for the general
situation. In the entire chapter, D is a polyhedron in R¢ and 7y, is an oriented
matching mesh covering D exactly (see Chapter 10 on mesh orientation).

20.1 The two gluing assumptions (Lagrange)
For Lagrange elements our aim is to construct the H!-conforming subspace
PE(Th) := {vn € PE°(Th) | [va]% = 0, YF € F}}, (20.1)

where Pkg’b(Th) is a broken finite element space and [-]% := [-]F is the jump
operator across the mesh interfaces introduced in Definition 8.10. Recall that
we have PS(7;) = P& (T,) N HY(D).

The Lagrange nodes of the reference cell K are denoted by {@;}ien so that
the dofs £ := {5, };en are s.t. 5;(p) := p(@;) for all i € A and all p € P. The
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Lagrange nodes of K € T, are denoted by {ak,; := Tk (@;)}ien, where Tk :
K — K is the geometric mapping. The dofs in K are s.t. ok,i(p) = plak,)
for all i € A and all p € Py with Py := (%)~ (P), where 9% (v) := vo Tk
is the pullback by the geometric mapping. We do not assume in this section
that the geometric mapping Tk is affine.

We now formalize the structure of the reference element that will allow
us to enforce the zero-jump condition in (20.1). We make two assumptions
which we will show hold true in the next section for the simplicial and the
tensor-product Lagrange elements. Our first key assumption is the following.

Assumption 20.1 (Face unisolvence). Let F be a face ofIA(, i.e., Fe Fz,
and let N 5 C N be the collection of the indices of the Lagrange nodes in

K located on F. We assume that
Vpe P, [o:(p) =0, ViENgJﬁ] <~ [}/7\‘}?20]. (20.2)

Let K be a mesh cell and let F' be a face of K., i.e., F' € Fk. Let F be the
face of K s.t. F := Tic'(F). Let N, r C N be the collection of the indices
of the Lagrange nodes in K located on F. The above definitions imply that

i€ Nkr] <= laki €F] < [a; € F] « [i€ Nzl  (203)
that is, we have

Nkrp=Ngp= NKT;(F), VK €Ty, YF € Fk. (20.4)

We define the trace space Pk r = span{fk ;r}icny. r» 50 that Pk p =
7% #(Px), where we recall that the trace map 7%(7 r is defined by setting
’V%.{’F('U) = v for all v € Pg. We define the set of the dofs associated
with the Lagrange nodes located on F, Y r 1= {0k F,i}icNy. p» DY setting
ok ri(q) = qlak,;) for all i € Nk g and all ¢ € Pk p. Notice that ox p;
acts on functions in Pk g (i.e., functions defined on F'), whereas o ; acts on
functions in Pk (i.e., functions defined on K).
Let us state an important consequence of Assumption 20.1.

Lemma 20.2 (Face element). Let K € T, and F € Fg. Under Assump-
tion 20.1, the triple (F, Px,r, Xk F) is a finite element.

Proof. We use Remark 5.3 to prove unisolvence. Since we have
ok, rj(0rir) = Ox,ir(ak,;) = Ok.ilak,;) = i,

for all i,j € Nk p, we infer that the family {0 ; r}ienr » is linearly inde-
pendent, which implies that dim(Pg p) = card(Xk, r). Let now ¢ € Pk g be
s.t. ok,pi(q) = 0 for all i € Nk p. By definition of Pk p and Pk, there is
pE Pst. q= (ﬁoTEl)“:. Hence, for all 7 € Nf(ﬁ = Nk, r, wehave ag; € F
and
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5i(p) = p(@;) = (Po TN ak:) = (po Tk ') r(ax,)
=qlak,i) = ok ri(q) = 0.

Assumption 20.1 (face unisolvence) implies that ﬁl 7=0,s0that g=0. DO

Recall that since the mesh is matching, any interface F' := 0K;NOK, €
is a face of K; and a face of K, ie., F € Fg, N Fk,. Our second key
assumption is formulated as follows.

Assumption 20.3 (Face matching). For all F := 0K; N 0K, € F3, we
have (1) PKZ,F = PKmF = PF and (ll) EKZ,F = EKT,F = EF, i.@., there 1is
a bijective map xir : Nk, r = Nk, F s.t. ag, i = g, v,y for alli € Nk, p

We are now in a position to state the main result of this section.

Lemma 20.4 (Zero-jump). Let v, € Pkg’b(ﬁ) and F € F7. Under
Assumptions 20.1 and 20.3, the following equivalence holds true:

[[vrlr = 0] <= [vnk,(aK, i) = vnk, (@K, x.,.5))s Vi € N, p]. (20.5)

Proof. Let v;, € Pkg’b(’ﬁL) and F' € F;. Let v; be the restriction of vy,

to F, and let v, be the restriction of vy g, to F. Since vy € Pkg’b(ﬁ), we
have v; € Pk, r and v, € Pk, p. Owing to Assumption 20.3, we also have
vy € P, p, i€, [on]r = v — v, € Py, p. Since (F, Pk, r, Xk, r) is a finite
element owing to Lemma 20.2 (which follows from Assumption 20.1), we
infer that [vp]r = v — v, = 0 iff (vy — v.)(ak,;) = 0 for all i € Nk,
But vi(ax, ;) = vy k, (ak, ) and, owing to Assumption 20.3, we also have
vr(ar, i) = vnk, (@K, i) = Vn Kk, (@K, x,. (i) This proves (20.5). O

20.2 Verification of the assumptions (Lagrange)

In this section, we verify Assumptions 20.1 and 20.3 for Lagrange Pk 4 ele-
ments when K is a simplex and for Lagrange Qj q elements when K is a
cuboid. Since these two assumptions trivially hold true when d = 1, we
assume in this Asection that d > 2. We do not assume that the geometric
mapping Tk : K — K is affine.

20.2.1 Face unisolvence

Assumption 20.1 has been proved in Lemma 6.15 for Lagrange Q, q elements
and in Lemma 7.13 for Lagrange Py, 4 elements. Note that the face unisolvence
assumption is not met for the Crouzeix—Raviart element.
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20.2.2 The space Pk r

Let us now identify the space P p for all K € 7; and all F' € Fg. Let us
set F = T ' (F). Then Fe Tz,
Let F9~1 be the unit simplex in R~ if K is the unit simplex of R¢ or let
I*jd_l be the unit cuboid of R4-1 if K is the unit cuboid of R?. Since both
F4=1 and F are either (d — 1)-dimensional simplices or cuboids, it is always
possible to construct an affine bijective mapping T from Fd=1to F. Let us
denote

ie., F is a face of the reference cell K.

Tp: P! 5 F,  Txp:=TgpoTs: F"' - F. (20.6)

Lemma 20.5 (Characterization of Pk p). Let K be either a simplez or
a cuboid. Then Pk rp = P,ffl o TI}}F where P,571 =Pk q-1 if K is a simplex
and ﬁg—1 = Qpd-1 sz( is a cuboid.

Proof. Let q € Pk p. By definition of Pg p, there is p € P st.
¢ = (0oTx")ir = PpoTiir = 0p°Tp)o(TipoTp) " = (BpoTp) o Ty -

Since ]3\“; oTs € 1315_1 (see Lemma 6.13 or Lemma 7.10 depending on the
nature of F), we conclude that ¢ € ]3,?_1 o TE,lF- This shows that Px p C

P,ffl oTy IF The converse inclusion is proved by similar arguments. O

20.2.3 Face matching

We now establish that Pg, r = Pk, r and X, p = Xk, F.

Lemma 20.6 (Face matching, (i)). Assume that K is either a simplex
or a cuboid. Let F := 0K; N 0K, € F. Then Pk, r = Pk, r.

Proof. Let us set Fy := TI;ZI(F) and F, := Tlgrl (F). Since the mesh is match-
ing, ]/51 and ﬁr are faces of K. By construction, the mapping
—1 . =5
TK”F OTKr\ﬁT cF.— F
is bijective, and turns out to be affine even when the mappings Tk, and Tk,

are nonaffine as shown in Exercise 20.1. Then the mapping S : Fi-1
Fi—1 gt.

-1 _ -1 —1 ~ N
S, = Ty, poTk, r= Tﬁz o TKzIF o TKTIFT oTg

is affine (because the mappings Tffl, T poTy
L

K| F and Tf; are affine) and

|
bijective; see Figure 20.1. Since P,ffl =Py 41 or P,ffl = Q,qg—1 depending
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on the nature ofK we infer that Pd Lis invariant under S,;, i.e. Pd 168, =

Pd ! Using this property together with the identity Pgrp = P,ff o TKIF
proved in Lemma 20.5, we infer that

PK“F—Pd 1OTK1F—Pd 1OSTIOTK1F—Pd 1 TKlp—PKT,F O

Fig. 20.1 Two-dimensional example (d = 2): geometric mappings associated with an
interface F, the reference faces Fj and Fj., and the unit segment F4—1,

To establish that X'k, p = Yk, r for a general set of Lagrange nodes in K ,
we formulate a symmetry assumption on the Lagrange nodes located on the
faces of K. This assumption turns out to be sufficient in order to establish
that X'k, r = Yk, . Combined with the result from Lemma 20.6, this allows
us to conclude that Assumption 20.3 (face matching) is indeed satisfied.

Assumption 20.7 (Invariance by vertex permutation). We assume
that there is a set {8y ymenrsu_, of Lagrange nodes in FO=', with Ny, :=
{1:nf} for some integer nf > 1, s.t. the following holds true: (i) The set
{Sm}menrpa, is invariant under any vertex permutation of FO~'. (i) For

every face F of K, {T5(8m) tmenpq . are the Lagrange nodes on F.

Assumption 20.7(i) means that for every affine bijective mapping S :
Fd=1 5 Fd=1 there is a permutation ys of Nz, such that S(5,,) = 8,4 (m)
for all m € Nz, . Assumption 20.7(ii) means that card N 5) = n! is inde-
pendent of the face I of K and that, for every I’ € Fz, there is a bijective
map j¥¢ : Npa . — N p such that (see Figure 20.2)

Tﬁ(gm) ajﬁf(m)a Ym € Nﬁd—1~ (207)

Example 20.8 (Q; 4 Lagrange elements). After inspection of Proposi-
tion 6.14 on the reference cuboid K := [0,1]¢, we realize that Assump-
tion 20.7 holds true for tensor-product Lagrange elements provided that for
every i € {1:d}, the set of points {a;;}icfo:x} is such that a;; = «a; for



248 Chapter 20. Face gluing

Fig. 20.2 Face (segment) Fd=1 with

nf := 3 Lagrange nodes 51, 52, 53 mapped
by T’ to the three Lagrange nodes on F.
The enumeration of the Lagrange nodes of
K implies that NIA(,IT“ = {1,3,5} and that
55(1) = 3, 3e(2) = 5, 55(3) = 1.

every | € {0:k}, where the points 0 = ap < ... < ag = 1 are all distinct
in the interval [0,1] and satisfy the symmetry property oy = 1 — o, for
all € {0:|%4]}. The Gauss-Lobatto nodes satisfy these assumptions (up to
rescaling from [—1,1] to [0, 1]); see §6.2. O

Example 20.9 (P, 4 Lagrange elements). The simplicial Lagrange ele-
ment described in Proposition 7.12 also satisfies the assumption on invariance
by vertex permutation. In dimension two, for instance, the edge nodes are
invariant under symmetry about the midpoint as shown in the left panel of
Figure 20.3 (for k = 2). Note that it is possible to use a set of Lagrange nodes
that is different from the one introduced in Proposition 7.12 provided the ver-
tex permutation assumption holds true (in addition to the face unisolvence).
For instance, one can use the Fekete points mentioned in Remark 7.14. 0O

IAVAVYAVAN

Fig. 20.3 P32 Lagrange element: two-dimensional example (left) and counterexample
(center) for Assumptwn 20.3 (the triangles K; and K, are drawn slightly apart). In the
rightmost panel, Assumption 20.3 is satisfied but not Assumption 20.7. This illustrates the
fact that Assumption 20.7 is not needed to establish Assumption 20.3 if one enforces extra
constraints on the way adjacent mesh cells come into contact.

Lemma 20.10 (Face matching, (ii)). Assume that K is either a simplex
or a cuboid. Let F := 0K; N 0K, € Fy. Let Assumption 20.7 on invariance
by vertex permutation be fulfilled. Then Xy, r = Xk, F.

Proof. Let i € Nk, p = J\/}A{ 7 and let ag, ; be the corresponding Lagrange
node of K, located on F. Then Tgrl(aKm) = a; is a Lagrange node on ﬁr.
Let m € Ng,-, be such that i = ji¢ (m), that is, @; = T (8). Since we
have established above that the mapping S,; := TF:, o TI; 7 © TK £, © Tﬁr

is affine, there is a permutation xs,, : Npa—1» — Npa_: such that S,i(5,,) =
Sys L (m) for all m € Np,_.. Then the identity S,(5,,) = 8y ,(m) Mmeans that
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(T B oTs )(8m) = (TKz\ﬁz oT7 ) (8ys ,(m)), Which can also be rewritten as
Ak, g5 (m) = OK, 5% (xs,, (m))- Hence, we have
T l

s, stz om) (@) = 4@k, 5 (m) = 2@ 5t (s, (m0) = TH1EE (s, m) ()5

for all ¢ € Pr and all m € Nﬁd,l. This proves that Yk, r = Yk, r since
-fc

I o X © (jfﬁcw)*1 is bijective. 0
Remark 20.11 (Serendipity and prismatic elements). The reader is
invited to verify that the face unisolvence assumption 20.1 holds true also for
the serendipity elements described in §6.4.3 and for the prismatic elements
described in Remark 7.16. The face matching assumption 20.3 holds true
for the serendipity elements since the face dofs are the same as those of the
corresponding Q4 element. The assumption 20.3 can also be shown to hold
true for the prismatic elements provided the Lagrange nodes on the triangular
faces and the Lagrange nodes on the quadrangular faces each satisfy the
vertex permutation assumption. a

20.3 Generalization of the two gluing assumptions

In this section, we generalize the theory developed in §20.1 to enforce the
jump condition [v,]} = 0 across all the mesh interfaces F' € Fy for x €
{g,c,d} and vy, € P,f’b(’ﬁb;]Rq). We are going to rephrase §20.1 in a slightly
more abstract language. Recall from (18.8) that [vn]% = vk, p(vnK,) —
Yk, r(Unx,) with F':= 0K; N 0K, and the trace operator vy p defined
in (18.7) for every mesh cell K € 7T}, and every face F' € Fi of K. We drop
the superscript x whenever the context is unambiguous.

We start by identifying two structural properties of the finite element
which we will call face unisolvence and face matching assumptions. We pro-
ceed in two steps. First, given a mesh cell K € 7Tj, we use the local finite
element (K, Pk, Xk ) with local shape functions {0 ;}icn and local dofs
{ok,}ien, and invoke the face unisolvence assumption to construct a finite
element attached to each face F € Fg. Then for every mesh interface
F = 0K; N 0K, € Fy, we invoke the face matching assumption to make
sure that the two face elements built on F' from K; and from K, are iden-
tical (note that F' € Fg, N Fk, since the mesh is matching). The theory is
illustrated with various examples in §20.4. In this section (and the next one),
we restrict the maps {0k ;}ien and i, to Pk, so that the kernels of these
maps are to be understood as subspaces of Pk (for simplicity, we keep the
same notation for the restrictions). Our first key assumption is the following.

Assumption 20.12 (Face unisolvence). For all K € Tj, and all F € F,
there is a nonempty subset Nx p C N s.t. ker(vi,p) = Nieny » ker(ox i),
i.e., for all p € Pk,



250 Chapter 20. Face gluing

[UK}i(p)ZO, ViGNK,F] — [7K,F(p)20]~ (20.8)
Equivalently, we have ker(vx,r) = span{fx i figny. r -

Let Nx r C N be defined according to Assumption 20.12. Let us define
the corresponding trace space Pk r by setting

Pr p = vk r(Px) = span{vk r(0K.i) }icN p- (20.9)

Notice that v, p(0k,;) # 0 for all i € Nk g by construction. The inclusion
ker(yx r) C ker(og ;) for alli € Nk g (which follows from Assumption 20.12)
implies that there is a unique linear map ox r; : Pxk,rp — R st. o, =
0K, Fi° Vi, F (see Exercise 20.2). Finally, let us set

Y r = {UK,F,i}ieNK,F- (20.10)

We can now state an important consequence of Assumption 20.12.

Lemma 20.13 (Face element). Let K € Tj, and F' € Fi. Under Assump-
tion 20.12, the triple (F, Pk p, Xk F) is a finite element.

Proof. We use Remark 5.3 to prove unisolvence. Since Assumption 20.12
means that ker(yg,r) = span{fk ;}igany », we infer that dim(ker(vx r)) =
card(N) — card(Ng ). The rank nullity theorem implies that

dlm(PK)F) = dlm(PK) — dlm(ker(nyF)) = card(NK’F) == card(EKF).

Let now q € P p bes.t. ok ri(q) = 0 for all i € Nk . The definition of P
implies that there is p € Pk s.t. ¢ = vk, r(p). Hence, ok ;(p) = ok ri(q¢) =0
for all i € N . In other words, p € Mienry  ker(ox ). Hence, p € ker(yk,r).
We conclude that ¢ = v r(p) = 0. 0

Let (IA( , P, 2‘) be the reference element and let ¢ be the functional trans-
formation that has been used to generate (K, Px,Xk). Let F' € Fg and
consider the face F := T (F) of K. We are going to assume that for all
p € Px, vk r(p) =0 iff 'yf{ﬁ(ﬁ) =0 with p := ¢k (p), i.e., we assume that

ker(vk,r) = ker(vz 5o ¥k). (20.11)

This assumption holds true if ¥k is the pullback by the geometric mapping
Tk or one of the Piola transformations. Then Assumption 20.12 can be formu-
lated on the reference element, and this assumption amounts to requiring that
there exists a nonempty subset Nz 7 C A s.t. nie/\f,;,ﬁ ker(c;) = ker(vz p)-
Then we have

)

NKF:NIA(ﬁ:Nf(,TI;I(F)’ VK € Ty, VF € Fk. (20.12)

Our second key assumption is the following.
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Assumption 20.14 (Face matching). For all F := 0K; N 0K, € F}, we
have (1) PKL,F = PKT,F =: PF and (11) ZKZ,F = ZK,,.,F =: EF, i.e., there
s a bijective map Xy : ./\/'th — NKT,F s.t. Ok Fi = OK, Fyan(i) for all
1€ ./V'th.

We are now in a position to state the main result of this section.

Lemma 20.15 (Zero v-jump). Let v, € PP(Tp;RY) and F € Fy. Under
Assumptions 20.12 and 20.14, the following equivalence holds true:

[[[Uh]]p = 0] <— [UKM'(UMKI) = UKT,Xlr(i)(UMKr)’ Vi e NKz,F]' (20.13)

Proof. Since vy, € PP(Th;RY), we have vpk, € Pk, and vy g, € Pg,. Set
v = YK, F(Vp|k,) and v, 1= vk, F(vh|k, ), s0 that [uy]F = v; —v,. Note that
v € vk, r(Pk,) = Pg, p. Similarly, v, € Pk_p, and Assumption 20.14
implies that v, € PKL,F7 ie, vy — v, € PK;,F' Since (F7PKL,F72KL,F)
is a finite element owing to Lemma 20.13 (which follows from Assump-
tion 20.12), we infer that [up]r = vy — v, = 0 iff o, pi(v; — v,) = 0 for
all i € Nk, p. To conclude the proof, we need to show that ok, g (v —v,) =
0k,,i(Vh k) — OK, (i) (Vnk,. ). On the one hand we have og, pi(vi) =
ok, F,i(Vr,,F(Un|k,)) = OK,,i(Vn) K, ), and on the other hand Assumption 20.14
implies that ok, pi(vr) = 0k, Fy,.)(0r) = Ok, Fy,.) (VK F(UnK,)) =
0K, (i) (Un| K,.)- O

20.4 Verification of the two gluing assumptions

We now present examples of finite elements satisfying the two structural
assumptions of §20.3. These assumptions have already been shown in §20.2 to
hold true for Lagrange elements. In the present section, we focus on affine sim-
plicial matching meshes and assume that the mesh is oriented in a generation-
compatible way (see §10.2). We invite the reader to verify that these examples
can be adapted to affine Cartesian meshes.

20.4.1 Raviart—Thomas elements

Let & > 0 and let us show that the RT} 4 Raviart-Thomas elements intro-
duced in §14.3 can be used to build discrete functions with integrable diver-
gence. Let K € Tj, and F € Fg. We consider the y3-trace defined by (18.7c¢),
ie., 7?(71;(1;) = v|p-nF where np is the unit normal vector orienting F'. Fol-

lowing §14.4, consider the face dofs O'me(’lJ) = ﬁ Jp(0vp)(Gn o TglF) ds,
where vp = |F|np, Tk r = TK@ oTs : i1 F, Ts : Si-1 4 Fis
an affine bijective mapping, {Cm}me(1:nf y 15 a fixed basis of Py a1, and
ni, = dim(Py 4-1) (see (14.12a)).
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Lemma 20.16 (Face unisolvence). Assumption 20.12 holds true with
Ngp={i e N|3Im(i) € {1:nl,}, ok = O'Fm(l 1, (20.14)
i.e., Nk g collects all the indices of the dofs involving an integral over F.

Proof. We first observe that the subset N, is nonempty. Since 'y}i<7 r(v)=0
implies that v\ p-nr = 0 and since ny and vg are collinear, we infer that
oki(v) = 0 for all i € Ngp and all v € ker(yk p), ie., ker(yg p) C
(Mien » KeT(0 K ;). The converse inclusion results from Lemma 14.14. Hence,
Assumption 20.12 holds true. O

Lemma 20.17 (Py ). We have Py = vy o(RTy ) = Pra—1 0 T[}}F.

Proof. We have P%F C Pra—1 ng,lF owing to Lemma 14.7, and the equality
follows by observing that dim(PI%’F) =nf, = dim(Pga—1). O

Let us set Ngd_l = {1:n£h} and for all F € Fz, let us introduce the
bijective map j% : Ngs1 — N p defined by setting j3(m) := i for all
m € Ngd 1, where i is s.t. o; = 0% . Then Lemma 20.16 applied on the

11

reference element means that N 5 = j% {(Ngu-1). Owing to (20.12), we
infer that we have for all K € T;, and all F € Fgk,
Nic.r = NI?,T;(F) = J‘;ﬂf,gl(p)(N@ﬂ)- (20.15)
Lemma 20.18 (Face matching). (i) (F, Py p, X p) is a modal scalar-
valued finite element with U%Fﬂ-(qﬁ) = [p(Gno lelF)qﬁ ds, i := jSngl(F) (m),
for all ¢ € P p and all m € Ng,_,. (i) For all F := 8K, N 0K, € Fy,
we have Pt p = Pt p = Pp. (iii) 2%, p = Y% p = ¢ if the basis
{§m}m€N§d_l of P q—1 1s invariant under any vertex permutation of §d_1,
e., for every affine bijective mapping S : ga-1 §d’1, there exists a
permutation xs of Nga_. such that G 0 S = (g (m) for all m € Ng,_,.

Proof. (i) The first claim is a consequence of Lemma 20.17 and of the defini-
tion of the face dofs of the RT}, 4 element.

(i) Let F = 0K; N 0K, € Fy, and set Fy := T (F) and F, := T (F).
Recalling that the mapping S,; = I} r © Tk, r is affine, as shown in Fig-
ure 20.1, we observe that

Py

—1 —1 —1 d
P =Pra10Tg p=Pra1081) 0Ty p=Pra10Ti p=Pg, r

as in the proof of Lemma 20.6.
(iii) Letting xs,, be the index permutation associated with the mapping S,;,
the following holds true for all m € Ng,_,:
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T 5 (0 (@) = / (Gn o Tl )ods = [ (G0 Siuo TR ods
F
= /F(CXS,‘L m) © T )b ds = 0, et (g (m)) (9);

i.e., any dof G?Q F; in Zidﬁ r is also in Z?{T r, and conversely. a

Remark 20.19 (Basis). Let us give two examples of a permutation-invariant
basis of Py, 4—1. Let {So, ...,84-1} be the vertices of S~ 1. Let Ay 41 := {a €
Nd Ylal < k} and con51der the Lagrange nodes {@q}ac4, ,_, defined by
Qo =80+ ,c(1.a-1} F (8i—50). Then the Lagrange polynomials associated
Wlth {Gatac Apao1 form a permutation-invariant basis of P 4—;. Likewise the
modal basis {Xg“ )\’Bd 1 Bo A+ ...+ Ba—1 = k}, where (XO, e ,Xd_l) are
the barycentric coordinates in G- 17 is also a permutation-invariant basis of
Py.a—1 (see Exercise 7.4(v)). O

20.4.2 Nédélec elements

Let k > 0 and let us show that the Ny g Nédélec elements introduced in §15.3
can be used to build discrete functions with integrable curl. We assume that
d = 3 (the construction is analogous but simpler for d = 2). Let K € T, and
F € Fr. We consider the y°-trace defined in (18.7b), i.e., 7§ p(v) := v|pxnF
where ng is the unit normal vector orienting F. Proceeding as in §15.4,
we consider the edge dofs 0%, (v) = IE\ Je(te)(pm o Ty, L) dl, where
Txp :=TgpoTs: St E, Ts: S! - E is an affine bijective mapping,
tg is the edge vector orienting F, {Nm}me{l:ngh} is a fixed basis of Py 1,
and ng, = dim(Py1). If £ > 1, we also consider the face dofs ofpﬂ.m(v) =
ﬁfF(vtF,j)(Cm o TlglF) ds, where Tk p = Ty p o Tp : S? - F, Ts

S2 — I is an affine bijective mapping, {tr;j}tjeq1,2y are the two edge vectors
orienting F', {Gm }rme(1:nf 3 is a fixed basis of P12, and ni, = dim(Py_12).

For all F' € Fk, let Ep *he the collection of the three edges composing the
boundary of F. Let

kr = {1 € N [IEG),m(i) € Erx{ling,}, oK, = 053y mai)}
be the collection of the indices of the edge dofs associated with F' and
Nicr = {i € N'|3((0), m(0)) € {1, 2hx{Lingu}, 015 = O3y i}

be the collection of the indices of the face dofs associated with F' (k > 1).
We adopt the convention that N p:= 0 if k = 0.

Lemma 20.20 (Face unisolvence). Assumption 20.12 holds true with the
subset Nk p = NRF UNIf<7F.
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Proof. We first observe that the subset Nk r is nonempty. Let v € P§ be
such that 'y%F(v) =0, ie., vpxng =0. Then ok ;(v) = 0 for all i € Nk F,
so that ker(yk, r) C ﬂieNK,F ker(ok ;). The converse inclusion results from
Lemma 15.15. O

Lemma 20.21 (Pf ). Pk =9 p(Npa) = J}_(,TF(NkQ o TI;}F)an.

Proof. The inclusion Py p C Jp T (Ngo 0Ty, L )xmp is shown as in the proof
of Lemma 15.8. Equahty follows by 1nvok1ng a dimension argument, i.e.,
dlm(JKﬁF(N]aQ oTK’F) xnp) = dim(Ny 2) and card( Nk, p) = 2dim(Pr_1,2) +
3dim(Py1) = (K + 1)(k + 3) = dim(Nj 2) owing to Lemma 15.7. O

Lemma 20.22 (Face matching). (i) The triple (F, Pg , X% ) is a two-
dimensional Raviart—Thomas finite element with dofs

1 _ .
J;(,F,i(d)): E (¢té(z))(um(z)oTK’IE(l))dL VZENIe(,F> (20163‘)
E()] e
oS¢ p.i(®) =L (D850 (Cm(y © Tic @) ds, Vi € Nig p, (20.16b)
IF| /e

for all ¢ € Pp p and all i € Nk r, with té(i) = tpuXnp and t#,j(i) =
tp i) xnp. (i) For all F := 0K,NOK, € Fy, we have Py, r = Pg, p=: Pf.
(ili) We have X%, p = X, p =: Xy if the chosen bases {n}meqiint,y and
{Nm}me{l:ngh} are invariant under any vertex permutation of S? and S,
respectively.

Proof. The expressions in (20.16) follow from the definition of the edge and
the face dofs of the Ny, 4 element and from the fact that (npx(hxng))t =
h-t for all h € R? and every vector t that is tangent to F. The rest of the
proof is similar to that of Lemma 20.18. O

Remark 20.23 (Choice of basis). Examples of permutation-invariant bases
of Pr_1,2 and Py ; are the nodal and the modal bases built by using either

the Lagrange nodes in 52 and S! or the barycentric coordinates in 52 and
S! as in Remark 20.19. O

20.4.3 Canonical hybrid elements

Let £ > 1 and let us show that the canonical hybrid finite element intro-
duced in §7.6 can be used to build discrete functions with integrable gradient.
Assume d = 3 (the case d = 2 is similar). As for the Lagrange elements, we
consider the y8-trace defined in (18.7a), i.e., 7% p(v) := vjp for all F € F.
Recall that the dofs of the canonical hybrid element are defined in (7.11). Let
Nk r be the collection of the dof indices of the following types: integrals over
F' of products with functions from the fixed basis {Cm}me(i:ns ) Of Pr—s2
(if & > 3); integrals over the edges of F' of products with functions from the
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fixed basis {Mm}me{lzngh} of P21 (if £ > 2); evaluation at the vertices of
F. Note that card(Ng,r) = 3+ 3n&, +nl, if £ > 3. Assume that the basis
{Mm}me{lzngh} is invariant under every permutation of the vertices of the
unit simplex S !, and the basis {¢n }pme {1:nf,} In invariant under every per-

mutation of the vertices of the unit simplices S2. Then one can prove that
the canonical hybrid element satisfies the Assumptions 20.12 and 20.14; see
Exercise 20.6.

Exercises

Exercise 20.1 (Affine mapping between faces). Let F := 0K;N0K, €
Fy and set F = TEZI(F) and F, := TE:(F) Prove that the mapping
T, =Ty oTK B, is affine. (Hint: let (I?,ﬁgeo,f]geo) be the geometric ref-
erence Lagrange finite element. Observe that the two face finite elements
(F,,P8_,. 5% )and (F,, P8, 5% ) can be constructed from the same

geo,l” “geo,l geo,r? ‘geo,r

reference Lagrange finite element (F9~! Pgdeol, deol).)

Exercise 20.2 (Linear maps). Let E,F,G be finite-dimensional vector
spaces, let A € L(E; F) and let T' € L(E;G). Assume that ker(T') C ker(A).
Set G := T(E). (i) Prove that there is A € £L(G;F) s.t. A= Ao T. (Hint:
build a right inverse of T using a direct sum E = E; ® Es with E;y := ker(T).)
(ii) Show that A is uniquely defined, i.e., does not depend on Ej.

Exercise 20.3 (yx r and Nk ). (i) Prove that Px = Y57 ker(vk r)
(nondirect sum of vector spaces) if and only if there is F' € F s.t. i € N,
for all ¢ € N. (ii) Let the face unisolvence assumption hold true. Let
F(K,i) := {F € Fg | ker(yk,r) C ker(ok,;)}. Prove the following state-
ments: (ii.a) F' € F(K,i) iff i € Ng r; (iLb) F € F(K,i) iff yx r(0xi) #0
where 6 ; is the local shape function associated with the dof <.

Exercise 20.4 (Reference face element). Let F be any face of K. Let
P =% (P) and let N 5 be the subset of N s.t. ﬂieNA . ker(oz ;) =
ker(yz 7). Recall that this means that there exists 0%  : Pf( 7 = Rst.
o; = aAi o ’yA s forallie N p- Assume that N 5 is nonempty, that

the triple {F, PX , 5%} with % = {O'A ien 5 is a finite element, and that

K F
there is a linear bijective map ¢p : Pg p — P* sit. 1/)F °Ye 5 =VK,F oz/)K .
Prove that Assumption 20.12 holds true and NKF = Ng,ﬁ. (Hmt: show that
the finite element {F, P% p, X% p} is generated from {F,P*, £*} using the
map ¢p.)
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Exercise 20.5 (Permutation invariance). Let 5 := [0,1] and consider
the bases B1 := {p1(s) = 1—3s, ua(s) = s} and By := {p1(s) = 1, ua(s) = s}.
Are these bases invariant under permutation of the vertices of S1?

Exercise 20.6 (Canonical hybrid element, d = 3). Consider the assump-
tions made in §20.4.3. (i) Prove the face unisolvence assumption 20.12. (ii)
Let F' € Fk. Let Ty : S§2 — F be an affine bijective mapping, and let
Tk p = Ty 0 Tp : S? — F. Verify that Py o = Py 1 0 Tty and that
{F, P§ p, X% p} is a two-dimensional canonical hybrid element. (iii) Prove
that Py p = Pi p=:Ppand X% o =2X% p=:3%.

Exercise 20.7 (Px r). Let K be the unit simplex in R? and let {ﬁi}ie{O:g}
be the faces of K. Recall that for IPy,q scalar-valued elements we have Py B o=

’V%,E (Py,a). (1) Compute a basis of Pz 7 for all i € {0:2} assuming that
X

(I?, ﬁ, f‘) is the P; Lagrange element. Is (ﬁi,Pf{ 2% 8)
(ii) Compute a basis of Py p for all i € {0:2} assuming that (K,P,%) is
the P; Crouzeix—Raviart element. Is (ﬁi,Pf{ YR ﬁz) a finite element?

a finite element?
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Construction of the connectivity classes ®

Check for
updates

In this chapter, we finish the construction of the connectivity classes which
we characterize by means of an equivalence relation on the pairs in 7, x N.
We show that the resulting equivalence classes verify the two key assump-
tions (19.2) and (19.3) introduced in Chapter 19. Our starting point is to
assume that the finite element at hand satisfies the two fundamental assump-
tions introduced in Chapter 20: the face unisolvence assumption (Assump-
tion 20.12) and the face matching assumption (Assumption 20.14). These
two assumptions turn out to be sufficient to fully characterize the connectiv-
ity classes of Raviart—Thomas elements. For the other elements (Lagrange,
canonical hybrid, and Nédélec) for which there are degrees of freedom (dofs)
attached to geometric entities of smaller dimension, we have to consider two
additional abstract assumptions, the M-unisolvence assumption (Assump-
tion 21.9) and the M-matching assumption (Assumption 21.10), which we
show hold true for these elements. At the end of the chapter we propose enu-
meration techniques that facilitate the practical construction of the map x;,
introduced in Assumption 20.14. This map is a key tool for the construction
of the connectivity array j_dof. We assume in the entire chapter that the
reference cell is either a simplex or a cuboid, we assume that d = 3, and we
continue to use the notation introduced in Chapters 19 and 20.

21.1 Connectivity classes

In this section, we describe a way to build the connectivity classes that makes
the two key assumptions from Chapter 19 hold true. This is done by con-
structing an equivalence relation on the set 7, x .
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21.1.1 Geometric entities and macroelements

We start by introducing the geometric objects to which we will attach the
dofs. Let 7;, be a matching mesh and let Vy,, £, and Fj, be the sets collecting,
respectively, the vertices, edges, and faces in the mesh 7j, as defined in §8.2.

Definition 21.1 (Geometric entity). Let 7p, be a matching mesh. We call
M geometric entity if M is a vertex z € Vy,, an edge E € &, a face F € Fp,
or a cell K € Tp,.

Definition 21.2 (Macroelement). Let M be a geometric entity. We asso-
ciate with M the following subsets of T, and D:

T ={KeT,|MCcCK}CT, (21.1a)
Dy :=int({x € D | 3K € Ty, z € K}) C D. (21.1b)

The set Dy is called macroelement associated with the geometric entity M.

Notice that the notion of macroelement is trivial for a mesh cell since in this
case Ti := {K} and Dk := int(K). This notion is also very simple for a mesh
face, since if F' € F}, then Tp := {Kj, K, } where F := 0K; N 0K, (so that
card(Tr) = 2), whereas if F € F?, then Tr := {K;} where F := 0K, N 9D
(so that card(7r) = 1). For a vertex z € V}, or an edge E € &, there are in
general more than two cells in 7, and Tg, and card(7,) and card(7g) are not
known a priori. Figure 21.1 illustrates these concepts for a triangular mesh.
Notice that if the geometric entity M is s.t. card(7as) > 2, then M is a face,
an edge, or a vertex. Hence, Ty; can also be characterized as follows when
card(7Tas) > 2:

Tu={KeT,|MCOK} C T (21.2)

KeT, KeTp

Fig. 21.1 Left: mesh vertex z € Vp, macroelement 7, composed of six mesh cells with
one cell K € T, highlighted in gray. Right: mesh face F' € F},, macroelement Tr composed
of two mesh cells with one cell K € Tr highlighted in gray. Note that the subsets D, and
Dp are connected.

Definition 21.3 (M-path). Let M be a geometric entity. A collection of
cells (Ko, ..., Ky) in Tar is called M-path if either L = 0 or the following
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holds true for alll € {1:L}: F; := 0K;—1 N OK; € F;. We say that L is the
length of the M -path and that the M -path connects Ko with K, .

Lemma 21.4 (M-path). Let M be a geometric entity. Assume card(Tyr) >
2. Then for every pair (K, K') of distinct cells in Ty, there exists an M -path
of length L > 1 connecting K with K', and we have M C ﬂle{l:L} Fy.

Proof. The subset D) is connected since D is a Lipschitz domain. This
implies the existence of the M-path. Finally, since card(Ty) > 2, (21.2)
holds true, and since K;_1,K; € Ty for all I € {1:L}, we have M C 0K;_,
and M C 0K,. Hence, M C F; for all [ € {1:L}. O

It will be useful to describe geometric entities as an intersection of faces.

Lemma 21.5 (Geometric entity as intersection of faces). Let K € Tj,
be a mesh cell. The following holds true: (i) Let G C Fk be a nonempty
collection of faces of K. Then M = ﬂFegF is always a geometric entity
when M # Q. (ii) Let M be a geometric entity that is not a cell. Then there
is a unique subset G v C Fi s.t. M = ﬂFegK,M F

Proof. (i) Npeg F' is always a geometric entity when it is nonempty because
K is a polyhedron.

(ii) Whether K is a simplex or a cuboid, if M := (g F is nonempty, then M
is a vertex, an edge, or a face of K, and there cannot be any other possibility.
If M is a vertex, there can only be exactly d faces s.t. M = mFeQ F.If M is
an edge, there can only be exactly 2 faces s.t. M = (pcg F. If M is a face,
G contains only one face. ad

Remark 21.6 (Prisms). The proof of Lemma 21.5 shows that for the state-
ment (ii) to hold true when d = 3, every vertex has to be shared by exactly d
faces. In addition to the tetrahedron and the hexahedron, another polyhedron
having this property is the prism with triangular basis. ad

21.1.2 The two key assumptions

Let us briefly motivate what we want to do. Our goal is to partition the set
N according to the nature of the dofs and to use the same partition on every
mesh cell. Let K € T,. We say that i is an internal dof if there is no face
F € Fk s.t. i € Nk p, and we write i € N°. We say that i is a boundary dof
if there is at least one face F' € Fi s.t. i € Nk r, and we write ¢ € NO. A first
natural partition of the dofs is thus N' = N° U N?. If all the subsets Nk
are mutually disjoint, as it happens for the Raviart—Thomas elements, the
collection of boundary dofs is further partitioned as A = | J rer, N r- The
situation is more intricate when the subsets N/ Kk, F are not mutually disjoint
since in this case we need to consider the intersections [ Feg Nk for the
nonempty subsets G C Fg, and we are only interested in the subsets G C Fg
s.t. the above intersection is nonempty. The following lemma shows that for
the finite elements considered in this book, the set (g F' is nonempty if
the set ﬂFeg Nk p is nonempty.
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Lemma 21.7 (Intersection of boundary dofs). Let K € T be a simplex
or a cuboid. If K is a simplex, assume that there is no local shape function
that has a nonzero ~y-trace on all the faces of K. If K is a cuboid, assume that
there is no local shape function that has a nonzero ~y-trace on two opposite
faces of K. Then for every nonempty set G C Fr, if (peg Nk r is nonempty,
then ﬂFeg F is nonempty as well.

Proof. Let us reason by contradiction and assume that ) regF = 0. IfKisa
simplex, this implies that G = Fg, whereas if K is a cuboid, this implies that
G contains two opposite faces. Recalling that i € N p iff vk 7 (0k,:) # 0, we
infer from our assumption on the shape functions that (g Nk, is empty.
This concludes the proof. a

All the simplicial finite elements considered in this book satisfy the assump-
tion of Lemma 21.7 since the v-trace of every shape function vanishes on at
least one face. All the cuboidal finite elements considered in this book also
satisfy the assumption of Lemma 21.7 since there is no shape function that
has a nonzero 7y-trace on two opposite faces.

Lemma 21.7 combined with Lemma 21.5 allows us to identify the geometric
entities that are different from K with those nonempty subsets G C Fx such
that Feg Nk r is nonempty. This leads to the following definition.

Definition 21.8 (My). We denote by M, the collection of all the geometric
entities M s.t. for all K € Ty, the unique nonempty subset G v C Fi
satisfying M = \peg,. ,, I 5 s-t.

Ni g = ﬂ Ni.r #0. (21.3)

We say that the finite element has face dofs if F, C My, edge dofs if &, C
My, and vertex dofs if Vi, C My,.

Since Nk r is nonempty for all K € T;, and all F € Fi (see Assump-
tion 20.12 on face unisolvence), all the mesh faces are in My, i.e., F, C My,.
This means that all the finite elements considered in this book have face dofs.
We will see in the next section that My = V, U&, UF}, for the Lagrange ele-
ments and the canonical hybrid element, M, = &, UF}, for Nédélec elements,
and M, = F;, for Raviart-Thomas elements.

We can now state the two key assumptions regarding the structure of the
dofs that will help us identify the connectivity classes.

Assumption 21.9 (M-unisolvence). For every geometric entity M € M,
and every cell K € Ty (i.e., M C OK ), the following holds true: (i) There
is a linear map Y, m S.t. for every face F € Gg p, we have ker(vi,p) C
ker(yi,ar). (i) For all i € Nk i, there is a linear form o ai s.t. 0k =
ok M, © Yie,m- (iil) The triple (M, Px ar, Xiar) is a finite element where
Pr v o= vr,m(Pr) and Xxar = {0k M FieNw -
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Assumption 21.10 (M-matching). The following holds true for every
interface F' := 0K; N 0K, € F; and every geometric entity M € My s.t.
MCF (SO that K;, K, € Tpp and F' € QK“M ﬁgKmM).‘ (1) Py, v = Pk, -
(ii) The map xu» introduced in Assumption 20.14 is such that xi (N, m) =
Nk, ,m, and the map xir,m : Ny, — N, defined by Xur v = XFIN, a
15 8.1.

0K, M, = OK,.,M,x1r(i1)3 Vi € NKqu (21'4)

e, Y, m = XK, M and Xir, M :NKhM _>NKWM is bijective.

The definition of x;, s in Assumption 21.10 is meaningful because Ny, p C
Nk, r and Ng, v C Nk, p owing to (21.3). When the geometric entity M
is a face, Assumption 21.9 and Assumption 21.10 are identical to Assump-
tion 20.12 (face unisolvence) and Assumption 20.14 (face matching).

Given an M-path (see Definition 21.3) of length L > 1, we define the map
X§, for all I € {1: L} by setting x%, := xr if mp, points from K;_; to K; and
XF, = X}ll otherwise, where np, is the unit normal vector orienting Fj.

Lemma 21.11 (Path independence). Let M € M. Let K,K' be two
cells in Ty (possibly identical) connected by an M -path of length L > 1, say
(K = Ko, ..., Ky = K'). Then for alli € Nk 1, the index X%, ©...0X% (i)
with Fy := 0K;_1 N 0K, VI € {1: L}, is independent of the M-path.

Proof. Let M € My, be a geometric entity and let K, K’ be two cells in
Tum- Let (K = Kgp...,Kpr, = K'), V8 € {1,2}, be two M-paths in
Tam connecting K to K', with F; := 0Kg;-1 N 0Kpg, for all | € {1:Lg}.

) € € > sl € € y
Let i} = Xy, ©-.-0 X% , (@) and 5 = XFyp, © 0 © X, , (7). Assump-
tion 21.10 implies that ox v = OKi1,Myxg, () = -+ = OK/ M} and
OKMi = 0Ky M5, () = -+ = O/ iy Hence, oxrary = ok i

But by Assumption 21.9 (M, Px/ ar, Xke ) is a finite element. Hence,
UK’,M,i’l = O-K’,M,i’z iff le = 7,/2 O

21.1.3 Connectivity classes as equivalence classes

For all (K,i) € TpxN, we introduce the smallest geometric entity associ-
ated with the dof o ;. This object is the last brick we need to define the
equivalence relation mentioned at the beginning of the chapter.

Lemma 21.12 (Mg ;). Let K € T, and i be a boundary dof. Then the
following set is nonempty and is a member of My,:

Mg = (21.5)

N exey M
{MEMh | ’LGNKJW}

Proof. The subset Gk, := {F € Fk|i € Nk r} is nonempty since i is
a boundary dof. Then the set Mg ; = [\pcg, , I is nonempty owing to
Lemma 21.7 since ¢ € ﬂFegK . Nk r, and it is a geometric entity owing to
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Lemma 21.5. The rest of the proof consists of showing that Msz = Mg,
Since Gi,; C {M € My |i € Ngm}, we have Mg ,; C Mg,;. To prove
the converse inclusion, let us consider M in the set {M € My, | i € Nk ar}.
By Lemma 21.5, there is 0 # G C Fi st M = mFegK,M F, and the
definition (21.3) of Nk implies that ¢ € mFEgK,M Nk r. Hence, for all F €
Gk v, we have i € Nk g, which means that Gk C Gk 4, and this in turn

yields Mk: = Npeg, , I CNregy ,, £ = M. Since the geometric entity M
is arbitrary in {M € My, | i € Nk a}, we conclude that /f\\/leﬂ- C Mg, O

We now partition the product set T; x A into equivalence classes.

Definition 21.13 (Binary relation R). We say that (K,i) R (K',i') if
and only if either (K,i) = (K',i), or K # K', Mk,; = Mgy =M, and
given an M -path connecting K to K' in Ty, say (K = Ko,..., K = K'),
with Fy := 0K,y NOK;, VI € {1: L}, we have i’ = x5, ©...0 X%, ().

This definition makes sense when K # K’ since in this case M cannot be
equal to either K or K’, and since M C K N K’, the cells K and K’ are
in Tp;. Owing to Lemma 21.4, K and K’ can be connected by an M-path,
and owing to Lemma 21.11, the index x§, o...0 X%, (i) is independent of the
M-path that is chosen to connect K to K'.

Lemma 21.14 (Equivalence relation). Let Assumptions 21.9 and 21.10
hold true. Then the binary relation R is an equivalence relation.

Proof. R is by definition reflexive. By enumerating the cells in the M-path
in reverse order, we infer that R is symmetric. Finally, let us prove that
R is transitive. Let (K,7) R (K’,i') and (K',7')R (K",i"). Then Mg, =
Mgr i = Mgwp = M. If (K,i) = (K',i) or (K',i') = (K",i"),
there is nothing to prove. Otherwise, we have K # K’ and K' # K.
Let (K =: Kl,OHle,Ll = K/), (K/ =: K2,0~-‘7K2,L2 = K”) be
two M-paths, respectively, connecting K to K’ and K’ to K”. Let us set
Fgp = 8Kﬁ7l_1 N BKW for all [ € {IZLB} and all g € {1,2} Then
(K =: Kl,o"'7K1,L1 = K270...,K27L2 = KH) is an M—path and i’ =
Xy, © OX%Q,l(i/) = XFyp, O OX, OXfyp, O oXf, (1) f K # K",
this argument proves that (K,:)R(K",i"). If K = K", Assumption 21.10
implies that ox pi = O M = Ok i, which is possible only if ¢ = "
owing to Assumption 21.9. Hence, we have again (K,7)R(K",i"). O

Let Ay, be the set of the equivalence classes induced by R over T, x . Let
us now consider any map j_dof : T, xA — A;, such that

[ j-dof(K,i) = judof(K',i")] «— [(K,i)R(K',i)]. (21.6)

Letting I be the cardinality of A, there are I! ways to define j_dof.
Whichever choice that is made to define j_dof, let us now prove that the
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two assumptions (19.2) and (19.3) made in Chapter 19 hold true. Recall
that these are the two structural conditions that we required from j_dof in
Chapter 19 to construct the conforming subspace Py (7p;R?).

Lemma 21.15 (Equivalence relation at interfaces). Let F' € F; with
F = 0K; N 0K, and let x; be the map introduced in Assumption 20.14.
The following holds true for all iy € Nk, r: (1) Mk, = Mg, xi(i); (1)
j.dOf(Kbil) = j.dOf(KT,Xlr(Z'l)).

Proof. Since X1 (Nk, . m) = Nk, am owing to the M-matching assumption, we
have

(M e My | xar(ir) € Nie, ek = {M € My | xar (i) € Xar Wi r)}
={M € My, | i € Nk, m}

Owing to the identity (21.5), we infer that M, ;, = M, v, (i,)- The second
claim follows readily because M, ;, = Mk, y,.¢,) and the two distinct cells
K; and K, can be connected by an M-path of length 1 crossing F' in such a
way that (trivially) x;-(4;) = xu-(4;). This proves that (K, i) R(Ky, xir(41)),
i.e., we have j_dof(Kj,4;) = j-dof (K, xir(4;)) owing to (21.6). O

Let a € Aj; with representative (K,i). Let us set M := Mg, and
xk,k,m (1) == 1. For all K’ € Ty such that K # K’, let us set xx x/ m(7) ==
X, © -0 X, (i), where (K =: Ko,... Ky := K') is any M-path connecting
K to K'. Lemma 21.11 together with Item (i) from Lemma 21.15 gives the
following characterization of the connectivity class a:

a= U (K xeroar@)) (21.7)

K'eTm
We conclude by stating the main result of this section.

Theorem 21.16 (Verification of the assumptions from Chapter 19).
Let Assumptions 21.9 and 21.10 hold true. Let j-dof be defined in (21.6).
Then Assumptions (19.2) and (19.3) hold true.

Proof. Let us start with (19.3) which is easier to verify. By definition, we
have (K,4)R(K,d) iff i = 4, that is, j.dof(K,i) = j_dof(K,i) implies
that ¢ = ¢/. Let us now prove (19.2) for all v;, € P,f’b(’ﬁl;]Rq). Let us start
with the implication = in (19.2), i.e., we assume that vy, € P (Ts;RY).
Let (K,%),(K’,i') be two pairs in the same connectivity class and let
M = Mg, = Mgy We want to show that ok (v k) = orr i (Vh k)
Since this claim is obvious if K = K’, we assume that K # K’ and we con-
sider an M-path connecting K to K’ in Ty, say (K =: Ky..., K = K')
and F) := 0K;_1 N 0K, VI € {1:L}. Repeated applications of the implica-
tion = from Lemma 20.15 show that since [vn]}, = 0 for all [ € {1:L},
we have ok ;(vp k) = TR x5, 000:0X, () (Vnk') = 0K i (Vp k), Which is the
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desired result. Let us now prove the other implication <= in (19.2). Let us
consider v;, € P,:f’b(Th;]Rq) and let F' := 0K; N 0K, € F; be a mesh inter-
face. For all i; € Nk, p, we have j_dof(Kj, i) = j-dof (K., xir(4)) owing to
Lemma 21.15. By assumption, we also have ok, i, (vnk,) = Ok, i, (i) (V| K,.)
for all i; € Nk, r. Owing to the implication <= from Lemma 20.15, we infer
that [vs]} = 0. Since this result holds true for all F' € Fy, we conclude that
vy, € PE(Th; RY). O

21.2 Verification of the assumptions

The goal of this section is to verify that Assumptions 21.9 and 21.10 are
indeed satisfied by the Lagrange, canonical hybrid, Nédélec, and Raviart—
Thomas elements. We assume that d = 3.

21.2.1 Lagrange and canonical hybrid elements

For the Lagrange elements there are four types of geometric entities: cells,
faces, edges, and vertices. We have to verify Assumptions 21.9 and 21.10 for
the vertices and the edges.

Assume first that M is a vertex, say M := {z}. For all K € T, let ak;
be the unique vertex in K such that ax; = z and let us set vx »(p) =
p(ak,) for all p € Pg. Clearly ker(vx, r) C ker(vk,,) for all F' € Fi. Then
Pk . = vk .(Px) = R because p(ax,;) = p(z;) spans R when p spans
Py. Furthermore, setting o , ;(x) := z for all € R, we have ok i(p) =
plar,) = ok zi(plax,;)) = (0kz2: °Vk,2)(p). We observe that Pg . and
Yk = {0k} do not depend on K and that (z, Pk ., Xk ) is a finite
element. R

Assume now that M := E is an edge of K, and let us set E := T (E).
We define vk g(p) := pjg for all p € Pg. Hence, ker(vx,r) C ker(vx,g) for

all F' € Fk. Moreover, vi g(p) = po TI;\IE =poTgzo TEjl ) TI;‘%, where

T; : S' 5 Eis any bijective affine mapping between the unit segment in
R and the reference edge E. By proceeding as in the proof of Lemma 7.10,
we conclude that Pk g := vk, g(Px) =Pk 0 TE}E with Tk g = TK|E oT5.
By proceeding as in the proof of Lemma 20.6, we conclude that Pk, p =
Pk, g for all K, K, € Tg with a common interface. For every Lagrange node
ak ; located on E, we define o g (p) := p(ak,) for all p € Pk g, and we
denote by X'k ar the collection of these dofs. All the Lagrange finite elements
considered in this book are such that (E, Pk g, X'k g) is a finite element.

In conclusion, we have verified that Assumption 21.9 and Item (i) of
Assumption 21.10 hold true, whether M is a vertex or an edge. It remains
to verify that one can construct a map i, : NKL,F — NK,,‘,F s.t. Item (ii) of
Assumption 21.10 also holds true. This construction is done in §21.3.
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Similar arguments as above can be invoked for the canonical hybrid ele-
ment. We invite the reader to verify that Assumption 21.9 and Item (i) of
Assumption 21.10 hold true for the canonical hybrid element, whether M is
a vertex or an edge.

21.2.2 Nédélec elements

We invite the reader to verify that Assumption 21.9 and Item (i) of Assump-
tion 21.10 hold true for the edge dofs of the Ny, 4. It remains to verify that one
can construct a map x; : Nk, r — Nk, r s.t. Item(ii) of Assumption 21.10
also holds true. This construction is done in §21.3.

21.2.3 Raviart—Thomas elements

There is nothing to prove for these elements since Assumption 21.9 is identical
to Assumption 20.12 and Assumption 21.10 is identical to Assumption 20.14,
and we have already verified in §20.4.1 that Assumption 20.12 and Assump-
tion 20.14 are met by the Raviart—Thomas elements.

21.3 Practical construction

In this section, we investigate systematic ways to construct the maps x;,
and j_dof. The construction of x;. is done in such a way that Item (ii) of
Assumption 21.10 holds true. As before, the reference cell K can be either a
simplex or a cuboid in R?, d € {2,3}.

~

21.3.1 Enumeration of the geometric entities in K

The construction of x;,- is greatly simplified by adopting reasonable enumer-
ation conventions on the reference cell K" and by using the orientation of the
mesh. We start by enumerating the geometric entities in K. We first enumer-
ate the ney Vertices* say from 1 to n.y, as in Table 10.1 in §10.2. We start
with the origin of K, say z; := 0, then we enumerate d vertices in such a
way that the orientation of the basis (22 — 21, ..., Z4+1 — 21) is the same as
that of the ambient space R? (assumed to be based on the right-hand rule).
There is no other vertex to enumerate if X is the unit simplex. If K is the
unit square, the last vertex is assigned number 4, and if K is the unit cube,
the last vertex of the face containing {21, 22, 23} is assigned number 5, then
we set zg := 29 + e, 27 := 23 + e, and zg := z5 + €,; see Figure 21.2 and
Figure 10.2. N N

We now enumerate the edges of K from 1 to n. and the faces of K
from 1 to nc. The way the enumeration is done does not really matter for
our purpose, but to be complete, we now propose one possible enumeration
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Fig. 21.2 Orientation of the edges and faces and enumeration of the vertices, edges, and
faces of the reference cell in dimensions two and three. In dimension two, edges and faces
coincide as geometric entities but they are oriented differently: an edge is oriented by a
tangent vector and a face by a normal vector.

technique in Figure 21.2 and Table 21.1. The convention adopted in Table 21.1
is that E = (2p,24), p < ¢, means that E / passes through the two vertices
Zp, 24, and the edge is oriented by setting TE = (24— zp)/||zq — Zplls2. The
point 2, is called origin of the oriented edge E. The notation F = (Zp: 24, Zr),
p < q < r, means that F passes though the three vertices z,, 24, 2., and
that the unit normal 75 orienting F is such that (Zg — 2p, 2r — Zp, M) is a
right-hand basis, i.e., ng = (24 — 2p)%(2r — 2p))/|[(Zq — 2p) % (Zr — 2Zp)|| 2
(see (10.9)). The vertex 2z, is called origin of the oriented face F. Note that
for both the reference simplex and the reference cuboid, the orientation of the
geometric entities is done by using the increasing vertex-index enumeration
technique explained in §10.4.

Let now K be a cell in a mesh 7. Let z, E, F be a vertex, an edge, and
a face of K, respectively. We are going to say in the rest of this section that
the local index of z, E, F in K is, respectively, p, ¢, r if there is a vertex Z,,
p € {line}, an edge Eq, q € {linc}, and a face ﬁ,«, r € {linc}, such that
z=Tk(z,), E =Tk(E,), and F = Tk (F,).

21.3.2 Example of a construction of ;. and jdof

We now present an example of practical construction of the maps x;- and
j-dof. One important advantage of the proposed enumeration is that it can
be implemented in parallel since for each cell K of index m € {1:N.}, the
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z1 = (0,0), z2 = (1,0), 253 = (0,1)

E1 = (22,23), By = (21,23), B2 = (21,%2)

2D simplex

\%
E
Vi|z1 = (0,0,0), Zo = (1,07 0), Z3 = (07 1,0), Zy = (0,0,1)
E|Ei = (21,%2), B2 = (21,23), B3 = (21,24)
3D simplex| |Ey = (25,23), Bs = (22, 24), Es = (23, 24)

F1 = (22,23,24), Fo = (21,%3,24)

!

F3 = (21,22,24), Fy = (21,22,23)

\ 21 = (070)7 22 = (170)7 23 = (071)7 24 = (171)

2D square = . = ~ ~ . ~ -\ B = o
E|Ey = (21, 22), B2 = (21, 23), B3 = (23, 24), B4 = (22, 24)

Viz1 = (0,0,0), Zo = (1,0,0), Z3 = (0,1,0), Z4 = (0,0,1)

z5 = (1,1,0), 26 = (1,0,1), 27 = (0,1,1), zg = (1,1,1)
E|E, = (21,%2), o = (21,%3), B3 = (31, 24), Ba = (22,%5)
3D cube Es = (22,%6), Be = (23,%5), E7 = (23,27), Es = (24, %)
Eg = (24,%7), Eio = (35, 28), F11 = (%6,28), B12 = (%7, Z8)
F|F\ = (21,%2,23), Fo = (21,23, 24), F3 = (21, 22, 24)

Fy = (Z4,%6,27), F5 = (22,%5,%6), F6 = (23,%5,27)

Table 21.1 Enumeration and orientation of the vertices, edges, and faces in simplices and
cuboids in dimensions two and three.

proposed enumeration technique only requires to have access to local infor-
mation like j_cv(m, line), j_ce(m, ling), j-cf(m,lin), which is usually
provided by mesh generators. Recall that j_cf(m, ) is the global index of the
i-th vertex of the m-~th cell, j_ce(m, e) is the global index of the e-th edge of
the m-th cell, and j_cf(m, f) is the global index of the f-th face of the m-th
cell.

Enumeration of the vertex dofs. Let us assume that there are nY;, dofs per
vertex. For scalar-valued Lagrange elements or the scalar-valued canonical
hybrid element, we have n), := 1. We adopt the convention n}, := 0 for
H (curl) and H(div) elements. Given a mesh cell K, we enumerate the local
dofs in K as follows. Letting n € {1:nY}, }, v € {1:nc }, the n-th dof attached
to the v-th vertex is assigned the index ¢ := (v — 1)nY, +n.

Let us now define j_dof and, given an interface F' := 0K; N 0K, let us
define x;,-. Let z be vertex of the face F. Let v, v, € {line} be the local
index of z in K, K,., respectively, and let m;, m, be the indices of K;, K, in
Th, respectively. Hence, j_cv(my,v;) = j_cv(m,, v,). Let 45 := (v;—1)nY, and
iro := (vy — 1)nY,. Then upon setting X, (410 +1) := iyo+1 for all i € {1:nY, },
we observe that ;- maps a vertex dof of K; to a vertex dof of K, and by
construction the vertex associated with 40 +¢ (with index j_cv(my,v;)) is the
same as that associated with i,¢ + ¢ (with index j_cv(m,,v,)). Finally, j_dof
is obtained by setting
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i:=(—-1nY +n, (21.8a)
j-dof(m,i) := (jcv(m,v) — 1)n}, + n, (21.8b)

for all n € {1:nY,} and all v € {1:nc,}. This defines n}}, N, equivalence classes
enumerated from 1 to ny, V.

SN )

9 10
e e12 150 16@
A A A A
T® oll 130 lde@
5 6
2 ° °

Fig. 21.3 Enumeration of geometric entities and dofs for triangles (top) and squares (bot-
tom). Orientation of edges and faces, enumeration of vertices and faces (leftmost panels),
enumeration of vertex dofs (center left panels), enumeration of edge dofs for P4 2> and Q3,2
elements (center right panels), enumeration of volume dofs (rightmost panels).

Enumeration of the edge dofs. Let ng, be the number of dofs per edge. For

Pi+1,4 and Qp41 4 scalar-valued elements (Lagrange or canonical hybrid) and
for Ny 4 Nédélec elements, we have ng, = dim(Py 1) with £ > 0. Let us now
adopt a strategy to enumerate the edge dofs in K that allows us to generate
X1 with information associated with the edges only. Let E := (zp, z4) be
an oriented edge of K with origin z,, p,¢ € {1:N,}. Let e € {l:ne} be
the local index of E in K. Setting ig := neyny, + (e — 1)ng,, we enumerate
the dofs associated with F from ig 4+ 1 to ig + ng, by moving along E from
zp to z4. Since the orientation of the mesh is generation-compatible (see
Definition 10.3), the orientation of the edge is unchanged by the geometric
mapping Tk for all K € Tg. This implies that no matter which edge Eof K
is mapped to E, the edge dofs {0k £.i}ic{1:n..} are always listed in the same
order as those in {af(ﬁ,i}ie{lznce} because the edge dofs are invariant under
any vertex permutation (see Assumption 20.7 and Item (iii) in Lemma 20.22).
The proposed enumeration is illustrated in the two panels in the third column
of Figure 21.3 for the P42 and Q32 Lagrange elements, in the left panel of
Figure 21.4 for the Ny 3 Nédélec element, in Figure 21.5 for the IP3 3 Lagrange
element, and in Figure 21.6 for the Q3 3 Lagrange element.

Let us now define j_dof and, given an interface F' := 0K; N 0K,., let us
define x;.. Let E be an edge of the face F'. Let e;, e, € {l:nc.} be the local
index of E in K, K., respectively, and let m;, m,. be the index of K, K. in Ty,
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12 Edge 6
Edge 2 1

8 Edge 4
6 b&? )

5

10 Edge 5 Face 3
Edge 3 Edge 1

18 5
4

Face 4

Fig. 21.4 Enumeration of dofs for the N 3 element. Left: edge dofs. Right: face dofs.

respectively. Hence, j_ce(my,e;) = j_ce(my, e,). Let ;9 := neynl, +(er—1)ng,
and ipo = neynd, + (er — 1)ng,. Then setting x;r- (410 + ) := 40 + @ for all
i € {1:ng,}, we observe that x;,, maps an edge dof of K; to an edge dof of K,
and by construction the edge associated with i;0+¢ (with index j_ce(my, ¢;)) is
the same as that associated with i,0+i (with index j_ce(m,, e,)). Concerning
j-dof, since all the vertex dofs have already been enumerated using (21.8),
we continue with the edge dofs by setting

i:=neny, + (e — 1)ng, +n, (21.9a)
j_dof(m, 1) :=ny Ny + (jce(m,e) — 1)ng, +n, (21.9b)

for alln € {1:ng,} and all e € {1:n¢}. This defines ng, N, equivalence classes
enumerated from ny Ny + 1 to nY Ny + ng, Ne.

Enumeration of the face dofs. Let us proceed with the enumeration of
the face dofs in dimension 3. Let F' be a face of K. Let z, be the origin of
F. Let 71, 72 be the two unit vectors orienting the edges starting from z,
(recall that np has been defined s.t. (71, 72, nr) has the same orientation as
the right-hand basis in R? (see (10.9)). Let f € {1:n.} be the local index of
F in K. The face dofs on F' are enumerated from ig + 1 to ig + ngh, where
10 = Moy, +Neentgy, + (f — l)ngh. When the dofs in F' are attached to nodes
located in F', as for Lagrange elements, one possible enumeration technique
is to look at F' with the vector 7 horizontal, the origin of F' on the left,
pointing upward, and np pointing towards us. Then one enumerates the dofs
on F' by moving across F' from left to right and bottom to top. The proposed
enumeration is illustrated in Figure 21.5 for the P3 3 Lagrange element (where
there is 1 face dof) and in Figure 21.6 for the Q3 3 Lagrange element (where
there are 4 face dofs). For the Nédélec and Raviart—Thomas elements, the
enumeration of the face dofs can be performed by enumerating the modal
basis associated with these dofs just like above. For the Nédélec elements,
one has two dofs for each modal basis function, say one associated with 7|
and one associated with 75. One first enumerates the dof associated with 7,
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then the dof associated with 7. An example is shown in the right panel of
Figure 21.4.

Fig. 21.5 Enumeration of dofs in dimen-
sion three for the P3 3 element.

—(O—
@ Fel @ @ Fes G
(D
319 2 5 1% 2% 7 123 U6 731 3208
120 o o 016 149 o 0 02 140 o o d1s 266 © o 630
3% 36 39 40 PERYI 708
: N 2 5 ;
11 g 251 15 13 2)’ 23 21 13 g 40 17 25 40) JO() 29

1 9 10 2 1 11 12 3 19 10 2 4 23 24 6 2 15 165 319 20 5

Fig. 21.6 Enumeration of Q3,3 dofs in a cube. The enumeration of the edges and faces is
shown in the top panels. The enumeration of the dofs is shown in the bottom panels for
the 6 faces of the cube. The vertex dofs are shown in black, the edge dofs are shown in
white, and the face dofs are shown in gray. The remaining 8 volume dofs are hidden.

Assume now that F':= 0K; N 0K,.. Let f, fr € {l:n.} be the index of F
in K;, K, and let m;, m, be the indices of K;, K, in Ty, i.e., j_cf(my, fi) =
j—ct(my, fr). Let 40 := neynd, + neend, + (fi — 1)n£h and ipg := neyny, +
neend, + (fr — 1)n£h. Then we set (410 + %) = irg + ¢ for all ¢ € {1:n£h}.
Concerning j_dof, since all the vertex and edge dofs have already been enu-
merated using (21.8) and (21.9), we continue with the face dofs by setting

i = neynd, + neendy, + (f — Dnky, 4+ n, (21.10a)
j_dof (m,i) := n¥,Ny + nSNe + (j_ct(m, f) — )nl, +n, (21.10b)

for allm € {1:nf, } and all f € {1:n.}. This defines nf; Nt equivalence classes
enumerated from nY, N, +ng Ne + 1 to nY Ny +ng Ne + ngth. An example
using the proposed enumeration for the P3 5 element is shown in Figure 21.5.
An example of enumeration for the Q3 3 element is shown in Figure 21.6.
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Enumeration of the volume dofs. The way the enumeration of the volume
dofs is done does not matter, but to be consistent with the above definitions,
one can proceed as follows. For Lagrange elements, one starts with the dof
that is the closest to the origin of K and traverse the volume dofs by using
the orientation of K. In dimension two, for instance, one can proceed as
above since K can be viewed as a two-dimensional face, as illustrated in the
rightmost panels in Figure 21.3 for the P4 2 and Q3 Lagrange elements. In
dimension three, one can traverse all the volume dofs by moving first along
the direction 71, then along the direction 72, and finally along the direction
T3. For Nédélec and Raviart—Thomas elements, one uses the enumeration of
the modal basis functions defining the volume dofs. For these elements one
has 3 dofs for each modal basis function (in dimension 3), say one associated
with each direction 71, 7o, 3. For each modal function one first enumerates
the dof associated with 7, then the dof associated with 75, and one finishes
with the dof associated with 73, then one moves to the next modal function.
The connectivity array can now be completed by setting

1= NeyNyy, + NeeNy + ncfnih +n, (21.11a)
j_dof (m,i) := n¥, Ny + n Ne + nly Ne 4+ (m — 1)nY, +n, (21.11b)

for all n € {1:n$,} and all m € {1: N.}.

Exercises

Exercise 21.1 (Mesh orientation, Nk r, X;-). Consider the mesh 7y,
shown in Exercise 19.1. (i) Orient the mesh by using the increasing vertex-
index enumeration technique. (ii) Consider the corresponding space Pg(Tp).
Use the enumeration convention adopted in this chapter for the dofs. Find the
two cells K;, K, for the second face of the cell 5 and for the first face of the cell
3. (iil) Let F be the second face of the cell 5. Identify N5 r, j-dof(5,N5 r),
and the map x;.. (iv) Let F” be the first face of the cell 3. Identify N3 g,
j-dof(3, N3 pr), and the map x;;.

Exercise 21.2 (M-dofs). Let K € Ty, let F € Fk, and let M € M, be a
geometric entity s.t. M C F. Prove that NK7M C NKJ:‘.

Exercise 21.3 (Q 3 dofs). Determine nY,,ng,,nt, ,nS for scalar-valued
Qr,3 Lagrange elements.
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Quasi-interpolation and best Ch’?f
approximation

updates

Let v be any function in WP (D;R?) with real numbers r > 0 and p € [1, >0].
One of the objectives of this chapter is to estimate the decay rate of the best-
approximation errors

inf - mo(Dmray,  Ym e {0:[r]}, 22.1
vhepg(ln;m'v onlwrr (g, ¥m € {0:[rl} (22.1)

where P(Tr;R?) is one of the conforming finite element spaces built in the
previous chapters with x € {g,c¢,d} and |r| denotes the largest integer n € N
s.t. n < 7. Recall that £ > 1 if x = g and £ > 0 otherwise. Whenever
the context is unambiguous, we drop the superscript x. The interpolation
operators constructed so far do not give a satisfactory answer to the above
question when the function v has a low smoothness index r. In this chapter,
we introduce the important notion of quasi-interpolation, i.e., we build linear
operators

2. LY(D;RY) — Py(Th; RY) (22.2)

that are L'-stable, are projections onto Pj(7y;R?), and have optimal local
approximation properties. We do this by composing one of the L'-stable oper-
ators L'(D;R?) — PP(Tp,;R?) introduced in §18.3 with a simple averaging
operator J2V : PP(Tn;R?) — Py(Tr; RY). We also adapt the construction to
enforce zero ~-traces at the boundary, and we study the approximation prop-
erties of the L2-orthogonal projection onto the conforming space Py, (7T5,;RY).
The material of this chapter is useful to investigate the approximation of
solutions to PDEs with low regularity.

22.1 Discrete setting

Let (Tn)nen be a shape-regular family of affine meshes s.t. the geometric
mappings Ty are affine for all K € T,. As before, when dealing with the
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conforming spaces Py (Tr;R?), we assume that the meshes are matching. All
the functions vy, in the broken finite element space P,? (Tr; R2) are such that
vy € P = wgl(ﬁ) for all K € T, where (I?,ﬁ, 2‘) is the reference finite
element. Let k£ > 0 be the degree of the reference finite element, i.e., [Py 4]7 C
P c WrHLp(K;R) for some p € [1, oo]; see Definition 11.14. We assume that
the transformations 1 are of the form (11.1), i.e., ¥ (v) := Ag(voTk) for
some matrix Ax € R?*7 and there are ¢, ¢’ s.t. for all K € Ty, and all h € H,

1Ak llellAR e < Tk lle Tk le < ¢ (22.3)

where Ji is the Jacobian matrix of Tk (the second bound follows from the
regularity of the mesh sequence). The main examples are A%, :=1 (¢ = 1) for
Lagrange and canonical hybrid elements, AS, := JL (¢ = d = 3) for Nédélec
elements, and A% = det(Jx)J %' (¢ = d) for Raviart-Thomas elements. We
additionally assume that P C Wl’OO(IA(;Rq), so that Px C Wh*°(K;RY) for
all K € 7;, owing to Lemma 11.7.

Let j_dof : Tr, x NV — Aj be the connectivity array introduced in Chap-
ter 19 and let a € Aj be a connectivity class. Recall that we write either
j-dof(K,7) = a or (K,i) € a. The connectivity classes are used to enumerate
the global shape functions and dofs in the conforming space Py (7p; R?). The
subset T, :={K' € Ty | I’ € N, (K',i’) € a} is the collection of the mesh
cells of which a is a dof (see (19.6)). For all K € Ty, we introduce the notation

7LK = U ﬂJOf(Kﬂ)’ Dy :=int ( UK/efK K’), (22.4)
1EN

i.e., Tx is the collection of the cells sharing some dof(s) with K, and Dy
is the set of the points composing the cells from the set 7. For instance,
if the finite element has vertex dofs, any mesh cell K’ touching K is in Tx
since in this case K’ shares at least a vertex with K. Notice that card(7x)
is uniformly bounded owing to the regularity of the mesh sequence. We have

T ={K' €Ty |3 eN, Mgy C K}, (22.5)

where Mg ;+ is the geometric entity associated with a pair (K’,4") (see (21.5)).

Let K € 7, and let F' € Fg be a face of K. We consider the trace
operator vx g : WSP(K;RY) — L'(F;R?) defined in (18.7), with sp > 1 if
p>1lors>1ifp=1,ie., wehave 7% p(v) == vp (¢ =1t =1), 7 p(v) :=
vpxnpg (@ =t =d = 3), and ’7}1(’F(’U) = vpnr (¢ =d, t=1). Using
the notation of §20.3, there is a linear map ok r; : Pr = vk, r(Px) — R
and a subset N rp C N s.t. ok, = ok i o vk,r for all i € Nk p. (Since
Px € WH°(K;RY), the y-trace is well defined on Py and Pr C L= (F;R?)).

It turns out that the analysis of the quasi-interpolation operators devised
in this chapter is based on just one unified assumption on the face dofs of the
finite element.
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Assumption 22.1 (Boundedness of face dofs). There is ¢ s.t.

max |ox.ri(q)l < ¢||Axllellalo=mr), (22.6)

€Nk, F
forallge Pp, all K € Ty, all F € Fi, and all h € H.

Assumption 22.1 is supposed to hold true in the entire chapter. One can verify
that this is indeed the case for all the finite elements considered in this book,
i.e., Lagrange, canonical hybrid, Nédélec, and Raviart-Thomas elements.

Let us now derive an important consequence of Assumption 22.1 allowing
us to control the jump of the dofs across the mesh interfaces. Recall that for
all F' € F7, there are two distinct mesh cells K;, K. € Tj, s.t. F':= 0K;NOK,.
Let us define for all a € A;, the following collection of interfaces:

Fo={F € Fy | Ji, i, € N, (K1, i), (Kyy i) € a}. (22.7)

Notice that the set Fy is empty if card(a) = 1, i.e., if a is the class of a cell
dof. The characterization of classes of face, edge, and vertex dofs shows that

the set F¢ is always nonempty if card(a) > 2.

a

Lemma 22.2 (Bound on dofs jump). Leta € Ay be such that F; is
nonempty. There is ¢ s.t.

|ok i (Vn k) — s, (i) | < ¢ min([|Ag [|ez, [Ax, le2) | [on] 2l o (ire)s
(22.8)

for all vy, € PP(Th;RY), all F € F2, all (Ky,i)), (Ky,iy) € a, and all h € H.

a’

Proof. Let vy, € P,?(E; RY). Since we have i, = x1,(4;) and ok, ri, = Ok, F.i,
owing to Assumption 20.14, letting doy,(vp) = 0K, 4, (Vn k,) — O K, i, (Vn K, ),
we infer that

8a1r(v) = ok, mi (Vi F (U K) = VK F (U K,)) = 0k m ([oR] ),
recalling that [vs] r := vk, F(vh Kk,) =K, F(Vh K, ). Since Pp = vk, r(Pk,) =
vk, r(Pk,) owing to Assumption 20.14, we have [v,]r € Pp. Owing

to Assumption 22.1, we infer that |doy.(vn)| < cl|Ak, ez |[[va]Fll Lo (7ire)-
Finally, (22.8) follows by exchanging the roles of K;, K. O

22.2 Averaging operator

We define the averaging operator J2¥ : PP(Tpn; R?) — Py(Tp; RY) by setting

T (on) =Y (Car(li@) > UK,i(UhK>>(Pa- (22.9)

a€Ap (K i)€a
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Since ok i(vh k) = 0a(vp) for all (K,i) € a and all v, € Pp(Tp;R?), we
have J2V(vy) = ZaGAh 0a(Vn)pa = vp. Therefore, Py(Trn;R?) is pointwise
invariant under the action of J;V. Let now K € 7}, and let us set

Fie = Fyaorxiy ={F € Fi | H €N, My C F}, (22.10)

ieN
ie., ]:"}’( is the collection of all the mesh interfaces sharing some dof(s) with
K. For instance, if the finite element has vertex dofs, any interface F' touching

K is in Fg, since in this case F'N K contains at least a vertex of K. Note that
card(Fy) is uniformly bounded owing to the regularity of the mesh sequence.

Lemma 22.3 (Approximation by averaging). There exists ¢ s.t. the
following holds true:

av d(%—%)+%—m
lvn = T (0n)lwmw (kiray < chye > Monlellor iz, (22.11)
FeFy,
for every integer m € {0:k + 1}, all p,r € [1,00], all vy, € PP(Ty;RY), all
KeTh, and all h € H.

Proof. We only prove the bound for m = 0 and p = r = 0o, the other cases
follow by invoking the inverse inequalities from Lemma 12.1 (with d replaced
by (d — 1) when working on F). Let vy, € PP(T; R?), set ey, := vy, — T (vp)
and observe that ej, € P,E’ (Tn;R?). Let K € Tp,. Using Proposition 12.5 with
p = oo, we infer that

lenll oo (rmay < ellAFH e Y loaenx)l-
ieN
Owing to the definition (22.9) of 72V, we have for all i € NV,

1
card(a)

Z (oki(vnx) — ok (Vn k7)) S

(K’,i")€a

O'K,i(eh|K) =

where a := j_dof(K,i). Notice that ok i(enx) = 0 if card(a) = 1. Let
us now assume that card(a) > 2. For all (K',i') € a, there is an M-path
of mesh cells in 7, connecting K with K’ s.t. any two consecutive mesh
cells in the path share a common face F € F? (see Lemma 21.4). It is
possible to assume that each face crossed by the M-path is crossed only
once. Since for every consecutive pairs (Kj,4;), (K,,i,) in the M-path, we

have 0K; N 0K, =: F € F,, Lemma 22.2 implies that

lor, i (Vni,) — 0K, i, (U, )| < e min((|Ak, [|ez, [Axk, |le2) I[vn] £l Lo (75re)-

Since card(7,) is uniformly bounded, we obtain (recall that a = j_dof (K, 1))
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lenllzoe(rirey < clAx e Akl > > Ilonlrllze@mey-
iEN FEF?

The estimate (22.11) follows from (22.3) and the definition of F¢. O

Corollary 22.4 (LP-stability). There is ¢ s.t. for all v, € PP(Tp;RY), all
KeTy, and allh € H,

1T (vn) || Lo (ke may < € l|VnllLe (Dyira)- (22.12)

Proof. Use the inverse inequality ||[va] ||z (rire) < €D ke " lvnllor(xray
where Tp 1= {K;, K, } for all F':= 0K, NJK, € F}, and the bound (22.11).
See Exercise 22.2 for a direct proof. O

Remark 22.5 (Literature). Early work on averaging operators in the
scalar-valued case (H'-setting) includes Oswald [153, Eq. (25)-(26)] and
Brenner [44, p. 13]. These operators were used to analyze nonconforming
finite elements in Brenner [45], Hoppe and Wohlmuth [119], discontinuous
Galerkin (dG) methods in Brenner [46], Karakashian and Pascal [122], Ern
and Vohralik [98], Gudi [111], Schéberl and Lehrenfeld [175], stabilized finite
elements in Burman and Ern [52, 53], and multiscale methods in Kornhuber et
al. [127]. The dependence of the constant in (22.11) on the polynomial degree
k is studied in Burman and Ern [52], Houston et al. [120]. In the vector-valued
case, averaging operators were considered for dG methods in Cockburn et al.
[81] (H (div)-setting) and Campos Pinto and Sonnendriicker [56] (H (curl)-
setting). O

22.3 Quasi-interpolation operator

We consider one of the L'-stable operators L'(D;RY) — PP(T,;RY) intro-
duced in §18.3. To fix the ideas, we work with I,ﬁl, but the L?-orthogonal
projection could be considered as well (these two operators coincide in the
scalar-valued case). Letting J2 : PP(Tn;RY) — Py (T; RY) be the averaging
operator defined in §22.2, we now define a global quasi-interpolation operator
v . LY(D;RY) — Py (Th; R?) by setting

I = J o Ih. (22.13)

By construction, Py(7x;R9) is pointwise invariant under ZpV, ie., ZpV is a
projection. Let now us study the local approximation properties of Z;}V in
integer-order and fractional-order Sobolev spaces, the latter being equipped
with the Sobolev—Slobodeckij norm (based on the double integral, as defined
in §2.2.2). Recall the Definition 18.1 of broken Sobolev spaces.
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Theorem 22.6 (Local approximation). Letr € [0,k +1]. Let p € [1,00)
ifr €N, orpe[l,o0] if r € N.

(i) Assume rp > 1 andp > 1, orr > 1 and p = 1. There is ¢ s.t. for every
integer m € {0:|r]}, allv € W"P(Dg;R?), all K € Tp, and all h € H,

|U — IZV(’U”W"%P(K;]RQ) S Ch;(_m|U|Wr,p(7*K;Rq). (2214)

The constant c is uniform w.r.t. r and p as long as rp is bounded from below
away from 1, but ¢ can grow unboundedly as rp | 1 if p > 1.

(ii) Assumerp <1l andp>1, orr <1 andp = 1. There is ¢, uniform w.r.t.
r and p, s.t. for allv € W"P(Dg;R?), all K € Ty, and all h € H,

v =Z5 (V)| e (e ray < chivlwro(Dgra)- (22.15)

Proof. Let K € Tp, h € H, and v € W"P(Dg; R?).
(1) Assume that 7p > 1 and p > 1 or that » > 1 and p = 1. Then v has zero

~-jumps across the interfaces (see Remark 18.4). Let us set vy, = Ifl(v) €
PP(Tn;RY), so that TV (v) = J2(vp,). The triangle inequality gives

|’U — IZV(’U)|W7VL,1)(K;RQ) S |’U — /Uh‘W'nL,p(K;Rq) + |1}h — j}?v(vh)h/[/'rn,p(K;Rq).

Let ¥; and T3 be the two terms on the right-hand side. ¥y is estimated
by using Theorem 18.14, which leads to |Ti| < chi "|v|wrr(kire). T2
is estimated by using the approximation properties of J7V established in
Lemma 22.3 as follows:

1 1
h|%al < ch Y Nlonlrllorrey = chk D v —valelloeemey
FeFe, FeFg,
1
<chl > Y - llerrn < chic Y [lwrs g,
K'eTk FCOK'NF, K'eTk

where we used the triangle inequality to bound the jump by the values
over the two adjacent mesh cells, the multiplicative trace inequality (12.17),
the approximation result of Theorem 18.14, and the regularity of the mesh
sequence. Combining the bounds on ¥; and Ty gives (22.14).

(2) Assume now that p < 1 and p > 1 or that r < 1 and p = 1. In both cases,
we have r < 1. Combining the LP-stability of 72V (Corollary 22.4) with that
of ! (see (18.26) with m := 0), we infer that

IZE (0) o sy = TR (Zh (0) o (acima)
< eI ZE )| o(Drme) < ¢ [0llo (D smay- (22.16)

This proves (22.15) if » = 0. Let us now consider the case r € (0, 1). Since
[Py ]9 is pointwise invariant under Z¢V, the LP-stability estimate (22.16), and
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the triangle inequality imply that

o= T8 @) o S ¢ _f [0 = all ooz, (2217)
q€Po,q)?

and we conclude by invoking the fractional Poincaré-Steklov inequality in
1 .

Dk from Lemma 3.26 where we use that {p, < ¢1|Dk|7 < cohi owing to

the regularity of the mesh sequence. a

Remark 22.7 (Seminorm). We use the broken seminorm [v[yr.p (7 .ge) i
(22.14) and the seminorm [v|yyr.p(p,ra) in (22.15). It is possible to break
the seminorm over Tx in (22.14) because rp > 1, but this is not possible
when rp < 1. Indeed, there is only one constant at our disposal in (22.17) to
minimize the LP-norm of (v — q) over Dk. O

Corollary 22.8 (W™P-stability). There exists ¢ s.t. for all p € [1,00],
every integer m € {0:k + 1}, all v € W™P(Dg;RY), all K € Tp, and all
heH,

‘I}aLV(UHW'"»P(K;]RQ) < C|U|Wm,p(DK;Rq). (22.18)

Proof. For m = 0, the stability follows from (22.16). For m > 1, the stability
follows from (22.14) with r := m and the triangle inequality. O

Corollary 22.9 (Best approximation in LP). There exists ¢ s.t. for all
re[0,k+1], allp € [1,00) ifr € N orallp € [1,00] if r € N, all v €
WmP(D;R?), and all h € H,

: T

whelﬂfn;RQ) [v = wallLe(Dra) < " |V[wrp(DiRA)- (22.19)
Remark 22.10 (Literature). Quasi-interpolation operators have been devel-
oped in the specific case x = g in Clément [80], Scott and Zhang [178],
Bernardi and Girault [21], Carstensen [59], Carstensen and Verfiirth [63] by
performing averages of functions on macroelements attached to vertices. The
present construction, introduced in [97], is different since it projects functions
onto the broken finite element space before averaging the resulting dofs. More-
over, the present construction handles in a unified way H'-, H(curl)-, and
H (div)-conforming finite elements. O

Remark 22.11 (Poincaré—Steklov in Dg). One can show that there is
cs.t. forall p € [1,00], all v € WHP(Dp), all K € T, and all h € H,

[0 = vpllLe(pi) < chrlvlwir(py), (22.20)

where v, - denotes the mean-value of v on Dg. See Veeser and Verfiirth [194,
§2.3], the work by the authors [97, Lem. 5.7], and Exercise 22.3. (We do not
invoke the inequality (3.8) with U := Dy since we want to assert uniformity of
the constant ¢ w.r.t. K, which is nontrivial if the set Dk is not convex.) 0O
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22.4 Quasi-interpolation with zero trace

In this section, we revisit the above construction so that the quasi-interpolation
operator boundedly maps L'(D;RY) onto the subspace Py o(75;R?) com-
posed by those functions in Py (7p;R?) with zero y-trace at the boundary of
D (see §19.4).

22.4.1 Averaging operator revisited

Recall Definition 19.11 for the internal and boundary connectivity classes Aj,
and A?. The operator T PP(Th;RY) — Py o(Th; RY) is defined as

Ty (wn) ==Y L > oki(vnk) | @ (22.21)

a€ A Card(a) (K,i)€a

for all v, € PP(T;RY). The difference between J:2¥(vy) and J72 (vy,) is that
now o, (J2 (vs,)) = 0 for alla € A7, i.e., all the dofs associated with boundary
classes are set to zero. By construction, Py o(7r;R?) is pointwise invariant
under J;;. The approximation properties of [J; now depend not only on
~y-jumps across interfaces, but also on -traces at boundary faces. We abuse
the notation by writing [vn]r := vk, r(vs) for all v, € P,E(’E;Rq) and all
F :=0K,N0D € F? (K, € Ty, is uniquely defined). For all a € A?, we define

F)={F e F |3 €N, (Ki) € a}, (22.22)
and we set F9 := () if a € AS. We infer from (22.6) that (compare with (22.8))
ok (vn)] < cllAk, [l l[[on] £ ll Lo (ime), (22.23)

for all F € FO, all pairs (K;,4;) € a, and all v, € P,?(E;Rq). For all K € Ty,
let Fr:={F € Fp, | Ji € N, Mk ,; C F} be the collection of the mesh faces
(interfaces and boundary faces) sharing some dof(s) with K.

Lemma 22.12 (Approximation by averaging). There is c s.t.

d(l—l>+l—m

av p T r

[vn — T5o (Vn) lwm.e (kray < chye > vnlrl
FG]:-K

Lr(Firt), (22.24)

for every integer m € {0:k + 1}, all p,r € [1,00], all vy, € PP(Th;RY), all
KeTy, and allh € H

Proof. Adapt the proof of Lemma 22.3 using (22.23) and the fact that
UK,i(Uh — Jfg(vh)) = UK,i('Uh) if (K,Z) S .Ag O

Corollary 22.13 (LP-stability). There is ¢ s.t. for all v, € PP(T,; RY), all
KeTy, and all h € H,
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1756 (Wr)l| Lo (ke Ray < € [|VnllLe(Dycira)- (22.25)

Proof. The proof is similar to that of Corollary 22.4. O

22.4.2 Quasi-interpolation operator revisited
We define the operator Zi% : L*(D;R?) — Py, o(Tr; R?) by setting

=T o Ij.. (22.26)

By construction, Py o(75;R?) is pointwise invariant under Zjy, i.e., Z7% is a
projection.

We now study the approximation properties of Zpy in W™P(D;R?) with
real numbers r € [0,k + 1] and p € [1,00] (p € [1,00) if r € N). If rp > 1,
functions in W"P(D;R?) have traces on 0D, and it makes sense to define

WP (D;RY) := {v € WHP(D;RY) | 5(v) = 0}. (22.27)

We quote the following results from [97, Thm. 6.4 & Cor. 6.5] where we use
the following notation:

Ty ={K €Ty |VieN, jdof(K,i) € Ay}, (22.284a)
T2 =T\ TP ={K €T, | Ji € N, jdof (K,i) € A}, (22.28b)

o ._
D? :=int <UK€T;) K), (22.28c¢)

that is, 7, is the collection of the cells whose global dofs are all internal
connectivity classes, ’7718 is the collection of the cells having at least one global
dof that is a boundary connectivity class, and D? is the interior of the set of
points composing the cells in 7;?.

Theorem 22.14 (Approximation). Let r € [0,k + 1]. Let p € [1,00) if
réN, orpel[l,o0] if r € N.
(i) Assume rp > 1 and p > 1, orr > 1 and p = 1. There is ¢ s.t. for
every integer m € {0:|r]}, allv € W™P(Dg;R?) and K € T2, or all v €
Wi P(D;R9) and K € T2, and all h € H,

v = ZE5 () [wmp (rire) < By ™ [Vlyrp (75 i) - (22.29)

The constant c is uniform w.r.t. v and p as long as rp is bounded from below
away from 1, but ¢ can grow unboundedly when rp | 1 if p > 1.

(ii) Assume rp <1 andp > 1 orr <1 and p=1. There is ¢, uniform w.r.t.
r and p, s.t. for allv € W"P(Dg;RY), all K € T2, and all h € H,

v —Zho (V)| e (5 Ra) < M|Vl wrn(Dgesra)- (22.30)

Moreover, there is ¢ s.t. for allv € W™P(D;R?) and all h € H,
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o = Zi5 (W)l e (poray < " E5 0]l wre(Dira)s (22.31)
but ¢ can grow unboundedly as rp 1 1.
Proof. See [97, Thm. 6.4]. O

Corollary 22.15 (W™P-stability). There exists ¢ s.t. for all p € [1,00],
every integer m € {0:k+1}, all K € Ty, allh € H, and all v € Wi2P(D;RY)
ifm>1, or allv € WOP(D;R?) = LP(D;RY?) if m = 0,

‘IZB(U”an,p(K;Rq) S C |'U|W'm,p(DK;Rq). (22.32)
Proof. Similar to the proof of Corollary 22.8. O

Corollary 22.16 (Best approximation in LP). Let r € [0,k + 1]. Let
pe[l,oo) ifr €N orpell,oo] if r € N. (i) Assume rp > 1. There is ¢ s.t.
for allv e Wyl(D;R) and all h € H,

inf - p(p:Ra) < ch” rp(DiRA) - 22.33
vhePkl,?(Th;Rq) lo = vnllzr(Dmey < eh[olwrr(Dima) ( )
The constant c is uniform w.r.t. r and p as long as rp is bounded from below

away from 1, but ¢ can grow unboundedly as rp | 1 if p > 1.
(ii) Assume rp < 1. There is ¢ s.t. for allv € W™P(D;RY) and all h € H,

inf v — gray < ch™ 05 ||vllwre(DRra)- 22.34

vaPk,O(Th;Rq)H vh”Lp(D’Rq) - D ” HW P(D;R) ( )

The constant ¢ is uniform w.r.t. v and p as long as rp is bounded from above
away from 1, but ¢ can grow unboundedly as rp T 1 if p > 1.

Remark 22.17 (rp). An estimate similar to (22.29) for the Scott—Zhang
interpolation operator with rp > 1 and x = g and can be found in Ciarlet
[73]. The estimate (22.31) for rp < 1 essentially says that the difference
v — I (v) does not blow up too fast close to the boundary. A better result
cannot be expected since Z7%(v) is forced to be zero at 0D, whereas v can
blow up like p~*w with w € LP(D;R?) and p is the distance function to the
boundary. O

Remark 22.18 (rp = 1). Let r € (0,1). Using the notation from the real
interpolation theory (see §A.5), one has WP (D) = [LP(D), W?(D)],., since
D is Lipschitz; see Tartar [189, Lem. 36.1]. Let us define

Woit (D;RY) := [LP(D; RY), WgP(D; RY)]..

Using Theorem 22.14 with [ € {0,1} and m = 0, the real interpolation theory
implies that ||v — Zj§(v) | Lr(piray < ChTZBTHU”W(;g{’W(D;Rq) for all p € [1,00)
and all v € Wg”, (D;R9). This estimate holds true in particular for 7 = %,

but it is not fully satisfactory. Using the notation from Definition 3.17, it is
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known for x = g and p = 2 that [L2(D;RY), H}(D;RY)],.o = H"(D;RY) (see
Lions and Magenes [135, Thm. 11.7], Tartar [189, p. 160], Chandler-Wilde et
al. [65, Cor. 4.10]), but to the best of our knowledge, a full characterization of
Wi, (D;RY) in terms of zero extensions is not yet available in the literature
forx =cand x =d. a

22.5 Conforming L?-orthogonal projections

As an application of independent interest, we study here how the above quasi-
interpolation operators can be used to analyze the conforming L?-orthogonal
projection operator Pi : L'(D;RY) — PX(Tp; RY) s.t.

/ (P (v) = v, wn)p2(ray dz = 0, Ywy, € P (Th; RY). (22.35)
D

Pi(v) is well defined for all v € L'(D;R?) since PY(Tp;R?) C L*(D;RY).
The Pythagorean identity

||UH%2(D;R¢1) = ‘|P;L((U)||%2(D;Rq) +[lv - Pi)z((v)"%z(D;Rq)

implies the L?-stability property ||Pi(v)||2(p;ra)y < [[v]|r2(pray for all v €
L?(D;RY), and the optimality property
Pi(v) = argmin |lv —wp| r2(pira)- (22.36)
whEP,’c‘(Th;Rq)
The conforming LZ-orthogonal projection Py : L*(D;RY) — P¥(Tp;RY),

should not be confused with the broken L?-orthogonal projection from §18.4
which maps L?(D;R?) to the broken finite element space P,f’b(ﬁb; RY).

Proposition 22.19 (Approximation in L?). Letr € (3,k+ 1]. There is
c s.t.

1
3
o= PEO o < ¢ ( 3 Wlobingan) - (22:37)
KeTh
for all v e H"(D;R?) and all h € H, with ¢ growing unboundedly as r | %
The bound (22.37) remains valid for all v € (0, %] with |v|gr(x.re) replaced
by [V e (Dyira) and c uniform w.r.t. r.

Proof. Combine (22.36) with Theorem 22.6 (with p := 2, m := 0) and use
the regularity of the mesh sequence when r > % g

The stability and convergence analysis in H'(D;RY) of the L2-orthogonal
projection in the specific case x = g is delicate owing to the global nature
of this operator, which precludes the possibility of using local estimates. The
situation can be simplified on quasi-uniform mesh sequences.
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Definition 22.20 (Quasi-uniformity). A mesh sequence (Tp)ney is said
to be quasi-uniform if it is shape-regular and if there is ¢ s.t.

hx > ch, VK € T, Vh € H. (22.38)

The main motivation for Definition 22.20 is to use global inverse inequalities.
If the mesh sequence (7p,)pey is quasi-uniform, summing over the mesh cells
the inverse inequality (12.1) (with [ :=1, m := 0, p := r := 2), we infer that

|Uh|H1(D) < Ch_lllvhHLQ(D): VUh € PE(R) (2239)
Notice that we would only have the bound |vy|g1(py < ch; ' ||vpllp2(py With
hy := minge7, hi if the mesh sequence is shape-regular.

Proposition 22.21 (Stability and approximation in H'). Assume that
the mesh sequence (Tp)nen s quasi-uniform. There is ¢ s.t.

[Py (0)| 1 (Direy < €[0] a1 (DiRY), (22.40)

for allv € HY(D;RY) and all h € H Moreover, the following holds true:

1

2(r—1 2
|v—7>;%<v>|H1<D;Rq><c( PR Hv%mK;Rq)) : (22.41)
KeT,

forallr € [1,k+1], allv e H (D;R?), and all h € H.

Proof. We assume ¢ = 1 for simplicity. The bound (22.40) results from

Py ()l (p) < [Pr(v) = Z5™ ()| 10y + 17 (0) 11 ()
= |Pi(v— Ii’av(v))lﬂl(p) + |I§’av(v)|Hl(D)
< ch [ Pr(v = Zp™ ()l 22 oy + |25 (0) |10
<ch™ o =Zp™ )2y + 125 (0) a2 0y < € |vlar oy,
where we used the triangle inequality, that P} (Z;;* (v)) = Z;7™ (v), the global
inverse inequality (22.39), the L2-stability of P§, and the H'-stability and

approximation properties of Z3"*" from Theorem 22.6. To prove (22.41), we
use (22.40) and similar arguments to infer that

v =Py ()l (p) < v —Tp™ (V)| (p) + [Py (v = ;™ (0) ()
< (I + o) —Zp*™ (V)| a1 (pys
and we conclude by invoking again Theorem 22.6. a

Remark 22.22 (Zero trace). The above results can be adapted to the L2-
orthogonal projection Py, : L'(D;RY) — Py o(Tn; RY). O
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Remark 22.23 (H!-stability). The H!-stability of P3 without the quasi-
uniformity assumption has been extensively studied in the literature; see
Crouzeix and Thomée [87], Eriksson and Johnson [95], Bramble et al. [43],
Carstensen [60, 61], Boman [30], Bank and Yserentant [15], Gaspoz et al.
[105]. Under a relatively mild grading condition on the mesh (assumed to be
composed of simplices), it is shown in [15] that the following inequality holds
true uniformly with respect to h € H for polynomials up to order twelve if
d = 2 and up to order seven if d = 3:

||h_17)§(’l))”L2(D) S CHh_l’UHLz(D), VU S LQ(Z)>7 (22.42)

where 71 is the piecewise constant function such that i = hx for all K € Tp,.
The H'-stability of P} follows from (22.42); see Exercise 22.6. The grading
condition on the mesh states that there is an integer-valued level function
over Tp,, say £ : T, — N\{0}, s.t. hg is uniformly equivalent to 2~¢) and
[0(K)—¢(K")| < 1if K and K’ share a vertex. An optimal grading estimate is
obtained in [105] for adaptive triangulations (d = 2) generated by the Newest
Vertex Bisection strategy (see Morin et al. [147], Stevenson [186, 187]). O

Exercises

Exercise 22.1 (F%). Identify the set F§ for the canonical hybrid, Nédélec,
and Raviart-Thomas elements.

Exercise 22.2 (L?-stability). Prove directly, i.e., without using
Lemma 22.3, the LP-stability of J2V. (Hint: use Proposition 12.5.)

Exercise 22.3 (Poincaré—Steklov in Dx). The goal is to prove (22.20).
Let p € [1,00], K € Ty, and v € WYP(Dg) (i) Let K;, K, € T sharing an
interface F' := 0K; N OK,.. Show that

1
|K|7 vy, — v, | < chrlvlwiekuk,)-

) _1
(Hint: observe that |F|™» ‘QKZ —vp, | < vk, —vg, e (ry + lvk, —vg, |l ey
then use the trace inequality (12.16).) (ii) Prove (22.20). (Hint: use that

K// ~
Up, —Ugr = ZK,,EH ﬁ(y[{u — vy ) for all K’ € Tk.)
Exercise 22.4 (Polynomial approximation in Dg). Prove that there is
cst. forallr € [0,k+1],all p € [1,00) if r ¢ Norall pe [l,o00] if r € N,
every integer m € {0:|r]}, all v € W™P(Dg), all K € Ty, and all h € H:

inf |v—glwmr(pg) < chie ™ Ulwrre (D) (22.43)
9€Pk a

(Hint: use Morrey’s polynomial as in the proof of Corollary 12.13.)
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Exercise 22.5 (Approximation on faces). (i) Prove that

rol
v =I5 (V)| ze(r) < chye P [Vlwrn (i)

for all p € [1,00), all r € (%,k—l—l] ifp>lorre[l,k+1]ifp=1allve
WT™P(Dg), all K € Ty, all F € Fk, and all h € H (¢ can grow unboundedly
as rp J 1 if p > 1). (Hint: use the multiplicative trace inequality (12.16) or
its fractional version (12.17).) (ii) Assume k > 1. Prove that

1
IV =5 ()llzer) < chg P vlwiers(Fie)s

for all r € (%,k] ifp>1lorre[lklifp=1al v e WH"P(Dg), all
K €Ty, and all h € H.

Exercise 22.6 (L?-projection). (i) Prove that (22.42) implies the H'-
stability of Py. (Hint: adapt the proof of Proposition 22.21.) (ii) Set [|y||+,» :=
SUD,, ¢ frr(DiR) (ﬁtjﬁijf((; ;iq)) for all y € L?(D;RY) (this is not the standard
norm of the dual space H"(D;R?) := (Hj(D;R%))’). Prove that there is ¢
s.t. for every integer r € {1:k + 1}, all v € L?(D;RY), and all h € H,

[ = Pu(v)ll«r < ch"llv=Pr(v)|L2(Diro),
[0 = Pro(0)lla—r(Dimra) < " [0 = Pro(v)||L2(Dima)-

(Hint: use Ip (v).)

Exercise 22.7 (Discrete commutator). Let (7)pen be a shape-regular

mesh sequence. The goal is to prove that there is ¢ s.t. for every integers

I € {0:1} and m € {0:1}, all p € [1,00], all v, € PZ(Ty), all K € Ty, all

h € H, and all ¢ in With(D),

Igon — Z5™ (dvn)lwms )y < chi ™™ onllwre o |@llwioe (pye)-

This property provides a useful tool to analyze nonlinear problems; see
Bertoluzza [23] and Johnson and Szepessy [121]. (i) Fix K € T,. Let vp,.
denote the mean value of vy, in Dy . Prove that

lpvp,e = Z8™ (dup ) lwmr iy < chid ™™ [onll Lo (D) |Bllwrstoe () -

(Hint: use Theorem 22.6 and verify that |lvp, ||zr(px) < lvnllzr(py)-) (ii)
Set np == vp, —vp, . Prove that

ldmn — ZE™ (dmn) lwms iy < chid ™" [onllwro (D) l@lwree (D) -

(Hint: observe that ¢(xx)n, = L™ (¢p(xx)nn) where T is some point in
K, e.g., the barycenter of K, then use (22.20) to bound 7;.) Conclude.
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Commuting quasi-interpolation ®
e

The quasi-interpolation operators Z;" and Z;73 introduced in Chapter 22 are
L!-stable, are projections, and have optimal (local) approximation properties.
However, they do not commute with the usual differential operators V, Vx,
and V-, which makes them difficult to use to approximate simultaneously a
vector-valued function and its curl or its divergence. Since these commuting
properties are important in some applications, we introduce in this chapter
quasi-interpolation operators that are L'-stable, are projections, have opti-
mal (global) approximation properties, and have the expected commuting
properties. The key idea is to compose the canonical interpolation operators
defined in §19.3 with mollification operators, i.e., smoothing operators based
on convolution with a smooth kernel.

23.1 Smoothing by mollification

Smoothing by mollification (i.e., by convolution with a smooth kernel) is an
important tool for the analysis and approximation of PDEs that has been
introduced by Leray [133, p. 206], Sobolev [179, p. 487], and Friedrichs [102,
pp. 136-139]. The goal of this section is to define mollification operators that
commute with the usual differential operators, and that converge optimally
when the function to be smoothed is defined on a Lipschitz domain D in R?.
We use a shrinking technique of D (see Bonito et al. [33] and [96]) to avoid
the need to extend the function to be smoothed outside D. The starting point
is that, since D is a Lipschitz domain, Proposition 2.3 in Hofmann et al. [118]
implies the existence of a vector field j € C*°(R%) that is globally transversal
on 9D (i.e., there is a real number v > 0 such that n(x)-j(z) > v at a.e.
point & on D where n is the unit normal vector pointing outward D) and
|7(x)|lez = 1 for all € OD.

© Springer Nature Switzerland AG 2021 287
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Lemma 23.1 (Shrinking mapping). For all § € [0,1], define the mapping
ws :R¥> x+— x —5j(x) e RY (23.1)

Then s € C®(R?) for all § € [0,1], and for every integer k € N, there
is ¢ such that maxgep |[DF@s(x) — DFx||; < cl5FS for all § € [0,1], with
(p := diam(D). Moreover, there is r > 0 such that

@s(D)+ B(0,6r) C D, V€01 (23.2)

Proof. The smoothness properties are consequences of j being of class C'*°
and D being bounded, whereas (23.2) follows from Proposition 4.15 in [118]
and the uniform cone property (see [118, pp. 599-600]). O

Let us consider the following kernel:

1
R .
ply) =< "€ vl if lylle <1, (23.3)
0 i [yl > 1,

where 7 is chosen s.t. [, p(y)dy = fB(O 1y Py)dy = 1. Let 6 € [0,1] and
let f € LY(D;RY). Given some smooth field K5 : D — R7%9, we define a
mollification operator as follows:

(Ks(f) () = /B o, PO @) + (0r)dy, Ve € D (234)

Note that the definition (23.4) makes sense owing to (23.2). The examples
we have in mind for the field K; (inspired by Schéberl [172, 174]) are
Ké(x):=1(¢=1), K§(z) :=Ji(x) (¢=d=3), (23.5a)
K§ () = det(J5(2))J5 ' (z) (¢=d), Kj(z):=det(Js(z)) (¢=1), (23.5b)
where Js is the Jacobian matrix of ¢5 at @ € D. The mollification operator
built using the field K} is denoted by ¥ with x € {g,c,d, b}.

Let us just state the main properties of the mollification operator K5. We
refer the reader to [96] for the proofs.

Lemma 23.2 (Smoothness). For all f € L'(D;R9) and all § € (0,1],
Ks(f) € C®(D;RY), i.e., Ks(f) € C(D;RY) and Ks(f) as well as all its
derivatives admit a continuous extension to D.

Let p € [1,00]. Assuming d = 3, let us set (see (4.9))

Z8P(D) := W'P(D) = {f € LP(D) | Vf € L?(D)}, (23.6a)
Z“?P(D) :={g € LP(D) | Vxg € LP(D)}, (23.6b)
Z4?(D):={g e L*(D) | V-g € L*(D)}. (23.6¢)

Lemma 23.3 (Commuting). The following holds true:
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(i) VKS(f) = K§(Vf) for all f € Z&7(D),
(ii) VxK$(g) = K§(Vxg) for all g € Z%P(D),
(i) Vg g) = K}(V-g) for all g € Z(D),

i.e., letting Z®P(D) := LP(D), the following diagrams commute:

757(D) zo0(D) — s Zdw(p) Y. zbw(p)
X | I 1xs
(D) (D) — X (D) —Y .+ (D)

Theorem 23.4 (Convergence). There are ¢ and 69 > 0 s.t.
1Ks(D)r(pmay < cllfllr(mra), ¥ € [0, 0] (23.7)
Moreover, we have

lm IKs(f) = fller(psa) =0, Vf & L(D;RY), Vpe[lo0).  (23.8)

Finally, for all s € (0,1], there is ¢ s.t. for all f € WP(D;RY), all § € [0, 6],
and allp € [1,00) (p € [1,00] if s=1),

I1Ks(f) = fller(pray < 057 || fllwsp(Dira)- (23.9)

Corollary 23.5 (Convergence of derivatives). The following conver-
gence results hold true for all p € [1,00):

(i) lims o [| V(K5 (f) = F)llzr(py =0, Vf € Z8P(D).
(ii) lims 0 [|VX(K5(g) — 9)llLr(p) = 0, Vg € Z9P(D).
(iii) lims—o [|V-(K§(9) — 9)llr(p) = 0, Vg € Z4P(D).

Moreover, for all s € (0,1] and all p € [1,00), there is ¢ s.t. for all § € [0, 6],
the following holds true under the same smoothness assumptions on f and g
(¢ does not depend on p € [1,00] if s =1):

(1) If Vf e WP(D), [V(KE(f) = [)llee(py < c0* 57 IV fllw (D)
(ii) If Vxg € W*P(D), [[Vx(K5(g) — g)llLr(p) < cO* 7V Xgllw s (D)-
(iii) If V-g € W*P(D), |V-(K$(g) — g)llLr(p) < c05° | V-gllwer(p)-

Proof. Combine Lemma 23.3 with Theorem 23.4. O

Remark 23.6 (Convergence in D). Corollary 23.5(i) strengthens the orig-
inal result by Friedrichs where strong convergence of the gradient only occurs
in compact subsets of D (see, e.g., [48, Thm. 9.2]). Note though that Corol-
lary 23.5(i) is valid on Lipschitz domains, whereas the original result by
Friedrichs is valid on every open set. a
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Remark 23.7 (Literature). Another possibility to mollify scalar-valued
functions over bounded sets without invoking extensions is the convolution-
translation technique by Blouza and Le Dret [25] and Girault and Scott [108].
However, it is not clear how to extend this technique to vector-valued func-
tions and at the same time achieve the commuting properties of Lemma 23.3.

O

Remark 23.8 (Density). Lemma 23.2 together with Lemma 23.3 and
(23.8) implies that C*°(D;R?) is dense in Z*P(D) for all x € {g,c,d}. O

Remark 23.9 (Norm vs. seminorm). The estimate (23.9) for K§ can be
sharpened to ||[K§(f) — fllLe(pray < ¢0%|flwer(pire) since constants are
invariant under K%. This is not the case for K¥ with x € {c,d}. This is
the reason why the error estimates (i), (ii), (iii) in Corollary 23.5 involve
norms instead of seminorms on the right-hand side. We refer the reader to
Exercise 23.5 where the mollifiers are modified to preserve constants while
still commuting with the differential operators. a

23.2 Mesh-dependent mollification

Our ultimate goal is to compose the canonical interpolation operators defined
in §19.3 with the mollification operators from §23.1. To achieve optimal con-
vergence properties, we need to relate the shrinking parameter § to the mesh-
size. The difficulty we face is that the parameter § is so far defined globally
over D, whereas the meshsize can change locally. Requiring the parameter ¢ to
be of the order of the meshsize would limit the applications of the method to
quasi-uniform mesh sequences. To handle shape-regular mesh sequences, we
redefine the mollification operators with a space-dependent shrinking param-
eter §(x), ¢ € D.

Let (Tr)nen be a shape-regular sequence of affine meshes so that each mesh
covers D exactly. It is possible to define a meshsize function h € C%1(D;R)
so that there are three constants ¢, c’,¢” > 0s.t. forall K € T; and all h € H,

6]l (pr) < ¢, dhg <h(x) <"hg, VxeK. (23.10)

One possibility to construct h consists of applying the averaging operator
T of degree k = 1 from §22.2 to the piecewise constant function that is
equal to hx in each mesh cell K. We introduce € € (0,1) and define

d(x) := eh(x), Vx € D. (23.11)

The actual value of € will be fixed later; see (23.17). Then we define ¢s by
setting @ps(x) = & — 0(x)j(x) (compare with (23.1)), and we define generic
mollifying operators K5 as in (23.4) by setting (we use the same notation for
simplicity)
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(Ks(f)) () = /B o U@ )o@ 0@ i, (2312

for all z € D and all f € L'(D;R?), where Ks(x, y) is related to the Jacobian
matrix Js of the mapping & — ¢s(x) + d(z)y at & € D as above (notice the
additional dependence on y). Lemma 23.1 holds true for k € {0,1} only, and
the smoothness statement in Lemma 23.2 must be replaced by the weaker
statement Ks(f) € C1(D;RY) for all f € L'(D;R?), since § is only Lips-
chitz. All the other statements in §23.1 remain unchanged. That KCs(f) is
well defined will follow from (23.15b) below.

Recall the discrete setting outlined in §22.1. In particular, we consider
affine geometric mappings Ty : K — K and transformations ¥g of
the form g (v) := Ag(v o Tk) for some matrix Ax € R?*? satisfying
Akl |AR ez < ¢ uniformly wart. K € T, and h € H. Let K € 75, and
recall the sets T and Dy defined in (22.4). We now sharpen the assump-
tion (22.6) on the dofs by assuming that there is a partition N” = Ny UN’
s.t. for all K € Ty, the dofs ok ; is either an evaluation at a point ak; in K
if i € N, or an integral over a (closed) geometric entity Mg ; that can be
an edge of K, a face of K, or K itself (with the obvious extension to higher
dimension) if 7 € N’. This assumption is formalized by assuming that there
is ¢ s.t. for all v € V¥(K), all K € Tp,, and all h € H,

lv(ak,q)e if i € Mg,

- e (23.13)
Mgl vl Ly (g omey i G € N,

loxi(v)] < cl[Ax e x {

where VE(K) := Wo?(K), VS(K) := W* 5 ?(K), V{(K) := W* #?(K)
with sp > dand p > 1or s =d and p =1 (see §19.3). Notice that (23.13)
sharpens Assumption 22.1 on the face dofs. R
For all i € Ny, since ak,; = Tk (a;) for some reference point a@; in K and
since card(N) is finite, there exists a distance 0 >0 (only depending on the
reference element) such that only one of the following four situations occurs:
(1) @; is a vertex of K; (2) @; is in the interior of an edge of K and is at least
at distance o from any vertex; (3) @; is in the interior of a face of K and is
at least at distance ZO from any edge; (4) a; is in the interior of K and is at
least at distance ZO from any face. The regularity of the mesh sequence implies
that there is a constant ¢, (depending on ¢y but uniform with respect to ¢,
K, and h) s.t. the open ball B(ak ;,c,hk) has the following property: For all
K’ € Ty, such that K’ N B(ak,, ¢,hi) # 0 and all © € K' N B(ak,i, chi),
the entire segment [, ak ;] is in K. One can always take ¢, small enough so
that the only cells with a nonempty intersection with B(ak ;, c,hxk) belong
to the set Tx. The above observations imply that B(ak,,chk) C Dk and
that
lo(@) - v(aks)le < e — awle | Vol o s, (23.14)
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for all x € K'NB(ak,,chk) and all v € Pxr. We define €pax > 0 such that
the following holds true, uniformly w.r.t. K € Ty, h € H, and every function
0 := el with € € (0, €max], as illustrated in Figure 23.1:

(p(;(aK7i) + 5(aK,i)B(O, 1) C B(GK)i,Cth), Vi € Ny, (23.15a)
ps(x) + 6(x)B(0,1) C Dg, Vo € K. (23.15b)
pslak;) +6(ag,;)B(0,1) Uzer (s(x) + 0(2)B(0,1))

Blag, chi)

ag

Dy

Fig. 23.1 Illustration of properties (23.15a) (left) and (23.15b) (right).

23.3 L'-stable commuting projection

In this section, we build L!-stable commuting projections Ji : L*(D;R?) —
PX(Th;R?) with x € {g,c,d,b}. Recall that £k > 1 if x = gand k > 0
otherwise. The construction proceeds in two steps. First one constructs an
L'-stable commuting operator Zno Ky : L*(D;R?) — P¥(T,;R?) by compos-
ing the above mollification operators with the canonical interpolation oper-
ators. Then one takes the mollification parameter to be small enough with
respect to the local meshsize so that the restriction of Z0 K5 to P (Tn; RY)
is invertible. The operator obtained by composing Zj,0 Ks with the inverse of
this restriction then leaves P;(7y;R?) pointwise invariant and enjoys all the
required properties. The construction presented in this section hinges on the
seminal ideas of Schoberl [173, Lem. 6], Arnold et al. [11], Christiansen [68],
and Christiansen and Winther [71, Lem. 4.2].

23.3.1 First step: the operator 7,0 s

Owing to the smoothing properties of the (mesh-dependent) mollification
operators, it makes sense to consider the following operators:
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Tpo K5 : LYN(D) — PE(Th), Thyo K5 : LN(D) — P o(Th),  (23.16a)
CoKS : LY(D) — PE(Th), Iyo K§ : LY(D) — P o(Tr), (23.16b)
Tilo Ky : LY(D) — PA(Th), Tioo K§ : L'(D) — Pgo(Tr), (23.16¢)

as well as ZPo Kb : LY(D) — PP(Ty). All of these operators can be analyzed
in a unified setting. Let Z;, be one of the seven interpolation operators intro-
duced above, and let 5 be the corresponding smoothing operator. Let P(7p,)
denote the generic finite element space (whether homogeneous boundary con-
ditions are enforced or not), i.e., P(T,) is either the broken finite element
space or one of the conforming finite element spaces from Chapter 19. Let
Ak be the field defining ¥k, and let Ks be the field defining K5. The symbol
x € {g,c,d,b} and the indices k and 0 are omitted in the rest of this section.
The difficulty we now face is that the finite element space P(Tx;R?) is not
pointwise invariant under Z,o Ks. A key result to solve this difficulty is that
Ino Ks has e-dependent approximation properties on P(7,;RY) (recall that
the parameter e is used to define the shrinking function J in (23.11)).

Lemma 23.10 (Discrete LP-approximation). Let € € (0, yax]. There is

a constant cstap > 0 8.8 || fr. — (Zoo Ks) (fn) | Lo (Dire) < Cstabéll fullLe(Dray for
all p € [1,00], all fr, € P(Tp;RY), and all h € H.

Proof. Let fr, € P(Tp;R?). Let us set e := f, — Ks(fn) and e = f, —
Tn(Ks(fn))- Let K € Tp,. The local shape functions satisfy ||0x |l 1r(x;ra) <
c|K|%||A;<1ng for all ¢ € N (apply Proposition 12.5 to v := 6k ;). Since
en, = ZIn(e), we infer that

1

lenll o (xcirey < Y lor i@k ill Lo (ko) < det(Tr) P I|AK e Y loxi(e)].
ieN ieN

The rest of the proof consists of estimating ok ;(e) for all i € N.

(1) Assume first that ¢ € ANy Using (23.13), we infer that |og ()| <

cl|Ak||ez]le(ak i)|lez- Since e(ak,;) = fnlak,) — Ks(fn(axk,)), we have

elax) = / p(W)Ks(ak,i y)(fulax,:) — fules(ax,:) + 6(ax,)y)) dy
B(0,1)
+ / p(y)I—Ks(ar,y)) dyfn(ak,).
B(0,1)

Note that fj, is single-valued at ak ; since i € N, i.e., it makes sense to invoke
fn(ax ). Since ||Ks|[z~(pxB(0,1)Raxa) < ¢ and [[Ks — || Lo (Dx B(0,1);R0%0) <
ce (this follows from (23.10)-(23.11)), upon invoking (23.15a) (recall that
€ < €max) and (23.14), we infer that
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le(ari)lle <c max | fulaki) — fn(Vs(ar,y))lle + caell falaxi)lle
yEB(0,1)

< d(ak) max ||V fullpee(xrra) + ca€ll frll oo (5 ra)
K'eTk

< cf ehge max ||V fullpoe(rmay + o€l full Lo (D imays
K'eTk

with ¥s(x, y) := ps(x)+(x)y. An inverse inequality in D (since the mesh
sequence is shape-regular) gives |0k ;(e)| < cel|Ax|e2| fall Lo (Dx;ray- In the
above argument, we used that f;, is piecewise Lipschitz on each cell in T
and that fj is continuous at ax ;.

(2) Assume now that i € N”. We define Ty, = {K' € Tx | Mk; C K'}
and we introduce

M?(,i = {‘T € MKJ | ‘105(33) + 5(:1))B(0, 1) - TMK,i}v
M?(,i = MK'L\M%Z

Using (23.13) and (23.15b), we infer that [, . [le]l;> ds < %1 + Ty with
K,i

T, = / / o)K@, 0) s | (a3 (2, ) — Fi () 0 dyds
%, Y B(0,1)

<o X e 15@s@y) - fi@)le dsdy

Ki KieTamy, " oley)ek’

< Mralehx D IV Fallpexrma),

K’E'j’MK,i
T, = / / p(y)(I - Ks(, ) dyfi () ds
s ./ B(0,1)

< el My ilell full Lo (D ira)-

Using the regularity of the mesh sequence (i.e., hxs < chg) and an inverse
inequality we obtain fM‘;{ i llell2 ds < ¢ Mk ilel| frllLo (D ;ra)- Notice again
that in the above construction we used that frn is (a priori) only piecewise
Lipschitz. Moreover, if & € M‘?(yi, thereisy € B(0,1) s.t. z := ps(x)+d(x)y
is not in Ty, ,. The regularity of the mesh sequence implies that ||z — ||,z >
cd(x,0Mg ;) and ||z — x|z < cd(x) < 'ehk. Combining these bounds we
obtain that [M% ;| < cehgh%? < e Mk i|. As a result, we have

[ tellads< [ (Ul + st s

K.i M

< eI M illlfullzo(Dezay < ¢ IMicilell fall Lo (e sra).-
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The above two estimates yield |o i(e)| < cel|Ax ez || frllLo (D ra)-

(3) In conclusion, we have established that [ox ;(e)| < cel|Ak||e2|| fall oo (DR
for all the dofs. Since ||Ax | sz||Ax" ||z is uniformly bounded and using an
inverse inequality, we infer that

1 = (Zno Ko) (fn)ll Lo (reimay = llenll Lo (xiray
1.
< cedet(Jr)7 |Ax! ezl Axclle2 | full oo (Desay < el full Lo (Dyeima)-
We conclude by summing over K € 7T; and invoking the regularity of the

mesh sequence. O

23.3.2 Second step: the operator J,07Z;,0 K

€ € (0, €max], where I denotes the identity operator in P(7y;R?). From now
on, we choose € once and for all by setting

Lemma 23.10 implies that ||T — (Zy0Ks)p(7;,ra) ||l c(r;ne) < Cstane for all

€ 1= €min ‘= Min(€max, (2Cstab)71)- (23.17)

This choice implies that || — (Zno Ks)|p(7re) |l 2(nr;nr) < 1, which in turn
proves that (Zj,0 Ks)|p(7,;rae) is invertible. Let Jj, : P(E;Rq) — P(Tn;RY) be
the inverse of (Zx0 KCs)|p(7;,ra), i-€.,

Jpo(Zpo ICJ)\P(T;L;]RG) = (Zpo ’C5)|P(‘Th;]Rq)OJh =1 (23.18)

Note that the definition of .J, implies that || Ju||z(Lr;zr) < 2. We have the
following important stability result.

Lemma 23.11 (LP-stability). Let € := enin be defined in (23.17). There is
c(€émin) s.t. for all p € [1,00] and all h € H, ||Zno Ks||z(Lr;ir) < ¢(€min)-

Proof. Let f € LP(D;R?) and assume p < oo (the argument for p = oo is
similar). Since Zp,(v)|x = Y_;cn Ok,i(v)0k i, we infer that

(Zno Ka) (NI o pay <€ D / > o i(Ks(N))P1l0x |7 da.
KeTh K ien
Using (23.13), which yields |0k ;(Ks(f))| < cl|Ax|lelKs(f)ll Lo x:re), and
recalling that |0 ;|| po<(xre) < ¢ ||A% [le2, we infer that
1(@no Ka) (N o pay <€ D D ARG oo s o 1K 15| K.
KeTy ieN

We conclude by using that there is ¢ s.t.

s () oo (i) < cemtb KT 1| Lo (D o), (23.19)
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for all f € LP(D;RY), all K € Ty, and all h € H; see Exercise 23.6. O

23.3.3 Main results
We define the operator

Jh = JhOIhO ’C57 (23.20)
that is,
i = Jyo o Ky : LY(D;RY) — Py (Ti; RY), x € {g,c,d, b},
Tio = Jroo Lo K : L' (D;RY) — Py o(Th; RY), x € {g,c,d},

with £k > 1 if x = g and k > 0 otherwise. We drop the symbol x and the

index 0 whenever the context is unambiguous. Recall the spaces Z*P(D)
from §23.1 with p € [1,00]. Let us also set Z)(D) := C’{)’O(D)Z o, Owing

to Theorems 3.19 and 4.15, we also have Z*(D) = {f € Z*P(D) | v*(f) =
0} for p € (1,00).

Theorem 23.12 (Properties of J3). The following properties hold true:
(i) Px(Th;R?) is pointwise invariant under J,.
(ii) There is ¢ s.t. for all p € [1,00] and all h € H, || Tl z(pr;rry < ¢ and

_ oy < inf - oy, V€ LP(D;RY).
1f = In(f)llLr(Dra)y < ¢ et 1f = fullze(Dra) f ( )

(iii) The following diagrams commute for all k € N:

787 (D) z°7(D) — z92(D) —Y s 757(D)
|7 | |7 |
g c V< d V- b

P\ (Th) PE(T:) P(Th) P2(T3)
Z57(D) ——+ Z37(D) — s Z37(D) — Y+ 750(D)
|7 | |7 |7

Vv Vv .

PEy o(Th) PSo(Th) ——— P2y(Th) PY(Th)

Proof. Ttem (i) is a consequence of the definition of Jj (see (23.18)). Item (ii)
is proved by observing that ||J||z(zr;zr) < 2 and that Z,o Ks is uniformly
bounded since € := €y, is now a fixed real number (see Lemma 23.11 and

(23.17)). Using that J5,(fr) = fn for all f5 € Pi(Tp;R9), we infer that
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If = Tn(f)llLr(Dre)y = fhePk(Th,RQ) If = fo = Tn(f = fu)llLe (DR

>~ 1+ j p. [P inf - p(D:R4) >
< @+ ITlewan) | _inE IF = fullisgome

which establishes (ii). Let us now prove (iii). We are just going to show that
the leftmost top diagram commutes. The proof for the other diagrams is
identical, and whether boundary conditions are imposed or not is irrelevant
in the argument. Let us first show that J(V¢y) = V(J5(¢p)) for all ¢, €
PE(Tn)- Since I = (Z;0 K3) ps(7;,) 05 (see (23.18)) and (Zio KF) ps(7;, )0y =
T30 K5oJ? (because the range of J; is in Pg (7)), we have

Von = V(Lo K5) ps(m) (T (0n)) = VIR(KS () (6n)))
= T(V(K5 (T3 (6n)))) = Ti(K5(V (5 (6n)))),

where we used that VI} = Z;V (see Lemma 19.6) and VK% = KV (see
Lemma 23.3). Since V(J; (¢n)) € P£(Tr), the above argument together with
(23.18) proves that

Von = (Tro K§)ipemy VI (én) = (J5) T V(T3 (6n)).

In conclusion, J5(Vep) = VJ:(¢n). Now we finish the proof by using an
arbitrary function ¢ € Z8&P(D) and infer that

Ty (Vo) = JH(Ti(K5(Ve))) = Ji(T5(VKS(4)))
= JL(VIE(K5(9))) = VIR (TR (K5())),

where the last equality results from J(Ven) = VJi(¢n) for all ¢ €
PE(Th;R?) (as established above). This proves that J¢(V¢) = VIS (¢). O

Remark 23.13 (Approximation property). The operators Jj, are glob-
ally defined owing to the use of the inverse operator J,. This means that
these operators cannot be used to derive local approximation properties (in
contrast with the quasi-interpolation operators constructed in the previous
chapter). We refer the reader to Christiansen [69] where global approximation
properties of the operators J}, are established in Sobolev spaces of fractional
order. O

Remark 23.14 (Variants). A local construction of commuting projections
is proposed in Falk and Winther [100], but stability is achieved in the graph
space of the appropriate differential operator and not just in L'. The case with
homogeneous boundary conditions enforced on only part of the boundary is
studied in Licht [134]. O
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23.4 Mollification with extension by zero

We now construct mollifying operators such that the mollified function is
compactly supported in D. These operators can be used for instance to iden-
tify the kernel of the trace operators; see Exercise 23.9. We omit most of the
proofs and refer the reader to Bonito et al. [33] and [96].

Since D is bounded, there are £p € R?% and rp > 0 such that D C
B(zp,rp). Let O := B(xp,rp)\D and notice that 0D C 90O. Since O is an
open, bounded, and Lipschitz set, there exists a vector field k € C“(Rd) that
is globally transversal on O (i.e., there is 7 < 0 such that k(x) ne(x) < v
for all & € 00 where ne is the outer unit normal on 00), and ||k(x)|/,z =1
for all € 00. Note that k(x)-n(x) > ~ for all x € 9D, where n denotes
the outer unit normal on 0D (which points toward the inside of O). For all
4§ € ]0,1], we define the mapping:

95 : R 5> & — x + dk(x) € R (23.21)

Lemma 23.15 (Properties of ¥5). The mapping ¥s is of class C™ for
all § € [0,1], and there is ¢ s.t. maxzep |DFOs(x) — DFx||pe < cl;F5 for all
6 €10,1] and all k € N. Moreover, there is > 0 s.t.

95(0) + B(0,26¢) C O, V5 (0,1]. (23.22)

We consider the following operator acting on functions in L'(D;R9):
Kool D@ =] pwBs@ 0@+ 6Ow) . Ve e D, (2329
0,1

where f denotes the zero-extension of f to R. Here, Bs : D — R9%7 is a
smooth field. The examples we have in mind are B (z) := 1, B§(z) := K] (z),
Bd(z) := det(Ks(x))K; ' (x), and BE(x) := det(Ks(z)), where Ks is the
Jacobian matrix of 9¥5 at * € D.

Lemma 23.16 (Smoothness, compact support). Cso(f) € C5°(D;R?)
for all f € LY(D;RY) and all § € (0,1].

Lemma 23.17 (Commuting). The following diagrams commaute:

V x

Z&P(D) Z%?(D) Z47(D) ZPP(D)
’Cg,o g,o ’Czsd,o ’Cg,o

o0 o0 vx o0 V. o0
Co (D) Ci° (D) C5e (D) G5 (D)

Theorem 23.18 (Convergence). (i) There is &g > 0 s.t. for all p € [1, 0],
(Ks.0)5¢(0,5,] 8 bounded in L(LP; LP). Moreover, we have
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}lir(l) ||IC5’0(f) - f”LP(D;]Rq) =0, Vf S Lp(D;Rq), Vp € [1, OO) (23.24)

(ii) Let s € (0,1]. For allp € [1,00), there is ¢ (c does not depend onp € [1, 0]
if s=1) s.t. forall f € WS7P(D;Rq), and all § € (0,00, the following holds
true:

1Ks.00f) = fllee(prey < 8 E° I 570 (pigay- (23.25)

Corollary 23.19 (Derivatives). The following holds true for allp € [1,00):

(i) lims—0 V(K50 (f) = Hllerp) =0, Vf € Z#7(D).
(i1) limgo [[Vx(K5(9) — 9)llLe(p) = 0, Vg € ZP(D).
(iii) lims o [|V-(K§ 4 (9) — 9)llzr(p) = 0, Vg € Z4P(D).

Remark 23.20 (Convergence rate on derivatives). Let p € [1,00) and
s > 0. Assume first that sp < 1. Using Theorem 3.19 combined with
Lemma 23.17 and Theorem 23.18, we infer that

V(S0 (f) = Nliee ) < 67 IV Fllw =»(p),
IVX(K50(9) = 9)llLr(p) < cO* 7 IV Xgllwe» (D),
IV-(KS,0(9) = @)l Lo (p) < ¢85 [V-gllwsn(p),

for all f € LP(D) with Vf € W*P(D), all g € L?(D) with Vxg € W*?(D),
and all g € LP(D) with V-g € W*P(D), respectively. If sp > 1, boundary
conditions on the derivatives are needed for the above bounds to hold true,
i.e., one needs also to assume that Vf € W;*(D), Vxg € W;*(D), and
V-g € WP (D), respectively. O

Exercises

Exercise 23.1 (Star-shaped domain). Assume that 0 € D and that D is
star-shaped with respect to the ball B(0,r) for some r > 0. Verify that the
mapping s : R? — R? such that ¢(x) := (1 — §)x verifies the properties
stated in Lemma 23.1.

Exercise 23.2 (Commuting). Prove Lemma 23.3. (Hint: use Lemma 9.6.)

Exercise 23.3 (Translation). Let Ay > 0. Assume that ¥y : D — D is a
diffeomorphism of class C! such that |9y (z) — x|z < X and || Dy () —
Iz < 1 for all @ € D and all A € [0,\]. Assume also that py, : @ —
 + t(Ya(x) — x) maps D into D for all ¢ € [0,1] and all A € [0, A\g]. Show
that there is ¢ such that || fows — f|Lr(p) < ¢ AV f||Lr(p) for all A € [0, A],
all f € WHP(D), and all p € [1,00]. (Hint: assume first that f is smooth,
then use Remark 23.8.)
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Exercise 23.4 (Approximation). (i) Prove (23.9) for K§ with s € (0,1),
p € [1,00). (ii) Prove the result for s = 1, p € [1,00]. (Hmt use Exer-
cise 23.3.) (iii) Prove (23.9) for KX for x € {c,d,b}. (Hint: observe that
K3 () = K*C5(/).)

Exercise 23.5 (Preserving constants). Propose a definition of s that
preserves constants and commutes with the differential operators. (Hint: start
with K& (f) :=K5(f—f—Vf(x—xp))+ f+Vf-(x—xp), f,Vf denoting

mean values over D and xp the barycenter of D.)
Exercise 23.6 (Inverse inequality). Prove (23.19). (Hint: use (23.15b).)

Exercise 23.7 (Approximation with Jf). Let » € [0,k + 1] and p €
[1,00]. Let g € W™P(D) be such that Vxg € W"™P(D). Prove that ||g —

T5 (@ Lepy < ch|glw rp(py and [V x(g=T5(9))lr (D) < ch"[VXglw rr (D).
(Hint: use Theorem 23.12.)

Exercise 23.8 (Best approximation in LP). We propose an alternative
proof of Corollary 22.9 on quasi-uniform meshes. Let h € H be the mesh-
size of Tp, and set 6 := eh in (23.4) with € fixed small enough. Prove that

inffhEPk(Th) ||f - fh”Lp(D;]Rq) < ChTEBTHfHWnp(D;Rq) for all r € [0,/{3 + 1], all

€ [1,00), and all f € W"P(D;R?). (Hint: admit as a fact that there is ¢,
uniform, s.t. 5S|K5(f)|wsm(D;]Rq) < C((S/ED)t”wat,p(D;Rq) for all s >t > 0,
then use Zp0 Ks.)

Exercise 23.9 (Z;7(D) = ker(y%)). Let p € (1,00) and let Zy?(D) :=
CSO(D)ZC’])(D) We want to prove that Z3?(D) = ker(y°) with the trace
map ¢ : Z°P(D) - W~ M’(aD) st. (v¢(v),1) == [po-Vxw(l)dr —
[p(Vxv)w(l)dz for all v € ZP(D) and all I € W#¥ (9D), where
w(l) € WLP(D) is such that v4(w(l)) = 1 (see §4.3). (i) Show that Z5* (D) C
ker(v¢). (Hint: K§(w) — w in W'P(D) as § — 0 for all w € W(D) and
& WLP(D) — WP (D) is surjective.) (ii) Let v € ker(y°¢). Show that
Vxs = Vxv € LP (R4), where for every function v defined in D, ¥ denotes

its zero-extension to R?. (iii) Show that ker(y°) C Zg?(D). (Hint: use the
mollification operator K§ , defined in (23.23).)
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Appendix A

Banach and Hilbert spaces

The goal of this appendix is to recall basic results on Banach and Hilbert
spaces. To stay general, we consider complex vector spaces, i.e., vector spaces
over the field C of complex numbers. The case of real vector spaces is recov-
ered by replacing the field C by R, by removing the real part symbol R(:)
and the complex conjugate symbol =, and by interpreting the symbol |-| as
the absolute value instead of the modulus.

A.1 Banach spaces

Let V be a complex vector space.

Definition A.1 (Norm). A norm on V is a map |||y : V — Ry := [0, 00)
satisfying the following three properties:

(i) Definiteness: [||v|]ly =0] <= [v=0].
(ii) 1-homogeneity: || M|y = |A|||v]|lv for all A € C and all v € V.
(ili) Triangle inequality: ||v +w|lv < ||v|lv + [|w|lv for all v,w € V.

For every norm ||-|lv : V= Ry :=[0,00), the function d(z,y) = || — y||v,
for all z,y € V, is a metric (or distance).

Remark A.2 (Definiteness). Item (i) can be slightly relaxed by requiring
only that [||v][y = 0] = [v = 0], since the 1-homogeneity implies that
[v="0]=[llv]lv =0]. O

Definition A.3 (Seminorm). A seminorm on V is a map ||y : V. — Ry
satisfying only the statements (ii) and (iii) above, i.e., 1-homogeneity and the
triangle inequality.

Definition A.4 (Banach space). A vector space V equipped with a norm
|I-|lv is called Banach space if every Cauchy sequence in V' has a limit in V.
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Definition A.5 (Equivalent norms). Two norms |-||v,1 and ||-|ve are
said to be equivalent on V if there exists a positive real number ¢ such that

cllvllvie < lollva < e Hlvllvie, Vv eV (A1)

Whenever (A.1) holds true, V is a Banach space for the norm ||-||lv.1 if and
only if it is a Banach space for the norm ||-||v,2.

Remark A.6 (Finite dimension). If V' is finite-dimensional, all the norms
in V are equivalent. This result is false in infinite-dimensional vector spaces.
Actually, the unit ball in V' is a compact set (for the norm topology) if and
only if V is finite-dimensional; see Brezis [48, Thm. 6.5], Lax [131, §5.2]. O

A.2 Bounded linear maps and duality

Definition A.7 (Linear, antilinear map). Let V, W be complex vector
spaces. A map A:V — W is said to be linear if A(vy +va) = A(vy) + A(vs)
for all vi,v2 € V and A(Mv) = AA(v) for all A € C and all v € V, and it
is said to be antilinear if A(vy + va) = A(v1) + A(va) for all vi,v2 € V and
A(Mv) = MA(v) for all A\ € C and allv € V.

Definition A.8 (Bounded (anti)linear map). Assume that V and W are
equipped with norms ||-||v and ||-||w, respectively. The (anti)linear map A :
V — W is said to be bounded or continuous if

[ A()lw
Al coviwy := sup —————— < oo. (A.2)
veV HUHV
In this book, we systematicaly abuse the notation by implicitly assuming that
the argument in this type of supremum is nonzero. Bounded (anti)linear maps
in Banach spaces are called operators.

The complex vector space composed of the bounded linear maps from V to W
is denoted by L(V;W). One readily verifies that the map ||-||zv,w) defined
in (A.2) is indeed a norm on L(V;W).

Proposition A.9 (Banach space). Assume that W is a Banach space.
Then L(V; W) equipped with the norm (A.2) is also a Banach space. The
same statement holds true for the complex vector space composed of all the
bounded antilinear maps from V to W.

Proof. See Rudin [170, p. 87], Yosida [202, p. 111]. O

Example A.10 (Continuous embedding). Assume that V' C W and that
there is a real number ¢ such that ||v||w < ¢||v|lv for all v € V. This means
that the embedding of V' into W is continuous. We say that V' is continuously
embedded into W, and we write V — W. a
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The dual of a real Banach space V' is composed of the bounded linear maps
from V to R. The same definition can be adopted if V' is a complex space,
but to stay consistent with the formalism considered in the weak formulation
of complex-valued PDEs, we define the dual space as being composed of
bounded antilinear maps from V to C.

Definition A.11 (Dual space). Let V' be a complex vector space. The dual
space of V is denoted by V' and is composed of the bounded antilinear maps
fromV to C. An element A € V' is called bounded antilinear form, and its
action on an element v € V is denoted either by A(v) or (A, v)y: y.

Owing to Proposition A.9, V' is a Banach space with the norm

Av A,U A"
Al = sup AL _ 1A 0wy
vev [[llv - wev ollv

. YAeV (A.3)

Remark A.12 (Linear vs. antilinear form). If A: V' — C is an antilinear
form, then A (defined by A(v) := A(v) € C for all v € V) is a linear form. O

A.3 Hilbert spaces

Let V be a complex vector space.

Definition A.13 (Inner product). An inner product on V is a map
(v)v : V xV — C satisfying the following three properties: (i) Sesquilin-
earity (the prefiz sesqui means one and a half): (-,w)y is a linear map for
all fired w € V, whereas (v,-)y is an antilinear map for all fized v € V. If
V' is a real vector space, the inner product is a bilinear map (i.e., it is lin-
ear in both of its arguments). (ii) Hermitian symmetry: (v,w)y = (w,v)y
for all v,w € V. (iii) Positive definiteness: (v,v)y > 0 for all v € V and
[(v,v)y =0] <= [v=0]. (Notice that (v,v)v is always real owing to the
Hermitian symmetry and that (0,-)y = (-,0)y = 0 owing to sesquilinearity.)

Proposition A.14 (Cauchy—Schwarz). Let (-, )y be an inner product on
V. By setting

1

lollv == (v,v)2, Yv eV, (A.4)
one defines a norm on V. This norm is said to be induced by the inner product.
Moreover, we have the Cauchy—Schwarz inequality

(v, w)v| < ollvllwlv, — vVo,weV. (A.5)

Definition A.15 (Hilbert space). A Hilbert space V is an inner product
space that is complete with respect to the induced norm (and is therefore a
Banach space).
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Theorem A.16 (Riesz—Fréchet). Let V be a complex Hilbert space. For
all A € V', there exists a unique v € V s.t. (v,w)y = (A, w)y v for all
w €V, and we have ||v]lv = || A|v.

Proof. See Brezis [48, Thm. 5.5], Lax [131, p. 56], Yosida [202, p. 90]. O

A.4 Compact operators

Definition A.17 (Compact operator). Let V,W be two complex Banach
spaces. The operator T € L(V; W) is said to be compact if from every bounded
sequence (Vn)nen in V, one can extract a subsequence (vp, )ken such that the
sequence (T'(vn,))ken converges in W. Equivalently T is said to be compact
if T maps the unit ball in V into a relatively compact set in W (that is, a set
whose closure in W is compact).

Example A.18 (Compact embedding). Assume that V' C W and that
the embedding of V' into W is compact. Then from every bounded sequence
(Un)nen in V; one can extract a subsequence that converges in W. O

Proposition A.19 (Composition). Let W, X, Y, Z be four Banach spaces
andlet A€ L(Z;Y), K € L(Y;X), B € L(X;W) be three operators. Assume
that K is compact. Then the operator B o K o A is compact.

The following compactness result is used at several instances in this book.
The reader is referred to Tartar [189, Lem. 11.1] and Girault and Raviart
[107, Thm. 2.1, p. 18] for a slightly more general statement and references.

Lemma A.20 (Peetre—Tartar). Let X, Y, Z be three Banach spaces. Let
A € L(X;Y) be an injective operator and let T € L(X;Z) be a compact
operator. Assume that there is ¢ > 0 such that c||z||x < ||A(x)|ly +|T(z)]z
for all x € X. Then there is o > 0 such that

allz]|x < A=)y,  VrelX. (A.6)

Proof. We prove (A.6) by contradiction. Assume that there is a sequence
(zn)nen of X s.t. ||xn||x = 1 and ||A(z,)||y converges to zero as n — oo. Since
T is compact and the sequence (z,)nen is bounded, there is a subsequence
(Tn ) ken 8.t (T(xn, ))ken is a Cauchy sequence in Z. Owing to the inequality

allzn, = zmllx < [A@n,) = Al@m)lly + 1T(2n) = T(@m, )l 2,

(Zn, )ken is a Cauchy sequence in X. Let x be its limit, so that ||z||x = 1. The
boundedness of A implies A(z,,) — A(z), and A(z) = 0 since A(z,,) — 0.
Since A is injective, = 0, which contradicts ||z|x = 1. O

We finish this section with a striking property of compact operators.
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Theorem A.21 (Approximability and compactness). Let V,W be
Banach spaces. If there exists a sequence (T, )nen of operators in L(V; W)
of finite rank (i.e., dim(im(T},)) < oo for all n € N) such that lim,_,o | T —
Tollzviwy = 0, then T is compact. Conversely, if W is a Hilbert space and
T € L(V; W) is a compact operator, then there exists a sequence of operators
in L(V; W) of finite rank, (Ty,)nen, such that limy, o [|T — To || £(v,wy = 0.

Proof. See Brezis [48, pp. 157-158]. O

A.5 Interpolation between Banach spaces

Interpolation between Banach spaces is often used to combine known results
to derive new results that could be difficult to obtain directly. An impor-
tant application is the derivation of functional inequalities in fractional-order
Sobolev spaces (see §2.2.2). There are many interpolation methods; see, e.g.,
Bergh and Lofstrom [18], Tartar [189], and the references therein. For sim-
plicity we focus on the real interpolation K-method; see [18, §3.1] and [189,
Chap. 22].

Let V and V; be two normed vector spaces that are continuously embed-
ded into a common topological vector space V. Then Vy+V; is a normed vec-
tor space with the (canonical) norm ||v||vy+v4 = Infyeyg 4o, ([[vollve +v1llv4)-
Moreover, if V) and V; are Banach spaces, then Vj+V is also a Banach space;
see [18, Lem. 2.3.1]. For all v € Vj + V; and all ¢t > 0, we define

K(t,v) := (vollve + tllvallvs)- (A7)

inf

v=v0+v1
For all t > 0, v — K (t,v) defines a norm on V; + V; that is equivalent to the
canonical norm. One can verify that the function ¢ — K (¢, v) is nondecreasing
and concave (and therefore continuous) and that the function ¢ — 1K (t,v)
is increasing.

Definition A.22 (Interpolated space). Let 6 € (0,1) and let p € [1, ).
The interpolated space [Vy, Vilgp is defined to be the vector space

Vo, Vilop = {v € Vo + Vi | [t P K (,0)| g, jar) < 00}, (A.8)

where [|pll o, ey = (fo lp(t)|PSE) 7 for allp € [1,00) and ||@|| oo g, ar) =

t t

SUPg<i<oo |©(t)]. This space is equipped with the norm
HU”[VO-,Vl]e,p = ||t_0K(t7v)||LP(R+;%)' (AQ)

If Vo and Vi are Banach spaces, so is [Vo, Vila.p-

Remark A.23 (Value for 6). Since K(t,v) > min(1,¢)||v||v,+v;, the space
[Vo, Vile,p reduces to {0} if t =% min(1,¢) ¢ LP(Ry; 4). In particular, [V, Vi]a,,
is trivial if § € {0,1} and p < oo. O
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Remark A.24 (Gagliardo set). The function ¢t — K(¢,v) has a simple
geometric interpretation. Introducing the Gagliardo set G(v) := {(xo,z1) €
R? | v = vg + v1 with |Jvg]lv, < @0 and ||v1ly; < 21}, one can verify that

G(v) is convex and that K(t,v) = inf,cpg(y)(®o + tx1), so that the map
t — K(t,v) is one way to explore the boundary of G(v); see [18, p. 39]. O

Remark A.25 (Intersection). The vector space V5 NV} can be equipped
with the (canonical) norm ||v|v,nv, = max(||v||vy,[|v]lv;). One can verify
that K(t,v) < min(1,¢)||v||v,nv, for all v € VyNVy, which implies the bound-
edness of the embedding Vo N Vi — [Vp,Vi]g, for all 6 € (0,1) and all
p € [1,00]. Hence, if Vy C V4, then Vy — [Vo, Vilg,p. |

Lemma A.26 (Continuous embedding). Let 6 € (0,1) and p,q € [1, 0]
with p < q. Then we have [Vy, Vil = [Vo, Vilo.q-

Theorem A.27 (Riesz—Thorin, interpolation of operators). Let A :
Vo + Vi — Wy + W1 be a linear operator that maps Vi and Vi boundedly to
Wo and Wy, respectively. Then for all 6 € (0,1) and all p € [1,00], A maps
Vo, Vile,p boundedly to [Wo, Whlg,,. Moreover, we have

AN £tV Vilo i, wi10.0) < AN £ wo) I ANZ (v w7 (A.10)
Proof. See [189, Lem. 22.3]. O

Theorem A.28 (Lions—Peetre, reiteration). Let 09,61 € (0,1) with
0o # 61. Assume that [Vo, Viley1 — Wo <= [Vo, Vilge,co and [Vo, Vilo,1 <
Wi — [Vo, Viloy ,00- Then for all 8 € (0,1) and all p € [1,00], [Wo, Wilap =
Vo, Viln,p with equivalent norms, where n:= (1 — 6)0y + 661.

Proof. See Tartar [189, Thm. 26.2]. O

Theorem A.29 (Lions—Peetre, extension). Let Vp, V1, F be three Banach
spaces. Let A € L(VoNVy; F). Then A extends into a linear continuous map
from [Vo,Vilo1,5 to F iff

Je < o0, |A(v)||F < c||v||%,o_9||v||?/1, Yo e Von . (A.11)
Proof. See [189, Lem. 25.3]. |

Theorem A.30 (Interpolation of dual spaces). Let 6 € (0,1) and p €
[1,00). Then [Vo, Vily , = VI, Vgli—0, where p’ := JE5 (with the convention
that p' :=o00 if p=1).

Proof. See [189, Lem. 41.3] or Bergh and Lofstrom [18, Thm. 3.7.1]. O



Appendix B

Differential calculus

This appendix briefly overviews some basic facts of differential calculus con-
cerning Fréchet derivatives and their link to the notions of gradient, Jacobian
matrix, and Hessian matrix.

B.1 Fréchet derivative

Let V, W be Banach spaces and let U be an open set in V. The space C°(U; W)
consists of those functions f : U — W that are continuous in U.

Definition B.1 (Fréchet derivative). Let f € CO(U; W). We say that f is
Fréchet differentiable (or differentiable) at x € U if there is a bounded linear
operator Df(x) € L(V; W) such that

o 142 1) = £(2) = DF @) W)l

h—0 12]lv

~0. (B.1)

The operator Df(x) is called Fréchet derivative of f at x. If the map Df :
U — L(V; W) is continuous, we say that f is of class C' in U, and we write
fecyU;w).

The above process can be repeated to define D(Df)(z). For an integer
n > 2, let us denote by M,,(V, ..., V; W) the space spanned by the multilin-
ear maps from Vx ... xV (n times) to W. Upon identifying L(V; L(V;W))
with My(V,V; W) and setting D?f(z) := D(Df)(z), we have D?f(z) €
Mo (V,V; W). The n-th Fréchet derivative of f at x is defined recursively as
being the Fréchet derivative of D"~ f at x for all n > 2, that is,

D"f(z) € Myn(V,...,V;W).

n times

UD"f:U— M,(V,...,V;W) is continuous, we write f € C*(U; W).
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Let us restate some elementary properties of the Fréchet derivative (for the
chain rule, the reader is referred, e.g., to Cartan [64, pp. 28-96], Ciarlet and
Raviart [78, p. 227]). For an integer n > 1, S,, denotes the set of permutations
of the integer set {1:n} :={1,...,n}.

Lemma B.2 (Leibniz product rule). Let f € C™(U; W), g € C™(U; W),
n > 1, and let b : Wy x Wy — Ws be a bilinear map, where U is an open
setin' V. and V, Wy, Wy are Banach spaces. The following holds true for all
reU:

Do) = 3 (J)o0r @), D). veet (®2)
1€{0:n}

Theorem B.3 (Symmetry). Let V, W be Banach spaces. Let n > 2 and
let S, be the set of the permutations of {1:n}. Let f € C™(U; W) where U is
an open set in V. Then D" f is symmetric, i.e.,

an(x)(hhahn) :an(x)(ha(l)r--yho'(n))v Vo € U, (BS)
forallo €S, and all hy,...,h, € V.

Theorem B.3 with n := 2 is often called Clairaut or Schwarz theorem in the
literature.

Lemma B.4 (Chain rule). Let f € C™"(U;W1) and g € C™"(Wy;Wa),
n > 1, where V, Wy, Wy are Banach spaces and let U be an open set in
V. Then we have

D gof)@) (b k) =3 Y S — L« By

Ur!.oor!
c€S, le{l:in} 1<r1+...4r=n 1 !

DY g(F@) (D) (horys -+ Bty )s - D @) Bt 1 hom))-
with s :=0, 81 =71, So =71+ 72, ..., Si_1:=7r1+...+7r_1.
The identity (B.4) is often called Faa di Bruno’s formula in the literature.
Example B.5 For n = 1, (B.4) yields
D(fog)()(h) = Dg(f(2))(Df(x)(h)),
ie., D(f 0g)(x) = Dg(f(2)) o Df(x). 0

B.2 Vector and matrix representation

Assume that V = R? and let {ey,...,es} be the canonical Cartesian basis
of R%. (We use boldface notation for elements in V). Let U be an open set
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of RY. We say that f is differentiable in the direction e; at & € U if there is
an element in W, say 9; f(z) € W, such that lim;_o [t| 71 (f(z +te;) — f(x) —
t0;f(x)) = 0. If f is Fréchet differentiable at @, it is differentiable along any
direction e; for i € {1:d} (the converse is not necessarily true), and we have

0if(x) = Df(x)(ei). (B.5)

More generally, let o := (aq,...,a4) € N? be a multi-index. The number
|a] == a1 + ...+ ayq is called the length of . For all f € C™(U; W) and every
multi-index « s.t. |a] =n, we write

0f(e):=01...01...04...04 f(x) = D" f(x)(e1,...,e1,...,€4,...,€4),
—— N—— ——— ——
a1 times ag times «q times ag times
(B.6)

and the order of the partial derivatives is irrelevant owing to Theorem B.3.

Let us finally assume that W is also finite-dimensional, e.g., W := R™ or
W = C™. For m = 1, we adopt the convention that the gradient of f at x,
say Vf(x), is the column vector with components

(Vf(x)): :=0if(x), Vi e {1:d}. (B.7)

Identifying h with a column vector in R, the action of D f(zx) is such that
the following identities hold true for all h = Zie{l:d} hie; € R%:
Df(@)(h)= Y 0if(@)hi = (V (@), h)ega, (B.8)

i€{l:d}

where (-, ) ¢2(r¢) denotes the Euclidean product in R?. Assuming that m > 2,
consider a basis of R™ and define the mxd Jacobian matriz of f at x, say
Js(x), by its entries

Js(@))ij = 0;fi(x),  Vi,j € {l:d}, (B.9)
where f; is the i-th component of f in the chosen basis. Then we have
Df(z)(h) = J;(x)h,  VheR< (B.10)

Note that when m = 1, J¢(x) is the transpose of the gradient of f at «,
ie., Jf(x) = (Vf(z))". For a scalar-valued function f, one can introduce the
(symmetric) dxd Hessian matriz at x, say H(x), with entries

leading to the following representation:

D?f(z)(hy, hy) = h] Hy(x)hy = hy Hf(z)h1,  Vhi, hy € R (B.12)
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best-approximation error, 55
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boundary face, 93

boundary mesh, 98

bounded operator, 304
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commuting projection, 292

compact operator, 306

conforming orthogonal projection, 283
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connectivity class, 230

continuous operator, 304

contravariant Piola transformation, 106
convergence in the distribution sense, 41
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Courant basis functions, 233
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de Rham complex, 196, 237, 241
degree (finite element), 131
degrees of freedom, 51
Deny—-Lions lemma, 127
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discrete de Rham complex, 196
discrete Sobolev inequality, 221
discrete trace inequality, 140
distribution, 39

distributional derivative, 40
dof extension in H (curl), 191
dof extension in H (div), 187
dof-based norm, 138

dofs, 51
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edge (simplex), 76

edge dofs, 260

edge element, 181

equal almost everywhere, 5
equivalent norms, 304
Euler identity, 163

Euler relations, 94

exact cochain complex, 196
extension property, 24

F

Faa di Bruno’s formula, 310
face (simplex), 75

face dofs, 260

face matching assumption, 245
face unisolvence assumption, 244
face-to-cell lifting, 201

Fekete points, 68

finite element, 51

finite element generation, 102
Fischer—Riesz theorem, 9, 10
Fréchet derivative, 309
Fubini’s theorem, 12

G

Gagliardo—Nirenberg—Sobolev, 23
Gauss—Legendre nodes, 62
Gauss—Lobatto nodes, 63
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generation (finite element), 102
generation-compatible orientation, 113
geometric entity, 258

geometric finite element, 89
geometric mapping, 90

geometric mapping (simplex), 77
geometric nodes, 89, 95

global degrees of freedom (dofs), 231
global shape functions, 217, 231
gradient, 311

H

Hoélder’s inequality, 11

hat basis function, 233

Hermite finite element, 57, 242
Hessian matrix, 311

hierarchical polynomial basis, 67
Hilbert space, 305

homogeneous polynomial, 163

I

incidence matrices, 112
increasing vertex-index, 115, 116
inner product, 305

integration by parts (curl), 43
integration by parts (grad-div), 43
interface, 93

internal connectivity classes, 240
internal dof, 259

interpolation inequality, 12
interpolation operator, 52

inverse inequality, 137
isoparametric, 101

J

Jacobi polynomials, 60
Jacobian matrix, 311
jump, 216

K
Kelvin—Stokes formula, 194

L

Lagrange finite element, 53
Lagrange interpolation operator, 53, 54
Lagrange nodes, 53

Lebesgue constant, 55

Lebesgue integral, 7

Lebesgue measure, 5

Lebesgue points, 15

Lebesgue’s dominated convergence, 9
Lebesgue’s outer measure, 4
Lebesgue-measurable set, 4
Legendre polynomials, 59

Leibniz product rule, 310

length (multi-index), 311

lifting of trace, 31

linear form, 305

linear operator, 304

Lipschitz domain, 27, 28

Lipschitz function, 19

local degrees of freedom (dofs), 103
local enumeration, 95

local interpolation operator, 103
local shape functions, 103

locally integrable, 10

locally Lipschitz, 17

M

macroelement, 258
Markov inequality, 139
mass matrix, 54
matching mesh, 94
measurable function, 5
mesh, 91

mesh cells, 91

mesh generation, 97
meshsize, 92



Index

325

Meyers—Serrin theorem, 22
midpoint rule, 64

modal finite element, 54

modal interpolation operator, 54
mollification, 287

monotone convergence theorem, 8
Morrey theorem, 23

multi-index, 78

multiplicative trace inequality, 143

N

Nédélec element (Cartesian), 184
Nédélec element (second kind), 184
Nédélec finite element, 173, 181
Nanson’s formula, 108

nodal basis, 53

nodal finite element, 53

nodes, 49

norm, 303

normal derivative, 32, 44

normal trace in H (div), 44

o

operator (Banach), 304
order of a distribution, 39
oriented edge, face, 111
oriented tetrahedron, 116

P

Peetre—Tartar lemma, 128, 306
piecewise of class C™ (domain), 30
Piola transformations, 106

Poincaré inequality, 35
Poincaré—Steklov inequality, 34, 142, 279
polyhedron, 50

polytope, 50

prism, 81

prismatic Lagrange element, 81
pullback by the geometric mapping, 106

Q

quadrangle generation, 91
quadrature nodes, 61
quadrature order, 61

quadrature weights, 61
quasi-interpolation operator, 277
quasi-uniform mesh, 284

R

Rademacher theorem, 18
Raviart—-Thomas (Cartesian), 170
Raviart—Thomas finite element, 161
reference cell, 89

reference dofs, 102

reference finite element, 102

reference interpolation operator, 102
reference shape functions, 102
Rellich—-Kondrachov theorem, 25
Riesz—Fréchet theorem, 11, 58, 306
Riesz—Thorin theorem, 12, 308

S

Schwarz theorem, 310
seminorm, 303

serendipity finite elements, 71
shape functions, 51
shape-regular mesh sequence, 124
shrinking mapping, 288
simplex, 75

simplex generation, 90
simplicial mesh, 92

Simpson’s rule, 64
Sobolev-Slobodeckij norm, 20
spectral element methods, 71
strongly Lipschitz domain, 28
subparametric, 102

support, 10

T

tangential trace in H (curl), 44

tensor-product Lagrange elements, 69

test functions, 10

trace theorem, 31, 32

transformation (differential operators),
105

transformation (measures), 108

transformation (normal, tangent), 107

transformation (Sobolev seminorms),
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trapezoidal rule, 64

U

uniform cone property, 28
unisolvence, 51

unit simplex, 75

\%

Vandermonde matrix, 51
vanishing integral theorem, 10
vertex dofs, 260

vertex permutation, 247, 252
vertices (simplex), 75

W
weak derivative, 16
weakly Lipschitz domain, 28

Z
zero-extension (Sobolev spaces), 32
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